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Baryon magnetic moments in the QCD string approach
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Magnetic moments of baryons composed of light and strange quarks are computed for the first time through
the only parameter of the model—the string tensions. For example,mp5mp /cAs, mV252mp@1
1

3
4 (ms

2/c2s)2
15
32(ms

4/c4s2)#21, wheremp is the proton mass,ms is the strange quark current mass, andc
50.957, a constant which is caluculated in the paper. Resulting theoretical values differ from the experimental
ones typically by about 10%.

PACS number~s!: 13.40.Em, 12.39.Ki, 14.20.2c
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I. INTRODUCTION

Recently in a stimulating analysis of the hyperon sta
properties@1# Lipkin displayed remarkably successful rel
tions connecting strange and nonstrange baryon magn
moments and the corresponding quark massesnu andns ~in
order to avoid similar notation for masses and magnetic m
ments we denote current quark masses bymk and dynamical,
or constituent, quark masses bynk). To understand why
these relations agree so well with experiment, and to
insight into the problems encountered in semileptonic dec
of baryons @1#, one needs a dynamical approach whi
would enable one to express the constituent masses o
quarks and baryon magnetic moments in terms of a sin
QCD scale parameter. It is the purpose of the present p
to express the magnetic moments of baryons and constit
masses of the corresponding quarks in terms of only
parameter—the string tension, and to demonstrate that
results are in line with the relations of Lipkin.

Theoretical investigation of baryon magnetic mome
~BMMs! has a long history@2#. In the constituent quark
model ~CQM! BMMs are expressed through the values
constituent quark masses, which are input parameters@3#
~see also@4# for discussion!. Among other approaches to th
problem, mention should be made of different versions of
bag model@5#, lattice calculations@6#, chiral perturbation
theory @7#, and the QCD sum rules@8#. In the latter the
BMMs are connected to the values of chiral and gluo
condensates and to the quartic quark correlator. Althoug
lot of efforts have been undertaken along different lines,
theoretical predictions still differ from the experimental va
ues~by 10–15 % in the worst case@9#!.

In all models however theoretical predictions are som
what biased by the introduction of supplementary parame
in addition to the only one pertinent to QCD—the over
scale of the theory, which should be specified to make
QCD complete. In the final, ideal case this role is played
LQCD ; in our treatment, as well as in lattice QCD calcul
tions, we take as this universal parameter the QCD st
tensions, fixed in nature by the meson and baryon Reg
slopes.

The purpose of our paper is to calculate BMMs throu
this single parameter,s, in the simplest possible approxima
tion within the nonperturbative QCD approach, developed
@10–15#.
0556-2821/2000/62~9!/093016~5!/$15.00 62 0930
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II. RELATIVISTIC 3 q GREEN’S FUNCTION
AND EFFECTIVE HAMILTONIAN

The starting point of the approach is the Feynma
Schwinger ~world-line! representation of the 3q Green’s
function @10#, where the role of ‘‘time’’ parameter along th
pathzm

( i )(si) of i th quark is the Fock-Schwinger proper tim
si , i 51,2,3. One has@10,12#

G(3q)~X,Y!5E )
i 51

3

dsiDzm
( i )e2K^W3~X,Y!& ~1!

whereX;Y5x(1),x(2),x(3);y(1),y(2),y(3),

K5(
i 51

3 Fmi
2si1

1

4E0

si S dzm
( i )

dt i
D 2

dt i G . ~2!

Heremi is the current quark mass and the three-lobes Wil
loop is a product of three parallel transporters:

^W3~X,Y!&5K )
i 51

3

Faibi

( i ) ~x( i ),y( i )!L ea1a2a3
eb1b2b3

. ~3!

The standard approximation in the QCD string approach
the minimal area law for Eq.~3!, which will be used in what
follows:

^W3&5expS 2s(
i 51

3

Si D , ~4!

whereSi is the minimal area of one loop.
The next step is basic for our approach, and it allo

finally to calculate the quark constituent massesn i in terms
of the quark current massesmi , defined at the scale of 1
GeV. In this step one connects proper and real times~in the
baryon c.m. system!:

dsi5
dt

2n i~ t !
, ~5!

where t5z4
( i )(si),0<t<T, is a common c.m. time on the

hypersurfacet5const. The new entityn i(t), as will be seen,
plays the role of the quark constituent mass and will be c
culated throughs ~andas when perturbative exchanges a
taken into account!.
©2000 The American Physical Society16-1
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Considering the exponent in Eq.~3! as an action one ca
define the Hamiltonian and go over to the representa
@11,14#

G(3q)5E )
i 51

3

Dn i~ t !D3z( i )~ t !e2A ~6!

with

A5(
i 51

3 E
0

T

dtS mi
2

2n i
1

n i

2
1

„ż( i )~ t !…2

2n i
D 1sSi . ~7!

