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Parametrizations of inclusive cross sections for pion production in proton-proton collisions
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Accurate knowledge of cross sections for pion production in proton-proton collisions finds wide application
in particle physics, astrophysics, cosmic ray physics, and space radiation problems, especially in situations
where an incident proton is transported through some medium, and one requires knowledge of the output
particle spectrum given the input spectrum. In such cases accurate parametrizations of the cross sections are
desired. In this paper we review much of the experimental data and compare it with a wide variety of different
cross section parametrizations. In so doing, we provide parametrizations of neutral and charged pion cross
sections which provide a very accurate description of the experimental data. Lorentz invariant differential cross
sections, spectral distributions, and total cross section parametrizations are presented.

PACS number~s!: 13.85.Ni
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I. INTRODUCTION

Pion production in proton-proton collisions has been
tensively studied over many years, and has now reached
point where this knowledge finds useful applications in
variety of areas, as detailed below.

~1! Two important types of particle detectors are the h
ronic and electromagnetic calorimeters@1#, in which an elec-
tromagnetic or hadronic shower is initiated by a high ene
incoming particle. From a Monte Carlo simulation of th
shower, one is able to deduce important characteristics o
incoming particle such as its energy and identity.

~2! The primary cosmic rays can be detected by a var
of methods, depending on the incident energy. For the v
high energy cosmic rays, where the flux is relatively low, t
extensive air showers~EAS’s! @2–4# provide the most con-
venient means of detection. The EAS is analogous to
hadronic or electromagnetic calorimeter used in part
physics, but with the Earth’s atmosphere being the ac
volume in which the shower develops. The EAS has b
electromagnetic and hadronic components, and similar to
calorimeter, the energy and identity of primary cosmic r
nuclei can be deduced via Monte Carlo simulation of
showers@2,3#.

~3! In long duration human space flights, such as a m
sion to Mars, the radiation levels induced by galactic cosm
rays can exceed exposure limits set for astronauts@5,6#. In
determining the radiation environment inside a spacec
one needs to transport the exterior cosmic ray spect
through the spacecraft wall in order to determine the inte
radiation spectrum.

~4! In g-ray @7,8# and high energy neutrino astronom
@9,10#, the diffuse background radiation is due in large p
to the g rays and neutrinos produced in proton collisio
with the protons in the interstellar medium. In addition, pi
production from proton-proton collisions finds applicatio
in the calculation ofg-ray emission from the accretion dis
around a black hole@11#.

In all of the above applications it is crucial to have
accurate knowledge of the cross sections for pion produc
in proton-proton collisions. In addition, most of the applic
tions mentioned above require solving the transport eq
0556-2821/2000/62~9!/094030~12!/$15.00 62 0940
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tions which determine the particle spectrum on one side o
material~active volume of calorimeter, Earth’s atmosphe
spacecraft wall, or interstellar medium! given the incident
particle spectrum. Use of pion production cross sections
such transport codes requires that the cross section be wr
in a simple form. The transport codes have many iterat
loops, which will take too much computer time if the cro
section formulas also contain many iterative loops. Thus i
most advantageous if one can write down simple formu
which parametrize all of the experimental data on pion p
duction cross sections. That is the aim of the present wo

In this paper we provide simple algebraic parametri
tions of charged and neutral pion production cross secti
valid over a range of energies. The cross sections we pro
are Lorentz-invariant differential cross sections~LIDCS’s!,
lab frame spectral distributions~i.e., energy differential cross
sections!, and total cross sections, because these are the t
of cross sections most widely used in transport equatio
Many authors have presented such parametrizations be
but the problem is to decide which authors are correct
whether a particular parametrization applies only to a limi
data set or is valid over a wider range. In the present wo
we have performed an exhaustive data search and have
pared as many different parametrizations as possible to
much data as possible, so as to provide definitive conclus
as to which is the most accurate parametrization to use.
of this is discussed more extensively below.

The cross sections discussed in this paper are for inclu
pion production in proton-proton collisions, i.e., the reactio
considered arep1p→p1X, wherep represents a proton,p
represents a pion, andX represents any combination of pa
ticles. An extensive search for LIDCS data was perform
and the data were used to compare all available paramet
tions. An extensive set of data was used in these comp
sons, but only a few data points are graphed in this paper
to space considerations. A method for generating param
zations for these cross sections is also described and ap
to p0 production. Spectral distribution and total cross sect
formulas were not developed directly because of a lack
data. Instead, the most successful LIDCS parametrizat
were first transformed into lab frame spectral distributions
numerical integration. These cross sections were also pa
©2000 The American Physical Society30-1
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etrized. Finally, the total cross sections were compared
available data and parametrized as well. This procedur
discussed, and the parametrizations of the numerical re
are given. Multiple checks of the accuracy of all results w
made, and some of these are presented.

Notation. Starred quantities~e.g.,u* ! refer to the quanti-
ties in the center of mass~c.m.! frame, while unstarred quan
tities ~e.g., u! refer to the quantities in the lab frame

E(d3s/d3p)[Lorentz-invariant differential cross sectio
~LIDCS!

ds/dE[spectral distribution52pp*0
umaxdu E(d3s/d3p)sinu

s[total cross section52p*0
umaxdu*pmin

pmaxdp E(d3s/d3p)

3(p2 sinu/Ap21mp
2 )5*Emin

Emax(ds/dE)dE

Pp is the proton momentum.
mp is the proton mass.
mp is the pion mass.
As is the magnitude of the total four momentum, and

equal to the total energy in the c.m. frame.
Tlab is the lab frame kinetic energy of the incoming proto
T is the pion kinetic energy.
E is the pion total energy.
u is the angle of pion scattering with respect to the dir

tion of the incident particle.
p is the pion momentum.
p'[pt is the pion transverse momentum (p'5p sinu).
pmax is the maximum possible momentum the scatte

pion can have for a givenAs.

