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Temperature dependence of instantons in QCD
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We investigate the temperature dependence of the instanton content of gluon fields, using unquenched lattice
QCD and the cooling method. The topological susceptibility arising from instantons decreases rapidly below
the phase-transition temperatufrg (=150 MeV), becoming practically zero &t~T.. The dominant caloron
size parameter deduced from the correlation function decreases from about 0.9 fnTphétov4 fm at 1.3 ;.

The instanton charge distribution is Poissonian abby&ith deviations at low temperature.

PACS numbds): 12.38.Gc, 11.10.Wx, 12.38.Mh

[. INTRODUCTION is expected to be affected by the presence of the dynamical
quarks.

Among the four global symmetries associated with quan- In this paper, we report unquenched lattice QCD results
tum chromodynamics (QCD), two chiral symmetries on the temperature dependence of the instanton contents of
SU(N¢) 5 and U(A) , must be broken as the observed hadrongluons. The calculation is carried out for ®6N; lattices
spectrum suggests. At high temperature it is expected tha¥ith Ny=4, 6, 8, 10, 12, 14, and 16 for quark masseg
the two symmetries are restored. The question as to how they 0-0125 and two flavors. The temperature is varied by
are restored is an important issue, especially in relation to theNangingN;, with 3=5.54 fixed. The topological suscepti-
QCD deconfinement phase transiti@n maybe a crossover bility and the topological charge correlation are observed to
and is recently attracting much attentifh-5]. The phase be stable with respect to the number of cooling steps.

transition from deconfinement to the confining regime is In Sec; I(Ij, lvv;_dlscucs; the (;)t:jserve}gles wSe Calﬁ:“ﬁte with
thought to have occurred in the evolution of the early unj-unquenched fattice QCD, and describe in Sec. ow we

verse. Inversely, heating up ordinary matter beyond the le_generat_e and cool gauge confl_guratlons. Our re_sults are pre
. sented in Sec. 1V, and conclusions and discussions are given
cal temperature is expected to generate a new phase of maﬁ-
. . in Sec. V.
ter, the quark-gluon plasmaQGP, which is under
investigation in ultrarelativistic heavy-ion collisions.

Instantons, i.e., tunneling events between topologically

different gauge vacua, are believed to play a crucial role in - The instanton content of the gauge fields is monitored by

the breaking and restoration of the chiral Symmetries, anqhe topological-charge density, which can be measured on
perhaps also in the deconfinement phase trangi#inThe  the lattice with

SU(N¢) o, symmetry manifests itself in the Goldstone mode

Il. OBSERVABLES

through chiral condensates generated dynamically by instan- 1
tons. A similar mechanism may be at work in the formation Qlxn) =~ 3072 CaByd ReTLUap(xn)Uys(Xn) ], (D)

of hadronic bound states, and the 3lJ)(, restoration and

the deconfinement are thus closely related to each other. ThghereU 4 is the product of the link variables around a pla-
U(1), symmetry is spontaneously broken by the chiralquette in thea—g plane. A direct calculation of) from
anomaly driven by instantons. At high temperatures, the resgauge configurations is plagued with poor statistics and with
toration of the symmetries takes place because instanton arattice artifacts associated with discretization. Tegteal.[7]
plitudes are suppressed through Debye screening, which ifrave shown that the quenched topological charge can be re-
duces the gluons to belectrically)y massive. liably extracted using the cooling method, in which one ap-
How realistic is this instanton mechanism, and what is theplies a certain number of smoothing steps to each configura-
precise dynamics of the instanton participation? The bedion in order to minimize the action locally. The ultraviolet
means to answer the questions is the lattice gauge thébry fluctuations are quickly suppressed by these cooling steps,
which provides a systematic, nonperturbative framework taand only the relatively stable instantons are left in the con-
study the equilibrium properties of QCD at both zero andfiguration, making it easy to extract the topological charge.
finite temperatures. Whereas direct comparison between laHowever, as one cools a configuration, annihilation of
tice results and experiments is not always possible, latticeearby instanton-antiinstanton pairs could be induced, result-
QCD often motivates and constrains phenomenological modng in potential systematic errors in some topological observ-
els, which connect QCD with experiments. Here, the use oables. Improved methods have been developed recently to
unquenched@CD is essential, since the instanton mechanisnmremedy the situation, such as cooling with an improved ac-
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tion so as to forbid the decay of larger instantfBkand the ‘ : : ‘ : -

cycling method[8]. Details of the cooling method are dis- | ... .. ]

cussed in Refd.7,9]. | Neto |
The topological susceptibility is then given as the fluctua-

tions of the topological charge:

1
X= N NZa?

where angle brackets indicate configuration averaghg,
and Ng are the number of sites in the temporal and spatia
direction, respectively, and is the lattice spacing. ;
In order to examine the details of the topological-charge R
distribution, we also calculate the topological charge-density [~ ------- - -mmammmf oo
correlation functior 9] -5

configuration no.
Co(x)= < > Q(y)Q(X+y)> / <E Q2<y>> .3
y yh FIG. 1. Topological charges in thé,= 10 configurations, where
300 molecular dynamics time units were discarded in the beginning
nfor thermalization, and consecutive configurations are separated by
50 time units. The dotted line is drawn to guide the eyes.

