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We consider the impact of isospin violation on the analysiK ef = decays. We scrutinize, in particular,
the phenomenological role played by the additional weak amplitudé\ 0= 5/2 in character, incurred by the
presence of isospin violation. We show that Watson’s theorem is appropriafng—m,), so that the
inferred war phase shift at/s=my determines the strong phase difference betwee & andl =2 ampli-
tudes inK— w7 decay. We find the magnitude of thAl|=5/2 amplitude thus implied by the empirical
branching ratios to be larger than expected from estimates of isospin-violating strong and electromagnetic
effects. We effect a new determination of the octet and 27-plet coupling constants with strong-interaction
isospin violation and with electromagnetic effects, as computed by Cirigliano, Donoghue, and Golowich, and
find that we are unable to resolve the difficulty. Exploring the roleAdf = 5/2 transitions in theC P-violating
observables’/ €, we determine that the presence di\d|=5/2 amplitude impacts the empirical determination
of w, the ratio of the real parts of tHa1|=3/2 to|Al|=1/2 amplitudes, and that it generates a decrease in the
estimation ofe’/e.

PACS numbds): 13.25.Es, 11.30.Er, 11.30.Hv, 12.39.Fe

[. INTRODUCTION K— ar7r amplitudes which correspond tor final states of
definite isospin in the isospin-perfect limit, then in this basis,
In the limit of isospin symmetry, the decay of a kaon, the weak transitions are ofAl|=1/2, 3/2, and 5/2 in char-
with isospinl;=1/2, into two pions, with isospii;=0 or  acter. The violation of isospin symmetry thus generates an
l;=2, is mediated by eithefAl|=1/2 or |Al|=3/2 weak additional amplitude with|Al|=5/2. Such effects can
transitions. The analysis ¢€— 7 branching ratios in this modify the |Al|=1/2 and |Al|=3/2 amplitudes as well,
limit indicates that the|Al|=1/2 amplitude exceeds the though the large empirical enhancement of thd|=1/2
|Al|=3/2 amplitude by a factor of roughly 20. A detailed amplitude relative to théAl|=3/2 amplitude found in the
understanding of this large enhancement, termed flad [ isospin-conserving analysis suggests that isospin-violating
=1/2 rule,” has proved elusive, although recently the sub-contributions built on the former are of greater phenomeno-
ject has received much attentiph]. However, another, po- logical significance. Indeed, it has long been suspected that

tentially related, puzzle remains. Unitarity a@dP T invari-  isospin-breaking effects contaminate the extracted ratio of
ance, in concert with isospin symmetry, predict that the|Al|=3/2 to|Al|=1/2 amplitudes in a non-trivial way, pre-
strong phase difference between the2 andl;=0 ampli- cisely as isospin violation in the “largelAl|=1/2 ampli-
tudes inK— 77 decay should equal that of the=2 andl tude generates a contribution |&fI|=3/2 in character—and

=0 amplitudes irs-wave 77 scattering. The analysis of the as the scale of strong interaction isospin violatiomy (
K—aa branching ratios, using isospin-symmetric ampli- —m,)/mg, is crudely commensurate with that of the ratio
tudes but physical phase space, indicates, however, that thietermined in an isospin-perfect analysis. Indeed, including
is not the case. Specifically, the strong phase difference inmy+# m, effects in a leading-order chiral analysis makes the
ferred from K— a7 decays isdy— 5,=56.6°+4.5° [2],  “true” ratio of |Al|=3/2 to|Al|=1/2 amplitudes some 30%
whereas that frors-wave, 7 scattering at the kaon mass is smaller[4,5]. We extract thgAl|=1/2, 3/2, and 5/2 ampli-

Sp— 6,=45°+6° [2,3]. tudes from the empiricak — 7r7 branching ratios and then
It is our purpose to examine how isospin-violating effectsproceed to examine what solutions for the “trugAl|
impact this apparent discrepancy. Thandd quarks differ ~=1/2 and 3/2 amplitudes may emerge.

both in their charges and masses, so that the symmetry of the Interestingly, these considerations impact the standard
K— 7o decay amplitudes underandd quark exchange is model(SM) estimate ofe’/ e as well, for in standard practice
merely approximate. In specific, if we continue to use thethe empirical value of the ratio of the real parts of thd |
labels “I;=0" and “1;=2" to denote the combinations of =3/2 to |Al|=1/2 amplitudes is used, in concert with a
“short-distance” determination of the amplitudes’ imaginary
parts, to determine’/e in the SM[6,7]. Isospin violation

*Email address: gardner@pa.uky.edu plays an important role in the analysis&f e, for it modifies
"Email address: valencia@iastate.edu the cancellation of the imaginary to real part ratios in the
*Permanent address. |Al|=1/2 and|Al|=3/2 K— a7 amplitudes in a significant
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manner{8—12. The value ofw, the ratio of the real parts of Ao+ =T w7 | H W KO
the |Al|=3/2 to |Al|=1/2 amplitudes, used, however,
emerges from an analysis df— w7 branching ratios
[13,14], under the assumption that isospin symmetry is per-
fect. Thus we also explore the connection between isospin

) 1 ) )
Age' o+ EAze' 24+AL7€ 5+>

violation in Rg(e’/e) and isospin violation in th&K — 7 _ Ago_, 70,0={ w07 H | KO)
branching ratios. We determine that the standard practice _ _ _
suffices to leading order in isospin violation |iAl|=5/2 =i(Age'%— \/EAze"’2+A?§e'5OO), (2.3

transitions can be neglected. Thel|=5/2 transitions enter

differently in charged kaon and neutral kaon decays, and as ~ Ag+_ ,+0=(7" 70| H y|K*)

the value ofw incorporated is derived, in part, from the

K*— 7" 7% branching ratio, the value @ must be adjusted —i

for |Al|=5/2 effects in order to estimate’/e. This de-

creases the value @f /e and adds to its uncertainty as well. ) o .
We begin by considering the constraints that unitarity angvhere _the Hsoapm—wolgtmg contributions are denoted &y the

time-reversal invariance place on the parametrization of thé“bso%”m IB” and include a weak phase, e.gAj

K—mm amplitudes in the presence of strong-interaction=|Aig|€ “. The strong phasesy, 8., and 5., are, as

isospin violation. We consider exclusivety,# m, effects as  Yet, idiosyncratic t& — w decay. AsA, andA; are reflec-

electromagnetic effects are considered in R&5]. With an  tive of the amplitudes in the isospin-perfect limit, they are

appropriate parametrization in place, we consider the phegenerated byAl|=1/2 and|Al|=3/2 weak transitions, re-

nomenological analysis of thé— 7 branching ratios, ex- SPectively.

tracting the amplitudes associated with the possible weak We wish to examine what further constraints may be

transitions and comparing these results with a chiral analysiglaced on Eq(2.3). It follows from unitarity that a transition

We then turn toe’/ e and consider how isospin-violating ef- Matrix T satisfies the relation

fects in the branching ratios are related to those'ife. TH=i(T =T), 2.4

gAzei %24 A% 5+o)

Il. UNITARITY CONSTRAINTS where theS matrix can be written aS=1+iT and unitarity
is the conditionS'S=1. We consideiK — 77 decays, so
We seek to determine what constraints may be brought tthat the final-state phases of interest are generated through
bear on the parametrization of the— w7 amplitudes in the 77 scattering. In the presence of isospin violation, the
presence of isospin violation. To this end enters Watson’ssospin-perfect basis of Eq2.2) continues to prove conve-
theorem. We note that in the isospin-perfect limit, unitarity, nient, as the possibility ofr™ 7~ — #%#° through strong

andCPT invariance yield 16] rescattering makes the “physical” basis awkward. The label
“1,” however, need only correspond to the isospin of the
(), | H W KO =iA,exp(i 8) final-state pions in the isospin-perfect limit. We begin by

consideringk®— (1), decays and find, upon insertion of
o all possible intermediate statés
((mm)|HWIK%)=—iATexpis), (2.