II. COMPARISON OF LORENTZ INVARIANT
DIFFERENTIAL CROSS SECTIONS

The object has been to determine an accurate param
zation for inclusive LIDCS, which can be confidently applie
to regions where no experimental data are available. For
ample, the parametric equation would need to be extra
lated to energies lower than those for which data are av
able, if the formulas were to be used for the purpose
developing radiation shielding materials. The most con
nient formulas are those that are in closed form, since t
are easily used, and take relatively little CPU time in nume
cal calculations. Some of the formulas that were conside
as representations of the LIDCS were not in closed form,
included tabulated functions of energy~i.e., numerical values
were given for specific energy values rather than a functio
form!. When comparing parametrizations, closed form
pressions were given precedence over other equally acc
formulas.

The invariant single-particle distribution is defined by

f ~AB→CX![Ec

d3s

d3pc
[E

d3s

d3p
5

E

p2

d3s

dp dV
, ~1!

where d3s/d3pc is the differential cross section~i.e., the
probability per unit incident flux! for detecting a particleC
within the phase-space volume elementd3pc . A and B are
the initial colliding particles,C is the produced particle o
interest, andX represents all other particles produced in t
collision.E is the total energy of the produced particleC, and
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V is the solid angle. This form is favored since the quant
is invariant under Lorentz transformations.

The data for pion production in proton-proton interactio
are primarily reported in terms of the kinematic variabl
u* ,As,p' , which are, respectively, the c.o.m. frame scatt
ing angle of the pion, the invariant mass of the entire syst
and the transverse momentum of the produced pion.As is a
Lorentz invariant quantity, and is equal to the total energy
the c.o.m. frame.p'[p* sinu* , wherep* is the c.o.m. mo-
mentum.p' is invariant under the transformation from th
lab frame to the c.m. frame.~See@12# for a more detailed
discussion of kinematic variables.! In the following discus-
sions, all momenta, energies, and masses are in units of G

A. Neutral pions

Busseret al. @13# have fitted the LIDCS data obtained i
the reactionp1p→p01X, wherep represents a proton,p0

represents the neutral pion produced, andX represents all
other produced particles, to an equation of the form

E
d3s

d3p
5Ap'

2n expS 2b
p'

As
D , ~2!

with A51.54310226, n58.24, andb526.1. This equation
is based on a specific set of experimental data with all m
surements taken atu* .90°, and was originally intended
only for pions with highp' . Comparison of this parametri
zation with data available from other experiments@14–20#
indicates that the global behavior of the invariant cross s
tion cannot be represented by a function of this form. S
Figs. 1–3 for some examples of data. The parametrizatio

FIG. 1. p0 production parametrizations of Careyet al. @Eq. ~5!#
@15#, of Stephens and Badhwar@Eq. ~6!# @20#, and of Eq.~7! plotted
with LIDCS data from@14,20#. LIDCS is plotted against transvers
momentum for c.m. energyEc.m.57 GeV. The pion c.m. scattering
angle is 12.2,u* ,12.4° andu* 589° for the data, and the param
etrizations are plotted atu* 512° andu* 589°.
0-2
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PARAMETRIZATIONS OF INCLUSIVE CROSS . . . PHYSICAL REVIEW D 62 094030
Busseret al. @13# was not plotted because the cross sectio
much too small compared to the data in thep' ranges cov-
ered by the graphs.

The following form has been used by Albrechtet al. @21#
to represent neutral pion production:

FIG. 2. p0 production parametrizations of Careyet al. @Eq. ~5!#
@15#, of Stephens and Badhwar@Eq. ~6!# @20#, and of Eq.~7! plotted
with LIDCS data from@13,16,17#. The first set of data is for c.m
energy Ec.m.562.4 and 62.9 GeV at c.m. scattering angleu*
590° and the parametrizations are plotted atEc.m.562.6 GeV at
u* 590°. The second set of data is at c.m. energyEc.m.

523.3 GeV and the pion c.m. scattering angleu* 515° and 17.5°
for the data, and the parametrizations are plotted atu* 516°.

FIG. 3. p0 production parametrizations of Careyet al. @Eq. ~5!#
@15#, of Stephens and Badhwar@Eq. ~6!# @20#, and of Eq.~7! plotted
with LIDCS data from@15#. For the first set of data, LIDCS is
plotted against transverse momentum for c.m. energyEc.m.

518.2 GeV. The pion c.m. scattering angle 32.3°,u* ,32.5° for
the data, and the parametrizations are plotted atu* 532°. The sec-
ond set of data and parametrizations are atEc.m.553 GeV, u*
590°. The data are from@13,16–18#.
09403
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E
d3s

d3p
5CS p0

p'1p0
D n

, ~3!

whereC, n, andp0 are free parameters. This equation on
has dependence onp' where as the data@14–20#, some of
which is shown in Figs. 1–3, also have dependence onAs
andu* . This form is therefore not general enough to rep
sent all the data.

