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Temperature dependence of instantons in QCD
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We investigate the temperature dependence of the instanton content of gluon fields, using unquenched lattice
QCD and the cooling method. The topological susceptibility arising from instantons decreases rapidly below
the phase-transition temperatureTc ~'150 MeV!, becoming practically zero atT'Tc . The dominant caloron
size parameter deduced from the correlation function decreases from about 0.9 fm belowTc to 0.4 fm at 1.3Tc .
The instanton charge distribution is Poissonian aboveTc with deviations at low temperature.

PACS number~s!: 12.38.Gc, 11.10.Wx, 12.38.Mh
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I. INTRODUCTION

Among the four global symmetries associated with qu
tum chromodynamics ~QCD!, two chiral symmetries
SU(Nf)A and U(A)A must be broken as the observed hadr
spectrum suggests. At high temperature it is expected
the two symmetries are restored. The question as to how
are restored is an important issue, especially in relation to
QCD deconfinement phase transition~or maybe a crossover!,
and is recently attracting much attention@1–5#. The phase
transition from deconfinement to the confining regime
thought to have occurred in the evolution of the early u
verse. Inversely, heating up ordinary matter beyond the c
cal temperature is expected to generate a new phase of
ter, the quark-gluon plasma~QGP!, which is under
investigation in ultrarelativistic heavy-ion collisions.

Instantons, i.e., tunneling events between topologic
different gauge vacua, are believed to play a crucial role
the breaking and restoration of the chiral symmetries,
perhaps also in the deconfinement phase transition@2#: The
SU(Nf)A symmetry manifests itself in the Goldstone mo
through chiral condensates generated dynamically by ins
tons. A similar mechanism may be at work in the formati
of hadronic bound states, and the SU(Nf)A restoration and
the deconfinement are thus closely related to each other.
U(1)A symmetry is spontaneously broken by the chi
anomaly driven by instantons. At high temperatures, the
toration of the symmetries takes place because instanton
plitudes are suppressed through Debye screening, which
duces the gluons to be~electrically! massive.

How realistic is this instanton mechanism, and what is
precise dynamics of the instanton participation? The b
means to answer the questions is the lattice gauge theory@6#,
which provides a systematic, nonperturbative framework
study the equilibrium properties of QCD at both zero a
finite temperatures. Whereas direct comparison between
tice results and experiments is not always possible, lat
QCD often motivates and constrains phenomenological m
els, which connect QCD with experiments. Here, the use
unquenchedQCD is essential, since the instanton mechan
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is expected to be affected by the presence of the dynam
quarks.

In this paper, we report unquenched lattice QCD resu
on the temperature dependence of the instanton conten
gluons. The calculation is carried out for 1633Nt lattices
with Nt54, 6, 8, 10, 12, 14, and 16 for quark massesmqa
50.0125 and two flavors. The temperature is varied
changingNt , with b55.54 fixed. The topological suscept
bility and the topological charge correlation are observed
be stable with respect to the number of cooling steps.

In Sec. II, we discuss the observables we calculate w
unquenched lattice QCD, and describe in Sec. III how
generate and cool gauge configurations. Our results are
sented in Sec. IV, and conclusions and discussions are g
in Sec. V.

II. OBSERVABLES

The instanton content of the gauge fields is monitored
the topological-charge density, which can be measured
the lattice with

Q~xn!52
1

32p2 eabgd Re Tr@Uab~xn!Ugd~xn!#, ~1!

whereUab is the product of the link variables around a pl
quette in thea2b plane. A direct calculation ofQ from
gauge configurations is plagued with poor statistics and w
lattice artifacts associated with discretization. Teperet al. @7#
have shown that the quenched topological charge can be
liably extracted using the cooling method, in which one a
plies a certain number of smoothing steps to each config
tion in order to minimize the action locally. The ultraviole
fluctuations are quickly suppressed by these cooling st
and only the relatively stable instantons are left in the c
figuration, making it easy to extract the topological char
However, as one cools a configuration, annihilation
nearby instanton-antiinstanton pairs could be induced, res
ing in potential systematic errors in some topological obse
ables. Improved methods have been developed recentl
remedy the situation, such as cooling with an improved
©2000 The American Physical Society08-1
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tion so as to forbid the decay of larger instantons@5# and the
cycling method@8#. Details of the cooling method are dis
cussed in Refs.@7,9#.

