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Impact of zDI zÄ5Õ2 transitions in K\pp decays
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We consider the impact of isospin violation on the analysis ofK→pp decays. We scrutinize, in particular,
the phenomenological role played by the additional weak amplitude, ofuDI u55/2 in character, incurred by the
presence of isospin violation. We show that Watson’s theorem is appropriate inO(md2mu), so that the
inferredpp phase shift atAs5mK determines the strong phase difference between theI 50 andI 52 ampli-
tudes inK→pp decay. We find the magnitude of theuDI u55/2 amplitude thus implied by the empirical
branching ratios to be larger than expected from estimates of isospin-violating strong and electromagnetic
effects. We effect a new determination of the octet and 27-plet coupling constants with strong-interaction
isospin violation and with electromagnetic effects, as computed by Cirigliano, Donoghue, and Golowich, and
find that we are unable to resolve the difficulty. Exploring the role ofuDI u55/2 transitions in theCP-violating
observablee8/e, we determine that the presence of auDI u55/2 amplitude impacts the empirical determination
of v, the ratio of the real parts of theuDI u53/2 to uDI u51/2 amplitudes, and that it generates a decrease in the
estimation ofe8/e.

PACS number~s!: 13.25.Es, 11.30.Er, 11.30.Hv, 12.39.Fe
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I. INTRODUCTION

In the limit of isospin symmetry, the decay of a kao
with isospin I i51/2, into two pions, with isospinI f50 or
I f52, is mediated by eitheruDI u51/2 or uDI u53/2 weak
transitions. The analysis ofK→pp branching ratios in this
limit indicates that theuDI u51/2 amplitude exceeds th
uDI u53/2 amplitude by a factor of roughly 20. A detaile
understanding of this large enhancement, termed the ‘‘uDI u
51/2 rule,’’ has proved elusive, although recently the su
ject has received much attention@1#. However, another, po
tentially related, puzzle remains. Unitarity andCPT invari-
ance, in concert with isospin symmetry, predict that
strong phase difference between theI f52 andI f50 ampli-
tudes inK→pp decay should equal that of theI 52 andI
50 amplitudes ins-wavepp scattering. The analysis of th
K→pp branching ratios, using isospin-symmetric amp
tudes but physical phase space, indicates, however, tha
is not the case. Specifically, the strong phase difference
ferred from K→pp decays isd02d2556.6°64.5° @2#,
whereas that froms-wave,pp scattering at the kaon mass
d02d2545°66° @2,3#.

It is our purpose to examine how isospin-violating effe
impact this apparent discrepancy. Theu andd quarks differ
both in their charges and masses, so that the symmetry o
K→pp decay amplitudes underu andd quark exchange is
merely approximate. In specific, if we continue to use
labels ‘‘I f50’’ and ‘‘ I f52’’ to denote the combinations o
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K→pp amplitudes which correspond topp final states of
definite isospin in the isospin-perfect limit, then in this bas
the weak transitions are ofuDI u51/2, 3/2, and 5/2 in char-
acter. The violation of isospin symmetry thus generates
additional amplitude with uDI u55/2. Such effects can
modify the uDI u51/2 and uDI u53/2 amplitudes as well,
though the large empirical enhancement of theuDI u51/2
amplitude relative to theuDI u53/2 amplitude found in the
isospin-conserving analysis suggests that isospin-viola
contributions built on the former are of greater phenome
logical significance. Indeed, it has long been suspected
isospin-breaking effects contaminate the extracted ratio
uDI u53/2 to uDI u51/2 amplitudes in a non-trivial way, pre
cisely as isospin violation in the ‘‘large’’uDI u51/2 ampli-
tude generates a contribution ofuDI u53/2 in character—and
as the scale of strong interaction isospin violation, (md

2mu)/ms , is crudely commensurate with that of the rat
determined in an isospin-perfect analysis. Indeed, includ
mdÞmu effects in a leading-order chiral analysis makes
‘‘true’’ ratio of uDI u53/2 to uDI u51/2 amplitudes some 30%
smaller@4,5#. We extract theuDI u51/2, 3/2, and 5/2 ampli-
tudes from the empiricalK→pp branching ratios and then
proceed to examine what solutions for the ‘‘true’’uDI u
51/2 and 3/2 amplitudes may emerge.

Interestingly, these considerations impact the stand
model~SM! estimate ofe8/e as well, for in standard practice
the empirical value of the ratio of the real parts of theuDI u
53/2 to uDI u51/2 amplitudes is used, in concert with
‘‘short-distance’’ determination of the amplitudes’ imagina
parts, to determinee8/e in the SM @6,7#. Isospin violation
plays an important role in the analysis ofe8/e, for it modifies
the cancellation of the imaginary to real part ratios in t
uDI u51/2 anduDI u53/2 K→pp amplitudes in a significan
©2000 The American Physical Society24-1
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manner@8–12#. The value ofv, the ratio of the real parts o
the uDI u53/2 to uDI u51/2 amplitudes, used, howeve
emerges from an analysis ofK→pp branching ratios
@13,14#, under the assumption that isospin symmetry is p
fect. Thus we also explore the connection between isos
violation in Re(e8/e) and isospin violation in theK→pp
branching ratios. We determine that the standard prac
suffices to leading order in isospin violation ifuDI u55/2
transitions can be neglected. TheuDI u55/2 transitions enter
differently in charged kaon and neutral kaon decays, and
the value ofv incorporated is derived, in part, from th
K1→p1p0 branching ratio, the value ofv must be adjusted
for uDI u55/2 effects in order to estimatee8/e. This de-
creases the value ofe8/e and adds to its uncertainty as we

We begin by considering the constraints that unitarity a
time-reversal invariance place on the parametrization of
K→pp amplitudes in the presence of strong-interact
isospin violation. We consider exclusivelymdÞmu effects as
electromagnetic effects are considered in Ref.@15#. With an
appropriate parametrization in place, we consider the p
nomenological analysis of theK→pp branching ratios, ex-
tracting the amplitudes associated with the possible w
transitions and comparing these results with a chiral analy
We then turn toe8/e and consider how isospin-violating e
fects in the branching ratios are related to those ine8/e.

II. UNITARITY CONSTRAINTS

We seek to determine what constraints may be brough
bear on the parametrization of theK→pp amplitudes in the
presence of isospin violation. To this end enters Watso
theorem. We note that in the isospin-perfect limit, unitari
andCPT invariance yield@16#

^~pp! I uH WuK0&5 iAIexp~ id I !

^~pp! I uH WuK0&52 iAI* exp~ id I !, ~2.1!

whereHW is the effective weak Hamiltonian for kaon de
cays. The amplitudeAI is such thatAI5uAI uexp(ijI), where
j I is the weak phase associated with the decay to the
state of isospinI, andd I is the phase associated withs-wave
pp scattering of isospinI.

In the limit of isospin symmetry, Bose statistics requir
that twos-wave pions have eitherI 50 or I 52. To relate the
isospin states to the physical states, we use the isospin
composition@17#

up1p2&}u~pp!0&1
1

A2
u~pp!2&

up0p0&}u~pp!0&2A2u~pp!2&. ~2.2!

Using Watson’s theorem, Eq.~2.1!, and including isospin-
violating effects, we have the parametrization
09402
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AK0→p1p2[^p1p2uH WuK0&

5 i S A0eid01
1

A2
A2eid21AIB

12eid12D
AK0→p0p0[^p0p0uH WuK0&

5 i ~A0eid02A2A2eid21AIB
00eid00!, ~2.3!

AK1→p1p0[^p1p0uH WuK1&

5 i S 3

2
A2eid21AIB

10eid10D
where the isospin-violating contributions are denoted by
subscript ‘‘IB’’ and include a weak phase, e.g.,AIB

00

5uAIB
00uei j00. The strong phasesd00, d12 , andd10 are, as

yet, idiosyncratic toK→pp decay. AsA0 andA2 are reflec-
tive of the amplitudes in the isospin-perfect limit, they a
generated byuDI u51/2 anduDI u53/2 weak transitions, re-
spectively.