Ellis and Stroynowski@22# have favored a representatio
for the invariant cross section of the form

E
d3s

d3p
5A~p'

2 1M2!2N/2f ~x' ,u* ! ~4!

where f (x' ,u* )5(12x')F, N and F are free parameters
and the scaling variablex' is given by x'5p' /pmax*
.2p' /As. pmax* 5@(s1mp

224mp
2)2/4s2mp

2 #1/2, wheremp and
mp are the mass of the neutral pion and the proton, resp
tively, is the maximum pion momentum allowed. The outli
of this basic form has been used by Careyet al. in fitting the
invariant cross section for the inclusive reactionp1p→p°
1X @23#. Their representation is given by

E
d3s

d3p
5A~p'

2 10.86!24.5~12xR* !4, ~5!

where xR* 5p* /pmax* is the radial scaling variable and th
normalization constantA has been determined asA.5. This
parametrization accurately reproduces the data for meas
ments taken atu* 590° and As>9.8 GeV, but does no
agree well with the data for lower energies (As57 GeV).
The disagreement at lower energies can be seen in Fig.

Another problem with this parametrization becomes a
parent when one considers that integration over all allow
angles and outgoing particle momenta should yield the t
inclusive cross section. The details of this calculation app
in Sec. III. A comparison of the experimentally determin
total cross section data from Whitmore@24# with the results
of the numerical integration of Eq.~5! shows that the tota
cross section is greatly underestimated by Carey. See Fi

Stephens and Badhwar@20# obtained data from the photo
cross sections given by Fidecaro@14#. The Fidecaro data
were taken at incident proton kinetic energyTlab523 GeV
and p'50.1– 1.0 GeV.~Note: No error was listed by Fide
caroet al. @14# for pion production. Error bars of 10% wer
added to the data on the figures, since this level of error
standard for most of the other data. Also, Stephens uses
notationEp instead ofTlab.! Figures 1–3 show common ex
amples of the accuracy of Badhwar and Stephens’ param
zation’s fit to the data. The following is the parametrizati
of the p0 invariant cross section proposed by Stephens
Badhwar@20#:

E
d3s

d3p
5A f~Tlab!~12 x̃!q exp„2Bp' /~114mp

2/s!…, ~6!

where
0-3
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x̃5AH ~xi* !21S 4

sD ~p'
2 1mp

2 !J ,

q5
C12C2p'1C3p'

2

A114mp
2/s

,

f ~Tlab!5~1123Tlab
22.6!~124mp

2/s!2

and

A5140, B55.43, C156.1, C253.3, C350.6,

with xi* [pi* /pmax* , and pi* 5p* cosu* .

The Stephens-Badhwar parametrization was found to
the best of the previously listed representations, becau
accurately reproduces the data in the lowp' region, where
the cross section is greatest~see Figs. 1–3!, and its integra-
tion yields accurate values for the total cross section~see Fig.
4!. This equation is, however, a poor tool for predicting v
ues of the invariant cross section forp'*3 GeV, where the
value predicted underestimates experimental data by u
.10 orders of magnitude~see Figs. 2 and 3!.

No parametrization currently exists that accurately fits
global behavior of the LIDCS data. Previous equations h
suffered from being too specific to a particular set of expe
mental data, or from failing to reproduce the total cross s
tion upon integration. It is for these reasons that a new
rametrization is desired, one that correctly predicts
available data while maintaining the essential quality of c
rectly producing the total cross section upon integration.

The approach that has been adopted in the present wo
to assume the following form for the invariant cross secti

FIG. 4. Parametrization of totalp0 production cross section
plotted withnumerically integratedLIDCS parametrizations of Ste
phens and Bodhwar@Eq. ~6!# @20#, of Careyet al. @Eq. ~5!# @15#,
and of Eq.~7! referred to as Kruger. The curve labeled ‘‘Stephen
total-param’’ is the parametrization given in Eq.~29!. Three data
points from Whitmore@24# are included for comparison.
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E
d3s

d3p
5~sinu* !D~As,p' ,u* !F~As,p' ,u* 590°!. ~7!

The motivation for an equation of this form is that as t
angle decreases, the cross section decreases very slow
lower p' values. The approximation that was made in der
ing the above equation is that asp'→0, the cross section is
assumed to be independent of angle.

Under the assumption that the invariant cross section
be fitted by Eq.~7!, the program goes as follows. Find
representation for the cross section as a function of ene
As and transverse momentump' from experimental data
taken atu* 590°. F(As,p') is then completely determined
because (sinu* )D is unity atu* 590°.

At u* 590° the data are well represented by

E
d3s

d3p
~u* 590°![F~As,p'!,

with

F~As,p'!5 lnS As

Asmin
D G~q,p'!, ~8!

whereq5s1/4 and the c.m. pion production threshold ener
Asmin52mp1mp . The function

G~q,p'![

E
d3s

d3p
~u* 590°!

lnS As

Asmin
D

was parametrized as

G~q,p'!5exp$k11k2p'1k3q211k4p'
2 1k5q22

1k6p'q211k7p'
3 1k8q23

1k9p'q221k10p'
2 q211k11p'

23%, ~9!

with k153.24, k2526.046, k354.35, k450.883, k5
524.08, k6523.05, k7520.0347,k853.046,k954.098,
k10521.152, andk11520.0005. The parametersk1–k10
were obtained using the numerical curve fitting softwa
Table Curve 3D v3@26# and the eleventh term was added
modify the lowp' behavior of the parametrization.

With F(As,p') determined, the functionD(As,p' ,u* )
is the only remaining unknown. Solving forD yields

D~As,p' ,u* !5

lnS E
d3s

d3p D2 ln„F~As,p'!…

ln~sinu* !
. ~10!