The final step in the approach@12–14# is the derivation of
the c.m. Hamiltonian containingn i as parameters to be foun
from the condition of the Hamiltonian minimum. It has th
following form:

H5 (
k51

3 S mk
2

2nk
1

nk

2 D 1
1

2m S 2
]2

]j2
2

]2

]h2D 1s(
k51

3

ur (k)u.

~8!

Herej,h are Jacobi coordinates defined as in@13#, andr (k) is
the distance from thekth quark to the string-junction positio
which we take below for simplicity coinciding with the c.m
point. In addition Eq.~8! contains an arbitrary mass param
eterm introduced to ensure correct dimensions; this para
eter drops out from final expressions. Leaving technical
tails to the Appendixes, we now treat the Hamiltonian~8!
using the hyperspherical formalism@16#.

III. EVALUATION OF QUARKS CONSTITUENT MASSES

Considering three quarks with equal masses and introd
ing the hyperradiusr25j21h2, one has in the approxima
tion of the lowest hyperspherical harmonic~which is known
@17# to yield accuracy of the eigenvalueEn around one per-
cent!

d2x~r!

dr2
12n$En2W~r!%x~r!50, ~9!

W~r!5br1
d

2nr2
, b5sA2

3

32

5p
, d515/4.

~10!

The baryon massMn(n) is equal to~for equal quark masses!

Mn~n!5
3m2

2n
1

3

2
n1En~n!. ~11!

The crucial point is now the calculation ofn, which is to be
found from the minimum ofMn(n), as it is prescribed in the
QCD string approach@10–15#.

At this point it is important to stress that we have chang
from n(t) depending ont on the trajectory in the path inte
gral ~6! to the operatorn to be found from momenta an
coordinates in Eq.~8! as in@14# and finally to the constantn
to be found from the minimum of the massM, as it was
09301
n

-
-

c-

d

suggested in@11,12,15#. The accuracy of this replacemen
was tested recently in@18# to be around 5% or better fo
lowest levels.

The equation defining the stationary points ofMn as func-
tion of n for equal masses is

]Mn

]n U
n5n(0)

50. ~12!

The generalization for baryon made of three quarks with d
ferent masses is straightforward. The perturbative gluon
changes and spin-dependent terms can be self-consist
included in the above picture@15#. Including the Coulomb
term and passing to dimensionless quantitiesx, «n , and l
defined as

x5~2nb!1/3r,

«n5
2nEn

~2nb!2/3
, ~13!

l5as

8

3 S 10A3n2

p2s
D 1/3

,

whereas is the strong coupling constant, one arrives at
following reduced equation:

H 2
d2

dx2
1x1

d

x2
2

l

x
2«n~l!J x~x!50. ~14!

It is now a simple task to find eigenvalues«n(l) of Eq. ~14!
either numerically, or analytically~see below!. Then Eq.~12!
would yield the following equation defining the quark d
namical massn:

«n~l!S s

n2D 2/3H 11
2l

«n~l!
Ud«n

dl UJ
1

9

16S 75p2

2 D 1/3S m2

n2
21D 50. ~15!

It turns out that numerical solution of Eq.~14! may be
reproduced analytically with the accuracy of~1–2!% pro-
vided one replaces the potentialW(x)5x1d/x22l/x in Eq.
~14! by oscillator potential near the stationary pointW8(x0)
50—see Appendix A. Equation~15! applied to the nucleon
(m50) yields the dynamical massnu of the light quark, and
applied toV2 (m5ms) gives the strange quark massns .
Before presenting these solutions we remind the reader a
spin-spin forces responsible, e.g., forN2D splitting. Con-
trary to what might be naively expected the inclusion
spin-spin interaction considerably simplifies the problem d
to remarkable cancellation of Coulomb and spin-spin con
butions into the dynamical~constituent! quark mass—see
Appendix A. Therefore these terms should be kept only
one wishes to calculate the BMMs with the accuracy mu
higher than 10%, in which case one should also take i
6-2
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TABLE I. Magnetic moments of baryons~in nuclear magnetons! computed using Eqs.~12!, ~20!, and~21!
in comparison with experimental data from PDG@27#.

Baryon p n L S2 S0 S1 J2 J0 V2

Present work 2.54 21.69 20.69 20.90 0.80 2.48 20.63 21.49 22.04
Experiment 2.79 21.91 20.61 21.16 2.46 20.65 21.25 22.02
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account pion corrections, higher hyperspherical harmon
etc. which is out of the scope of the present paper.

Thus in order to determine the quark masses and eve
ally the baryon magnetic moments one needs only two
rameters: the string tensions and the strange quark curre
massms (u,d current quark masses are set to zero!. Present
calculations were performed for

s50.15 GeV2, ms50.245 GeV. ~16!