We wish to examine what further constraints may
placed on Eq.~2.3!. It follows from unitarity that a transition
matrix T satisfies the relation

T†T5 i ~T†2T!, ~2.4!

where theSmatrix can be written asS511 iT and unitarity
is the conditionS†S51. We considerK→pp decays, so
that the final-state phases of interest are generated thro
pp scattering. In the presence of isospin violation, t
isospin-perfect basis of Eq.~2.2! continues to prove conve
nient, as the possibility ofp1p2↔p0p0 through strong
rescattering makes the ‘‘physical’’ basis awkward. The la
‘‘ I ,’’ however, need only correspond to the isospin of t
final-state pions in the isospin-perfect limit. We begin
consideringK0→(pp) I decays and find, upon insertion o
all possible intermediate statesF,

(
F

^~pp! I uT†uF&^FuTuK0&

5 i „^~pp! I uT†uK0&2^~pp! I uTuK0&…. ~2.5!

Note thatF denotes the set of states physically accessible
K decay and thus includes the (pp) I states defined in Eq
~2.2!, as well asp1p2g, gg, and 3p states. In the isospin
perfect limit, only theF5(pp) I term in the sum contributes
The inclusion of electromagnetic effects, however, comp
cates matters, as additional states may contribute to the
in Eq. ~2.5!. The most significant of the modes with photo
or leptons in the final state isKS

0→p1p2g; let us continue
to neglect such electromagnetic isospin-violating effects
investigate the effects of strong-interaction isospin violatio
We also neglect the 3p intermediate state appearing in E
~2.5! because thê(pp) I uTu3p& transition amplitude with
J50 violates not onlyG parity butP as well. Note that the
spatial component of theJ50 3p state is even underP, so
that theJ50 3p state is of odd parity@18#. We work to
leading order in the weak interaction, so that^2puTu3p& is
4-2
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IMPACT OF uDI u55/2 TRANSITIONS INK→pp DECAYS PHYSICAL REVIEW D 62 094024
mediated by strong rescattering and thus vanishes forJ50
states, as the strong interaction conserves parity. At the
ergies appropriate to kaon decay, the strong scattering in
(pp) I final state is described by a pure phase, as the em
cal inelasticity parameters are unity@19#, so that in the
isospin-perfect limit we can write

S5S e2id0 0

0 e2id2
D . ~2.6!

Thus, if isospin is a perfect symmetry, onlyF5(pp) I con-
tributes to the sum and one recovers the usual paramet
tion

^~pp! I uTuK0&5 iAIexp~ id I !

^~pp! I uTuK0&52 iAI* exp~ id I !, ~2.7!

noting by CPT symmetry that ^(pp) I uT†uK0&
5„^(pp) I uTuK0&…* .

We now turn to the consideration of isospin-violating e
fects. TheS matrix appropriate to thepp final states with
zero net charge is characterized, in general, by eight
parameters. Unitarity, however, yields three distinct co
straints, and time-reversal invariance yields two more,
that theS matrix can contain at most three real paramete
We have seen from the explicit form of theS matrix in the
isospin-perfect limit that it is characterized by precisely tw
parameters,d0 andd2—and thus the third parameter perm
ted by unitarity and time-reversal invariance must be at le
of O(md2mu) or of O(a). As electromagnetic effects in th
K→pp phases are studied in Ref.@15#, we focus onmd
Þmu effects.

We parametrize theS matrix in the presence of isospi
violation as@20#

S5S ei d̄0 0

0 ei d̄2
D S cos 2k i sin 2k

i sin 2k cos 2k D S ei d̄0 0

0 ei d̄2
D

~2.8!

where the thirdS-matrix parameter is denoted byk. Note
that if k50, thend̄ I5d I , whered I denote the strong phase
of the isospin-perfect limit. In the presence of isospin vio
tion we continue to use Eq.~2.2! to define theu(pp) I& states
used in Eq.~2.8!. The parameterk is sensitive tomdÞmu
effects in the strong chiral Lagrangian, as well as to elec
magnetic effects. Explicit calculation shows that all stron
interaction isospin-violating effects inpp scattering are a
least ofO„(md2mu)2

… in O(p4)in the chiral expansion@21#.
This result persists to all orders in chiral perturbation theo
let us turn to an explicit demonstration of this point.

Isospin violation in theS-matrix element for 2-to-2pp
scattering can occur in either the truncated, connected G
function itself or in the externalp legs. The latter source o
isospin violation emerges as inO(md2mu) the p0 and h
fields mix. Diagonalizing the neutral, non-strange mes
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states of the strong chiral Lagrangian yields, inO(p2), e.g.,
the ‘‘physical’’ p0 state in terms of the pseudoscalar oc
fields p0 andh @22#:

~p0!phys5p01
A3

4 S md2mu

ms2m̂
D h1O„~md2mu!2

…,

~2.9!

where m̂5(md1mu)/2. An analogous formula exists in
O(p4) @22#. Thus isospin violation in an externalp leg is
realized as anh admixture in the physicalp0 state. In the
pseudoscalar octet, or ‘‘isospin-perfect,’’ basis we ha
adopted thus far, anO(md2mu) interaction converts the
isovector p0 into a isoscalarh. Thus in O(md2mu) the
truncated, connected Green function arising from isos
violation in an externalp leg contains oneh and threep
fields. Note that the decayh→ppp is forbidden by Bose
symmetry in the isospin-symmetric limit,md5mu , so that
the truncated, connected Green function of interest mus
at least ofO(md2mu). Including the (md2mu) ‘‘penalty’’
required to convert theh to a physicalp0, one finds that
isospin-violating effects arising from the external legs st
in O„(md2mu)2

…. One can also show that themdÞmu ef-
fects in the truncated, connected Green function associ
with the 2-to-2 scattering of isovector pions also start
O„(md2mu)2

…. Following the ‘‘spurion’’ formulation@23#, a
transition matrix element with SU~2! violation must have the
same properties as a SU~2!-conserving transition matrix ele
ment containing a spurion, a fictitous particle which carri
in this case, the quantum numbers of thep0 and a factor of
(md2mu). Thus the spurion and thep are both of negative
G parity, so that a transition of form

~even number of pions!

⇔~even number of pions1 1 spurion!

~2.10!

is forbidden byG parity and does not occur@24#. Note, how-
ever, that a transition of form

~even number of pions!

⇔~even number of pions1 2 spurions!

~2.11!

is permitted byG parity, so that all isospin-violating effect
in p-p scattering are ofO„(md2mu)2

…. Analyzing Eq.~2.8!,
this result implies that

d̄ I2d I;O„~md2mu!2
…, k;O„~md2mu!2

…, ~2.12!

so thatk50 in O(md2mu).
Using Eq. ~2.8! to incorporate isospin violation inK

→pp decays, we find that Eq.~2.5! thus becomes
4-3
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S 12e22i d̄0cos 2k 2 ie2 i ( d̄01 d̄2)sin 2k

2 ie2 i ( d̄01 d̄2)sin 2k 12e22i d̄2cos 2k
D

3S ^~pp!0uTuK0&

^~pp!2uTuK0&
D

5S ^~pp!0uTuK0&2^~pp!0uT†uK0&

^~pp!2uTuK0&2^~pp!2uT†uK0&
D . ~2.13!

Following the parametrization of Eq.~2.7!, we have in the
presence of isospin violation

^~pp! I uTuK0&5 iAIexp~ i d̃ I !

^~pp! I uTuK̄0&52 iAI* exp~ i d̃ I !, ~2.14!

whered̃ I , the strong phase of theK→pp decay amplitude,
is related to the strong phase ofpp scattering, given in Eq
~2.8!, as per Eq.~2.13!. We thus have

S 12e22i d̄0cos 2k 2 ie2 i ( d̄01 d̄2)sin 2k

2 ie2 i ( d̄01 d̄2)sin 2k 12e22i d̄2cos 2k
D S A0ei d̃0

A2ei d̃2
D

52i S A0sind̃0

A2sind̃2
D . ~2.15!

Note that if the channel-coupling parameterk were zero,
then d̃ I5 d̄ I5d I , and the strong-phase in theK→pp decay
amplitude would be that ofpp scattering, analyzed in th
isospin-perfect limit. Defining

D I[d̄ I2 d̃ I , ~2.16!

so thatD I50 werek50, and rearranging the upper comp
nent of Eq.~2.15!, we find

e22iD0cos~2k!2152 i
A2

A0
e2 i (D01D2)sin~2k!.

~2.17!

Using the lower component of Eq.~2.15! yields Eq.~2.17!
with the isospin subscripts switched, 0↔2. As k→0, D I
→0 as well, and we find

D05
A2

A0
k1O~k2!, D25

A0

A2
k1O~k2!, ~2.18!

implying D2@D0 and D0D2;k2. Eliminating A2 /A0 from
Eq. ~2.17! and its 0↔2 counterpart yields a relation pure
in terms ofD I andk:

cos~2k!cos~D02D2!5cos~D01D2!. ~2.19!
09402
Alternatively, one can eliminatek to find

A2
2sin~2D2!5A0

2sin~2D0!. ~2.20!