Equations~8! and ~9! were then used in Eq.~10! to cal-
culate values ofD(As,p' ,u* ). If the functionD is indepen-
dent of angle, then Eq.~10! could be determined for any
fixed angle,u* Þ90°. Data were compared for a range
angular values, and this data revealed that the functionD is

-

0-4
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PARAMETRIZATIONS OF INCLUSIVE CROSS . . . PHYSICAL REVIEW D 62 094030
not independent of the angle. The angular dependence tu
out to be of the form (sinu* )20.45 and

D~As,p' ,u* !5~sinu* !20.45

3Fc1p
'

c2~As!c31c4

p'

As
1

c5

As
1

1.0

s G
~11!

with c15205.7,c253.308,c3522.875,c4510.43, andc5
50.8.

The final form of our resultant parametrization for th
neutral pion invariant cross section in proton-proton co
sions is Eq.~7! with F(p' ,As) given in Eq.~8!, G(q,p')
given in Eq.~9!, andD(p' ,As,u* ) given in Eq.~11!. This
form is accurate over a much greater range of transv
momentum values than those covered by previous repre
tations. Figures 1–3 show a few comparisons. A much m
extensive set of data was used in the development and c
parison of the parametrizations, but they are not shown
this paper due to space considerations. For the low transv
momentum region where the cross section is the greatest
fit is quite similar to that of Stephens and Badhwar@20#.
Also, Fig. 4 shows that both formulas~6 and 7! integrate to
approximately the same total cross section, which is
agreement with the data from Whitmore@24#. @Equation~7!
integrated into a total cross section is denoted as Kruge
Fig. 4.# A more complete comparison of the integrated to
cross section to the data is given by Stephens and Badh
@20#. Note however that Eq.~7! was based mainly on the da
from @14–20#. Equation~7! could therefore given unpredict
able results in regions not included in those data sets,
ticularly for very low transverse momentum orAs
@63 GeV.

B. Charged pions

The available data for charged pions, is less extens
than p0 data. There is therefore a higher degree of unc
tainty in LIDCS for charged pions. Integration of a LIDCS
get a total cross section and comparison of the results to
cross section data, allows a check of the global fit of a
rametrization. This check was made for charged as wel
neutral pions, but due to a lack of data, it is more import
for charged pions. Parametrizations that do not integrat
the correct total cross section can be ruled out, even if
LIDCS data are well represented, because the global be
ior of the parametrization cannot be accurate. However, p
ducing a correct total cross section upon integration does
necessarily imply that the global behavior of the parame
zation is correct. A tighter constraint could be placed
possible LIDCS parametrizations, if more measureme
were made. If the spectral distribution is measured at th
different values of pion energy for two different proton co
lision energies, the general behavior of the spectral distr
tion could be determined. The angular dependence of LID
parametrization could then be tested by integrating over
angle, and comparing the results to the spectral distribu
data. For the purposes of space radiation shielding, meas
09403
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ments at proton lab kinetic energies of 3 and 6 GeV, a
pion lab kinetic energies of 0.01, 0.1, and 1 GeV would
useful, because this is the region with both a large cr
section, and large galactic cosmic ray fluxes. With these fa
in mind, a comparison of LIDCS parametrizations with da
from @16,25,27–29# for charged pion production follows. A
parametrization forp2 of the form

E
d3s

d3p
5A exp~2Bp'

2 ! ~12!

has been given by Albrowet al. @29# where A and B are
tabulated functions ofxR* [p* /pmax* . A andB are given only
for xR* 50.18,xR* 50.21, andxR* 50.25, which limits the use-
fulness of this parametrization.

Alper et al. @25# have fitted the data for bothp1 andp2

production to the following form:

E
d3s

d3p
5A exp~2Bp'1Cp'

2 !exp~2Dy2!, ~13!

wherey is the longitudinal rapidity, andA, B, C, andD are
tabulated functions ofs, that are also dependent on the ty
of produced particle (p1 or p2). ~Note that atu* 590° we
havey50.! The fit to the data is excellent for low transver
momentum, as can be seen in Figs. 8 and 10, but these
ures also show that this form has an increasing cross sec
for high p' , which contradicts the trend in the data. Als
there are different sets of constants for each different ene
which makes a generalization to arbitrary energies difficu

Parametrizations done by Careyet al. @30# and Ellis and
Stroynowski@22# have a similar form, although Carey’s wa
applied only top2. Both underestimate LIDCS for lowp' ,
where the cross section is the largest~see Figs. 7–10!.

The following is Carey’s parametrization:

E
d3s

d3p
~p2!5N~p'

2 10.86!24.5~12xR* !4, ~14!

whereN513 is the overall normalization constant, andxR*
[p* /pmax* '2p* /As.

The following is Ellis’s parametrization which was ap
plied to bothp1 andp2 production atu* 590°:

E
d3s

d3p
5A~p'

2 1M2!2N/2~12x'!F, ~15!

whereM,N,F are given constants.A is an unspecified overal
normalization for which we usedA513, andx'[p' /pmax*
'2p' /As.

The most successful LIDCS parametrization available
charged pion production was found to be the one develo
by Badhwaret al. @31#

E
d3s

d3p
5

A~12 x̃!q

~114mp
2/s!r e@2Bp' /~114mp

2/s!#, ~16!

whereq is a function ofp' , ands, such that
0-5
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STEVE R. BLATTNIG et al. PHYSICAL REVIEW D 62 094030
q5~C11C2p'1C3p'
2 !/~114mp

2/s!1/2

and

x̃'Fxi*
21

4

s
~p'

2 1mp
2 !G1/2

.