The string tension value~16! which is smaller than in the
meson case is in line with baryon calculations by Caps
and Isgur@19#. A similar smaller value ofs is implied by
recent lattice calculations by Bali@20#. Since the values o
the above parameters are allowed to vary within certain l
its @15,20,21# one can in principle formulate the invers
problem, namely express the BMMs in line with the pres
work and then fit their experimental values to determine
optimal choice ofs andms .

Consider first the case of a nucleon made of three qu
with zero current masses and equal dynamical massesnu .
Keeping in mind cancellation of the Coulomb and spin-s
terms and thus setting in Eqs.~14! and ~15! l50 and mak-
ing use of the oscillator approximation described in Appe
dix A, one finds, from Eq.~15!,

nu52A2s

p F 2

3351/3S 11
2

3A5
D G 3/4

[cAs.0.957As50.37 GeV. ~17!

This result agrees with the exact solution of Eq.~14! at l
50 with the accuracy better than 1%. A similar procedu
applied to theV2 baryon yields the strange quark dynamic
massns . From Eqs.~15! and ~17! one gets

ns.cAsS 11
3

4

ms
2

c2s
2

15

32

ms
4

c4s2D 50.46 GeV ~18!

for ms50.245 GeV, and where the constantc is defined in
Eq. ~17!. Now we turn to baryon magnetic moments.

IV. BARYON MAGNETIC MOMENTS

The form~1! for G(3q) does not take into account spins
quarks. When those are inserted, a new additive term app
in the exponent of Eq.~6!, proportional to the external mag
netic fieldB, namelyA acquires the following term@22,23#:

dA5 (
k51

3 E
0

sk
dtkeks(k)B5 (

k51

3 E
0

Teks(k)B

2nk
dt, ~19!
09301
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whereek is the electric charge of the quark,s(k) is the cor-
responding spin operator, and the definition~5! of the con-
stituent mass was used.

Introducing thez component of the magnetic moment o
erator

mz5 (
k51

3 eksz
(k)

2nk
, ~20!

one can write the BMMs as matrix elements

mB[^CBumzuCB&, ~21!

whereCB is the eigenfunction of Eq.~8!, andnk is taken at
the stationary point, given by Eq.~12!.

For the baryon wave function we shall take here the s
plest approximation, namely

CB5Csymm~r !csymm~s, f !ca~color!, ~22!

wherec(s, f ) is the spin-flavor part of the wave function
The form~22! neglects the nonsymmetric components in t
coordinatec(r ) and spin-flavor parts of the wave function
which appear in the higher approximation of the hyp
spherical formalism@16#, and for lowest states contribut
only few percent to the normalization@16#. The spin-flavor
functions for different baryons were known for a long tim
@3#, and are briefly outlined in Appendix B. Using thes
functions it is a simple task to calculate the matrix elem
~21!, e.g., the proton and neutron magnetic moments
given by

mp5
mp

nu
5

1

2
A p

2sF 2

3351/3S 11
2

3A5
D G23/4

.2.54mN ,

mn52
2

3
mp.21.69mN . ~23!

Magnetic moments of other baryons as well as new relati
between them are obtained from Eqs.~15!, ~17!, and~18!.

In particular one has

mV2.2mpS 11
3

4

ms
2

c2s
2

15

32

ms
4

c4s2D 21

522.04mN ,

~24!

mS1~4c2s1ms
2!522mJ0~3c2s12ms

2!, ~25!

where terms of the orderms
4/c4s2 were omitted in deriving

the last relation.
Results on the BMMs are summarized in Table I. A
6-3
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B. O. KERBIKOV AND YU. A. SIMONOV PHYSICAL REVIEW D 62 093016
these results differ from the experimental values typically
only about 10% and are subjected to plentiful correctio
~meson exchanges, higher harmonics, etc.!, one may con-
clude that the outlined QCD approach is successful eve
its simplest form.

More refined treatment of theV2 baryon magnetic mo-
ment within the present approach should take into acco
the fact that for baryons with spinS53/2 Coulomb and spin-
spin forces do not cancel each other in the eigenvalue e
tion ~15! as it was explained here for baryons withS51/2.
The account of this@24# does not change the results for qua
constituent masses,nu50.37 GeV,ns50.46 GeV, and for
the baryon magnetic moments presented in Table I, but
lows us to reproduce them with a smaller value of the stra
quark current mass, namely withms50.15 GeV—see@24#
for details.