With Eqs.~2.12! and~2.18! we have thatd̃ I2d I is no larger
than

d̃ I2d I;O„~md2mu!2
…. ~2.21!

Thus in O(md2mu) the channel-coupling parameterk50
andd̃ I5d I , so that the parametrization of Eq.~2.7! is appro-
priate in the presence of strong-interaction isospin violat
as well. However, if electromagnetic effects were include
one would expectk;O(a), and with A2 /A0;1/20, one
finds uD2u;ud̃22d2u;O(10°) @25#, commensurate with the
explicit estimate of 4.5° inO(e2p0) in Ref. @15#.

We consider how our results generalize to the case
K1→p1p0 decays as well, for these decays are neede
isolate theuDI u55/2 amplitude. In the case of chargedK
→pp decays, Eq.~2.5! becomes

(
F

^~pp! I 1uT†uF&^FuTuK1&

5 i „^~pp! I 1uT†uK1&2^~pp! I 1uTuK1&…,

~2.22!

where we now explicitly denote the isospinI, I 351 final
state by ‘‘(pp) I 1.’’ Charge is conserved so that Eq.~2.22! is
diagonal inI 3. Neglecting the 3p and electromagnetic inter
mediate states, we thus have

^~pp!21uT†u~pp!21&^~pp!21uTuK1&

5 i „^~pp!21uT†uK1&2^~pp!21uTuK1&….

~2.23!

By crossing symmetry, our prior analysis of isospin violati
in pp scattering is germane to this case as well, so that
conclude that strong-interaction isospin-violating effects
^(pp)21uT†u(pp)21& are ofO„(md2mu)2

…. Thus we write
^(pp)21uT†u(pp)21&52 i (12e22id2) or, finally,

^~pp!21uTuK1&5 iA21eid2, ~2.24!

so that, with the neglect of electromagnetic effects,
strong phase in this channel is related to that of theI 52
amplitude comprised of charge-neutral final states. It
worth noting that the phase of Eq.~2.24! is evaluated atAs
5mK1, whereas the phase ofK0→pp decay is evaluated a
As5mK0. However, this small difference is without practic
consequence, for the phase of Eq.~2.24! does not appear in
the K1→pp branching ratio.

We have thus demonstrated inO(md2mu) that the strong
phases of theK→pp amplitudes are those ofpp scattering
4-4
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in the isospin-perfect limit. Generally,mdÞmu effects per-
mit amplitudes ofuDI u51/2, 3/2, and 5/2 in character, s
that the parametrization of Eq.~2.3! can be rewritten as

AK0→p1p25 i S ~A01dA1/2!e
id0

1
1

A2
~A21dA3/21dA5/2!e

id2D
AK0→p0p05 i „~A01dA1/2!e

id0

2A2~A21dA3/21dA5/2!e
id2

…

AK1→p1p05 i S 3

2
~A21dA3/2!2dA5/2Deid2,

~2.25!

in O(md2mu), wheredAuDI u denotes the amplitude contr
butions induced exclusively by isospin violation. Note th
the parametrization of the charge-conjugate decays foll
from Eq. ~2.14!. ThedA1/2 anddA3/2 contributions are each
generated by bothuDI u51/2 anduDI u53/2 weak transitions.
The presence of adA5/2 contribution —the ‘‘new’’
amplitude—is signaled by the inequality (AK0→p1p2

2AK0→p0p0)/A22AK1→p1p0Þ0 @26#.

III. PHENOMENOLOGY OF K\pp DECAYS

We now wish to determine the relative magnitude of t
various amplitudes in Eq.~2.25! predicated by the measure
K→pp branching ratios and by the inferredpp phase
shifts. To this end, we consider the following ratios of r
duced transition rates:

R15
g~KS

0→p1p2!

g~KS
0→p0p0!

~3.1!

and

R25
2g~K1→p1p0!

g~KS
0→p1p2!1g~KS

0→p0p0!
, ~3.2!

whereg(K→p1p2), the reduced transition rate, is related
the partial widthG(K→p1p2) via

G~K→p1p2!

5
A@mK

2 2~mp1
1mp2

!2#@mK
2 2~mp1

2mp2
!2#

16pmK
3

3g~K→p1p2!. ~3.3!

We use the physicalp and K masses in extractingg(K
→pp), and neglect any final-state Coulomb corrections
they are electromagnetic effects. The reduced transition r
are simply related to the absolute squares of the amplitu
we have considered previously, so that
09402
t
s

s
es
es

R15
2uAK

S
0→p1p2u2

uAK
S
0→p0p0u2

R25
2uAK1→p1p0u2

2uAK
S
0→p1p2u21uAK

S
0→p0p0u2

. ~3.4!

Using the parametrization of Eq.~2.25!, noting KS5(K0

2K0)/A2 with CP(K0)52K̄0, while ignoring CP viola-
tion and weak phases, yields

2AR2

3
56S x2

2

3
yD ~3.5!

R1

2
5

11A2~x1y!cos~d22d0!1~x1y!2/2

122A2~x1y!cos~d22d0!12~x1y!2

5113A2~x1y!cos~d22d0!

1@12cos2~d22d0!23/2#x21O~xy,x3,y2!,

~3.6!

where, working consistently to leading order in isospin v
lation, we have

x[
A21dA3/2

A01dA1/2
'

A2

A0
1

dA3/2

A0
2

A2

A0

dA1/2

A0
,

y[
dA5/2

A01dA1/2
'

dA5/2

A0
. ~3.7!

The ratiox is A2 /A0 in the isospin-perfect limit, whereas th
ratio y is non-zero only in the presence of isospin violatio
We anticipate that adA5/2 contribution is generated either b
strong-interaction isospin violation in concert with auDI u
53/2 weak transition or by electromagnetic effects in co
cert with a uDI u51/2 weak transition. We thus expect th
hierarchyx@x2,y@x3,xy,y2, which is reflected in the terms
retained in Eq.~3.6!. Note that it is appropriate to continue t
work to leading order in isospin violation after the inclusio
of the uDI u55/2 contributions, as crudelyuA2 /A0u;5% —
this follows from Eq.~3.5! if y50—whereas isospin viola
tion is a;1% effect.

Let us now proceed to determinex andy. We determine
R1 and R2 using ‘‘our fit’’ branching ratios and ancillary
empirical data in Ref.@27# and plot thex andy resulting from
Eqs. ~3.5!,~3.6! as a function ofd02d2 in Fig. 1. Note that
cos(d22d0).0 andR1/2.1, so that Eq.~3.6! implies thatx
1y.0. As we assumex@y, then x.0 as well, and we
choose the1 sign in Eq.~3.5! in what follows @28#. More-
over, we pick the root of the quadratic equation consist
with A0.A2. We affect these choices in order to recover t
qualitative features of the analysis performed in themd
→mu limit. The errors inx and y arise from the empirical
errors, assuming all the errors are uncorrelated. The ver
dashed lines enclose the phase shift differenced02d2
545°66° @2#, whereas the vertical dot-dashed lines enclo
d02d2545.2°61.3°61.6°

4.5° @3# at 68% C.L. We omit explicit
use of this latter value in what follows as it is comparable
4-5
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the result of Ref.@2#. Table I shows the specific values ofx
andy, with their associated errors, which emerge from co
bining the empirical values ofR1 andR2 with the values of
d02d2 from various sources. Note that we use thed02d2
phase shift as extracted in the isospin-symmetric limit,
strong-interaction isospin-violating effects enter merely
O„(md2mu)2

… and as the electromagnetically generatedK
→pp phase shifts appear to be small@15#. For estimates of
electromagnetic effects inpp scattering, see Ref.@29#.

Proceeding with the numerical analysis, we find a s
stantial value fordA5/2, suggesting the phenomenologic
hierarchyx@y@x2,xy. Specifically, we find

dA5/2/~A21dA3/2!;20%, ~3.8!

rather than theO(1%) we might have anticipated from
strong-interaction isospin violation. The extracteddA5/2 am-
plitude is sensitive to the value ofd02d2 used; indeed, were

FIG. 1. The values ofx andy resulting from Eqs.~3.5!, ~3.6! as
a function ofd02d2. In the isospin-perfect limitx5A2 /A0 and y
50. The vertical dashed and dot-dashed lines enclose the re
d02d2545°66° @2# and d02d2545.2°61.3°61.6°

4.5° @3#, respec-
tively, at 68% C.L. The two sets of vertical lines overlap
51°—the dot-dashed line has been slightly offset for presentat
The horizontal dashed line encloses the electromagnetic cont
tion to y as per the ‘‘dispersive matching’’ calculation of Table I
Ref. @15# at 68% C.L.