The topological susceptibility is then given as the fluctu
tions of the topological charge:

x t[
1

NtNs
3a4 K S (

n
Q~xn! D 2L , ~2!

where angle brackets indicate configuration averaging,Nt
and Ns are the number of sites in the temporal and spa
direction, respectively, anda is the lattice spacing.

In order to examine the details of the topological-cha
distribution, we also calculate the topological charge-den
correlation function@9#

CQ~x!5K (
y

Q~y!Q~x1y!L Y K (
yh

Q2~y!L . ~3!

One can compare this correlation function to a convolut
of an isolated instanton topological-charge density

Qr~x!5
6

p2r4 S r2

x21r2D 4

. ~4!

Zero-temperature calculations using the cooling method@9#
show that after about 50 cooling steps, the gauge fields
dominated by large, isolated instantons, whose profiles a
well with Eq. ~4!.

III. GAUGE CONFIGURATIONS AND COOLING

To generate the unquenched gauge configurations,
adopted and modified a code written by the MILC Collab
ration @10#, using dynamical staggered fermions. Forty co
figurations are generated for each ofNt514 and 16, and 100
80, 76, 73, and 89 configurations forNt54, 6, 8, 10, and 12,
respectively. In each case, a molecular-dynamics time ste
dt50.02 is used, and the first 300 time units~43 for Nt514,
16! from a hot start are used as thermalization. The confi
rations were separated by 3 time units forNt514 and 16, 50
time units forNt54, 6, 8, 10, and 12.

As is well known, topological quantities are correlat
over a long molecular-dynamics time in configurations g
erated with the hybrid molecular dynamics method@11,12#.
Recent results indicate that the problem may be less ser
for Wilson fermions than Kogut-Susskind fermions@13,14#.
For Kogut-Susskind fermions, the problem of decorrelat
the topological charge becomes especially serious near
chiral limit, and it was found that the autocorrelation tim
grows to above 200 time units forb55.35 andma50.010
@12#. We find that for our set of parameters, 50 time units
necessary to decorrelate the configurations. We show a
tory of the topological charges forNt510 in Fig. 1. Each
data point denoted by the open circles represents the t
logical chargeQ in a configuration. It is clear from the figur
that the topological charges extracted from most configu
tions are closed to~typically within 10% of! integers, as
indicated by the dashed lines. Taking 300 time units for th
09450
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malization and 50 time units for the separation between c
figurations seems to be adequate, and there are no vis
correlation or thermalization effects. However, this mean
total of over 5000 time units for eachNt , and it becomes
very expensive forNt514 and 16. Being limited in comput-
ing resources, we settle with shorter runs forNt514 and 16.
The correlations in ourNt514 and 16 configurations are
probably quite large, and the error bars for those results
therefore underestimated; with this caveat in mind we n
ertheless show them together with those of smallerNt for
comparison.

These configurations are then cooled, using the stand
procedure as used in Ref.@9#, for 200 steps, saving the field
every 20 steps. In quenched calculations, topological qua
ties such as those we discuss here are very stable with
spect to cooling; measuring the topological charge density
their correlations at 50 or 100 cooling steps give the sa
results within the error bars. We have monitored our obse
ables with respect to cooling for the unquenched calculati
and we have observed similar stability. For example,
show in Fig. 2 the topological-charge density correlation
Nt510 at 100th, 160th, and 200th steps. The results coinc
within the error bars. The topological susceptibility
slightly more sensitive to cooling, but it also settles to
stable value by 100 cooling steps. The results reported h
are based on those extracted after 200 cooling steps.