It is important to realize that the QCD string model us
above is a fully relativistic string model for light curren
masses, and the ‘‘nonrelativistic’’ appearance of the Ham
tonian~1! is a consequence of the rigorous einbein formali
@25# which was introduced in the most general form in@26#.
The approach enables us to investigate other electromag
properties of baryons: transition magnetic moments, pola
abilities @28#, etc.
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APPENDIX A: EIGENVALUE EQUATION FOR BARYONS

The eigenvalue equation for baryons in hyperspherical
sis @16# in its standard form is given by Eq.~9! and in its
reduced form with Coulomb term included, by Eq.~14!.
Though Eq.~14! can be easily solved numerically, it is in
structive to present the analytical solution resorting to
oscillator approximation near the stationary pointW8(x0)
50. This approximation is known to yield the accuracy
1–2 %@17#. It will be demonstrated below that the Coulom
term which tends to increase the quark dynamical mass
most exactly cancels with the spin-spin interaction ter
Therefore one can consider Eq.~21! at l50. Then the
ground state energy is equal toW(x0) plus the first quantum
correctionv/2, wherev252W9(x0).

This yields

«~0!5
3

2 S 15

2 D 1/3S 11
2

3A5
D . ~A1!

Substitution of this result into Eqs.~13! and Eqs.~11! and
~12! leads to the expression~17! for the light quark current
massnu .
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Next we demonstrate the cancellation of the Coulomb a
spin-spin contributions into the quark mass. Again this co
clusion results directly from numerical calculations but it
always preferable to present transparent estimates. The
rivative dEn /dn @see Eqs.~11!, ~12!, and~13!# may be writ-
ten as

dEn

dn
5«~l!

]

]n

~2nb!2/3

2n
2

~2nb!2/3

2n

]l

]n Ud«

dlU, ~A2!

where the (2) sign stems from the fact thatd«/dl,0. Ex-
panding«(l) in Taylor series inl and keeping only the
linear term@the small parameter isl/«(0).1/4# one gets

dEn

dn
.2

~2nb!2/3

6n2
«~0!H 11

l

«~0!
Ud«

dlUJ . ~A3!

The value of«(0) is given by Eq.~A1!, the estimate of
d«/dl in the smalll regime is straightforward, then recal
ing that according to Eqs.~13! l}(n2/s)1/3 and solving the
simple equations one obtains that due to Coulomb interac
nu increases by.0.03 GeV. This is confirmed by numerica
solution of Eq.~14!.

The spin-spin interaction in baryon results in the shift
En equal to

dEn5
16

9
as(

i . j

sisj

n in j
d~r i j !. ~A4!

For proton the summation over (i , j ) yields a factor24/3; all
three delta-functions smeared over infinitesimal regious@17#
are equal to each other and scale withn asnu

3/2
•d, where the

constantd for nucleon has been with high accuracy com
puted by the Green’s function Monte Carlo method in@17#.
As a result spin-spin interaction leads to a contribution in
dEn /dn proportional ton23/2. This in turn results in the
decrease of the quark dynamical massnu by 0.035 GeV, i.e.,
the contributions from the Coulomb and spin-spin interact
into the quark mass almost exactly cancel each other. T
we are led to a valuenu50.37 GeV given by Eq.~17!.

APPENDIX B: SPIN-FLAVOR WAVE FUNCTIONS AND
BMM IN IMPULSE APPROXIMATION

As stated in the main text we have restricted the basis
considering only totally symmetric components of t
baryon wave function in the coordinate space~see@3# for the
discussion of corrections to this approximation!. Therefore
the spin-flavor part of the wave function has to be symme
too. Then the calculation of the BMMs in ‘‘impulse’’~addi-
tive! approximation proceeds along the well trotted path@3#.
For example, the nucleon spin-flavor symmetric wave fu
tion entering into Eq.~22! is a combinationcsymm(s, f )
5„w9(s)x9( f )1w8(s)x8( f )…/A2, where prime and double
prime denote mixed symmetry functions symmetric and
tisymmetric with respect to the 1→2 permutation. TheS2

spin-flavor wave function is obtained from that of the ne
tron one by substitution of theu-quark by thes-one and so
on for other baryons. Due to the antisymmetry of the co
6-4
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plete wave function~22! the calculation of the matrix ele
ment ~21! reduces to the averaging of the operator (d3u /nu
1d3s /ns) or (d3d /nu1d3s /ns). In this way one arrives a
the well-known relations

mn

mp
52

2

3
,
mL

mp
52

nu

3ns
,
mS1

mp
5

8

9
1

nu

9ns
,
mS2

mp
52

4

9
1

nu

9ns
,

r

.

ys

.

v

ys
,
.
,

.

09301
mS0

mp
5

2

9
1

nu

9ns
,
mJ2

mp
5

1

9
2

4

9

nu

ns
,
mJ0

mp
52

2

9
2

4

9

nu

ns
.

~B1!

Various corrections to the impulse approximation have b
discussed in the literature@3,4#.
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