TABLE I. The values ofx andy resulting from Eqs.~3.5!, ~3.6!
using the phase shift differences,d02d2, compiled from various
sources. Note that in the isospin-perfect limit thatx5A2 /A0 and
y50. The values found foruyu are roughly equal toa, suggesting
an electromagnetic origin fory.

Ref. d02d2 ~deg! x y

@13# 41.468.1 0.039660.0022 20.008060.0033
@34# 4264 0.039860.0016 20.007760.0024
@34#
~‘‘local fit’’ !

4266 0.039860.0019 20.007760.0028

@32# 4465 0.040360.0019 20.007060.0028
@2# 4566 0.040560.0021 20.006660.0032
09402
-

s
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d02d2;56.6°, thendA5/2;0. Moreover, if the errors in
d02d2 were consistently—and substantially— underes
mated, our determineddA5/2 could be made consistent wit
zero. In particular, if we were to increase the error ind0
2d2 to realize this, we would find that we would requir
e.g., 45°616°. Such increases would reflect a severe in
tion of the stated error bars and would seem unwarrante
ought be realized thatpp phase shift information is largely
inferred from associated production inpN reactions and tha
any possible theoretical systematic errors incurred thro
the choice of reaction model are not incorporated in the
ported error estimates@30#. However, information on theI
50 pp phase shift near threshold is also known fromK
→ppen decay; this is consistent with the phase shift det
mined inpN reactions, albeit the errors are large@31#. Inter-
estingly, thee1e2→pp andt→ppn data in the context of
a Roy equation analysis ofpp scattering constrain the pos
sible s-wave phase shifts rather significantly, yielding ats
5mK0

2 that d02d2545.2°61.3°61.6°
4.5° @3#. This is commen-

surate with earlier determinations ofd02d2 @32–34,13#, not-
ing Table I, and encourages us to consider the conseque
of our fit.

Let us first compare our results with thedA5/2 amplitude
estimated to be induced by electromagnetism@15#. Using Eq.
~48! and the ‘‘dispersive matching’’ estimate of Table I
Ref. @15#, we findyem;0.0029, suggesting that the comput
electromagnetic effects are rather smaller and are of
wrong sign@35#. Indeed, this discrepancy prompts our co
sideration of strong-interaction isospin-violating effects.
particular, werey50, then Eq.~3.6! would become

R1

2
5

11A2xcos~d22d0!1x2/2

122A2xcos~d22d0!12x2

5113A2xcos~d22d0!

1@12cos2~d22d0!23/2#x21O~x3!. ~3.9!

Using d02d2545° @2# and Ref. @27# yields x50.035,
whereas Eq.~3.5! in this limit would be

2AR2

3
5x ~3.10!

and yieldsx50.045—this discrepancy is reconciled throug
the value ofy we report in Table I. The significance ofy
could be exacerbated by the parameters reported in Ref.@27#,
though excursions of several standard deviations are requ
to impact its value significantly@36#.

We summarize this section with the following observ
tions.

~i! The value ofx is stable with respect to the variou
values ofd02d2 reported in Table I—it varies merely at th
1% level.

~ii ! The value ofy is rather more sensitive tod02d2. It
apparently is of O(a), rather than of O„v(md2mu)/
ms…—and thus is rather larger than expected from the sta
point of strong-interaction isospin violation.

lts
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IV. ISOSPIN VIOLATION AND THE zDI zÄ1Õ2 RULE

Our determinedx and y may be connected to the ampl
tudes of the isospin-perfect limit,A0 andA2, via a computa-
tion of theK→pp amplitudes in chiral perturbation theory
The weak chiral Lagrangian inO(p2)has two non-trivial
terms, which transform as (8L,1R) and as (27L,1R) under
SU(3)L3SU(3)R , respectively@37#. We wish to determine
their relative magnitude in the context of a calculation wh
is sensitive tomuÞmd effects, in order to assess the relati
strength of the (27L,1R) and (8L,1R) transitions, that is, the
ratio A2 /A0. We believe thatmuÞmd effects likely contrib-
ute tox in a significant manner@4,5#. Ultimately we will also
include the computed electromagnetic corrections of R
@15# as well, in order to determineA2 /A0, for the numerical
value ofy is crudely anO(a) effect.

In O(p2), the (8L,1R) term in the weak, chiral Lagrangia
generates exclusivelyuDI u51/2 transitions, whereas th
(27L,1R) term generates bothuDI u51/2 anduDI u53/2 tran-
sitions. We have@38#

L W
(2)52

GF

A2
VudVus* $g8~LmLm!23

1g27
(1/2)@Lm13L21

m 1Lm23~4L11
m 15L22

m !#

1g27
(3/2)@Lm13L21

m 1Lm23~L11
m 2L22

m !#%1H.c.,

~4.1!

where Lm52 i f p
2 UDmU† with U5exp@2ilW•fW (x)#/fp @38#.

The function fW represents the octet of pseudo-Goldsto
bosons. The low-energy constantsg27

(1/2) and g27
(3/2) are asso-

ciated with uDI u51/2 and 3/2 (27L,1R) transitions, respec
tively. We retaing27

(1/2) and g27
(3/2) as distinct entities as we

anticipate that the SU~3! f relationg27
(1/2)5g27

(3/2)/5 is broken at
higher orders in the weak chiral expansion—we will s
what other features are required to incorporate the effect
higher-order terms in a systematic manner. No ‘‘weak ma
term occurs in leading order in the weak chiral Lagrang
@37#, so thatmuÞmd effects appear exclusively throughp0-
h mixing, as realized in Eq.~2.9!, and meson mass differ
ences. InO(p2)and to leading order in (md2mu), we have

AK0→p1p25A2CiS g81g27
(1/2)1g27

(3/2)

1
2e8

A3
~g81g27

(1/2)1g27
(3/2)!D

AK0→p0p05A2CiS g81g27
(1/2)22g27

(3/2)

2
2e8

A3
~5g27

(1/2)2g27
(3/2)!D ~4.2!

AK1→p1p05CiS 3g27
(3/2)1

e8

A3
~2g8112g27

(1/2)23g27
(3/2)!D ,
09402
f.

e

of
’’
n

where e85A3/4@(md2mu)/(ms2m̂)# and C52(GF /
A2)VudVus* f p(ms2m̂)B0, and (ms2m̂)B05mK

2 2mp
2 in the

isospin-perfect limit. We thus recover

A01dA1/25CSA2~g81g27
(1/2)!

1
2

3
A2

3
e8~2g823g27

(1/2)13g27
(3/2)! D

A21dA3/25CF2g27
(3/2)1

2

A3
e8S 2

3
g814g27

(1/2)2
3

5
g27

(3/2)D G
~4.3!

dA5/25
2A3

5
Ce8g27

(3/2)

and

x5
A2r (3/2)

11r (1/2) S 12
2

3A3
e8

„213~r (3/2)2r (1/2)!…

11r (1/2) D
1

e8

15
A2

3

~1029r (3/2)160r (1/2)!

