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Magnetic string contribution to hadron dynamics in QCD
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The dynamics of a light quark in the field of a static soutbeavy-light mesonis studied using the
nonlinear Dirac equation, derived recently. Special attention is paid to the contribution of the magnetic corr-
elators and it is found that it yields a significant increase of string tension at intermediate distances. The
spectrum of heavy-light mesons is computed taking into account this contribution and compared to experi-
mental and lattice data.

PACS numbeps): 12.38.Gc, 12.38.Lg, 12.39.Hg

I. INTRODUCTION In [13] it was assumed that the electric correlators are
dominant in the string and that the magnetic part could be
The nature of the QCD string between static chargjes  neglected. On the other hand, the analysis of the heavy quark
static string was studied extensively both analyticalll—3] mass casgi.e., of Eq.(1) with the replacement of1(D,S)
and on the latticg4—6]. It was shown in these papers that theby M(D,S,) where S, is the free Green’s function for the
static string is predominantly electrithe connected probing heavy massn], done in[11], Appendix 5, and ii14,15, has
plaquette is used for the analysiand the electric field is shown that the magnetic correlators can also significantly
directed along the string axis. contribute(at least in the regime whemTy<1, whereT is
In terms of the field correlator formalistkCM) [7,8] the  the slope oD, ,,). It is a purpose of the present paper to
static string is made of the correlators of electric fields only,study systematically the role of magnetic correlators for the
and a recent analysis in terms of Casimir scal[8gl0] light quark mass casen< \/5, and to make a quantitative
shows that up to 1% accuracy the string is formed by theanalysis in this case. As a by-product of our analysis the case
bilocal  correlator of electric fields D”E(x,y) of a heavy quark mass is reconsidered and some refinements
=((g?INtr Ej(x)P(x,y)E|(y)) [whered(x,y) is the par-  of previous results are obtained.
allel transporter andg(x) is the component of the electric
fleld_parallel to the s_trlng ax]s _Thus_the conémemen? dy- Il. MAGNETIC FIELD CONTRIBUTION TO THE
namics for heavystatio quarks is defined bp(x,y) with CONFINING STRING
this accuracy.
This fact was used to construct the effective Lagrangian We study in this section the solution of EQ) with the
for light quarks in the field of the static chargéne heavy- help of the relativistic WKB approach, similarly as [ifh1].
light quark-antiquark systeni11,12. The analysis made in  The kernelM (where only the bilocal field correlator is kept
[11] has shown that using this Lagrangian one can derive irand the Gaussian form for it is assumedn be written in the
the largeN, limit the nonlinear and nonlocal Dirac equation form
for the light quark Green’s function,
M (hX,Y) = 7,500Y) 723,06 Y), @
(—ig—im—iM)S=1 (1)
where

where the kerneM =M(x,y) is proportional to the bilocal _ 2D _
(Gaussiapnfield correlator, Jun(X,y) =exp(—h*ATg)d,, (% Y),  h=X4=Yys, (3)

92 and
<N_Ctr F/,LV(X)(D(X’y)FMT(y)> = D,u,V,)\O'(Xiy)i

Ja=JB(x,y) =xyfe(x,y) - , (4)
27T?

and to the Green’s functio8. 9

It was shown if 11,12 that the scalar confinement occurs
at large distances in the self-consistent solution of E&g.
signaling chiral symmetry breakingCSB). The subsequent Jikz‘]i(liv'):(Xy5ik—yixk)fM(x,y) 5-
analysis in[13] has supported this conclusion and the spec- 27Ty
trum of the heavy-light meson states was calculated together
with first estimates of the chiral condensate. Finally,

(o
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1 1
feamy(Xy)= fo dsfo dt(st)”ex;{

wherea=0 for fg and 1 forf,, .
In what follows only asymptotic values éf y will be of
importance, withx—y|<[x|,|y|>T,, in which case one has

 (xs—yp)?