ZQ(xn>)> R e e R

of an isolated instanton topological-charge density
pz 4
x? +p

Qu(x)= 4) malization and 50 time units for the separation between con-
figurations seems to be adequate, and there are no visible

Zero-temperature calculations using the Coonng metl[fgjd correlation or thermalization effects. However, this means a

show that after about 50 cooling steps, the gauge fields arf@tal of over 5000 time units for eadR;, and it becomes

dominated by large, isolated instantons, whose profiles agreéry expensive foN,= 14 and 16. Being limited in comput-

well with Eq. (4). ing resources, we settle with shorter runsligr=14 and 16.
The correlations in ouN;=14 and 16 configurations are
IIl. GAUGE CONFIGURATIONS AND COOLING probably quite large, and the error bars for those results are

therefore underestimated; with this caveat in mind we nev-

To generate the unquenched gauge configurations, wertheless show them together with those of smaWerfor
adopted and modified a code written by the MILC Collabo-comparison.
ration [10], using dynamical staggered fermions. Forty con- These configurations are then cooled, using the standard
figurations are generated for each\yf=14 and 16, and 100, procedure as used in Réfl], for 200 steps, saving the fields
80, 76, 73, and 89 configurations ff=4, 6, 8, 10, and 12, every 20 steps. In quenched calculations, topological quanti-
respectively. In each case, a molecular-dynamics time step ¢ies such as those we discuss here are very stable with re-
dt=0.02 is used, and the first 300 time un@s8 for N;=14,  spect to cooling; measuring the topological charge density or
16) from a hot start are used as thermalization. The configutheir correlations at 50 or 100 cooling steps give the same
rations were separated by 3 time units =14 and 16, 50 results within the error bars. We have monitored our observ-
time units forN,=4, 6, 8, 10, and 12. ables with respect to cooling for the unquenched calculation,

As is well known, topological quantities are correlatedand we have observed similar stability. For example, we
over a long molecular-dynamics time in configurations gen-show in Fig. 2 the topological-charge density correlation for
erated with the hybrid molecular dynamics methad,12. N;=10 at 100th, 160th, and 200th steps. The results coincide
Recent results indicate that the problem may be less seriowgithin the error bars. The topological susceptibility is
for Wilson fermions than Kogut-Susskind fermiofis3,14]. slightly more sensitive to cooling, but it also settles to a
For Kogut-Susskind fermions, the problem of decorrelatingstable value by 100 cooling steps. The results reported here
the topological charge becomes especially serious near trage based on those extracted after 200 cooling steps.
chiral limit, and it was found that the autocorrelation time  The temperature of the system is given By 1/(N.a)
grows to above 200 time units fg8=5.35 andma=0.010 and can be varied by changing eithgy or a. The lattice
[12]. We find that for our set of parameters, 50 time units arespacinga is a function of the lattice inverse couplingyand
necessary to decorrelate the configurations. We show a hisan be calculated by perturbation theory for a narrow range
tory of the topological charges fd¥;=10 in Fig. 1. Each of Bin the asymptotic scaling regime. In order to obtain the
data point denoted by the open circles represents the toptemperature dependence reliably, we choose to vary the tem-
logical chargeQ in a configuration. It is clear from the figure perature by varyind\;, keepinga and 8 (and therefore also
that the topological charges extracted from most configurathe quark massna fixed. In this way, the uncertainty ia
tions are closed tdtypically within 10% of integers, as enters only as an overall constant factor, which does not
indicated by the dashed lines. Taking 300 time units for theraffect the functional relationship betwegpT significantly.
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FIG. 2. Topological-charge density correlation functiBg(x) g, 3. Topological susceptibility as a function of temperature.
for Ny=10 at 100th, 160th, and 200th cooling steps. Results COinype gata points correspond to our unquenched-QCD-plus-cooling
cide within the statistical error bars. results withN,=6, 8, 10, 12, 14, 16, and=0.17 fm is assumed.