Here xi* 5pi* /pmax* '2pi* /As. For p1, A5153, B55.55,
C155.3667,C2523.5, C350.8334, andr 51. For p2, A
5127, B55.3, C157.0334,C2524.5, C351.667, andr
53. This form is accurate for low transverse momentu
~Figs. 7–12!, which is the most important region for radia
tion shielding due to the large cross section. It is also
closed form, so that extra numerical complexities do
have to be considered. A comparison to a few data poi
shown in Fig. 13, demonstrates that it integrates to the
rect total cross section. A more detailed comparison of
integrated cross section to experimental data is given
Badhwar et al. @31#. Because of its relative accuracy an
simplicity, this parametrization was integrated to get to
cross sections and spectral distributions for charged pion

Mokhov and Striganov@32# have also developed the fo
lowing formulas for bothp1 andp2 production:

E
d3s

d3p
5AS 12

p*

pmax* D B

expS 2
p*

CAs
D V1~p'!V2~p'!,

~17!

where

V15~12D !exp~2Ep'
2 !1D exp~2Fp'

2 !

for p'<0.933 GeV

5
0.2625

~p'
2 10.87!4 for p'.0.933 GeV

and

V250.7363 exp~0.875p'! for p'<0.35 GeV

51 for p'.0.35 GeV,

with A560.1, B51.9, andC50.18 for p1, A551.2, B
52.6, and C50.17 for p2, and D50.3, E512, and F
52.7 for both p1 and p2. Figures 7–12 show that th
formula of Badhwar has a better fit to the data in the lowp'

region where the cross section is the largest.

III. SPECTRAL DISTRIBUTIONS AND TOTAL
CROSS SECTIONS

A. Method of generating other cross sections from a LIDCS

While LIDCS’s contain all the necessary information f
a particular process, sometimes other cross sections
needed. For example, one dimensional radiation transpor
quires probability density distributions that are integra
over the solid angle. These quantities are calculated in te
of spectral distributions and total cross sections rather t
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LIDCS, but with accurate parametrizations of LIDCS, fo
mulas for both spectral distributions and total cross secti
can be developed. LIDCS for inclusive pion production
proton-proton collisions contain dependence on the energ
the colliding protons (As), on the energy of the produce
pion (Tp), and on the scattering angle of the pion~u!. Total
cross sectionss, which depend only onAs, and spectral
distributionsds/dE, which depend onAs and Tp , can be
extracted from a LIDCS by integration. If azimuthal symm
try is assumed, these cross sections take the following fo

ds

dE
52ppE

0

umax
du E

d3s

d3p
sinu, ~18!

s52pE
0

umax
duE

pmin

pmax
dp E

d3s

d3p

p2 sinu

Ap21mp
2

, ~19!

whereumax, pmax, andpmin are the extrema of the scatterin
angle and momentum of the pion, respectively, andmp is the
rest mass of the pion.

In the c.m. frame these extrema can easily be determin
Using conservation of momentum and energy, one can ea
show that

p25
~s1mp

2 2sx!
2

4s
2mp

2 , ~20!

wheresx is the square of the invariant mass of the sum of
particles excluding the pion, andp is the magnitude of the
three momentum of the pion. The independence ofp on u
implies thatu can take on all possible values~i.e., umax5p!,
and the symmetry of the c.m. frame implies thatpmin50. For
a given value ofs, it is obvious that momentum is a max
mum whensx is a minimum. An invariant mass is a min
mum, when it is equal to the square of the sum of the r
masses of the particles in question. Momentum is, theref
a maximum whensx is the square of the sum of the lea
massive combination of particles that can be produced w
still satisfying all relevant conservation laws. For the rea
tion p1p→p1x, we havesx.4mp

2, where the subscriptp
represents a proton.

If a Lorentz transformation is applied to the maximu
c.m. momentum, the integration limits can be determined
other frames. Byckling and Kajantie have shown that
transforming to the lab frame, the following formula can
obtained@12#:

pp
65@paEmax* As cosu6~Ea1mp!Aspmax* 2 2mp

2 pa
2 sin2 u#

3@s1pa
2 sin2~u!#21, ~21!

where starred quantities are c.m. variables, and unsta
quantities are either lab or invariant variables,mp is the rest
mass of a proton;pa is the magnitude of the momentum o
the projectile proton, andp15pmax is the maximum pion
momentum. The greater of the two quantitiesp25pmin and
0 is the minimum pion momentum, and the maximum sc
tering angle can be determined by the requirement thatp6 be
0-6
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real. This requirement implies that the quantity under
square root must be greater than or equal to 0. Solving
umax then gives the formula

umax5sin21S Aspmax*

pamp
D . ~22!

With the limits of integration determined, a LIDCS can b
turned into a total cross section or a spectral distribution
numerical integration. This procedure will, however, gi
discrete ‘‘data’’ points; not closed form expressions. Para
etrizations of this numerical data are needed, if relativ
simple formulas for these cross sections are desired.
process was completed for all three pion species, and
corresponding formulas are listed in Sec. III B. It should
noted that the accuracy of these parametrizations is limite
that of the original LIDCS.

B. Parametrizations

The surface parametrizations for the spectral distribut
as a function of incident proton kinetic energy in the l
frame Tlab and the lab kinetic energy of the produced pi
Tp have been completed by numerically integrating LIDC
charged pion parametrizations due to Badhwaret al. @Eq.
~16!# @31# and the neutral pion cross section both from S
phens and Badhwar@Eq. ~6!# @20#, and from Eq.~7!. The
numerical integration routines were checked for accuracy
computing total cross sections in both the lab and c
frames and comparing the results. Since total cross sectio
invariant under the transformation between these two fram
the results should be the same in both frames. In orde
accurately fit the integration points for low energies, it h
been necessary to consider two regions of the surface an
determine representations for them individually. For each
the three pions, the two regions consist of laboratory kine
energiesTlab from 0.3 to 2 GeV and from 2 to 50 GeV
Using the following parametrizations in energy regions ot
than the region listed above could give unpredictable res
since the formulas were not tested there.