472 - ©®

S(h,x,y) =i n2+ e *"9(h) n(X) Pyt (y)

—HE_ e > 9(— ) Y (X) ¢ (V) | V4

=i{0(h)S)—6(—h)S N}y, )

ande,+=¢(") ande,-=—¢{ ) where=,, and3,_ refer
to sums over positive and negative eigenvalues, respectively.
Insertion of Eq.(8) into Eq. (2) then yields, forM,

2\7T,

fE(x,x)=3fM(x,x)sT. M(h,xy)=—=i7,Sy,d.,

= 0(M[SH) y, 3B =3 Sy, 9]

= 0(—[S7 7,3 = 3 %S yamd.
It should be noted at this point that subscripts and super-
scriptsE andM refer to the correlators of color-electric and ©

color-magnetic fields, respectively. Because of the Structurgq find the ; 2 o
> ) , properties oM we replaceShy S;;, in Eq. (2),
of Egs.(5), (6) for x=y—, the kemel is dominated by the gpaining in this wayMy, , whereS,, is the quark Green's

(@)

color-electric field contribution. On the basis of this,[ 8]

the magnetic part oM was disregarded. However, in what
follows we will show that for light quarks the magnetic part
plays an important role at intermediate distances and as
consequence it can affect strongly the lower lying states o

the heavy-light systems.

The kernelM, Eg. (2), contains the light quark Green'’s
function S which is a self-consistent solution of E¢l).
Following Ref.[11] we can determin& assuming thaM in
the first approximation is instantaneous. In this c8s&s a
spectral decomposition in terms of eigenvalag®nd eigen-
functions ¢,

function of the linear Dirac equatiofl) with the kernelM
replaced bya|x| 6™ (x—y) (i.e., the static Dirac equation
with linear potentialox). We now demonstrate thafl;,
E\deed tends tor|x| at large distances, and thus yields the

osteriori proof that the large distance dynamics of the
heavy-light quark system is governed by the linear static
local confining potential. At the same time, in the framework
of the same formalism, it will be shown that at an interme-
diate distance a region appears, where the dynamics is again
local in time and static but with a larger string tension due to
the contribution of magnetic terms. F&™) the spherical
spinor expansion has the form

“eah [ Gu(X)GH (V) QjimQim, —1G(OFK () Qm Q7
3 e n n jIm=%jim n n jIm=%jlrm
Sy =2 e () (=2 . (10
(n%) " A ne XY\ IF, (0GR () Q)1 mQim Fn(X)F:(y)QjI’mQ]ﬁ/m
|
Similarly,. as in Ref_.[ll], we may carry out the summgtion 2 (= . cogayP—1)
over partial waves in Eq10) using the WKB approximation —f dre MY ————
for the solutionsG,,,F,,. As exploited in[11,2]] the results mr1 V-1
for S(7) can simply be obtained froi®™) using the symme- 5
try of £,+ ande,- solutions, namelys{")=¢{)=¢, and = —Ko(W£\Z+ad)ert=Aq(a) (12
(en,Gn,Fpn.k)—=(—€n,Fn.Gn,— k). We quote the final re- m
sult of the WKB analysis foS(*), when|x—y|<|x|: and
ZJ“TdTe_}\(T_l)
—| ——=——coga\7?-1)
. O-e7>‘ AliAo, X ™)1 \ 7'2_1
S = 1 d(1—coso)| — _ .|, Qv
Ty X AFA, 2 )\)\Kl(‘/)\z-i-az) Aya) 13
=—el————"=A(a).
T JA?+a? !

where\ = (m+ ox)|h|. The matrix elementX,X contribute
a nongrowing part toM and will be of no interest to us in
what follows, whileA,A, are defined as

Here a=(ox+m)|x—y| for ox?>1 and|x—y|<x. From
expressiong12) and(13) we see that\y,A; are normalized
as
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% o essential that the above factors integrated out (i
fo Ag(a)da= fo Aj(a)da=1 (14 —h’) or 6(h’ —h) in the expressiolil6). For the term with
#(h—h’) we get exp—(ox+m)h] and the bounds of the
and hence diagonal elements $f°) behave as smearesl  integral are defined by, whereas for the term witi#(h’
functions: —h) the integration ovedh’ yields a factor 1/gx+m), so
that this contribution does not grow for large As a conse-
quence the color-magnetic term can be neglected in the case
171 19 Q9.
Consequently writing th&(h,x,y) in the form