The phase transition temperatufgis approximately 150 MeV for
The price we pay is that the calculation can be done only fopur calculations with3=5.54, ma =0.0125,N,=16. The dashed
a limited number of temperatures corresponding to the discurve is the prediction of a PCAC model, E§), with c=—0.36,
crete values ofN,. This is especially problematic at high and the solid curve is that of a Debye-screening model, (£g.
temperatures. The phase transition with the parameters with the instanton size parametgr-0.5 fm.
use occurs aN,=8 and a temperature df.=150(9) MeV
[10], giving a~0.17 fm. xt(1)=x(T=0)(1+\?%/3)7/
X exd —8\%/3—14a(1+yN "% 78], (B)
IV. RESULTS .
wherex=mpT, «=0.01289764, and=0.15858. The solid
A. Topological susceptibility and charge correlation curve corresponds te=0.5 fm, arbitrarily normalized to the

The topological susceptibility, is shown in Fig. 3 as a duenched value of the zero-temperature susceptitlitly
function of the temperature. In the quenched theory, the toXt(T=0)=(180 MeV)’, which also agrees with phenom-
pological susceptibility is proportional to the instanton den-enology[18]. Equation(6) is not expected to be valid below
sity [7]. Indeed, it was shown in Ref15] that two model ~Tc. but should become relevant at high temperatures. We
calculations of the temperature dependence of the instantdtPServe that the curve fer=0.5 fm fits the data surprisingly
density gave reasonably good description of the quencheWell. This observation suggests that the Debye-screening
topological susceptibility. At low temperature, the PCAC Mechanism may already be operative forT.. Our N
(partial conservation of axial vector currgstippression due =4 (T=2T,) result is not reliable because of severe finite-
to soft pion gag16] agrees well with the quenched results, Size effects and because not a single instanton is found in our
and at high temperature, the topological susceptibility fol-100 configurations. Also, our method of temperature varia-
lows the same trend as the Debye-screening suppression &n by varying N, provides only sparse data in the high-
instantong17]. The unquenched topological susceptibility is temperature regime.
not directly related to the instanton density. We nevertheless The general features of the temperature dependengge of
show the results of these model calculations in Fig. 3 as &re the same in the quenched calculatjas] and in the
comparison. The dashed curve in the figure is the PCA®resent unquenched calculation, but detailed features differ
suppression of the instanton density that is believed to bgignificantly. The unquencheg, decreases more slowly at

relevant for low temperatur€<T, [16]: low temperature, but goes down much more rapidly around
T.. The yx; is suppressed by almost 90% BT, in the
xt(T)=x(T=0)(1+CcT*/F ?). (50 unquenched case, while it is only 50% in the quenched case.

That is, the suppression of the instanton amplitudesnis

hancedby the dynamical quarks. The rapid decreaseyin
Equation(5) does not fit the rapid suppression of the topo-continues abovd ., so that only about 1% remains at 1.3
logical susceptibility aroundl,, even withc=-0.36, a T., compared to about 10% in the quenched calculation.
value that is well outside the allowed range based on the We show in Fig. 4 the topological charge correlation
PCAC argument-1/6<c=<1/6[16]. Also shown in Fig. 3is functions in comparison with the profile of an isolated in-
the perturbative Debye-screening predictiéor N,=3, N; stanton, Eq.4), at N;=10 (T=120 MeV) andN,=6 (T
=2) [17]: =200 MeV). The symmetry of the data with respect to the
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FIG. 4. Topoligical charge correlation function belowN,( nant (5, dashed linessize parameters

=10, T=120 MeV) and above the phase transitiolN,&6, T

=200 MeV). The lines are calculated by folding the profile of an . . .

isolated instanton, which when compared with the lattice data, givéhe h'elghts of the peaks to the S,'ZGS of the '|nsta_ntons
the values of the dominant caloron size parameter. Theypare BY USiNg Ed.(4), once the peak locationx{0) are identi-
~0.76 fm (solid ling) and 0.4 fm(dashed lingat T=120 and 200 fied:

MeV, respectively.

6 1/4
. . S - =l == - 8
mid-point of the lattice is a result of the periodic boundary P (TrZIQImaK) ®
condition. In the quenched calculatior®g(r) is practically