11r (1/2)
~4.4!

y5
A6

5

e8r (3/2)

11r (1/2)
, ~4.5!

where r (1/2)[g27
(1/2)/g8 and r (3/2)[g27

(3/2)/g8. We will allow
r (1/2)Þr (3/2)/5 in our fits as well, in order to mimic the inclu
sion of higher-order effects in the weak chiral Lagrangia
Were the fits in the isospin-symmetric limit a reasona
estimate of the low-energy constants, so that Eq.~3.5! yields
uA2 /A0u;0.045 @13#, we would expectuyu to be roughly
1.731024, as (ms2m̂)/(md2mu)540.863.2 @39#. This
implies that we really must include electromagnetic effe
in our analysis as well. The electromagnetically induc
phase shifts appear to be small@15#, so that we merely in-
clude the modifications to the amplitudes themselves@40#.
Following Ref.@15#, we have

dA1/2
em5A2CemCg8S 2

3
C121

1

3
C00D

dA3/2
em5

2

5
CemCg8S 2

3
~C122C00!1C10D ~4.6!

dA5/2
em5

2

5
CemCg8~C122C002C10!

where Cem5( f p / f K)(a/4p)@112m̂/(ms2m̂)# and the
‘‘dispersive matching’’ approach of Ref.@15# yields C12

514.863.5, C0051.862.1, andC10527.167.4. In the
numerical estimates we use 2m̂/(ms2m̂)5(mp0

2

1mp1
2 )/@mK0

2
1mK1

2
2(mp0

2
1mp1

2 )#. Only electromagnetic
effects associated with (8L,1R) transitions have been consid
ered, as theuDI u51/2 rule suggests they ought dominat
Including electromagnetic effects thus yields
4-7
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TABLE II. The values ofr (1/2) and r (3/2) determined by fitting Eqs.~4.7! and ~4.8! to the empirically
determinedx andy, resulting from the phase shift differences,d02d2, compiled from various sources. W
also show the values ofr (1/2) and r (3/2) which result were the central value ofd02d2 1s or 2s larger than
that reported by Ref.@2#. Electromagnetic effects are included as per Ref.@15#. Note that~C! and~D! denote
the results as computed in chiral perturbation theory~C! and in the ‘‘dispersive matching’’~D! approach,
respectively. We also show the values ofr (1/2) and r (3/2) which result if the electromagnetically generate
phase shift,g2.4.5° @15#, is included—using Ref.@2# this effectively impliesd02d2540.5°. The paramete
e8 is taken to bee850.010660.0008@39#. Solutions yieldingA2 /A0*1 have been omitted. For compariso
note that the analysis ofR2 in the isospin perfect limit yieldsuxu5uA2 /A0u50.044960.0003@13#.

d02d2540.5°66° x50.039460.0018 y520.008260.0027

r (3/2) r (1/2) A2 /A0 em
0.017360.0075 21.3260.28 20.07860.078 C
0.017660.0079 21.3660.19 20.06960.046 D

d02d2542°64° a x50.039860.0016 y520.007760.0024

r (3/2) r (1/2) A2 /A0 em
0.017360.0077 21.3460.30 20.07360.074 C
0.017560.0081 21.3960.20 20.06460.043 D

d02d2545°66° b x50.040560.0021 y520.006660.0032

r (3/2) r (1/2) A2 /A0 em
0.017160.0083 21.3960.37 20.06160.069 C
0.017260.0087 21.4560.28 20.05460.044 D

d02d2551°66° x50.042460.0027 y520.003860.0041

r (3/2) r (1/2) A2 /A0 em
0.01560.012 21.6960.93 20.03260.058 C
0.01560.013 21.7960.91 20.02760.045 D

d02d2557°66° x50.045160.0037 y50.0002760.0055

r (3/2) r (1/2) A2 /A0 em
0.161.8 106250 0.01360.064 C
0.162.1 126290 0.01360.057 D

aFrom Ref.@34#.
bFrom Ref.@2#.
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rge
x5
A2r (3/2)

11r (1/2) S 12
2

3A3
e8

~213!~r (3/2)2r (1/2)!

11r (1/2) D
2

Cem~2C121C00!

3~11r (1/2)!

1
e8

15
A2

3

~1029r (3/2)160r (1/2)!

11r (1/2)

1
A2

5

Cem@2~C122C00!13C10#

3~11r (1/2)!
~4.7!

and

y5
A2

5 S A3e8r (3/2)1Cem~C122C002C10!

11r (1/2) D . ~4.8!

Using Ref. @15# we haveCem(C122C002C10)50.0029
60.0019, asf K / f p51.2360.02 @41#. Consequently, ifr (3/2)

were as small as the isospin-symmetric limit would imp
then y ought be given byCem(C122C002C10), yet they
09402
,

are of opposite sign. This implies that the error in thed0
2d2 phase shift is even larger or that the errors in the c
culations of the electromagnetic effects are underestima
Nevertheless, as apparentlyy is negative andCem(C12

2C002C10) is positive, the discrepancy could be resolv
by adjustingr (1/2) and r (3/2) to suit the empirically deter-
minedx andy. Let us examine this point explicitly. In Tabl
II we show the values ofr (1/2) andr (3/2) which emerge from
fitting the values ofx andy which result from the empirica
branching ratios and various values of thed02d2 phase shift
difference.

The salient points of our analysis can be summarized
follows.

~i! If the SU(3)f relation r (1/2)5r (3/2)/5 is imposed, then
the value ofe8 which emerges isO(20%) and is thus unten
ably large.

~ii ! If the SU~3! f relation r (1/2)5r (3/2)/5 is no longer im-
posed ande8 is fixed as pere850.010660.0008@39#, then
r (1/2) is very different from r (3/2)/5 — the SU~3! f breaking
effects are extremely large. This result is driven by the la
difference between the empirical value ofy and the com-
4-8
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puted electromagnetic contribution@15#. That is, if we were
to drop terms ofO(r (3/2)e8) all together, then, withd02d2
545°, Eq. ~4.8! implies that r (1/2)521.440 and Eq.~4.7!
implies that r (3/2)50.0184. The inclusion ofO(r (3/2)e8)
terms does not significantly reduce this difficulty. Such lar
SU~3! f breaking effects are difficult to reconcile with chir
power counting and model estimates, which suggest s
effects are no more than 30%@42#.

~iii ! The value ofA2 /A0 is generally different from and
rather more uncertain than that which emerges from Eq.~3.5!
in the isospin-symmetric limit, namelyuA2 /A0u'0.045 with
A2 /A0.0.

The breaking of SU~3! f relationr (1/2)5r (3/2)/5 mimics the
inclusion of higher order effects in the weak chiral Lagran
ian, and the large breaking effects seen suggest that inc
ing O(p4) effects is very important. This has some prec
dent, as in the isospin-symmetric limit, Ref.@14# finds a 30%
quenching of theO(p2) g8 result in O(p4). The SU(3)f
breaking effects seen, however, are much too large@42# and
prompt an investigation of the presence of higher-order
fects in a more systematic fashion.

We wish to consider howO(p4)effects impact the param
etrization of Eq.~4.2!. We enlarge our parametrization b
considering how the terms of theO(p4) weak, chiral La-
grangian of Ref.@43# may be reorganized into the form o
Eq. ~4.3!. We distinguish theO(md2mu) terms which arise
from ‘‘kinematics,’’ i.e., from factors ofmK0, from p0-h
mixing, as well as from the counterterms of theO(p4),
weak, chiral Lagrangian. We find that the effects of t
higher-order terms can be absorbed in this case intoeffective
g8 , g27

(1/2) , andg27
(3/2) constants, with one additional phenom

enological amplitudedÃ5/2
h.o., generated byO(p4) contribu-

tions of (27L,1R) character timesB0(md2mu). Varying the
possible inputs within the bounds suggested by dimensio
analysis, we are unable to reduce the SU(3)f breaking of the
relation r (1/2)5r (3/2)/5 to the level needed if the additiona
phenomenologicaldÃ5/2

h.o. is generated solely bymdÞmu ef-
fects. Thus we are unable to construct a suitable phenom
logical description of theK→pp amplitudes with thed0
2d2 phase shift of Ref.@2# and with the computed electro
magnetic effects of Ref.@15#. The size ofdÃ5/2

h.o. required to
generate suitably small violations ofr (1/2)5r (3/2)/5 suggests
the presence of missing electromagnetic effects generate
(8L,1R) operators. The authors of Ref.@15# are in the process
of estimating additional electromagnetic effects@44#. The de-
tails of our efforts are delineated in the Appendix. Note th
issues of a similar ilk have been addressed in Ref.@45#.

It is worth noting that the conundrum we have been u
able to resolve is unlikely to be due to ‘‘new’’ physics
09402
e
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K→pp decays. The operator-product expansion fors

→dq̄q transitions starts in dimension 6, so that at most th
u,d quark fields are present, implying that the short-distan
operators generate at most auDI u53/2 transition. In next-to-
leading order, as many as fiveu,d quark fields are present
so that a short-distanceuDI u55/2 transition is possible. Thu
to estimate the plausibility of physics beyond the stand
model as a source ofuDI u55/2 effects, we need only esti
mate the relative importance of dimension-9 to dimensio
operators. Each new dimension is suppressed by the scaL
— in the standard model,L;MW ; otherwiseL.MW . For
K→pp decays the relative importance of the dimension
operators is no larger than (MK /MW)3. Clearly short-
distance physics cannot generate an appreciableuDI u55/2
amplitude, so that the presence of physics beyond the s
dard model cannot be invoked to reconcile our difficulty.