> ((rm) | TTF)(FITIKO)
where Hyy, is the effective weak Hamiltonian for kaon de- F
cays. The amplitudd, is such thatA,=|A,|exp(&), where =i ()| TTIKO) = (), | TIKO)). (2.5

¢, is the weak phase associated with the decay to the final

state of isospinl, and 8, is the phase associated witlwave  Note thatF denotes the set of states physically accessible in
7 scattering of isospin. K decay and thus includes therf), states defined in Eq.

In the limit of isospin symmetry, Bose statistics requires(2.2), as well asm" 7~ v, yy, and 37 states. In the isospin-
that twos-wave pions have eithér=0 or| =2. To relate the perfect limit, only theF = (7 ), term in the sum contributes.
isospin states to the physical states, we use the isospin dé&he inclusion of electromagnetic effects, however, compli-
composition[17] cates matters, as additional states may contribute to the sum

in Eq. (2.5. The most significant of the modes with photons
1 or leptons in the final state iK2— 7" 7 vy; let us continue
|7t Yoo | (mar)o) + —=| (7)) to neglect such electromagnetic isospin-violating effects and
J2 investigate the effects of strong-interaction isospin violation.
We also neglect the 8 intermediate state appearing in Eq.
(2.5 because thé(m)|T|37) transition amplitude with
|[70m0)<|(wm)) = V2|(mm)2). (220 3=0 violates notqonlyG parity >butP as well. Note that the
spatial component of thé=0 37 state is even undd®, so
Using Watson’s theorem, Eq2.1), and including isospin- that theJ=0 37 state is of odd parity18]. We work to
violating effects, we have the parametrization leading order in the weak interaction, so thatr|T|37) is
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mediated by strong rescattering and thus vanished o0 states of the strong chiral Lagrangian yieldsﬂﬁpz), e.g.,
states, as the strong interaction conserves parity. At the efihe “physical” ° state in terms of the pseudoscalar octet
ergies appropriate to kaon decay, the strong scattering in thgelds #° and 7 [22]:
(7r), final state is described by a pure phase, as the empiri-

cal inelasticity parameters are unifyt9], so that in the 3

isospin-perfect limit we can write Mg~ My

(Wo)phys: 7o+ — 77+O((md_mu)2),

4

e2d% 2.9
s:< . emz). 2.6

where ﬁ1=(md+ my)/2. An analogous formula exists in

Thus, if isospin is a perfect symmetry, orffy= (), con-  O(P*) [22]. Thus isospin violation in an external leg is

tributes to the sum and one recovers the usual parametriz&alized as any admixture in the physicatr® state. In the
tion pseudoscalar octet, or “isospin-perfect,” basis we have

adopted thus far, af®(my—m,) interaction converts the
(), | TIKO) =iA, exp(i ) isovector 70 into a isoscalary. Thu_s in Q(md—mu) t_he _
truncated, connected Green function arising from isospin
_ violation in an externakr leg contains oney and threew
()| TIK®) = —iAf exp(is)), (2.7 fields. Note that the decay— w1 is forbidden by Bose
symmetry in the isospin-symmetric limitny=m,, so that
notng by CPT symmetry that ((w#),|TT|K®  the truncated, connected Green function of interest must be
= (7 )| T|KO))*. at least ofO(myg—my). Including the (ng—m,) “penalty”

We now turn to the consideration of isospin-violating ef- required to convert they to a physical«®, one finds that
fects. TheS matrix appropriate to thers final states with isospin-violating effects arising from the external legs start
zero net charge is characterized, in general, by eight redd O((mg—my)?). One can also show that they#m, ef-
parameters. Unitarity, however, yields three distinct confects in the truncated, connected Green function associated
straints, and time-reversal invariance yields two more, savith the 2-to-2 scattering of isovector pions also start in
that theS matrix can contain at most three real parameters@((mg—my)?). Following the “spurion” formulation23], a
We have seen from the explicit form of tf®matrix in the  transition matrix element with S@) violation must have the
isospin-perfect limit that it is characterized by precisely twosame properties as a 8)-conserving transition matrix ele-
parametersg, and 5,—and thus the third parameter permit- ment containing a spurion, a fictitous particle which carries,
ted by unitarity and time-reversal invariance must be at leadh this case, the quantum numbers of th&and a factor of
of O(myg—m,) or of O(«). As electromagnetic effects in the (Mg—my). Thus the spurion and the are both of negative
K— m phases are studied in Rdfl5], we focus onmy G parity, so that a transition of form
#m, effects.

We parametrize thé& matrix in the presence of isospin (even number of pions
violation as[20]

< (even number of pionst+ 1 spurion
(e“?0 0 )( COS 2« isin2x><ei'50 0 ) (2.10
S=

0 eigz 0 eiEZ ) ) )
2.9 is forbidden byG parity and does not occ(i24]. Note, how-
ever, that a transition of form

i sin2« cos 2

where the thirdS-matrix parameter is denoted by. Note

that if k=0, thend, = 8,, whered, denote the strong phases (even number of pions
of the isospin-perfect limit. In the presence of isospin viola-
tion we continue to use E@2.2) to define the(w),) states
used in Eq.(2.8). The parametek is sensitive tomg#m, (2.11
effects in the strong chiral Lagrangian, as well as to electro-

magnetic effects. Explicit calculation shows that all strong-is permitted byG parity, so that all isospin-violating effects
interaction isospin-violating effects imrs scattering are at in 7-7 scattering are of((my—m,)?). Analyzing Eq.(2.9),
least of O((my—my)?) in O(p?)in the chiral expansiof21].  this result implies that

This result persists to all orders in chiral perturbation theory;
let us turn to an explicit demonstration of this point.

Isospin violation in theSmatrix element for 2-to-2rr
scattering can occur in either the truncated, connected Green
function itself or in the externadr legs. The latter source of so that«=0 in O(mg—m,).
isospin violation emerges as i(my—m,) the #° and Using Eg. (2.8 to incorporate isospin violation irK
fields mix. Diagonalizing the neutral, non-strange meson— 77 decays, we find that Eq2.5) thus becomes

< (even number of pionst 2 spurion$

8- 8~0((mg—my)?), k~O(mg—my?),  (2.12
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—ie (%" %)gjn 2k

1—e 2%cos 2

1—e 2i%cos 2
—ie (00t 2)sin 2«
(((Wﬂ)olT|K0>)
((mrm)o| TIKO)

(<(7T7T)0|T|KO)‘((WW)0|TT|KO>

<<m>2|T|K°>—<<m>2|TT|K°>)' 213

Following the parametrization of Eq2.7), we have in the
presence of isospin violation

()| TIK®) =iAexpli'8))

()| TIK®) = —iAFexpid)), (2.14

where’s, , the strong phase of thé— 7= decay amplitude,
is related to the strong phase #fr scattering, given in Eq.
(2.9), as per Eq(2.13. We thus have

( 1-e 2i%cos2c  —ie (G0t 2sin 2k | [ Agel%
—je (0t gin2c  1—e %%c0s2 | | Aei®
Agsind,
—2il " ~°). (2.15
A,sind,

Note that if the channel-coupling parameterwere zero,

then’d, =§|= 6,, and the strong-phase in tike— 77 decay
amplitude would be that ofrmr scattering, analyzed in the
isospin-perfect limit. Defining

A=6-7, (2.19

so thatA,=0 werex=0, and rearranging the upper compo-
nent of Eq.(2.15), we find

| A
e72'A0C05{2K)— 1=—i A—Ze*'(Af)*AZ)Sin(ZK)-
0
(2.17

Using the lower component of E@2.15 vyields Eq.(2.17)
with the isospin subscripts switched+®. As k—0, A,
—0 as well, and we find

_ 2 _AO 2
— k+O(k9), AZ—A—K+O(K ), (2.18
2

implying A,>A, and AgA,~ 2. Eliminating A, /A, from
Eqg. (2.17) and its 0—2 counterpart yields a relation purely
in terms of A, and k:

cog2k)CcogAg—A,)=cogAp+Ay). (2.19
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Alternatively, one can eliminate to find

AZsin(2A,) =A3sin(24,). (2.20

With Egs.(2.12 and(2.18 we have tha®, — &, is no larger
than

8- 8~ O((mg—my)?). (2.21

Thus in O(myq—m,) the channel-coupling parameter=0
andd, =6, , so that the parametrization of E@.7) is appro-
priate in the presence of strong-interaction isospin violation
as well. However, if electromagnetic effects were included,
one would expectk~O(«a), and with A,/Ay~1/20, one
finds |A,|~|8,— 85|~ O(10°) [25], commensurate with the
explicit estimate of 4.5° ir0(e?p®) in Ref.[15].