The neutral pion spectral distribution for the range 0.3
GeV is represented by the following equations:

F25A1Tp
A21A3Tlab

A4,

F15expS A51
A6

ATlab

1A7Tlab
A81A9Tp

A101A11Tp
A12D ,

~23!

TABLE I. Constants for Eq.~23!.

A156.78310210 A8521.75 A1550.25
A2522.86 A95232.1 A165239.4

A351.8231028 A1050.0938 A1752.88
A4521.92 A115223.7 A1850.025
A5522.3 A1250.0313 A1950.75
A650.226 A1352.53106

A7520.33 A1451.38
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2

S ds

dED
lab

5S A13

F1

F2
1A14exp~A16ATp1A17Tp

A18Tlab
A19! DTp

A15,

with constantsAi given in Table I.
The neutral pion spectral distribution for the range 2–

GeV is represented by the following equations:

F25B1Tp
B21B3Tlab

B4,

F15expS B51
B6

ATlab

1B7Tlab
B81B9Tp

B101B11Tp
B12D ,

~24!

S ds

dED
lab

5B13Tp
B14

F1

F2
1B15Tp

B16 exp~B17ATp!,

with constantsBi given in Table II.
The positively charged pion spectral distribution for t

range 0.3–2 GeV is represented by the following equatio

F25C1Tp
C21C3Tlab

C4,

F15expS C51
C6

ATlab

1C7Tlab
C81C9Tp

C10

1C11Tp
C12Tlab

C131C14 ln TlabD , ~25!

S ds

dED
lab

5C15Tp
C16

F1

F2
1C17Tp

C18 exp~C19ATp1C20ATlab!,

with constantsCi given in Table III.
The positively charged pion spectral distribution for t

range 2–50 GeV is represented by the following equatio

TABLE II. Constants for Eq.~24!.

B151.3310210 B8521.25 B15560322
B2522.86 B95233.2 B1651.07

B354.2731029 B1050.0938 B175267.5
B4522.4 B115223.6
B5522.3 B1250.0313

B6521.87 B1352.53106

B751.28 B1450.25

TABLE III. Constants for Eq.~25!.

C152.231028 C8521.75 C1552.53106

C2522.7 C95229.4 C1650.25
C354.2231027 C1050.0938 C175976

C4521.88 C115224.4 C1852.3
C5522.3 C1250.0312 C195246
C651.98 C1350.0389 C20520.989

C7520.28 C1451.78
0-7
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F25D1Tp
D21D3Tlab

D4,

F15expS D51
D6

ATlab

1D7Tp
D81D9Tp

D10D , ~26!

S ds

dED
lab

5D11Tp
D12

F1

F2
1D13Tp

D14 exp~D15ATp1D16Tlab
D17!

with constantsDi given in Table IV.
The negatively charged pion spectral distribution for t

range 0.3–2 GeV is represented by the following equatio

F25G1Tp
G21G3Tlab

G4,

F15expS G51
G6

ATlab

1G7Tp
G81G9Tp

G10D , ~27!

S ds

dED
lab

5Tp
G11S G12

F1

F2
1G13exp~G14ATp! D ,

with constantsGi given in Table V.
The negatively charged pion spectral distribution for t

range 2–50 GeV is represented by the following equatio

F25H1Tp
H21H3Tlab

H4,

F15expS H51
H6

ATlab

1H7Tp
H81H9Tp

H10D , ~28!

S ds

dED
lab

5H11Tp
H12

F1

F2
1H13Tp

H14 exp~H15ATp1H16Tlab
H17!,

with constantsHi given in Table VI.
Total inclusive cross sections are represented by the

lowing equations:

TABLE IV. Constants for Eq.~26!.

D154.5310211 D75235.3 D13560322
D2522.98 D850.0938 D1451.18

D351.1831029 D95222.5 D155272.2
D4522.55 D1050.0313 D1650.941
D5522.3 D1152.53106 D1750.1

D6520.765 D1250.25

TABLE V. Constants for Eq.~27!.

G151.0631029 G6521.5 G1150.25
G2522.8 G75230.5 G1252.53106

G353.731028 G850.0938 G1357.96
G4521.89 G95224.6 G145249.5
G5522.3 G1050.0313
09403
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l-

sp05S 0.00710.1
ln~Tlab!

Tlab
1

0.3

Tlab
2 D 21

, ~29!

sp15S 0.0071710.0652
ln~Tlab!

Tlab
1

0.162

Tlab
2 D 21

~30!

sp25S 0.004561
0.0846

Tlab
0.5 1

0.577

Tlab
1.5 D 21

. ~31!

For neutral pions, spectral distributions and total cro
sections that were based on our own parametrization give
Eq. ~7! were also developed. The formula for the spect
distribution was not divided into two regions, and it is mu
simpler than the previous formulas

S ds

dED
lab

5expS K11
K2

Tlab
0.41

K3

Tp
0.21

K4

Tp
0.4D , ~32!

whereK1525.8, K2521.82,K3513.5, andK4524.5.
Because Eq.~7! and Stephens LIDCS parametrization i

tegrate to nearly the same total cross section~see Fig. 4!,
separate total cross section parametrizations are not ne
sary @i.e., use Eq.~29!#.