The presence of auDI u55/2 amplitude also impacts th
theoretical value ofe8/e, for standard practice employs
value of v determined from theK→pp branching ratios
under the assumption that isospin symmetry is perfect.
proceed to investigate how the presence of auDI u55/2 am-
plitude impacts the value ofe8/e.

V. ISOSPIN VIOLATION IN Re „e8Õe…

We wish to examine how isospin-violating effects impa
the theoretical value of Re(e8/e)and the extraction of the
value ofv, namely the ratio ReA2 /ReA0, whereAI denotes
the amplitude forK→(pp) I and (pp) I denotes app final
state of isospinI. The empirical value of Re(e8/e)is inferred
from the following ratio of ratios@46,47#:

ReS e8

e D5
1

6 FUh12

h00
U2

21G , ~5.1!

where

h12[
^p1p2uHWuKL

0&

^p1p2uHWuKS
0&

, h00[
^p0p0uHWuKL

0&

^p0p0uHWuKS
0&

~5.2!

andHW is the effective weak Hamiltonian for kaon decay
Writing KS

0 and KL
0 in terms of theCP eigenstatesuK6

0 &
yields uKL,S

0 &5(uK7
0 &1 «̄uK6

0 &)/A11u«̄u2, noting thatuK6
0 &

5(uK0&7uK̄0&)/A2. Using Eq.~2.3! and treating the weak
phases as small, so that only leading-order terms
j0 ,j2 ,j00, andj12 are retained, we find
h125e1 i

1

A2
UA2

A0
U(j22j0)ei (d22d0)1UAIB

12

A0
U(j122j0)ei (d122d0)

11
1

A2
UA2

A0
Uei (d22d0)1UAIB

12

A0
Uei (d122d0)

~5.3!
4-9
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and

h005e2 i

3

A2UA2

A0
U~j22j0!ei (d22d0)2UAIB

00

A0
U~j002j0!ei (d002d0)

12A2UA2

A0
Uei (d22d0)1UAIB

00

A0
Uei (d002d0)

,

~5.4!

wheree[«̄1 i j0. Defining

h12

h00
[113

e8

e
~5.5!

and retaining the leading terms inuAIB
12/A0u, uAIB

00/A0u, and
weak phases, we have

e8

e
5

iei (d22d02Fe)

A2ueu H UA2

A0
U~j22j0!F11

1

A2
ei (d22d0)UA2

A0
U

2
1

3 S ei (d122d0)UAIB
12

A0
U12ei (d002d0)UAIB

00

A0
U D G1

A2

3

3Fei (d122d2)UAIB
12

A0
U~j122j0!2ei (d002d2)UAIB

00

A0
U

3~j002j0!G2
1

3

uA2u
uA0u Fei (d122d0)UAIB

12

A0
U

3~j122j0!12ei (d002d0)UAIB
00

A0
U~j002j0!G J ~5.6!

where we have retained terms ofO(uA2 /A0u2) as well, for
consistency. Note thate5ueueiFe. Equation~5.5! is consis-
tent with the empirical definition of Eq.~5.1! as corrections
of (e8/e)2 are trivial. Alternatively,

e8

e
52

i j0vei (d22d02Fe)

A2ueu H 12
1

v FUA2

A0
Uj2

j0
S 11

1

A2
ei (d22d0)

3UA2

A0
U2 1

3 Fei (d122d0)UAIB
12

A0
U12ei (d002d0)UAIB

00

A0
UG D

1
A2

3 Fei (d122d2)UAIB
12

A0
Uj12

j0
2ei (d002d2)UAIB

00

A0
Uj00

j0
G

2
1

3

uA2u
uA0u S ei (d122d0)UAIB

12

A0
Uj12

j0

12ei (d002d0)UAIB
00

A0
Uj00

j0
D G J , ~5.7!

where
09402
v5UA2

A0
U1A2

3 S ei (d122d2)UAIB
12

A0
U2ei (d002d2)UAIB

00

A0
U D

1
1

A2
ei (d22d0)UA2

A0
U2

2
2

3 UA2

A0
US ei (d122d0)UAIB

12

A0
U

12ei (d002d0)UAIB
00

A0
U D . ~5.8!

Thus, working to leading order in isospin violation and i
noring electromagnetic effects in the ‘‘strong’’ phases, sp
cifically implying as per Eqs.~2.3! and ~2.25! that

AIB
12eid125dA1/2e

id01
1

A2
~dA3/21dA5/2!e

id2

AIB
00eid005dA1/2e

id02A2~dA3/21dA5/2!e
id2,

~5.9!

Eqs.~5.7!, ~5.8! become

e8

e
52

i j0vei (d22d02Fe)

A2ueu H 12
1

v S UA2

A0
U j2

j0
1

1

A2
ei (d22d0)

3UA2

A0
U2 j2

j0
1

Im~dA3/21dA5/2!

uA0uj0
2UA2

A0
U j2

j0

3FRedA1/2

uA0u
2

1

A2
ei (d22d0)

Re~dA3/21dA5/2!

uA0u G2UA2

A0
U

3F Im dA1/2

uA0uj0
2

1

A2
ei (d22d0)

Im~dA3/21dA5/2!

uA0uj0
G D J ,

~5.10!

where

v5UA2

A0
U1Re~dA3/21dA5/2!

uA0u
1

1

A2
ei (d22d0)UA2

A0
U2

22UA2

A0
U

3FRedA1/2

uA0u
2

1

A2
ei (d22d0)

Re~dA3/21dA5/2!

uA0u G . ~5.11!

We can recast these formulas into a more familiar form@7#
by writing Eq. ~5.10! as

e8

e
52

ivei (d22d02Fe)

A2ueuReA0
H Im A0~12V IB!

2
1

v
Im A22

1

A2
ei (d22d0)Im A2J , ~5.12!

wherev is defined by Eq.~5.11! and
4-10
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V IB5
1

v S Im~dA3/21dA5/2!

ImA0
2

ImA2

ImA0
FRedA1/2

uA0u

2
1

A2
ei (d22d0)

Re~dA3/21dA5/2!

uA0u G
2UA2

A0
UF ImdA1/2

ImA0
2

1

A2
ei (d22d0)

Im~dA3/21dA5/2!

ImA0
G D .

~5.13!

If we assume that theuDI u51/2 enhancement observed
ReAI is germane to ImAI as well, so that both ReA0
@ReA2 and ImA0@Im A2 are satisfied, then if we ignor
terms of O„(ReA2 /ReA0)(e8 ,a)… and of O„(Im A2 /
Im A0)(e8 ,a)…, as well as ofO„(uA2u/uA0u)2

…, we find that
Eq. ~5.12! can be written as@7#

e8

e
52

ivei (d22d02Fe)

A2ueuReA0
H Im A0~12V IB!2

1

v
Im A2J ,

~5.14!

with

V IB5
1

v S Im~dA3/21dA5/2!

ImA0
D ~5.15!

and

v5UA2

A0
U1Re~dA3/21dA5/2!

uA0u
. ~5.16!

Equation ~5.15! is proportional to ImAK0→p1p2

2ImAK0→p0p0 and is generated by (8L,1R) operators. It is
equivalent to Eq.~4! in Ref. @11#.

In standard practice, the value ofv is typically extracted
from the analysis ofK→pp branching ratios in the isospin
perfect limit; specifically,v is set equal to the right-han
side ~RHS! of Eq. ~3.5!, yielding @27#

2AR2

3
[vexpt50.044960.0003. ~5.17!

From Eqs.~3.5!,~3.6!, we see thatv as defined by Eq.~5.11!
is actually given by

v5vexpt1
5

3
y1

1

A2
~x1y!222

A2

A0

RedA1/2

A0
, ~5.18!

where we ignore terms of non-leading order in isospin v
lation, as well as terms ofO„(uA2u/uA0u)2,(a,e8)…. If d0
2d2545°66° @2,3#, then we find from Table I that the
second term of Eq.~5.18! is ;20.0110, whereas the thir
term is;0.0008. We estimate the last term of Eq.~5.18! to
09402
-

be ;62(0.045)(0.01);60.0010. Thus the last two term
are small relative to the error iny—dropping them all to-
gether, we find@48#

v50.033960.0056. ~5.19!