1 1+1
f s<i><h,x,y>d3y=§e*(

Indeed for largesx the functionsAy,A,; decrease exponen-

tially fast when|x—y| increases. Consider now E@.),

A(h
S(h,x,y)=ie~ (@ minlg(x,y) (21)

wn)
(—iy,d,—im)S(h,x,y) (=h)

whereg(x,y)~ ) (x—y) is a smeared function, one ob-

. —h' 2 1 a— (0 —h' H H
—|f e(=h") 24Ty g (oxc+m)h—h’| tains an equation
[ f(h—h") )J(E)( : (—iyud,—im=iox)S(h,x,y)=6%(x-y), (22
X , X, X
o(h"—h) where the entire interactioorx is due to the electric term
o(h’'—h) IE(x,%). _ o
- o(h—h) IM oy yet S(h',x,y) ~ In this way we have confirmed posteriorithat the solu-
tion S of Eq. (1) has at large distances the form of the
— s(4)y_ Green’s function for the linear potential, as given by Eq.
S (x—y). (16)

(22), and hence our choice &= S;;, as the first approxima-
In Eq. (16) the integration/ M (x,z)S(z,y)d®z has been car- tion for the kernelM, Eq. (2), is justified.
ried out using Eq(15). The equation obtained is a Dirac  Let us now discuss the regimgs8) and (19) in more
equation with a time-dependent interaction, localized in condetail. Consider first the case of a heavy quark mass,
figurational space. We may now take into account that at
largex>T, we have mTg>1. (23

X In this case one automatically obtains the regith® and
IBx,x)=—=—, IWy, N3 . (17 hence the linear potential as in Ed22). Since T,
\/;Tg \/;Tg ~1 GeV1, only top and bottom quarks satisfy E@®3),

. . . . while the charmed quark mass lies at the boundary. In the
There exist two regions ir, where Eq.(16) can be sim- limit m—c the Green's functiorS,,, Eqgs. (8),(11), be-

plified further. Considering the integration oveh’ in Eq. ) :
(16), in the situation whemrx?>1 andT,—0, we have the comes the standard heavy-quark expression

two possibilities ie~mihl
Sin— So=—5— 0 (x=y){6(h) (1+ 74)

2 oX

(i) (m+ox)Ty<1, (18
+0(=h)(1-y4)}, (24)

which agrees with Ref411], [14], and[15]. However, one
should not interpret this as corresponding to an admixture of

(i) (M+ox)Ty>1, (19)

In the first case, i.e., when E(L8) holds, the leading con-
tribution to the integral ovedh’ comes from the region o i ] s
|h’ —h|=2T, because of the first factor in the integrand of Scalar and vector confining pieces, i¥j=oX(5 +574),
Eq. (16). Since the remaining factors vary smoothly over thisSince as was shown explicitly fii1] and also here, in view
region, provided Eq(18) is satisfied, we may replade’  ©Of the symmetry of the spectrum, in the limiting casd,
=h in these factors, including(h’,x,y). In so doing we get i;) the potential has to be a pure scal@fqa,=0X, Eq.
) ) i50 @) We now turn to the casen{+ox)Ty<1. It is clear that
1Yy Im= =X |S= 8V (x—y). (20 this condition is valid only for a restricted region afHow-
ever, for light quarks the self-consistent solution of E.
Note that corrections to the interaction have the form of awith the replacement24) in the kernelM is not a good
series in powers df1/(m+ ox)T4], and can be neglected in approximation for calculating the spectrum of the lower ly-
the first approximation. For this case both color-electric andng states, since E¢23) is violated. This conclusion agrees
color-magnetic terms contribute to the kerivl with the one found if15]. For low mass states, where the
Let us now turn to the second case, H@9). Since effective region of interactiom,; satisfies
S(h',x,y) varies as exp-(ox+m)|h’[] [cf. Eqg. (11)] and
there is the factor exp-(ox+m)lh—h’|] in Eq. (16), it is (M+ Xt Tg<1, (25
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TABLE I. Ground state energy eigenvalueg(j,l) in GeV,n  we use the linear Dirac equation witi(x)=ox+c, for

=0, for two values ofas and v=0.18 GeV, T;=0.23 fm,m  heavy-light mesons. In this case we get a slope o 1t

=0. co=0. Most of the difference between our results and those
Io 13 371 23, 5, 53 I3 of the I_inear Dirac equa_ltion can _be attributed to _having at
- > 2 2 z 2 2 large distance an effective negative constant tegnin the

as=0 0520 0.817 0.732 0.934 0911 1.147 1.070 |inear potential present in the case of the nonlocal kernel