We consider how our results generalize to the case of
K*—a* 70 decays as well, for these decays are needed to
isolate the|Al|=5/2 amplitude. In the case of chargéd
— arr decays, Eq(2.5 becomes

; () | TTF)F|TIK™)

=i(((mm) [ TTK") = (), <[ TIK ™)),
(2.22

where we now explicitly denote the isospinl;=1 final
state by “(77),+.” Charge is conserved so that EQ.22) is
diagonal inl 3. Neglecting the 3 and electromagnetic inter-
mediate states, we thus have

((ma) o+ | T (mar) o (7)o +| TIK ™)
=i(((ma) o+ | THK Y= () 4| TIK ).
(2.23

By crossing symmetry, our prior analysis of isospin violation
in 7r7r scattering is germane to this case as well, so that we
conclude that strong-interaction isospin-violating effects in
((mm) o+ | TT|(7),+) are of O((my—my)?). Thus we write
((ma) o+ | T (7)) =—i(1—e %) or, finally,
((mm) o+ | TIKTY=iA,+€'%, (2.24

so that, with the neglect of electromagnetic effects, the
strong phase in this channel is related to that of ltke?
amplitude comprised of charge-neutral final states. It is
worth noting that the phase of E(@.24) is evaluated at/s
=mg+, Whereas the phase B°— 7 decay is evaluated at
\Js=myo. However, this small difference is without practical
consequence, for the phase of E2.24) does not appear in
the K* — o branching ratio.

We have thus demonstratedd{my—m,) that the strong
phases of th& — 77 amplitudes are those af 7 scattering
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in the isospin-perfect limit. Generallyny# m, effects per- 2| Ao |2
mit amplitudes of|Al|=1/2, 3/2, and 5/2 in character, so RIZL
that the parametrization of E€R.3) can be rewritten as |AKgMToWo|2
_=j io 2|AK+~>7T+7TO|2
Ao gt =1l (Ag+ 8A )€ % R, (3.9

2|AK(S)~>7T+7T_|2+ |AKgH7rOTrO|2 .

+i(A2+5A3,2+ 5A5/2)ei62> Usi_ng the parametrization_of Ed2.25, noting Kg=(K°
V2 —K%/4/2 with CP(K®) =—K?°, while ignoring CP viola-
. s tion and weak phases, yields
Axo_ 7070=1((Ag+ A1) €'

. R, 2
—J2(A,+ 5Ag+ SA5) € 92) 2\ 5 =*|x"3Y (3.9
H 3 i o 2
A+ mn0=1| 5 (Ag+ 8Agp) — SAgs| €% Ri_ 1+ 2(x+y)cod 85— 5) + (x+y)*/2
(2.25 2 1-22(x+y)coq 5~ 8p) +2(x+Yy)?
in O(my—m,), where A ;| denotes the amplitude contri- :1+3\/§(x+y)cos(52— 8o)
butions induced exclusively by isospin violation. Note that ) 3 2
the parametrization of the charge-conjugate decays follows +[12c08(5,~ 8p) — 3/2]x*+ O(xy,x°,y?),
from Eq.(2.14). The 6A,,, and 5Az, contributions are each (3.6)

generated by bothA1|=1/2 and|Al|=3/2 weak transitions. . . . o L
The presence of adAg, contribution —the “new” where, working consistently to leading order in isospin vio-

amplitude—is signaled by the inequalityAgfo_ +,- lation, we have
—Axo_.;0,0)/\2—Ax+_ .+ 0% 0 [26]. At S8Az, A, SAzn A, 5AL
X Ao+5A1/2~A_o+ Ao Ao Ag

IIl. PHENOMENOLOGY OF K—smm DECAYS y SAsz _ SAsp 37
Ao+ oA, Ay :

We now wish to determine the relative magnitude of the
various amplitudes in Eq2.25 predicated by the measured The ratiox is A, /A, in the isospin-perfect limit, whereas the
K—m branching ratios and by the inferrestw phase ratioy is non-zero only in the presence of isospin violation.
shifts. To this end, we consider the following ratios of re- We anticipate that @As, contribution is generated either by
duced transition rates: strong-interaction isospin violation in concert with|Al|
=3/2 weak transition or by electromagnetic effects in con-
Y(KE—mtmT) cert with a]Al|=1/2 weak transition. We thus expect the
15770 0 o0, (3D hierarchyx>x2,y>x3,xy,y2, which is reflected in the terms
retained in Eq(3.6). Note that it is appropriate to continue to
and work to leading order in isospin violation after the inclusion
of the |Al|=5/2 contributions, as crudelpA,/Aq|~5% —
29K =t 70) this follows from Eq.(3.5) if y=0—whereas isospin viola-
: (3.2 tionis a~1% effect.
Let us now proceed to determixeandy. We determine

wherey(K— ,7,), the reduced transition rate, is related to R1 @nd R, using “our fit” branching ratios and ancillary

y(Kg—> 770770)

R =
2 'y(Kg—> ataT)+ 'y(Kg—> w070)

the partial widthl' (K — 7, 7,) via empirical data in Ref.27] and plot thex andy resulting from
Egs.(3.5),(3.6) as a function of5y— &, in Fig. 1. Note that

I'K—aqms,) cos(,— &)>0 andR,/2>1, so that Eq(3.6) implies thatx
> — 5 +y>0. As we assumey, thenx>0 as well, and we

\/[mK_(mwl+ M) I[mg— (M —m, )] choose thet sign in Eq.(3.5) in what follows[28]. More-

over, we pick the root of the quadratic equation consistent
with Ag>A,. We affect these choices in order to recover the
X Y(K—1115). (3.3 qualitative features of the analysis performed in tng
—m, limit. The errors inx andy arise from the empirical
We use the physicatr and K masses in extracting/(K  errors, assuming all the errors are uncorrelated. The vertical
— o), and neglect any final-state Coulomb corrections aslashed lines enclose the phase shift differerfge- 5,
they are electromagnetic effects. The reduced transition rates45°+ 6° [2], whereas the vertical dot-dashed lines enclose
are simply related to the absolute squares of the amplitude§,— 6,=45.2°+ 1.3°i‘1‘:g: [3] at 68% C.L. We omit explicit
we have considered previously, so that use of this latter value in what follows as it is comparable to

167m3
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0.05 T ] 1 dp— 6,~56.6°, thendAs,~0. Moreover, if the errors in
! ! , dp— 6, were consistently—and substantially— underesti-
0.04 & i \ 1 mated, our determinedAg;, could be made consistent with
T |

zero. In particular, if we were to increase the errordg

! 1 — &, to realize this, we would find that we would require,
e.g., 45%16°. Such increases would reflect a severe infla-
i . tion of the stated error bars and would seem unwarranted. It

i: y ought be realized that 7 phase shift information is largely
0.01 | H \ 1 inferred from associated production4N reactions and that
] T—L"I:IF;H:/ any possible theoretical systematic errors incurred through