The temperature of the system is given byT51/(Nta)
and can be varied by changing eitherNt or a. The lattice
spacinga is a function of the lattice inverse couplingb and
can be calculated by perturbation theory for a narrow ran
of b in the asymptotic scaling regime. In order to obtain t
temperature dependence reliably, we choose to vary the t
perature by varyingNt , keepinga andb ~and therefore also
the quark massma! fixed. In this way, the uncertainty ina
enters only as an overall constant factor, which does
affect the functional relationship betweenx t-T significantly.

FIG. 1. Topological charges in theNt510 configurations, where
300 molecular dynamics time units were discarded in the beginn
for thermalization, and consecutive configurations are separate
50 time units. The dotted line is drawn to guide the eyes.
8-2
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TEMPERATURE DEPENDENCE OF INSTANTONS IN QCD PHYSICAL REVIEW D62 094508
The price we pay is that the calculation can be done only
a limited number of temperatures corresponding to the
crete values ofNt . This is especially problematic at hig
temperatures. The phase transition with the parameters
use occurs atNt58 and a temperature ofTc5150(9) MeV
@10#, giving a'0.17 fm.

IV. RESULTS

A. Topological susceptibility and charge correlation

The topological susceptibilityx t is shown in Fig. 3 as a
function of the temperature. In the quenched theory, the
pological susceptibility is proportional to the instanton de
sity @7#. Indeed, it was shown in Ref.@15# that two model
calculations of the temperature dependence of the insta
density gave reasonably good description of the quenc
topological susceptibility. At low temperature, the PCA
~partial conservation of axial vector current! suppression due
to soft pion gas@16# agrees well with the quenched resul
and at high temperature, the topological susceptibility f
lows the same trend as the Debye-screening suppressio
instantons@17#. The unquenched topological susceptibility
not directly related to the instanton density. We neverthe
show the results of these model calculations in Fig. 3 a
comparison. The dashed curve in the figure is the PC
suppression of the instanton density that is believed to
relevant for low temperatureT!Tc @16#:

x t~T!5x t~T50!~11cT2/Fp
2!. ~5!

Equation~5! does not fit the rapid suppression of the top
logical susceptibility aroundTc , even with c520.36, a
value that is well outside the allowed range based on
PCAC argument21/6<c<1/6 @16#. Also shown in Fig. 3 is
the perturbative Debye-screening prediction~for Nc53, Nf
52) @17#:

FIG. 2. Topological-charge density correlation functionCQ(x)
for Nt510 at 100th, 160th, and 200th cooling steps. Results c
cide within the statistical error bars.
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x t~ t !5x t~T50!~11l2/3!7/6

3exp@28l2/3214a~11gl23/2!28#, ~6!

wherel[prT, a50.01289764, andl50.15858. The solid
curve corresponds tor50.5 fm, arbitrarily normalized to the
quenched value of the zero-temperature susceptibility@4#
x t(T50)5(180 MeV)4, which also agrees with phenom
enology@18#. Equation~6! is not expected to be valid below
Tc , but should become relevant at high temperatures.
observe that the curve forr50.5 fm fits the data surprisingly
well. This observation suggests that the Debye-screen
mechanism may already be operative forT,Tc . Our Nt
54 (T52Tc) result is not reliable because of severe fini
size effects and because not a single instanton is found in
100 configurations. Also, our method of temperature va
tion by varying Nt provides only sparse data in the hig
temperature regime.

The general features of the temperature dependence ox t
are the same in the quenched calculation@15# and in the
present unquenched calculation, but detailed features d
significantly. The unquenchedx t decreases more slowly a
low temperature, but goes down much more rapidly arou
Tc . The x t is suppressed by almost 90% atT5Tc in the
unquenched case, while it is only 50% in the quenched c
That is, the suppression of the instanton amplitudes isen-
hancedby the dynamical quarks. The rapid decrease inx t
continues aboveTc , so that only about 1% remains at 1
Tc , compared to about 10% in the quenched calculation

We show in Fig. 4 the topological charge correlatio
functions in comparison with the profile of an isolated i
stanton, Eq.~4!, at Nt510 (T5120 MeV! and Nt56 (T
5200 MeV!. The symmetry of the data with respect to th