@s=03 0360 0665 0.620 0885 0818 1.057 0987131 \hich leads to the shifting of the bound state masses. It

should be noted that there is another mechanis®?2Q to

one should use Eq16) with the approximation valid for the decrease the Regge slope. Considering a rotating $tt®lg

regimemTy<1. It is a reasonable starting approximation for the Regge slope gets somewhat closer to the nonrelativistic

the whole region ofx as long as we are interested in the result. One finds a value of 46 in the case of the light-

spectrum, satisfying conditiof25). It should be noted that in heavy quark system, corresponding to a physical half-string.

that case the controversy discussed in R&§] for the re-

placement(24) does not take place. Moreover, the conclu- IIl. SPECTRUM OF HEAVY-LIGHT MESONS
sion reached in Ref.14], that the effective interaction has ] ] )
the formV=2ax, applies only to the states for whiot The analysis of the previous section suggests that the low-

satisfies Eq(25), whereas for higher excited states inevitably €St bound state solutions of EG.) can be determined from
another regime, Eq19), starts to apply withV = ox in- the approximate instantaneous nonlocal Dirac equation of the
stead of2 ox. form

The region of validity of the magnetic string tension is
important from the physical point of view, since the addi- (ap+ Bm) l/ln(x)—’_ﬁf M (X,2) ,(2)d32= &, (X).
tional 2ox originates from magnetic field correlators. From 26)
our analysis we clearly see that at asymptotic lacgee., for

very long(and therefore heayystrings, the confining mecha- ging the WKB solution for the Green’s functidwe find
nism is purely electric. Moreover, the field contents are in-that for smallT. the kernelM can be approximated b
dependent of the quark masses at the end of the string. It Is g PP y
only at intermediate regions that the magnetic contribution

may play an important role. In particular, we have found thatVi (x,z) =

instead of regimesnT >1mTy <1 investigated in Refs.

VT d®)(x,2)

[11] and [14,15 one has the two regime&l8) and (19) N AT e 2(ox MR (M)

where the total mass of the string plus quark mass enters, and + j dh’é(h")e gle Ji (X,2) ¥i vk
the resulting confining force is linear, but with different

strength. For heavy quarks withT;>1 the regime(18) is X 3(x.2), 27)

essentially absent and we may safely use the color-electric
confinement mechanism.

From the phenomenological point of view the lowest
states of light quarks with the propert§5) feel string ten- o
sion 3o and this may be important for the resulting masses ‘5(x,2)=——8(1—cosb,)[Ag(a)+A,(a)], (28
of heavy-light systems, such 8sD¢,B,B, as will be dem- 4mz
gzs\,v":;eﬁégéh:aﬂfgf ,Siﬁfé')(‘a similar remark abouDs and L % ) andX ,(a) denoting the limiting values (@)

Moreover, this increase of string tension resolves substarfd 41(2), respectively, whem =oxh~oxT, tends to
tially (at least for the lowest levelghe descrepancy found 2€r0- For low lying states of the light quark system the spa-
for the Regge slopes of light mesons using relativistic quasil'al regions of interest are expected to satisfy the condition
potential equations for particles with spin; §17]. In par-  (18), i-8, (M+0X)Ty<1. Hence we get
ticular, it was found in Ref[16] that a larger string tension ~ ® M) ~
of ¢=0.33 GeV than the usually accepted value of M (x,2)= V7 To{3®(x,2)+ I (x,2) yimd 3(x,2).

0.18 GeV was needed to fit the experimental spectrum of (29

the light mesons. This should be contrasted with the predic-
tion a;=1/80 for the Regge slope, given by=ag

