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Construction of a minimal Higgs SO„10… supersymmetric grand unified model
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A full account is given of the procedure used by the authors to construct anSO(10) supersymmetric grand
unified model of the fermion mass matrices. Various features of the model which gives remarkably accurate
results for the quark and lepton masses and mixings were presented earlier in separate publications. The
construction of the matrices is first discussed in the framework of effective operators, from which one naturally
obtains the maximalnm2nt mixing, while the small angle or maximal mixing solutions for the solar neutrinos
depend upon the nature of the Majorana matrix. A set of Higgs and fermion superfields is then introduced from
which the Higgs and Yukawa superpotentials uniquely give the structure of the mass matrices previously
obtained. The right-handed Majorana matrix arises from one Higgs field coupling to several pairs of super-
heavy conjugate neutrino singlets. For the simple version considered, 10 input parameters accurately yield the
20 masses and mixings of the quarks and leptons, and the 3 masses of the right-handed neutrinos.

PACS number~s!: 12.15.Ff, 12.10.Dm, 12.60.Jv, 14.60.Pq
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I. INTRODUCTION

In several recent papers@1–4# we have developed a
highly predictive model of quark and lepton masses based
the grand unified groupSO(10). This model grew out of ou
attempt @1# to construct a realistic grand unified theo
~GUT! in which SO(10) was broken down to the standa
model in the simplest possible, or ‘‘minimal’’ way@5#. In
this model there emerged a new mechanism based on ce
well-known features ofSU(5) for explaining the large mix-
ing between the mu and tau neutrinos that is seen at
perKamiokande@6#. In @1,2# we gave the structure of th
quark and lepton mass matrices for the second and t
families, treating the first family as massless. In@3#, it was
shown how to extend the model to include the first fami
which leads to several interesting predictions. In@4#, it was
observed that the mixing of the electron neutrino very na
rally falls either within the range 0.004<sin2 2uem<0.008,
corresponding to the small angle Mikheyev-Smirno
Wolfenstein~MSW! solution @7# of the solar neutrino prob
lem, or very near to the value sin2 uem51, corresponding to
what is called ‘‘bimaximal mixing.’’

In this paper we present the model in fuller detail, es
cially in regard to neutrino phenomenology, and to the str
ture of the Higgs sector, Yukawa interactions, and fla
symmetries that underlie the quark and lepton mass matr

The paper is organized as follows. In Sec. II we discus
general terms, that is apart from a particular model,
mechanism for explaining the large mixing ofnm andnt . In
Sec. III, we explain what we mean by a ‘‘minimal’’SO(10)
breaking scheme, and show how such minimal breaking
the requirements of simplicity lead one naturally to a cert
form for the mass terms of the heavier two families of qua
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and leptons. We then observe that this form realizes the g
eral mechanism for largenm2nt mixing described in the
previous section. It is important to emphasize that t
mechanism emerged not from an attempt to explain neut
phenomenology, but from other considerations entirely,
particular the attempt to simplify the Higgs structure
SO(10). It is most interesting that the same mechanism
also independently been found by other groups attemptin
make sense of neutrino phenomenology. In Sec. IV, it will
explained how this model is best extended to the first fam
of quarks and leptons, and how this gives rise to seve
distinctive predictions. Accurate analytic expressions for
predictions at the GUT scale will be presented. In Sec. V,
neutrino sector will be examined in detail. It will be see
how either the small-angle MSW solution of the solar ne
trino problem or bimaximal mixing can result with equ
simplicity. Finally, in Sec. VI, a concrete model, includin
all the details of flavor symmetries and of the Higgs a
Yukawa superpotentials, will be presented, showing that
basic scheme is technically natural.

II. MECHANISM FOR LARGE nµÀnt MIXING

Before explaining our mechanism, it will be helpful t
explain why the observed large mixing ofnm , presumably
with nt , has been a theoretical puzzle. The basic reaso
simple: the mixing that is seen between the quarks of
second and third families is described by a small mixi
angle, namelyVcb>0.04, and therefore it was expected th
the mixing between the second and third family of lepto
would also be small.

The grounds for this expectation were twofold. First, the
is the empirical fact that the masses of the quarks and lep
exhibit roughly similar ‘‘hierarchical’’ patterns, and there
fore it was natural to assume that their mixing angles wo
be similar also. Second, the most promising theoretical
proaches to understanding the pattern of quark and lep
©2000 The American Physical Society08-1
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CARL H. ALBRIGHT AND S. M. BARR PHYSICAL REVIEW D62 093008
masses, namely grand unification and flavor symmetry, t
to treat quarks and leptons in similar ways. For instan
small quark mixing angles might suggest an underlying f
damental ‘‘family symmetry’’ that is weakly broken, in
which case the lepton mixings might be expected also to
small. And in grand unification based onSO(10) there is a
close connection between the quark and lepton mass m
ces.