-
FIG. 3. Topological susceptibility as a function of temperatu

The data points correspond to our unquenched-QCD-plus-coo
results withNt56, 8, 10, 12, 14, 16, anda50.17 fm is assumed.
The phase transition temperatureTc is approximately 150 MeV for
our calculations withb55.54, ma 50.0125,Nx516. The dashed
curve is the prediction of a PCAC model, Eq.~6!, with c520.36,
and the solid curve is that of a Debye-screening model, Eq.~7!,
with the instanton size parameter,r50.5 fm.
8-3
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mid-point of the lattice is a result of the periodic boundar
condition. In the quenched calculations,CQ(r ) is practically
independent of the temperature, following remarkab
closely to the profile, though hints of a transition to a smalle
size parameter have been observed aboveTc @15#. The
present unquenched calculation clearly shows a rapid tran
tion to a smaller size aroundTc .

B. Caloron size and distribution

At finite temperatures, an instanton is deformed into
caloron, the core of which has a profile identical to a zer
temperature instanton with a renormalized size parame
@19#

r25rT50
2 /~1/1l2/3!, ~7!

which is valid at low temperature andl[prT. The values
of the caloron size-parameterr are extracted from the topo-
logical charge distribution using several methods. First w
determine the positions of the instantons on the lattice
searching for the maxima~and minima! uQumax of the topo-
logical charge distribution and then fitting the shape of a
instanton around the peak to the analytical form Eq.~4!. In
practice, we average the values of the topological char
around the peak in all spatial directions, which introduce
some uncertainties because of discretization effects. We th
use 3 or 5 points of the averaged radial shape of the instan
close to its maximum to fit the numerical data~Fig. 4 shows
the result from the three-point fit!. The number of points
used for the fitting does not affect the resulting values f
the radius parameter significantly. Secondly, one can conv

FIG. 4. Topoligical charge correlation function below (Nt

510, T5120 MeV! and above the phase transition (Nt56, T
5200 MeV!. The lines are calculated by folding the profile of an
isolated instanton, which when compared with the lattice data, gi
the values of the dominant caloron size parameter. They arer̃
'0.76 fm ~solid line! and 0.4 fm~dashed line! at T5120 and 200
MeV, respectively.
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the heights of the peaks to the sizes of the instant
by using Eq.~4!, once the peak locations (x50) are identi-
fied:

r5S 6

p2uQumax
D 1/4

. ~8!

Finally, a direct fitting of the correlation functions to th
convolution of an isolated instanton also gives an estim
for r. We have used all these methods, and they yield res
that agree with each other within the error bars. We emp
size that the extraction of instanton/caloron size parame
is in general ansatz dependent, and the results we pre
here are valid only for isolated instantons/calorons. Note t
for high temperatures and/or large calorons, when the de
mation of instanton is large, the isotropic fit used here int
duces a systematic error. However, the fact that fits to
peak value of the charge and to the slope of the correla
function agree with each other within statistics is a sign t
the anisotropy is not problematic in the regime we stu
where most calorons are small compared to our lattices
the topological charge density is dominated by the calo
core region.

The final value of the caloron size parameter can be t
determined in two different ways, either by averaging a
of the parameter values fit to individual configurations, or
fitting to the configuration-averaged topological-charge d
sity correlation functions. The parameter determined in
former way is themeancaloron sizer̄, and the parameter in
the latter way is thedominantcaloron sizer̃. The two pa-
rameter values are in general different, but are close in
case as shown later in Fig. 5.

In Fig. 4, we show the temperature dependence of
caloron size parameter only aroundTc for clarity. The domi-
nant size parameter,r̃, shown in the figure is obtained b
folding the profile of an isolated instanton.r̃ is approxi-
mately 0.76 fm at 0.8Tc , shrinks rapidly aroundTc , and
becomes about 0.4 fm at 1.3Tc .