C. Discussion of figures

As discussed previously, Figs. 1–3 show a comparison
LIDCS parametrizations forp0 production of Careyet al.
@Eq. ~5!# @15#, Stephens and Badhwar@Eq. ~6!# @20#, and Eq.
~7! plotted with data from@14–20#. The figures are graphs o
cross section plotted against transverse momentum (p') for
various values of c.m. energyEc.m. and c.m. scattering angl
(u* ). Figure 1 shows that the parametrization of Careyet al.
is not an adequate representation of the data. Figures 2 a
show that the parametrization of Stephens and Badhwar
for high transverse momentum by severely underpredic
the cross section.

Figure 4 shows numerically integrated LIDCS parame
zations of Stephens and Badhwar@Eq. ~6!# @20#, of Carey
et al. @Eq. ~5!# @15#, and of Eq.~7! ~referred to as Kruger! for
p0 production plotted with a parametrization of the int
grated formulas of Stephens and Badhwar referred to
Stephens-total-param@Eq. ~29!#. Three data points from
Whitmore @24# show that Carey’s parametrization does n
integrate to the correct values and that the rest are q
accurate~see@20# for more detail!.

Figure 5 showsp0 spectral distribution parametrization
given by Eqs.~23! and ~24! plotted with LIDCS parametri-

TABLE VI. Constants for Eq.~28!.

H152.39310210 H75231.3 H13560322
H2522.8 H850.0938 H1451.1

H351.1431028 H95224.9 H155265.9
H4522.3 H1050.0313 H16529.39
H5522.3 H1152.53106 H17521.25

H6522.23 H1250.25
0-8
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zation of Stephens and Badhwar@Eq. ~6!# @20# numerically
integrated at several lab kinetic energies. Figure 6 showsp0

spectral distribution parametrizations given by Eq.~32! plot-
ted with the numerical integration of Eq.~7!. The shapes of
the two spectral distributions look quite different ev
though both original LIDCS formula have a fit similar to th
data at lowp' where the cross section is the greatest, a
both integrate to the same total cross section. This imp
that the available data are not sufficient to tightly constr
the shape of the spectral distribution.

As discussed previously, Figs. 7–12 showp1 and p2

LIDCS parametrizations of Alperet al. @Eq. ~13!# @25#,

FIG. 5. p0 spectral distribution parametrizations of Eqs.~23!
and ~24! ~solid lines! plotted with LIDCS parametrization of Ste
phens and Badhwar@Eq. ~6!# @20# numerically integrated at lab
kinetic energies of 0.5, 1.0, 1.9, 5.0, 9.5, 20, and 50 GeV, liste
order of increasing cross section~symbols!.

FIG. 6. p0 spectral distribution parametrization of Eq.~32!
~solid lines! plotted with Eq.~7! numerically integrated at lab ki
netic energies of 0.5, 1.0, 1.9, 5.0, 9.5, 20, and 50 GeV, liste
order of increasing cross section~symbols!.
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Badhwaret al. @Eq. ~16!# @31#, Ellis and Stroynowski@Eq.
~15!# @22#, Carey et al. @Eq. ~14!# @30#, and Mokhov and
Striganov@Eq. ~17!# @32#, and LIDCS data from@16,25# plot-
ted against transverse momentum (pt[p') for different val-
ues of c.m. energyEc.m., but all atu* 590°. These graphs
show that the parametrizations of Badhwar best fit the d
but underpredict the cross section for large transverse
mentum.

Figure 13 shows the numerically integrated LIDCS p
rametrizations of Badhwaret al. @Eq. ~16!# @31#, and of
Carey et al. @Eq. ~14!# @30# for p1 and p2 plotted with
parametrizations of the integrated formulas of Badhwar
ferred to as present work@Eqs. ~30! and ~31!#. Three data

in

in

FIG. 7. p2 production parametrizations of Ellis an
Stroynowski@Eq. ~15!# @22#, Badhwaret al. @Eq. ~16!# @31#, Carey
et al. @Eq. ~14!# @30#, and of Mokhov and Striganov@Eq. ~17!# @32#
plotted with LIDCS data from@25#. LIDCS is plotted against trans
verse momentum for c.m. energyEc.m.523 GeV and pion c.m. scat
tering angleu* 590°.

FIG. 8. p2 production. Same as Fig. 7 exceptEc.m.531 GeV,
and the parametrization of Alperet al. @Eq. ~13!# @25# is included.
0-9
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STEVE R. BLATTNIG et al. PHYSICAL REVIEW D 62 094030
points from Whitmoreet al. @24# show that Carey’s param
etrization does not integrate to the correct values and
Badhwar’s formula is accurate. The figures also show t
the parametrization fits the numerically integrated formu
very well.

Figures 14 and 15 showp2 andp1 spectral distribution
parametrizations plotted with LIDCS parametrization
Badhwaret al. @Eq. ~16!# @31# numerically integrated. The
plot is of cross section (ds/dE) plotted against the kinetic
energy of the produced pionTp at several values for the la
kinetic energies of the colliding proton. The graphs clea
show that the spectral distribution parametrizations have
cellent fits to the integrated LIDCS parametrizations.

FIG. 9. p1 production parametrizations of Ellis an
Stroynowski@Eq. ~15!# @22#, Badhwaret al. @Eq. ~16!# @31#, and of
Mokhov and Striganov@Eq. ~17!# @32# plotted with LIDCS data
from @25#. LIDCS is plotted against transverse momentum for c
energyEc.m.523 GeV and pion c.m. scattering angleu* 590°.