independent of the temperature, following remarkablyFinally, a direct fitting of the correlation functions to the
closely to the profile, though hints of a transition to a smallerconyolution of an isolated instanton also gives an estimate
size parameter have been observed abdve[15]. The  for p. We have used all these methods, and they yield results
present unquenched calculation clearly shows a rapid transihat agree with each other within the error bars. We empha-
tion to a smaller size arount. size that the extraction of instanton/caloron size parameters
is in general ansatz dependent, and the results we present
) o here are valid only for isolated instantons/calorons. Note that
B. Caloron size and distribution for high temperatures and/or large calorons, when the defor-
At finite temperatures, an instanton is deformed into amation of instanton is large, the isotropic fit used here intro-
caloron, the core of which has a profile identical to a zero-duces a systematic error. However, the fact that fits to the
temperature instanton with a renormalized size parametdieak value of the charge and to the slope of the correlation
[19] function agree with each other within statistics is a sign that
the anisotropy is not problematic in the regime we study,
p?=p%_ol(LI+\?/3), (7)  where most calorons are small compared to our lattices and
the topological charge density is dominated by the caloron
core region.
which is valid at low temperature and=mpT. The values The final value of the caloron size parameter can be then
of the caloron size-parametprare extracted from the topo- determined in two different ways, either by averaging a set
logical charge distribution using several methods. First weof the parameter values fit to individual configurations, or by
determine the positions of the instantons on the lattice byitting to the configuration-averaged topological-charge den-
searching for the maximéand minima |Q| .y of the topo-  sity correlation functions. The parameter determined in the
logical charge distribution and then fitting the shape of arformer way is themeancaloron sizep, and the parameter in
instanton around the peak to the analytical form &jy. In  the latter way is thelominantcaloron sizep. The two pa-
practice, we average the values of the topological chargeameter values are in general different, but are close in our
around the peak in all spatial directions, which introducescase as shown later in Fig. 5.
some uncertainties because of discretization effects. We then In Fig. 4, we show the temperature dependence of the
use 3 or 5 points of the averaged radial shape of the instantaraloron size parameter only aroufd for clarity. The domi-
close to its maximum to fit the numerical ddféig. 4 shows nant size parametep, shown in the figure is obtained by
the result from the three-point ¥itThe number of points folding the profile of an isolated instantop. is approxi-
used for the fitting does not affect the resulting values formately 0.76 fm at 0.8T;, shrinks rapidly around;, and
the radius parameter significantly. Secondly, one can convelifecomes about 0.4 fm at 113..
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parameter is not due to the simple renormalization in(&Q.
In fact, if we had try to remove the effect of the simple
- T ] renoromalization according to Eq7), the temperature de-
pendence of the instanton size parameter would be even
- stronger due to the fact that the small caloron sizes at high
- E temperatureseducethe effect of temperature renormaliza-
- tion, such thai is greaterat T=0.8T, than atT=1.33T,.
Several notes of cautions are in order. First, the rather small
error bar for the size parameter at the highest temperature
X originates from the fact that the numbers are dominated by
- only three configurations with similarly-sized instantons.
Second, the largest instantons are of size comparable to the
lattice and therefore probably suffer large finite-size distor-
06 038 10 12 14 tions.
TIT, The distribution of instanton charges in our configurations
_ is shown as histograms for eabh in Fig. 7. Whereas in the
FIG. 6. Dominant caloron size parameferersus temperature, quenched case, these distributions agree with the convoluted
showing a clear fall-off around.. . Poisson distributiod15], the unquenched results show sig-
nificant deviations from it. Our data suggests that the dy-
To study closely the transition in the caloron size paramynamical quarks have induced nontrivial correlations among
eter, we calculate for eachconfiguration atN;=6, 8, 10,  he instantons at low temperatures. Above the phase transi-
and 12 and plot the distribution qf in Fig. 5. Note that {jon, the distributions become Poissonian, suggesting a return
because of the suppression of the instantons afigvehere g the dilute-gas ensemble. We caution the readers that the
are much less instantons ld{=6, making it difficult to find  geviations from Poisson distribution at low temperature
the mean instanton size. Nevertheless, there is a clear trerd syggested by our data could be an artifact of insufficient

that the meanp, marked by solid arrows in Fig. 5, as well as statistics, and more extensive study of the issue is called
the widths of thep-distributiondecreaseas temperature goes fqr.

up. In Fig. 5, we also show the dominant caloron $izey
the dashed arrows.

We shqw in Fig. 6 the dominant caloron size parampter V. SUMMARY AND DISCUSSIONS
as a function of temperature. At low temperatyréurns out
to be distinctly larger than the dilute-gas model prediction or Our key results are summarized as follows. We find that
the quenched resultgl5]. Its value at high temperature the topological susceptibility decreases slowly at low tem-
agrees roughly with that of the instanton liquid mofi2]. = peratures as the temperature increases, but a rapid suppres-
Also shown in the figure is a T/dependence for comparison sion sets in around the phase transition temperafithel 50
(dashed ling Note that we plop and nofp;_ via Eq.(7) in MeV, so that, compared to the value B£0, it is already
Fig. 6, and this temperature dependence of the caloron siz#own by an order of magnitude &t and becomes only

p (fm)

~UT
0.6 -

100 : 40
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50 20
0 ‘ 0 S
0 1 0 1 2 3
20 40
N,=10 N.<12 FIG. 7. Histograms showing the distribution
10 20 ! of topological charges in the configurations for
N,=6, 8, 10, 12, 14, and 16Q| is the magnitude
W ﬂ e of the topological charges in a configuration, and
% 2 4 s 2o 2 4 6 N(Q) is the frequency.
15 10
8
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