0 i i o e the choice of reaction model are not incorporated in the re-
I ported error estimatel80]. However, information on thé
-0.01 M ] =0 =7 phase shift near threshold is also known frém
T [ i i — mrev decay; this is consistent with the phase shift deter-
_0.02 [ T s mined in7N reactions, albeit the errors are lafgd]. Inter-
% 40 20 80 estingly, thee*e™ — 77 and 7— v data in the context of

8, — 8, (degrees) ! . . .
a Roy equation analysis af 7 scattering constrain the pos-

FIG. 1. The values ok andy resulting from Eqs(3.5), (3.6) as . . o2 L
a function of 5,— 5,. In the isospin-perfect limik=A, /A, andy sible swave phase shifts rather significantly, yieldingsat

—0. The vertical dashed and dot-dashed lines enclose the resuls Mo that dy— &,=45.2°+1.3°+ 12 [3]. This is commen-
So— 8,=45°+6° [2] and 8y~ §,=45.2°+1.3°+ 4% [3], respec-  surate with earlier determinations &§— 6, [32—34,13, not-
tively, at 68% C.L. The two sets of vertical lines overlap at ing Table I, and encourages us to consider the consequences
51°—the dot-dashed line has been slightly offset for presentationof our fit.
The horizontal dashed line encloses the electromagnetic contribu- Let us first compare our results with tié#s, amplitude
tion toy as per the “dispersive matching” calculation of Table I of estimated to be induced by electromagnetii¢fl. Using Eq.
Ref.[15] at 68% C.L. (48) and the “dispersive matching” estimate of Table | in
Ref.[15], we findy.~0.0029, suggesting that the computed
the result of Ref[2]. Table | shows the specific valuesf  electromagnetic effects are rather smaller and are of the
andy, with their associated errors, which emerge from Comwrong S|gn[35] Indeed, this discrepancy prompts our con-
bining the empirical values dR; andR; with the values of  sjderation of strong-interaction isospin-violating effects. In

dp— &, from various sources. Note that we use #ieg-6,  particular, werey=0, then Eq.(3.6) would become
phase shift as extracted in the isospin-symmetric limit, as

strong-interaction isospin-violating effects enter merely in R 14 V2XCOL 80— Sa) + X212
O((mg—m,)?) and as the electromagnetically generaked o V2xcog 0, ~ 50) -
— arar phase shifts appear to be smdlb]. For estimates of 2 1-2\2xcog 8,— 8p) + 2x

electromagnetic effects itrs scattering, see Ref29].

Proceeding with the numerical analysis, we find a sub- =1+32xcog 62~ o)

stantial value foréAs,, suggesting the phenomenological +[12c02(8,— 8o) — 31212+ O(x%). (3.9
hierarchyx>y>x? xy. Specifically, we find
6A5/2/(A2+ 6A3/2)~20%, (38) USing (50_ (52:45o [2] and Ref. [27] yle|dS X:0035,

whereas Eq(3.5) in this limit would be

rather than theO(1%) we might have anticipated from
strong-interaction isospin violation. The extract®s,, am- R>

plitude is sensitive to the value éf— &, used; indeed, were 2 ?:X (3.10

TABLE I. The values ofk andy resulting from Eqs(3.5), (3.6 an(d yieldsx=0.045—this discrepancy is reconciled through
using the phase shift differencesy— 5,, compiled from various  tne value ofy we report in Table I. The significance gf
sources. Note that in the isospin-perfect limit that A, /A, ar.1d could be exacerbated by the parameters reported in .
y=0. The values found foly| are roughly equal tar, suggesting  y,,9h excursions of several standard deviations are required
an electromagnetic origin foy. to impact its value significantly36].

We summarize this section with the following observa-

Ref. 8p— 6, (deg X y tions

[13] 41.4+8.1 0.0396:0.0022 —0.0080+0.0033 (i) The value ofx is stable with respect to the various
[34] 42+4 0.0398-0.0016 —0.0077-0.0024 Values ofs,— &, reported in Table |—it varies merely at the
[34] 42+6 0.0398-0.0019 —0.0077-0.0028 1% level.

(“local fit" ) (i) The value ofy is rather more sensitive t6,— &,. It

[32] 44+5  0.0403:-0.0019 —0.0070-0.0028  apparently is of O(«), rather than of O(w(myg—my)/

[2] 45+ 6 0.0405-0.0021 —0.0066+0.0032 Mg)—and thus is rather larger than expected from the stand-

point of strong-interaction isospin violation.
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IV. ISOSPIN VIOLATION AND THE |Al|=12 RULE where eg=3/4 (mg—my)/(me—m)] and C=—(Gg/

Our determineck andy may be connected to the ampli- V2)V4Vif .(ms—m)By, and (Mms—m)By=mz—m? in the
tudes of the isospin-perfect limi, andA,, via a computa-  isospin-perfect limit. We thus recover
tion of theK— 7r7r amplitudes in chiral perturbation theory.
The weak chiral Lagrangian i¥(p?)has two non-trivial Ag+ 6A = C( V2(gg+957?)
terms, which transform as (8lg) and as (2/,1g) under
SU(3) X SU(3)g, respectivelyf37]. We wish to determine > 2
their relative magnitude in the context of a calculation which +_\/:68(298 3gty2+ 39(23;/2)))
is sensitive tan,# my effects, in order to assess the relative 3 V3

strength of the (271g) and (8§ ,1g) transitions, that is, the 5

ratio A, /Aq. We believe thatn,# my effects likely contrib- Ayt Ag=C| 2982+ — g ( gg+4gSy2— g(slz))
ute tox in a significant mannd#,5]. Ultimately we will also \/§ 3 5

include the computed electromagnetic corrections of Ref. 4.3
[15] as well, in order to determin&,/A,, for the numerical 2\/5

value ofy is crudely anO(«) effect. SAg= —— Ceggsy?

In O(p?), the (8 ,1g) term in the weak, chiral Lagrangian
generates exclusivelyAl|=1/2 transitions, whereas the
(27,,1g) term generates botl I|=1/2 and|Al|=3/2 tran- and
sitions. We havé38] J2r @2 ( 2 (2+3(r(3’2)—r(1’2))))

Tl T3 B 1

2 (10— 9r 32+ 60r (1/2))

(2) Gr * M
Ly'=— Evudvus{QS(L,uL )23

+ —=\/= 4.4

+ 05 L u1sl brt Loa(ALE+5L5)] 15V3 ) (4.4
+ g5 IL a5+ Lo LA — LAY TH+H.c., 6 e ,

(4.0) =5 1y 4.5

where L, =—if2UD U’r with U=exd —ix- () /f,. [38]. where r(¥2=g{2/g, and r®2=g%?/gs. We will allow
The functlon ¢ represents the octet of pseudo-Goldstoner (Y225 in our fits as well, in order to mimic the inclu-
bosons. The low-energy constafs/® andgsy? are asso- sion of higher-order effects in the weak chiral Lagrangian.
ciated with|Al|=1/2 and 3/2 (27,1g) transitions, respec- Were the fits in the isospin-symmetric limit a reasonable
tively. We retaing’¥® and g$>? as distinct entities as we estimate of the low-energy constants, so tha(&E8) yields
anticipate that the S@); relationg$y?=g3?/5 is broken at  |A;/Ag|~0.045[13], we would expecty| to be roughly
higher orders in the weak chiral expansion—we will see1.7x10° % as (ms—m)/(my—m,)=40.8+3.2 [39]. This
what other features are required to incorporate the effects dfplies that we really must include electromagnetic effects
higher-order terms in a systematic manner. No “weak mass’in our analysis as well. The electromagnetically induced
term occurs in leading order in the weak chiral Lagrangiarphase shifts appear to be smilb], so that we merely in-
[37], so thatm,# my effects appear exclusively througt’-  clude the modifications to the amplitudes themselp.