The use of the value ofv given in Eq.~5.19! tends to de-
crease the SM prediction ofe8/e, both by an overall factor of
;25%, as well as by enhancing the cancellation of the ImA0
and ImA2 contributions of Eq.~5.14!. Note that our explicit
estimate of the additional terms included in Eq.~5.11! sug-
gests that the formulas of Eqs.~5.14!, ~5.15!, and ~5.16!
characterize the isospin-violating contributions in a su
ciently accurate manner. In order to assess the impact of
numerical estimate of Eq.~5.19!, let us turn to the schemati
formula @6#

e8

e
513 Iml t@B6

(1/2)~12Vh1h8!20.4B8
(3/2)#, ~5.20!

in which B6
(1/2)51.0, B8

(3/2)50.8, Iml t51.331024, Vh1h8
50.25, andv50.045 yields the ‘‘central’’ SM value of
e8/e;731024 @6#. Using Eq.~5.19! yields e8/e;431024,
a 40% decrease. It has been recently suggested that iso
breaking effects in the hadronization of the gluonic peng
operator can generate isospin-breaking contributions
Vh1h8 beyondp0-h,h8 mixing, henceVh1h8→V IB @11#.
Interestingly, the use of the correct value ofv, Eq. ~5.19!,
partially offsets the large increase ine8/e found in Ref.@11#.
Using the estimateV IB→20.05→20.78 @11,49#, based ex-
clusively on strong-interaction isospin breaking, we find w
Eqs.~5.19! and ~5.20! that

e8

e
;~8217!31024 ~5.21!

rather than

e8

e
;~12225!31024 ~5.22!

with v50.045 and Eq.~5.20!. We anticipate that electro
magnetic effects also contribute toV IB , so that our numeri-
cal estimates are certainly incomplete, though indicative
the irreducible uncertainties present.

It is useful to contrast the relations we have found
e8/e, v, andV IB with those used previously. Earlier trea
ments of strong-interaction isospin violation@8–10# consid-
eredp0-h,h8 mixing exclusively, as this is the only manne
in which relevantmuÞmd effects appear in the O(p2,1/Nc)
weak chiral Lagrangian. Theh8 enters as an explicit degre
of freedom in these treatments@9,10#. The small value of
vexp suggests that (8L,1R) operators dominate the isospin
violating contributions as well, and isospin violation bas
on the (27L,1R) contributions is thus neglected entirely. A
suming that (8L,1R) operators dominate the isospin-violatin
effects means implicitly that the terms ofO„(ReA2 /
ReA0)(e8 ,a)… and of O„(Im A2 /Im A0)(e8 ,a)…, as
well as of O„(uA2u/uA0u)2

…, are all neglected. In the nota
4-11
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tion of Eq. ~2.3! AIB
1250 and AIB

0052(«h^p0huH W
8 uK0&

1«h8^p
0h8uH W

8 uK0&), where «h ,«h8}(md2mu) and L W
8

denotes the effective weak Lagrangian transforming
(8L,1R) under U(3)L3U(3)R symmetry —L W

8 contains ex-
actly one term. In Refs.@9,10#, the p0-h,h8mixing contri-
bution is incorporated by defining newI 50 andI 52 ampli-
tudes, such that the form of the isospin decomposition of
~2.2! is retained. IntroducingDA0,2[A0,22A0,2

(0) to describe
the change in theI 50 andI 52 amplitudes under this pro
cedure we find

DA252
A2

3
AIB

00, DA05
1

3
AIB

00. ~5.23!

Thus one recovers theform of Eq. ~5.14! with dA3/25dA5/2
50. Rewriting the imaginary parts in terms of the isosp
perfect pieces ImAI

(0) , i.e., in the absence o
p0-h,h8mixing, yields@7#

e8

e
52

iei (d22d02Fe)

A2ueuReA0

$v Im A0
(0)~12Vh1h8!2Im A2

(0)%

~5.24!

with

Vh1h85
1

Im A0
(0) S Im DA2

v
2Im DA0D.

1

v

Im DA2

Im A0
(0)

,

~5.25!

noting that only theDA2 term is retained for phenomenolog
cal purposes@7#. Equation~5.24! results from absorbing the
isospin-violating contributions into two amplitudes, ‘‘A0’’
and ‘‘A2.’’ A third amplitude is permitted in the presence o
isospin violation. However, if we neglect electromagne
effects and consider isospin violation based on (8L,1R) op-
erators only, then only two amplitudes are present, and
above procedure is appropriate. Equation~5.10! requires no
such assumptions and thus is more general than the ex
sion in Eq. ~5.24!. Let us now consider Eq.~5.14! in the
event p0-h,h8mixing were the only source of isospin
violation present—we will continue to assume that (8L,1R)
transitions generate the only numerically important isosp
violating effects. Note that the ‘‘kinematic’’mdÞmu effect
from mK0

2 does not contribute todA3/21dA5/2 in this case.
The mixing parameterseh and eh8 are real @22#, so that
Im(dA3/21dA5/2) is determined bŷ h (8)uL W

8 uK0&. The La-
grangianL W

8 contains exactly one term, so that the mat
elements are proportional toA0

(0) , and the proportionality
constant is real. Thus Im(dA3/21dA5/2)/Im A05Re(dA3/2
1dA5/2)/ReA0 as p0-h,h8mixing is real @22#, so that we
have

e8

e
52

i j0vei (d22d02Fe)

A2ueu
F12

1

v S UA2

A0
U j2

j0
2

A2

3
UAIB

00

A0
U D G .
~5.26!

Using Eq.~5.16! we find
09402
s

q.

-

e

es-

-

e8

e
52

i j0ei (d22d02Fe)

A2ueu
FUA2

A0
U2A2

3
UAIB

00

A0
U

2S UA2

A0
U j2

j0
2

A2

3
UAIB

00

A0
U D G ~5.27!

52
i j0ei (d22d02Fe)

A2ueu
UA2

A0
US 12

j2

j0
D ~5.28!

and thus the inclusion of isospin-violating effects inO(p2)
acts to correct for isospin violation in the extraction ofv
from K→pp branching ratios, to recover the ‘‘true’
uA2u/uA0u. Equation~5.26! can be rewritten

e8

e
52

ivei (d22d02Fe)

A2ueuReA0
H Im A0

(0)~12Ṽh1h8!2
1

v
Im A2

(0)J
~5.29!

where

Ṽh1h852
A2

3v

uAIB
00u

uA0u
. ~5.30!

This is identical to Eq.~5.24! asṼh1h85Vh1h8 . In O(p4)
this simple interpretation of isospin-violating contribution
in V IB as modifications ofv does not carry asj12Þj00
Þj0 in general. The interpretation also fails if (27L,1R) op-
erators are included in the description of isospin-violati
effects.

VI. CONCLUSIONS

We have established a framework for the analysis ofK
→pp decays in the presence of strong-interaction isos
violation, so that the ‘‘true’’uDI u51/2 anduDI u53/2 ampli-
tudes can be assessed. In particular, using unitarity a
ments, we have shown that Watson’s theorem, namely,
parametrization of Eq.~2.25!, is appropriate toO„(md
2mu)2

… to all orders of chiral perturbation theory. If w
accept, as per Ref.@15#, that electromagnetic effects do no
alter the structure of Eq.~2.25!, we can enlarge our analysi
of K→pp decays inO(md2mu) to include electromagnetic
effects as well. Incorporating the electromagnetic correcti
of Ref. @15# and thed02d2 phase shift of Ref.@2#, we are
unable to fit theK→pp branching ratio data with effective
(8L,1R) and (27L,1R) low-energy constants in the framewor
of chiral perturbation theory, as our fits require the existen
of intolerably large, higher-order corrections. Our failure,
retrospect, is predicated by the observation that the empir
value of theuDI u55/2 amplitude, determined by the value
thed02d2 phase shift, is much larger and of opposite sign
the electromagnetically generateduDI u55/2 amplitude com-
puted by Ref.@15# in either chiral perturbation theory or in
their dispersive matching approach. Although our resu
suggest that our phenomenological analysis is incompl
that is, that missing electromagnetic effects likely exist, it
clear that the value ofA2 /A0 — the ‘‘true’’ ratio of the
uDI u53/2 to uDI u51/2 amplitudes — is quite uncertain, as
4-12
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is sensitive to the inclusion of isospin-violating effects.
Turning to an analysis ofe8/e in the presence of isospi

violation, and applying the parametrization of Eq.~2.25!, we
find that an empiricaluDI u55/2 amplitude of the magnitud
we have found generates a significant decrease in the
dard model prediction ofe8/e— although this decrease has
considerable uncertainty, quantified through the errors in
K→pp branching ratios and thed02d2 phase shift.
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APPENDIX