FIG. 5. Distribution of caloron size parameters forNt56, 8, 10,
and 12. The arrows indicate the mean (r̄, solid lines! and the domi-
nant (r̃, dashed lines! size parameters.

e
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To study closely the transition in the caloron size para
eter, we calculater for eachconfiguration atNt56, 8, 10,
and 12 and plot the distribution ofr in Fig. 5. Note that
because of the suppression of the instantons aboveTc , there
are much less instantons atNt56, making it difficult to find
the mean instanton size. Nevertheless, there is a clear t
that the meansr̄, marked by solid arrows in Fig. 5, as well a
the widths of ther-distributiondecreaseas temperature goe
up. In Fig. 5, we also show the dominant caloron sizer̃ by
the dashed arrows.

We show in Fig. 6 the dominant caloron size parameter̃
as a function of temperature. At low temperature,r̃ turns out
to be distinctly larger than the dilute-gas model prediction
the quenched results@15#. Its value at high temperature
agrees roughly with that of the instanton liquid model@2#.
Also shown in the figure is a 1/T dependence for compariso
~dashed line!. Note that we plotr̃ and notr̃T50 via Eq.~7! in
Fig. 6, and this temperature dependence of the caloron

FIG. 6. Dominant caloron size parameterr̃ versus temperature
showing a clear fall-off aroundTc .
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parameter is not due to the simple renormalization in Eq.~7!.
In fact, if we had try to remove the effect of the simp
renoromalization according to Eq.~7!, the temperature de
pendence of the instanton size parameter would be e
stronger, due to the fact that the small caloron sizes at h
temperaturesreducethe effect of temperature renormaliza
tion, such thatl is greaterat T50.8Tc than atT51.33Tc .
Several notes of cautions are in order. First, the rather sm
error bar for the size parameter at the highest tempera
originates from the fact that the numbers are dominated
only three configurations with similarly-sized instanton
Second, the largest instantons are of size comparable to
lattice and therefore probably suffer large finite-size dist
tions.

The distribution of instanton charges in our configuratio
is shown as histograms for eachNt in Fig. 7. Whereas in the
quenched case, these distributions agree with the convol
Poisson distribution@15#, the unquenched results show si
nificant deviations from it. Our data suggests that the
namical quarks have induced nontrivial correlations amo
the instantons at low temperatures. Above the phase tra
tion, the distributions become Poissonian, suggesting a re
to the dilute-gas ensemble. We caution the readers that
deviations from Poisson distribution at low temperatu
as suggested by our data could be an artifact of insuffic
statistics, and more extensive study of the issue is ca
for.

V. SUMMARY AND DISCUSSIONS

Our key results are summarized as follows. We find t
the topological susceptibility decreases slowly at low te
peratures as the temperature increases, but a rapid sup
sion sets in around the phase transition temperatureTc'150
MeV, so that, compared to the value atT50, it is already
down by an order of magnitude atTc and becomes only
n
r

d

FIG. 7. Histograms showing the distributio
of topological charges in the configurations fo
Nt56, 8, 10, 12, 14, and 16.uQu is the magnitude
of the topological charges in a configuration, an
N(Q) is the frequency.
8-5
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about 1% at 1.3Tc . This temperature dependence of t
topological susceptibility is consistent with the Deby
screening model, using a caloron size parameter that ag
roughly with our own data. Accompanying this rapid chan
in x t is a transition of the dominant caloron size from abo
0.9 fm at low temperature to 0.4 fm at 1.3Tc . Because of the
cooling method we used, we observe neither small instan
nor instanton molecules, although we looked~unsuccess-
fully ! for signs of molecules in the early cooling states wh
they might not have been annihilated. We also find curio
temperature dependence of the instanton charge distribu
its deviations from Poissonian at low temperature might
related to nontrivial correlations among the instantons, wh
are suppressed above the phase transition. The nature an
details of this potential correlation are yet unclear, howev
as is whether it corresponds to any of the dynamical mod
@2#. However, our data can only be considered suggest
owing to its limited statistics, and a more extensive study
this issue is called for.
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