7 mixing, as realized in Eq(2.9), and meson mass differ- Following Ref.[15], we have

ences. InO(p?)and to leading order innig—m,), we have

1= \/—CemCQS( Ci +3coo

Aco_ - =12Ci| gg+gsy?+gs?
> OAZ = 5CemC98( (C+—Coo)+c+o) (4.6
+i(g + gl (3/2))>
V3 2
SAZ = 5 zCenC0s(C - —Cpo—Co)
_ H 1/2 3/2 -~ ~
0,0=V2Ci| gg+ 9577 — 29577 where Cepn=(f,/fy)(a/4m)[1+2m/(me—m)] and the

“dispersive matching” approach of Refl5] yields C, _
=14.8+35, Cyp=1.8+2.1, andC_o=—7.1=7.4. In the
(12)_ (3/2) . i N N 2
\/— ~ = (5% ) (42 numerical estimates we use M2(mg—m)=(m-,
+m2.)/[mio+m: . —(m2o+m?>.)]. Only electromagnetic
effects associated with (8lg) transitions have been consid-
392+ \/5(298+ 12g¥2— 3 (3/2))) ered, as thgAl|=1/2 rule suggests they ought dominate.
3

AK+—>7T+7TO_CI A A "
Including electromagnetic effects thus yields
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TABLE II. The values ofr? andr®? determined by fitting Eqs4.7) and (4.8) to the empirically
determinedx andy, resulting from the phase shift difference%,— §,, compiled from various sources. We
also show the values af*? andr(®/? which result were the central value 6§— &, 1o or 2o larger than
that reported by Ref2]. Electromagnetic effects are included as per RE5]. Note that(C) and(D) denote
the results as computed in chiral perturbation the@y and in the “dispersive matching’(D) approach,
respectively. We also show the valuesr&f? andr(? which result if the electromagnetically generated
phase shiftyy,=4.5°[15], is included—using Ref2] this effectively impliess,— §,=40.5°. The parameter
€g is taken to besg=0.0106+ 0.0008[39]. Solutions yieldingA,/Ay,=1 have been omitted. For comparison,
note that the analysis &, in the isospin perfect limit yieldsx|=|A,/Ag|=0.0449+0.0003[13].

80— 8,=40.5°+6°

x=0.0394+0.0018

y=—0.0082+0.0027

r(32)

0.0173:0.0075
0.0176+0.0079

r(112)

—1.32£0.28
—1.36£0.19

Ay /A em
—0.078+0.078 C
—0.069+0.046 D

So— 8, =42°4°

x=0.0398-0.0016

y=—0.00770.0024

r(32)

0.0173:0.0077
0.0175-0.0081

p(112)

—1.34+0.30
—1.39+0.20

Ay /A em
—0.073+0.074 C
—0.064+0.043 D

89— 8,=45°+6°"

x=0.0405-0.0021

y=—0.0066+0.0032

r(32)

0.0171:0.0083
0.0172+0.0087

r(112)

—1.39£0.37
—1.45+0.28

Ay /A em
—0.061+0.069 C
—0.054+0.044 D

8o— 8,=51°%+6°

x=0.0424+-0.0027

y=—0.00380.0041

r(32)

0.015+:0.012
0.015-0.013

p(112)

—1.69+0.93
—1.79+0.91

Ay /A em
—0.032+0.058 C
—0.027+=0.045 D

o= 8,=57°%6°

x=0.04510.0037

y=0.00027 0.0055

r(32)

0.1+1.8
0.1x2.1

r(112)

10=250
12+290

A, /A em
0.013-0.064 C
0.0130.057 D

3 rom Ref.[34].
bFrom Ref.[2].

2 (2+3)(r®2-r2)

J2r@?

RETITD

1_
33"

~ Cen(2C4 - +Coo)
3(1+r12)

g [2(10—-9r(2+60r (12)

15V3 1412

) V2 Cenl2(C - —Cop) +3C1 0]

S 3(1+r12)
and

(4.7

E 1472

2 ( V3egr ¥+ Cep( .- —Coo—C-0)

(4.9

Using Ref.[15] we haveC.(C,_—Cp—C, o) =0.0029
+0.0019, asf /f,=1.23+0.02[41]. Consequently, if ¢
were as small as the isospin-symmetric limit would imply, effects are extremely large. This result is driven by the large
theny ought be given byCe,(C, - —Cqo—C. o), Vet they

are of opposite sign. This implies that the error in he

— 6, phase shift is even larger or that the errors in the cal-
culations of the electromagnetic effects are underestimated.
Nevertheless, as apparently is negative andC..(C. _
—Coo— C. ) is positive, the discrepancy could be resolved
by adjustingr ¥? and r®2 to suit the empirically deter-
minedx andy. Let us examine this point explicitly. In Table

Il we show the values oft*? andr(® which emerge from
fitting the values ok andy which result from the empirical
branching ratios and various values of #hg- 5, phase shift
difference.

The salient points of our analysis can be summarized as
follows.

(i) If the SU(3) relationr M@=r(2)/5 is imposed, then
the value ofeg which emerges i€(20%) and is thus unten-
ably large.

(i) If the SU); relationr M2 =rE2)5 is no longer im-
posed andkg is fixed as pereg=0.0106+ 0.0008[39], then
r(12) is very different fromr¢?/5 — the SU3); breaking

difference between the empirical value pfand the com-
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puted electromagnetic contributi¢h5]. That is, if we were K— w7 decays. The operator-product expansion for

to drop terms ofO(r*?eg) all together, then, withS— 5, . dqq transitions starts in dimension 6, so that at most three
=45°, Eq. (4.8 implies thatr¥?=—1.440 and Eq(4.7)  y d quark fields are present, implying that the short-distance
implies that r¥=0.0184. The inclusion ofo(r®?eg)  gperators generate at mostd | = 3/2 transition. In next-to-
terms does not significantly reduce this difficulty. Such Iargqeading order, as many as fived quark fields are present,
SU(3) s breaking effects are difficult to reconcile with chiral sg that a short-distanda || =5/2 transition is possible. Thus
power counting and model estimates, which suggest sucly estimate the plausibility of physics beyond the standard
effects are no more than 30p42]. model as a source giAl|=5/2 effects, we need only esti-
(iii) The value ofA;/A, is generally different from and  mate the relative importance of dimension-9 to dimension-6
rather more uncertain than that which emerges from&8)  gperators. Each new dimension is suppressed by the Acale
in the isospin-symmetric limit, namely\;/Ag|~0.045 with  __ iy the standard modely ~M,; otherwiseA >M,,. For
AzlA;>0. K— m decays the relative importance of the dimension-9
The breaking of S(B) relationr *=r(32/5 mimics the  operators is no larger thanM( /My)3. Clearly short-
inclusion of higher order effects in the weak chiral Lagrang-gistance physics cannot generate an apprecigble=5/2
ian, and the large breaking effects seen suggest that inclugmpiitude, so that the presence of physics beyond the stan-
ing O(p”) effects is very important. This has some prece-gard model cannot be invoked to reconcile our difficulty.
dent, as in the isospin-symmetric limit, REf4] finds a 30% The presence of #AI|=5/2 amplitude also impacts the
quenching of theO(p®) gg result in O(p*). The SU(3)  theoretical value ofe'/e, for standard practice employs a
breaking effects seen, however, are much too Igd@and  ygjue of w determined from theK— m branching ratios
prompt an investigation of the presence of higher-order efynder the assumption that isospin symmetry is perfect. We

fects in a more systematic fashion. proceed to investigate how the presence oAl =5/2 am-
We wish to consider howp(p*)effects impact the param- plitude impacts the value of /.

etrization of Eq.(4.2). We enlarge our parametrization by

considering how the terms of th@(p*) weak, chiral La-

grangian of Ref[43] may be reorganized into the form of

Eq. (4.3). We distinguish th&)(my—m,,) terms which arise V. ISOSPIN VIOLATION IN Re (e'/€)