+ a;M?, in the case of the spinless Salpeter equalitsi,
which is close to the nonrelativistic prediction. A similar
result is found in the case of our nonlocal kernel for the 5

light-heavy quark system. Considering the Regge trajectories M(x,2)= = ox5®)(x—2). (30)
as obtained in Ref13] and Table | of this paper we find for 3
the case of the light-heavy quark system a valueagf . .
=1/o. This is to be compared with the spinless Salpeterjn Wh'it fOHOV\_/S we shall solye Eq26) |.n the tW_O casesi)
prediction for this system, given by, = 1/4c. The effect of WhenM(x;z) is replaced by its large distance lint80) and
the covariant treatment of the spin can already be seen whdii) whenM(x,z) is approximated by

where’d(x,z) is defined as

It is seen in EQ.(28) that at largex and z the function
3(x,2) tends to8®)(x—z) and from Eq.(17) one immedi-
ately obtains
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TABLE Il. The same as in Table | but fon=0.15 GeV. TABLE IV. Energy eigenvalued g of the heavy-light system in
. . ; ; 5 5 - the static heavy quark approximation obtained in different ap-
5,0 5.1 3.1 3.2 3.2 3,3 7,3 proaches.
as=0 0.623 0.898 0.832 1.078 1.010 1.233 1.168 Refs. Method As (GeV)
as=0.3 0445 0.741 0.712 0.965 0.911 1.140 1.081
[24] QCD sum rules 0.5
[25] QCD sum rules 0.4-0.5
5 7 8(1- costy,) 126 Eperiment - 038011
~ ~ Xz xperiment . .
M(x,2)=M(x,2)= \/;ngJE(X'Z) 2 xz Ko@) [13] Nonfin. Dirac 0.287
(31) this work Nonlin+magnetic 0.360

The latter approximation is justified in the situation when
|x—2z]<x, which follows from the exponential damping of
Ko(a) when|a| grows.

One can exploit the computations frdrh3] to obtain the
eigenvalues:,(j,l) of Eq. (26) with the kernel(31) for the
lowest states, given in Table | for the case of the vanishin
quark massm=0, in Table Il for the massn=0.15, and in
Table Il for m=0.20 GeV.

In what follows we shall first concentrate on teeand
p-state eigenvalues and compare them to the results of the —9
QCD sum rules and lattice calculations. In the language of Ag’=0.476 GeV form=0.20 GeV. (39

heavy quark effective theory one has the following expan-
sion[22—25 for the heavy-light meson mass,, : These numbers can be compared to the values from the ex-

perimentalB; and D¢ masses. We find

ders, whereas in the QCD sum rules only the leading order
term is retained; therefore one may expect that higher orders
will decrease somewhat the val(@4).
In a similar way one may compute energy eigenvalues for
he strange heavy-light mesons. From Tables Il and Il we
ee that witha=0.3 we have

AY=0.445 GeV form=0.15 GeV,

A 1
mh:mQ 1+m_Q+2 2 ()\1+dH)\2)+O

, AMgB):MBS_MBEQO MeV,
ng

3

m
q

(32 AMP)=Mp ~Mp=100 MeV. (36)

where A(n,j,1)=&n(j.l). Using ¢=0.18 GeV, the solu-  similar values are found from the spectrum of heavy-light
tion of Eq. (26) with the kernel(31), yields theSwave ei-  mesons, computed recently on the latt{@8] for strange

genvalueA (0,3,0)=Ag: mesons. From Ed35) we see that the experimental data are
o close to our predicted value &M =AY —As=85 MeV
Ag=0.520 GeV for as=0, for m=0.15 GeV. The various available data dn; are
summarized in Table IV.
As=0.360 GeV for as=0.3, (33 We turn now to orbital and radial excitations. For the

states with =1 andj=2 and 3 the mass splitting is due to
which are about a factor of % smaller in the absence of the the spin-orbit interaction inherent in the Dirac equation. De-

magnetic contribution. The predicted valu@&8) should be noting these energies &Sl(j,l)zxp(j) we find, for the
compared with the results of the QCD heavy flavor sum rulesonstrange quarkin GeV),

[22-25, As=0.57+0.07 GeV, and the result of the analy-
sis from semileptoni® decayq26], As=0.39+0.11 GeV. Ap

A similar value was obtained recently from the QCD sum
rules[27]:

) —0.732 (ag=0), (37

N| W

1 _
E 20817, Ap

) =0.620 (@s=0.3).

N| W

_ (1 _
Ae=0.45+0.15 GeV. (34) AP(§>=0'665' AP(

(38)
One can see a reasonable agreement of our results with the

latest sum rule calculationg4). Note here that we have Similarly for strange mesons with a strange quark mass
taken into account the color Coulomb interaction to all or-m=0.15 GeV, we obtain

TABLE lll. The same as in Table | but fan=0.20 GeV.