FIG. 10. p1 production. Same as Fig. 9 exceptEc.m.

531 GeV, and the parametrization of Alperet al. @Eq. ~13!# @25# is
included.
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IV. SUMMARY AND CONCLUSIONS

This paper presents parametrizations of cross sections
inclusive pion production in proton-proton collisions. Th
cross sections of interest are LIDCS, lab frame spectral
tributions, and total cross sections. For neutral pions the
rametrization of Stephens and Badhwar@20# @Eq. ~6!# fit the
data well for low values ofp' , but overpredicted the cros
section by many orders of magnitude at highp' values. Be-
cause of this inaccuracy, Eq.~7! was developed. The fina
form of our resultant parametrization for the neutral pi
invariant cross section in proton-proton collisions is Eq.~7!
with D(p' ,As,u* ) given in Eq. ~11!, F(p' ,As) given in
Eq. ~8!, and G(q,p') given in Eq.~9!. This formula is as

.

FIG. 11.p1 production. Same as Fig. 9 except the data are fr
@16,25# for Ec.m.545.0 and 44.8 GeV, and the parametrization
Ellis and Stroynowski@Eq. ~15!# @22# is excluded. Parametrization
are plotted atEc.m.545.0 GeV.

FIG. 12.p2 production. Same as Fig. 7 except the data are fr
@16,25# for Ec.m.545.0 and 44.8 GeV, and some of the parame
zations are excluded. Parametrizations are plotted atEc.m.

545.0 GeV.
0-10
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PARAMETRIZATIONS OF INCLUSIVE CROSS . . . PHYSICAL REVIEW D 62 094030
accurate as that of Stephens and Badhwar@20# at low p'

values, but is much more accurate at highp' values. For
charged pions the formulas of Badhwaret al. @Eq. ~16!# @31#
were found to best represent the data except at highp' val-
ues. These formulas were used in the development of s
tral distributions and total cross sections because they are
most accurate at lowp' where the cross section is the grea
est.

The data for lab frame spectral distributions and to
cross sections is scarce, so parametrizations for these q

FIG. 13. Parametrizations of totalp6 production cross section
~present work! @Eqs. ~30! and ~31!# plotted with numerically inte-
grated LIDCS parametrizations of Badhwaret al. @Eq. ~16!# @31#
~circles and squares! and Careyet al. @Eq. ~14!# @30# ~triangles!. Six
data points are included for comparison~data are from Whitmore
@24#!.

FIG. 14. p2 spectral distribution parametrizations@Eqs. ~27!
and~28!# ~solid lines! plotted with LIDCS parametrization of Badh
war et al. @Eq. ~16!# @31# ~symbols! numerically integrated at lab
kinetic energies of 0.5, 1.9, 5.0, 9.5, 20, and 50 GeV, listed in or
of increasing cross section.
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tities were developed using the above LIDCS formul
These formulas were numerically integrated, resulting in d
crete numerical ‘‘data’’ points for these other cross sectio
The accuracy of the representations of lab frame spec
distributions and total cross sections is, therefore, limited
the accuracy of the original LIDCS. The numerical ‘‘data
were then parametrized so that closed form expressions@Eqs.
~23!–~32!# could be obtained. As a check on the accura
the total cross section numerical ‘‘data’’ were compared
experimental data. They were found to agree quite well,
when the numerical ‘‘data’’ for the spectral distributions f
the formulas forp0 production@Eqs.~23!, ~24! and~32!# are
compared~i.e., compare Fig. 5 to Fig. 6!, they are found to
disagree. Since both original LIDCS formulas fit the da
well at low p' where the cross section is greatest, and b
formulas integrate to the correct total cross section, the av
able data must not be sufficient to uniquely determine
global behavior of the LIDCS. The data for charged pi
production is much more limited than the data for neut
pion production, so the same problem exists for charged
ons.

To more accurately determine the cross sections for sp
radiation applications, measurements of the spectral distr
tion at lower energies~for example, proton lab kinetic ener
gies 3 and 8 GeV, and pion lab kinetic energies of 0.01, 0
and 1 GeV! would need to be taken. These measureme
would put a much tighter constraint on the global propert
of the LIDCS, and the spectral distribution parametrizatio
could also be made more accurate.
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APPENDIX: SYNOPSIS OF DATA TRANSFORMATIONS

The data that were used in the comparison of differ
parametrizations were given in terms of several different
nematic variables. Some of the LIDCS data were tra
formed so that all data would be expressed in terms of
same variables:p' , u* , andEc.m.5As. The following is a
synopsis of the transformations that were performed for
data plotted in the figures.

The data from Careyet al. @15# were listed for different
values ofPp , p' , andu. As, p' , andu were used by Egger
et al. Stephens and Badhwar@20# used photon production
data from Fidecaroet al. @14# to derive pion production cros
sections. The variablesTlab, u, andp were used by Stephens
As, p' , and the longitudinal rapidityy were used by Alper
et al. @25#, but only data withy50 was used in the figures
Wheny50 thenu* 590°.
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The necessary transformations are as follows:

p'5p sinu, ~A1!

Tlab, Pp , andu can be transformed intoAs andu* by using
the following Lorentz transformations to change to the c.
frame. First expressTlab andPp as total lab energyE

E5Tlab1mp5APp
21mp

2. ~A2!

Now perform the following Lorentz transformations:

Ecm52gvp cosu1gE, ~A3!

u* 5tan21S p sinu

gp cosu2gvED , ~A4!

where

g5
Tlab12mp

As
, ~A5!

v5A12g22. ~A6!
ted
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