TP : o 0
from “kinematics,” i.e., from factors ofmyo, from = 7 We wish to examine how isospin-violating effects impact
mixing, as well as from the counterterms of tp"),  the theoretical value of Re(/€)and the extraction of the

weak, chiral Lagrangian. We find that the effects of they51 e of. namely the ratio R&,/ReA,, whereA, denotes

higher-order terms can be absorbed in this casedffextive 4 amplitude folk — (7, and (=), denotes ar final
1/2 3/2 d it

gs. 9577, andgly? constants, with one additional phenom- siate of isospin. The empirical value of Re(/¢)is inferred

enological amplituda&ﬁg;g', generated byO(p*) contribu-  from the following ratio of ratio§46,47:

tions of (27 ,1g) character time8,(my—m,). Varying the

possible inputs within the bounds suggested by dimensional € 1[[m.-|?

analysis, we are unable to reduce the SY(&paking of the Re( ?) ~6 0| 1}’ (5.9)
relation r(¥2=r(2)/5 to the level needed if the additional

phenomenologicabAlS is generated solely byng#m, ef-  Where

fects. Thus we are unable to construct a suitable phenomeno- .

logical description of theK— 77 amplitudes WithIO thes, Ne_= M, ,mzw

— &, phase shift of Ref[2] and with the computed electro- (m* 7 | Hw|KD) (7070 Hy|K)
magnetic effects of Ref15]. The size ofSALS required to (5.2

generate suitably small violations of*?=r (25 suggests

the presence of missing electromagnetic effects generated %)ﬁd M,y is the effective weak Hamiltonian for kaon decays.
(8.,1g) operators. The authors of R¢L5] are in the process

- 0 0 ; ; 0
of estimating additional electromagnetic effefetd]. The de- ertlng ES and Kg- m_terr(?s of theEzP e|g§nstate§,K§>
tails of our efforts are delineated in the Appendix. Note that/ields |KL,i>:(|K:>+8|Kt>)/\/l+|s| , noting that|K3.)
issues of a similar ilk have been addressed in R&5]. =(|K°)I|K°>)/\/§. Using EQq.(2.3) and treating the weak

It is worth noting that the conundrum we have been unphases as small, so that only leading-order terms in
able to resolve is unlikely to be due to “new” physics in &y,é5,&00, and&, _ are retained, we find

+ —

1 1A . B .
A e v (RO R
21”0 0
74-=€ti (5.3
1A B |
1+ —|—|l(62=60) 4 | —| g (64— =)
V21Aq Ao
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and
Moo= €~
A 00
\/E‘_2 —&p)e! (P27 %0 — —B (£oo— £o) €' (P00~ %)
X 00 ’
1— \/—‘ el (327 30) 1| _=| gi (300~ 50)
0
(5.9
Whereezs_+i§0. Defining
_ €'
7o 1435 (5.5
700 €

and retaining the leading terms jA5 /Ao|, |AN/A,|, and
weak phases, we have

P ai(8— gDy
E_ZIG— ’& — &) 1+ iei(ﬁz—ﬁo)&
€ V2| €l A V2 Ao
+ - 00
_ E ei(5+7—5o) Al_B +Zei(5oo—5o) B +\/_§
3 S 3

. 5 . Alg
g!(0+-=2) (€1 — &) —el(Co%) A,
X (oo~ €0) |~ o gl (o+-—%) A
00 0 3 |A | AO
OO

X (£~ o)+ 2600 20 -2

(foo éo)H (5.6

where we have retained terms 6|A,/Aq|?) as well, for
consistency. Note that=|e|e'®<. Equation(5.5) is consis-

tent with the empirical definition of Eq5.1) as corrections

of ('l €)? are trivial. Alternatively,

/ : i(8,— 59— D)
6_:_|§0we| 2“0 A2 gZ i85, 5)
€ V2| € A&l |2
i 00
w |22 A2 1 el (84— =) B + 2¢! (800~ d0) —1B }
AO 0 0
V2 Ag |é 10
el PRICREEP ) iL_ei(ﬁoo—ﬁ) Alg 200
3 Ao | &o ol €0
1 |A2| ( 54 _—5) A|J|r37 §+7
3 A £o
+26i(%0~%0)| B A i‘:’) (5.7)

where
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+— 00
o= Ao +\/_§(ei(5+—52) a — gl (50— 52| B )
AO 3 0 0
4o
+iei(az 20|22 2 &(ei(mao)Ai
2 Aol  3|Ag Ao
00
+ 26! (%00~ 00| _& ) (5.9
0

Thus, working to leading order in isospin violation and ig-
noring electromagnetic effects in the “strong” phases, spe-
cifically implying as per Egs(2.3) and(2.25 that

+—nid 60 1 i
AlB e Jr’:5A:|_/2e 0+ E(5A3/2+ 5A5/2)e 2

ABe!%00= 57 %0 — \[2( 5Ag+ SAs) €%,

(5.9
Egs.(5.7), (5.8) become
, - i(8,— 59— D)
i:_u ‘Az §2+ 1 gl (92— d0)
€ V2] €l Aol &0
» & 2é+lm(5A3,2+ 5A5/2) A2 §2
&o | Aol o Aol &
(|REOAwe L 5 s RE(GAT GRS || A,
| Al \/— | Al Ao
y Im 5A1/2_i (55— 50) | M( A2t 5As)2)
| |Aol&o \/_ | Aol €0 ’
(5.10
where
2
w:’& Re(5A3,2+5A5,2) ol (50 5)A _2&
Ao |A ﬁ 0 Ao
RedA,, 1 L im0 Re( A2+ As/2) (5.1
Al 2 | Al

We can recast these formulas into a more familiar f¢rh
by writing Eq. (5.10 as
€' iwei((sz—&o—ﬂl)é)

=————1IMAy(1-Q
e 2| e|ReA of B)

1 1
——ImA,— —¢'(2"%)|mA,
® V2

: (5.12

wherew is defined by Eq(5.11) and
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1

1B @

IM(6Azt+ 6As))
ImA,

ImA,
ImA,

RedA,
Aol

1 o (52-50) RE(5Az/5+ 6As)2)
V2 Aol

Az

IméAy, 1
| =

ImAg J2

~ sy IM(SAg2t SAs12)

(3,
N ImA,

(5.13

If we assume that th¢Al|=1/2 enhancement observed in
ReA, is germane to Im\, as well, so that both Ré&,
>ReA, and ImAy,>ImA, are satisfied, then if we ignore
terms of O((ReA,/ReAgy)(eg,a)) and of O((ImA,/
ImAy)(eg,)), as well as ofO((|A,]/|Ag])?), we find that
Eqg. (5.12 can be written a§7]

€ iwei(BZ‘SO‘Df)( 1 ]
—=————1IMAY(1-Q;g)— —IMA,,
€ \/E|E|RGA0 0( IB) @ 2
(5.19
with
1/ Im(8Az,+ 5A5,2)>
QlB—;( ImAg (5.1
and
Azl Re(0Az+ OAsn)
w=|-—= 5.1
’Ao | Al 516
Equation (5.15 is proportional to InA\go_ ,+ .-

—ImAgo_, 00 and is generated by (8lg) operators. It is
equivalent to Eq(4) in Ref.[11].

In standard practice, the value efis typically extracted
from the analysis oK— 77 branching ratios in the isospin-
perfect limit; specifically,o is set equal to the right-hand
side (RHS) of Eq. (3.5), yielding [27]

R
24/ ?ZE @exp=0.0449+ 0.0003. (5.17)

From Eqs(3.5),(3.6), we see that as defined by Eq5.11)
is actually given by

1

V2

A
Ao

RedA,

2_
(x+y)—=2 Aq

, (5.18

5
0= C’)expt"' §y+
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be ~+2(0.045)(0.01)- =0.0010. Thus the last two terms
are small relative to the error ip—dropping them all to-
gether, we find48]
»=0.0339=0.0056. (5.19
The use of the value ab given in Eq.(5.19 tends to de-
crease the SM prediction ef/e, both by an overall factor of
~25%, as well as by enhancing the cancellation of thé\ym
and ImA, contributions of Eq(5.14). Note that our explicit
estimate of the additional terms included in E§.11) sug-
gests that the formulas of Eq$5.14), (5.15, and (5.16
characterize the isospin-violating contributions in a suffi-
ciently accurate manner. In order to assess the impact of our
numerical estimate of Eq45.19), let us turn to the schematic
formula[6]

!