NS 1 =0.898, AY 3 =0.832 =0), (39
Pl TYeY8 ApT 5T (as=0), (39

30 31 31 32 52 53 43

— — (1 — (3
as=0 0.659 0.927 0.867 1.107 1.044 1.263 1.202 A(;)(_) =0.741, AP( _) =0.712 (a.=0.3).
as=0.3 0476 0.769 0.744 0.994 0.944 1.169 1114 2 2

(40)
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TABLE V. The same as in Table IV but fQ/TP_XS_ TABLE VI. The same as in Table IV but for the radial excita-
— tion Ag—As.
Rets Method Ar—As (GeV) Refs Method AL—As (GeV)
: s~ s
%H leésusrlwri;ges 0'53%48'35 [32] experimentM g« — Mg 0.581
[28] Lattice 0.47 (28] Lattice, Mg« —Mg 0.602
PDG Experiment 0.383 [31] QCD string 0.564
This work Nonlin+magnetic 0.305[&3(%) —/Ts] This work Nonlin+magn. 0.631

€1(],1)=1.140 (as=0), 0.997 (as=0.3, (49
These calculations can be compared with the results of lattice _
calculations in[28], with experiment and the recent QCD e(j,1)=1.221 (as=0), 1.076 (as;=0.3). (45

sum rule calculation27]. The latter yield, fom=0, These values are compared in Table VI with the results of

the QCD string approach and recent lattice calculatj@gs
Ap=(1£0.2) GeV. (41) IV. SUMMARY AND CONCLUSIONS
The main results of the present paper are of both theoret-
This value is somewhat higher than the res(®® and(38).  jcal and phenomenological scope. On the theoretical side it is
Lattice calculations 28] give for the differenceM (BY) shown in Sec. Il that there exist two possible dynamical re-
~M(B)=Ap—As~456 MeV, which should be compared %imeﬁlfg)r th?j ?f;rkpat ”:ﬁ end of ”}e DLrac string, Eam_i!%

. Ty _ gs. an . For the case of a heavy quark wi

with our resultsAA_Ap(z)* As=305 MeV fora;=0.3, mT,<1 only one regimg19) is available and results are the
and W'tsh exp_erlmlent,M(EsJ )~M(B)=338 MeV. Here game as discussed|ib1,14,15; i.e., the color-magnetic con-
M(B)=2Mg(1")+2Mg(0"). In addition there is a calcu- tribution to the string is suppressed in this case and one has
lation of heavy-light mesons in the framework of the QCD at |argex a local Dirac equation with linear potential.
string approach29], where the only input is current quark  For the case of a light quark there is the possibility of
massesrfi, ,my, M), string tensionr, andas. These results  another regimél8), where the color-magnetic field also con-
have been obtained if30] and recently in[31] for real tributes. It is shown that this regime operates at intermediate
B,B;,D,Ds mesons and are easily computed for the limitingdistances and yields a static Dirac equation with increased
case ofm,— o, which yields values listed in Table V. The string tension. Itis demonstrated also that the use in this case

rather low value found fos A suggests that we still miss in the kernel of the nonlinear Dirac equation of the full quark

some strength in the orbital excitation in the present work. [Propagators (or its WKB approximationSyg) leads to
Table V the results of different roachesie and AW consistent results, w.hlle th_e use .of the heavy mass propaga-
able € resulls of difierent approachesAg andAp™ oy 5 |eads to the inconsistencies shown[itb]. On the

are collected. _ . . phenomenological side the reginik8) yields energy eigen-
Radial excitations are readily obtained from solving Egs.yajues which are in better agreement with other calculations
(26), (31) and yield, for then=1 state, and experiment, as demonstrated in Tables IV-VI, as com-

pared to our previous resulf4¢3] where the color-magnetic
1 contribution has been neglected.
81<_,0) =0.951 (ag=0), 0.805 (a=0.3 (42 The study of the role of color-magnetic fields in the dy-
2 namics of light quarks is at its beginning and the first results
call for more detailed investigations of the transition between
regimes(18) and(19) and other applications, e.g., to mesons

and, for the strange meson with=150 MeV, and baryons consisting of light and heavy quarks.
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