We wish to consider howO (p4) effects impact the pa
rametrization of Eq.~4.2!. We find by explicit calculation
that theO (p4) contributions of the weak, chiral Lagrangia
of Ref. @43# can be reorganized into

AK0→p1p25A2CiS 11
2

A3
e1D

3S g̃81g̃27
(1/2)1g̃27

(3/2)1
1

2
dÃ5/2

h.o.D
AK0→p0p05A2CiS 11

2

A3
e1D S g̃81g̃27

(1/2)22g̃27
(3/2)

2
2e2

A3
~ g̃816g̃27

(1/2)23g̃27
(3/2)!2dÃ5/2

h.o.D
AK1→p1p05CiS 12

2

A3
e1D S 3g̃27

(3/2)1
e2

A3
~2g̃8

112g̃27
(1/2)13g̃27

(3/2)!2dÃ5/2
h.o.D , ~A1!

where the effects of the higher-order weak counterterms
lumped into the effective constantsg̃8 , g̃27

(1/2) , g̃27
(3/2) , and a

new uDI u55/2 contribution dÃ5/2
h.o., which is of order

DiB0(md2mu), where Di is a O(p4) counterterm of
(27L,1R) character. WeredÃ5/2

h.o.50 and e15e25e8, we
would recover the parametrization of Eq.~4.2!. In Eq. ~A1!,
we have explicitly separated the strong-interaction isos
violation which emerges from meson mass differenc
namelymK0,K1

2 , from that generated byp0-h mixing. The
parameterse1 ande2 denote these two respective sources
isospin violation. Note that isospin-violating effects beyo
09402
an-

e

r
d
-
y.
f

y

re

in
s,

f

p0-h mixing, as discussed in Ref.@11#, are embedded in
g̃27

(3/2) and g̃27
(1/2) . In O(p2), e1 and e2 are given byA3(md

2mu)/@4(ms2m̂)#. In O(p4), e2 is modified by p0-h8
mixing, as realized by the coefficients of theO(p4) strong
chiral Lagrangian@12#. Note that the cancellation of thee8g8
contribution to theK→p0p0 amplitude found inO(p2) no
longer occurs if e1Þe2. Working consistently toO(md
2mu) and including electromagnetic effects, we find th
Eq. ~A1! implies

x5
A2r (3/2)

11r (1/2) S 12
2

3A3

3
@3e12e213r (3/2)e213r (1/2)~e122e2!#

11r (1/2)

2
h1Cem~2C121C00!

3~11r (1/2)!
D 1

1

15
A2

3

3
@10e22r (3/2)~6e113e2!160r (1/2)e2#

11r (1/2)

1
A2

5

h1Cem@2~C122C00!13C10#

3~11r (1/2)!
~A2!

and

y5
A2

5 S A3r (3/2)~4e123e2!1h1Cem~C122C002C10!

11r (1/2) D
1

1

A2

~dÃ5/2
h.o./g̃8!

11r (1/2)
. ~A3!

We have definedr (3/2)[g̃27
(3/2)/g̃8 and r (1/2)[g̃27

(1/2)/g̃8, and

the parameterh1[g8 /g̃8. We estimate

dÃ5/2
h.o.

g̃8

;S g̃27
(3/2)

g̃8
D S g27

(3/2)

g̃27
(3/2)D S 4e2

A3
D S B0~ms2m̂!

LxSB
2 D

[~0.52!h2r (3/2)e2 , ~A4!

where B0(ms2m̂)/LxSB
2 ;0.23. We expect the paramete

h1 and h2 to be of order unity. Higher-order effects in th
weak chiral Lagrangian serve to makeg̃27

(1/2)Þg̃27
(3/2)/5 — the

term D6, e.g., in theO(p4)weak, chiral Lagrangian of Ref
@43# generates such an inequality. Consequently, we exp
from dimensional analysis,

dg̃27
1/2

g̃27
3/2

[
g̃27

(1/2)2g̃27
(3/2)/5

g̃27
(3/2)

;S g27
(3/2)

g̃27
(3/2)D S B0~ms2m̂!

LxSB
2 D [0.23h3 ,

~A5!

where the parameterh3 ought be of order unity. A mode
estimate ofdg̃27

1/2/g̃27
3/2 suggests that it is less than 30%@42#.
4-13
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TABLE III. The values ofr (1/2) and r (3/2) determined by fitting Eqs.~A2! and ~A3! to the empirically
determinedx andy, resulting from the phase shift difference,d02d2. Solutions yieldingA2 /A0*1 have been
omitted. The parametere150.010660.0008 @39# throughout. No errors are assigned to theh1 and h2

parameters. Note that~C! and~D! denote the electromagnetic corrections of Ref.@15# as computed in chiral
perturbation theory~C! and in the ‘‘dispersive matching’’~D! approach. The ratioA2 /A0[A2r (3/2)/(1
1r (1/2)) does includemdÞmu effects through the absorbedO(p4)counterterms.

d02d2551°66° e252e16e1 h151 h2521

r (3/2) r (1/2) A2 /A0 em
0.04460.026 21.4960.77 20.1360.19 C
0.04760.027 21.5960.72 20.1160.14 D

d02d2551°66° e252e16e1 h150.5 h2521

r (3/2) r (1/2) A2 /A0 em
0.03560.016 21.1960.35 20.2660.44 C
0.03760.015 21.2460.33 20.2260.33 D

d02d2551°66° e252e16e1 h150.5 h25225

r (3/2) r (1/2) A2 /A0 em
0.029660.0092 20.3660.48 0.06560.069 C
0.030360.0086 20.3960.44 0.07060.070 D

d02d2551°66° e250.013360.0025a h150.5 h25225

r (3/2) r (1/2) A2 /A0 em
0.028960.0064 20.8060.27 0.2060.30 C
0.01660.011 21.04660.090 20.4860.62 C

0.030060.0059 20.8360.17 0.2560.28 D
0.017460.0059 21.06360.072 20.3960.33 D

d02d2551°66° e252e16e1 h150.5 h25250

r (3/2) r (1/2) A2 /A0 em
0.021560.0097 0.0260.57 0.03060.029 C
0.022060.0093 0.0060.54 0.03160.029 D

d02d2551°66° e250.013360.0025a h150.5 h25250

r (3/2) r (1/2) A2 /A0 em
0.02660.0013 20.3760.72 0.05860.067 C
0.026060.0016 20.4160.63 0.06360.069 D

aFrom Ref.@12#.
y

d
tro-

)
-
or-
de-
the

an

c

Isospin-violating contributions, ignored in Eq.~A5!, also
contribute todg̃27

1/2/g̃27
3/2; the largest terms are typified b

B0(md2mu)Ei , where Ei is an O(p4) counterterm of
(8L,1R) in character, and thus generate, crudely, an ad
tional ;10% effect. The value of (r (1/2)2r (3/2)/5)/r (3/2)

found in Table II far exceeds the estimate of Eq.~A5!. We
thus wish to see whether plausible choices ofh1 , h2, ande2
can serve to reduce the SU(3)f breaking of the relation
r (3/2)5r (1/2)/5 found in Table II to a plausible level.

We explore how the values ofr (3/2) and r (1/2) vary as a
function of e2 , h1, andh2 in Table III. We fix e150.0106
60.0008 @39# and choosed02d2551°. The latter is deter-
mined by the central value of 45° given in Ref.@2# plus 6°,
the 11s excursion permitted. We estimate thath1 could be
as small as 0.5, and we choose two different values fore2:
we use the result determined from theO(p4) strong chiral
09402
i-

Lagrangian of Ref.@12# as well as the estimatee252e1

6e1. The central value and its error assigned toe2 in this
latter estimate is rather generous; we observe that elec
magnetic effects, not included in Ref.@15#, can enhance the
p0-h,h8 mixing angle slightly@9#. Despite our efforts, a
value ofh2;225 or larger is required to make the SU(3f

breaking of (r (1/2)2r (3/2)/5)/r (3/2) no more than 100%. Inter
estingly, replacing the estimates of the electromagnetic c
rections in the dispersive matching approach with those
termined in chiral perturbative theory does increase
errors in the determined values ofr (3/2) and r (1/2), but not
sufficiently to reduce the value ofh2 substantially. It seems
unlikely that strong-interaction isospin-violating effects c
resolve the difference between the empirical value ofy predi-
cated by a phase shiftd02d2;45° and the electromagneti
effects computed in Ref.@15#.
4-14
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