€
—=13Im\[B{"(1- 0, ) —0.4BF¥?], (520

in which B§"?=1.0, B{¥?=0.8, Im\=1.3x10°%, Q.
=0.25, andw=0.045 yields the “central” SM value of
€'/e~7x10*[6]. Using Eq.(5.19 vields €'/ e~4x 104,

a 40% decrease. It has been recently suggested that isospin-
breaking effects in the hadronization of the gluonic penguin
operator can generate isospin-breaking contributions to
Q. beyondw®- 75,7 mixing, henceQ,, , — Qg [11].
Interestingly, the use of the correct value of Eq. (5.19,
partially offsets the large increasedfV e found in Ref.[11].
Using the estimat€) g— —0.05——0.78[11,49, based ex-
clusively on strong-interaction isospin breaking, we find with
Egs.(5.19 and (5.20 that

!

€
?~(8—17)><10’4 (5.21)

rather than

!

€
:~(12— 25)x10°4 (5.22

with @=0.045 and Eq(5.20. We anticipate that electro-
magnetic effects also contribute &g, so that our numeri-
cal estimates are certainly incomplete, though indicative of
the irreducible uncertainties present.

It is useful to contrast the relations we have found for
€'le, w, and Qg with those used previously. Earlier treat-
ments of strong-interaction isospin violatipd—10] consid-
ered7% 7, »" mixing exclusively, as this is the only manner
in which relevantm,# my effects appear in the @¢,1/N,)
weak chiral Lagrangian. The' enters as an explicit degree
of freedom in these treatmenf9,10]. The small value of
weyp SUGgests that (81g) operators dominate the isospin-
violating contributions as well, and isospin violation based

where we ignore terms of non-leading order in isospin vio-on the (27,1g) contributions is thus neglected entirely. As-

lation, as well as terms oO((|A,|/|Aq|)% (e, €g)). If &y
- 8,=45°*+6° [2,3], then we find from Table | that the
second term of Eq(5.18 is ~—0.0110, whereas the third
term is~0.0008. We estimate the last term of E§.18 to

suming that (8,1g) operators dominate the isospin-violating
effects means implicitly that the terms oD((ReA,/
ReAg)(eg,@)) and of O((ImA,/ImAp)(eg,a)), as
well as of O((|A,|/|Ag|)?), are all neglected. In the nota-
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tion of 0Eq,. (2é3) éA,B‘:o and A?§=2(sn<w°n|H3\,|K‘;) ¢ i£oel(%2m 20— [|A, _E A_?E?
e, (mn [HylK ), wheree,, e, (mg—my) and Ly, p —\/§|€| A 3 |Aq
denotes the effective weak Lagrangian transforming as
(8,,1g) under U(3) X U(3)g symmetry —£ &, contains ex- AlE 2|AY
actly one term. In Refd9,10], the #°- %, ' mixing contri- VA& 3| A (5.27)
bution is incorporated by defining neve= 0 andl =2 ampli- 01 50 0
tudes, such that the form of the isospin decomposition of Eq. e (8= 8g— )
. . . . (0) . |§Oe 2790 Fe Az §2
(2.2) is retained. IntroducingAAg ,=A, ,— Ay, to describe S S . (5.28
the change in thé=0 andl =2 amplitudes under this pro- V2| €l Ao €0

cedure we find . . . L >
and thus the inclusion of isospin-violating effects@{p<)

2 1 acts to correct for isospin violation in the extraction of
AA,=— ?Aﬁg, AAO=§A,O£. (5.23  from K—mm branching ratios, to recover the “true
|A,|/|Ag|. Equation(5.26) can be rewritten

Thus one recovers thierm of Eq. (5.14) with 5Az,= 6As),

=0. R g he i : f f the i . €' iwei(527507¢5) 0 ~ 1 0

=0. Rewriting the mz(a(gmary parts in terms of the isospin- — — _ —[ ImA{ )(1_977+ )= ZImAS )]

perfect pieces ImA~’, i.e., in the absence of € V2| €e|ReA, ®

0- 7, 7' mixing, yields[7] (5.29

¢ igi(92- 8- where

—=————{oImAP(1-Q,. )~ ImAD)} 00

< e 1L S
(5.29 71T 30 Al :

W|th . . = _ 4
This is identical to Eq(5.24 asQ),, ,,=Q,, /. In O(p?)
this simple interpretation of isospin-violating contributions

. ,:L ImAA2_|m AA, 1 ImAAZ, in Q5 as modifications ofw does not carry ag., _# £qg
T ImAP | @ |mA # & in general. The interpretation also fails if (2Zg) op-
(5.29 erators are included in the description of isospin-violating
] ] ] _ effects.
noting that only theA A, term is retained for phenomenologi-
cal purposes$7]. Equation(5.24) results from absorbing the V1. CONCLUSIONS

isospin-violating contributions into two amplitudesAg
and “A,.” A third amplitude is permitted in the presence of ~ We have established a framework for the analysiKof
isospin violation. However, if we neglect electromagnetic— m decays in the presence of strong-interaction isospin
effects and consider isospin violation based op,{ op-  violation, so that the “true”|Al|=1/2 and|Al|=3/2 ampli-
erators only, then only two amplitudes are present, and thtides can be assessed. In particular, using unitarity argu-
above procedure is appropriate. Equatiril0 requires no ments, we have shown that Watson’s theorem, namely, the
such assumptions and thus is more general than the exprggarametrization of Eq.(2.25, is appropriate toO((my
sion in Eq.(5.24. Let us now consider Eq5.14 in the —m,)?) to all orders of chiral perturbation theory. If we
event m%-7, »’mixing were the only source of isospin- accept, as per Refl15], that electromagnetic effects do not
violation present—we will continue to assume that (%)  alter the structure of E¢(2.25, we can enlarge our analysis
transitions generate the only numerically important isospinof K— a7 decays inO(my—m,) to include electromagnetic
violating effects. Note that the “kinematicing# m, effect  effects as well. Incorporating the electromagnetic corrections
from m%, does not contribute téAg,+ A, in this case. Of Ref.[15] and thedy— 5, phase shift of Ref[2], we are
The mixing parameters, and e, are real[22], so that unable to fit theK — 7 branching ratio data with effective
IM(5Ag+ 5Asy) is determined by 7](,)|‘CS\I|KO>- The La- (8,_,1_R) and (2{,13) low-energy cons'Fants m_the frame_work

. 8 . . of chiral perturbation theory, as our fits require the existence
grangianL,, contains exactly one term, so that the matrix

. () i . of intolerably large, higher-order corrections. Our failure, in
elements are proportional t#,~, and the proportionality rergspect, is predicated by the observation that the empirical

constant is real. Thus 12+ OAs2)/ IMAg=Re(6As2  value of the|Al|=5/2 amplitude, determined by the value of
+ 0As)/ReAq as 7~ 7, ' mixing is real[22], so that we e 8p— 8, phase shift, is much larger and of opposite sign to

have the electromagnetically generatgill | =5/2 amplitude com-
_ puted by Ref[15] in either chiral perturbation theory or in
, , - 00 A . .
€ igue!l27 07l 1 (1A, & 2|AR their dispersive matching approach. Although our results
€ \/§|6| w\|Ag & 3 |Agl/ ] suggest that our phenomenological analysis is incomplete,

(5.26  thatis, that missing electromagnetic effects likely exist, it is
clear that the value oA,/A, — the “true” ratio of the
Using Eq.(5.16 we find |Al|=3/2 to|Al|=1/2 amplitudes — is quite uncertain, as it
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IMPACT OF |Al|=5/2 TRANSITIONS INK— 77 DECAYS PHYSICAL REVIEW D 62 094024

is sensitive to the inclusion of isospin-violating effects. w%- 7 mixing, as discussed in Refl1], are embedded in
Turning to an analysis of'/e in the presence of isospin 952 andg{¥?. In O(p?), €; and e, are given byy3(my

violation, and applying the parametrization of 829, We ) 4 (m, )], In O(p?), e, is modified by 70~

ind that an empirical Al| = amplitude ot the magnitude mixing, as realized by the coefficients of ti¥ p?) strong

we have found generates a significant decrease in the stap:. : :
dard model prediction of’/e— although this decrease has a Efiral Lagrangiai12]. Note that the cancellation of thggs

. . o > € contribution to theK— 7%7° amplitude found inO(p?) no
considerable uncertainty, quantified through the errors in th . . .
K— mrr branching ratios and thé,— 6, phase shift. ?onger occurs ife;# €,. Working consistently toO(my

—m,) and including electromagnetic effects, we find that
Eq. (A1) implies
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APPENDIX " [10e,— (6, + 3€,) + 60r Ve, ]

We wish to consider hov (p?) effects impact the pa- 1+r12)
rametrization of Eq(4.2). We find by explicit calculation
that the© (p*) contributions of the weak, chiral Lagrangian n E h1Cenf 2(C - —Coo) +3C. ] (A2)
of Ref.[43] can be reorganized into 5 3(1+r12)

2 and
AKO*}']T+7T7: \/§C| 1+ ——= €7
V3 (3/2)
. y- 2 ( V3r#(4e;,-3€;) +M1Cenf C -~ Coo=C10)
R LA 5 L+
L (8R53Gy) )
(112)_ 57(312) V2 142

Els"‘az? 2Elz7

2
Ako_, 70,0= \/ECi( 1+ ﬁ 61>

We have defined(s/ziza(gz)/as and r#2=g{?/g,, and
the parameteh;=gg/gg. We estimate

6%%’”) ( gé%’z’) (g) ( Bo(Ms— ﬁn))
95 /\ 95?1 VB/1 Alse

=(0.52h,r(®?e,, (A4)

262 ~ ~ ~ ~
~ 75 (9s+ 605773087 — A3

/3

oAge

€2

2 =
1— 352+ 2 (o5 Js
\/§EI> ( 927 \/§( Os

AK+ + 0:C|

— T T

>~ (1/2) | 2= (32 _ <Rho. .
+120577+30277) ~ Agpz | (A1) where Bo(ms—m)/Af(SB~0.23. We expect the parameters

h, and h, to be of order unity. Higher-order effects in the
where the effects of the higher-order weak counterterms ar@eak chiral Lagrangian serve to magg?+g$?/5 — the

lumped into the effective constangis, 9%¥2, 932, and a  term Dg, e.g., in theO(p*)weak, chiral Lagrangian of Ref.
new |Al|=5/2 contribution 532)‘2", which is of order [43] generates such an inequality. Consequently, we expect,

DiBo(my—m,), where D; is a O(p* counterterm of from dimensional analysis,

(27.,15) character. Were&lg;g'=0 and €;=e,=€g, We 12 =(12) = (312) @) -

would recover the parametrization of Eg.2). In Eq. (A1), ‘3927 _ 97 — 9z 5 _ 927 Bo(ms—m) —0.2%h,
we have explicitly separated the strong-interaction isospin g3/2 g57? g2 Alsp

violation which emerges from meson mass differences, (A5)

namelymio’w, from that generated by°-7 mixing. The _
parameterg; ande, denote these two respective sources ofwhere the parameter; ought be of order unity. A model

isospin violation. Note that isospin-violating effects beyondestimate of5g3/g>7 suggests that it is less than 30%2].
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TABLE III. The values ofr(* andr(®/? determined by fitting EqéA2) and (A3) to the empirically
determined andy, resulting from the phase shift differenc®,— &,. Solutions yieldingA, /A= 1 have been
omitted. The paramete¢;=0.0106+0.0008 [39] throughout. No errors are assigned to theand h,
parameters. Note th&€) and (D) denote the electromagnetic corrections of R&g] as computed in chiral
perturbation theory(C) and in the “dispersive matching’(D) approach. The ratid\,/A,=2r /(1

+r2) does includemy# m, effects through the absorbe®@(p*)counterterms.

50_ 52:51°i6° 62:261i61 hl:]' h2:_1
r(32) r(112) Ay 1A, em
0.044+0.026 —1.49+0.77 —0.130.19 C
0.047+0.027 —1.59+0.72 —-0.11+0.14 D
8p— 6,=51°*+6° €,=2€1* € h;=05 h,=-1
r(32) r (1/2) Ay 1A, em
0.035-0.016 —1.19+0.35 —0.26:0.44 C
0.037+0.015 —1.24+0.33 —0.22+0.33 D
507 52:51°i6° 62=261i €1 h1=O5 h2:725
r(32) r (12) Ay 1A em
0.0296+ 0.0092 —0.36-0.48 0.065-0.069 C
0.0303*0.0086 —0.39+-0.44 0.07@:0.070 D
6p— 6,=51°*+6° €,=0.0133+0.0025% h,=0.5 h,=-25
r(32) r(1/2) Ay 1A, em
0.0289+ 0.0064 —0.80+0.27 0.26-0.30 C
0.016+0.011 —1.046+=0.090 —0.48+0.62 C
0.0300+ 0.0059 —0.83:£0.17 0.25-0.28 D
0.0174+0.0059 —1.063+0.072 —0.39+0.33 D
507 52:51°i6° 62=261i €1 h1:O5 h2:750
r(32) r (12) Ay /A em
0.0215+0.0097 0.020.57 0.03@:-0.029 C
0.0220+ 0.0093 0.06¢:0.54 0.0310.029 D
6p— 6,=51°*+6° €,=0.0133+0.002% h,=0.5 h,=-50
r(32) r (1/2) Ay lA, em
0.026+0.0013 —0.37:£0.72 0.058-0.067 C
0.0260+0.0016 —0.41+0.63 0.063-0.069 D

3 rom Ref.[12].

Isospin-violating contributions, ignored in E@A5), also Lagrangian of Ref[12] as well as the estimate,=2¢;
contribute to 55%/72/63/72; the largest terms are typified by *€;. The central value and its error assignedetoin this
Bo(mg—my)E;, where E; is an O(p*) counterterm of latter estimate is rather generous; we observe that electro-
(8.,1g) in character, and thus generate, crudely, an addimagnetic effects, not included in R¢fL5], can enhance the
tional ~10% effect. The value of r{¥2—rG2y5)/r (32 7% 5 »" mixing angle slightly[9]. Despite our efforts, a
found in Table Il far exceeds the estimate of E45). We  value ofh,~ —25 or larger is required to make the SU({3)
thus wish to see whether plausible choicepf h,, ande,  breaking of ¢(*2—r2)/5)/r(32 no more than 100%. Inter-
can serve to reduce the SUg3preaking of the relation estingly, replacing the estimates of the electromagnetic cor-
r®2=r12)j5 found in Table Il to a plausible level. rections in the dispersive matching approach with those de-
We explore how the values of®? andr(? vary as a termined in chiral perturbative theory does increase the
function of €,, hy, andh, in Table Ill. We fix e,=0.0106  errors in the determined values of? andr*2, but not
+0.0008 [39] and chooseS,— 5,=51°. The latter is deter- sufficiently to reduce the value df, substantially. It seems
mined by the central value of 45° given in RE2] plus 6°,  unlikely that strong-interaction isospin-violating effects can
the +10 excursion permitted. We estimate ttgtcould be  resolve the difference between the empirical valug prfedi-
as small as 0.5, and we choose two different valuesfor cated by a phase shifi,— §,~45° and the electromagnetic
we use the result determined from tti#p?) strong chiral  effects computed in Ref15].
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