There are actually two puzzles associated with the mix
of the second and third families: First, why is the lept
mixing uUm3u;0.7 so large? And, second, why is the qua
mixing Vcb>0.04 so small? What we mean by saying th
these are distinct puzzles is that they are both unexpe
within the most commonly assumed framework for expla
ing quark and lepton masses, the Weinberg-Wilczek-Z
Fritzsch~WWZF! idea @8#.

The WWZF idea was that the Cabibbo angle could
understood if the mass matrices of the first and second fa
lies of quarks had the following form:

Lmass5~uR,cR!S 0 b

b aD S uL

cL
D 1~dR,sR!S 0 b8

b8 a8
D S dL

sL
D .

~1!

This gives umd /msu>ub8/a8u2, umu /mcu>ub/au2, and Vus
>b8/a82b/a, and thus the famous relation

Vus>Amd /ms2eiaAmu /mc. ~2!

SinceuVusu>0.22, Amd /ms>0.22, andAmu /mc>0.07, this
relation is satisfied fora;6p/2. If we apply the same idea
to the leptons of the first two families we get

Ue2>Ame /mm2eibAmn1
/mn2

. ~3!

The second term on the right is not known, but if it is a
sumed to be small one has the rough prediction thatUe2

;Ame /mm>0.07. This could be consistent with the sm
angle MSW solution of the solar neutrino problem, whi
requires thatUe2;0.04. Thus the WWZF idea appears
work well where it was originally applied, namely to the fir
and second families.

Fritzsch@9# later extended this idea to explain the mixin
of the third family. If a WWZF form is assumed to hold fo
the second and third family, i.e., if one takes (u,c)→(c,t)
and (d,s)→(s,b) in Eq. ~1!, one obtains

Vcb>Ams /mb2eigAmc /mt ~4!

and

Um3>Amm /mt2eidAmn2
/mn3

. ~5!

SinceAms /mb>0.14, andAmc /mt>0.04, one sees that th
observed value ofVcb>0.04 is too small by a factor of thre
or so. Assuming that the neutrino mass ratio in Eq.~5! is
small, and given thatAmm /mt>0.24, one sees that th
nearly maximal value ofUm3;1/A2>0.7 that is observed is
too large by a factor of three or so.
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These Eqs.~2!–~5! are based on the assumption of a h
erarchical and symmetric form for the mass matrices. A k
feature in our mechanism for understanding the large mix
of the tau neutrino is that it involves highly asymmetric ma
matrices. As we shall see, the assumption of asymme
mass matrices naturally explains whyUm3 is larger than the
Fritzsch value andVcb is smaller than the Fritzsch value b
approximately the same factor.

Consider, a toy model withSU(5) symmetry, which has a
set of Yukawa terms of the following form:l33(53103)5H

1l23(52103)5H1l32(53102)5H , with l32!l23;l33 and
the subscriptH denoting a Higgs representation. These ter
yield the following mass matrices for the second and th
families of down quarks and charged leptons:

~d2R,d3R!S 0 s

e 1 D S d2L

d3L
D MD1~ l 2R , l 3R!S 0 e

s 1D S l 2L

l 3L
D MD ,

~6!

with e!s;1. Here we have labeled the fermions with
family index, instead of the namess, b, m, andt, since the
mass matrices in this case are far from diagonal. A cru
point to notice is that the matrix for the leptons, which w
will denote byL, is the transpose of the matrix for the dow
quarks, which we will denote byD. This is a feature of
minimal SU(5). It arises from the fact that the5 representa-
tion of fermions contains the left-handed leptons,l L , and the
charge conjugate of the right-handed down-quarks,dR ,
while the10 representation of fermions contains the char
conjugate of the right-handed leptons,l R , and the left-
handed down-quarks,dL . Thus,SU(5) relatesD to L, but
only up to a left-right transposition:D5LT.

The transposition feature ofSU(5) unification appearing
in Eq. ~6! results in the large element,s, of L producing an
O~1! mixing of l 2L with l 3L for the leptons, while inD for
the quarks it produces a large mixing of the right-hand
fields d2R and d3R . The mismatch between the largel 2L
2 l 3L mixing and then2L2n3L mixing, which is small~as
will soon be seen!, leads to a largeUm3 mixing element. But
the right-handed mixings of the quarks are not observa
through standard model physics. What matters is the l
handed mixing ofd2L with d3L , which contributes toVcb ,
and is controlled by the small parametere.

The common statement that grand unification rela
quark and lepton mixing angles, and thusVcb to Um3, is very
misleading. What is really true in general is that grand u
fication relates the mixing of quarks of one handedness to
mixing of leptons of the other handedness. ThusVcb and
Um3 need not be directly related to each other. Of course
the mass matrices are symmetric, as has almost always
assumed, the left-handed and right-handed mixings are
same, and henceVcb is directly related toUm3. The most
natural interpretation, then, of the experimental discov
that uUm3u@uVcbu is that the mass matrices are highly asy
metric. This is the essential point first made in@10#.

Not only does a highly asymmetric, or, as we will call
‘‘lopsided,’’ form of the mass matrices explain the differen
between the size ofUm3 and Vcb , but it also explains the
8-2
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CONSTRUCTION OF A MINIMAL HIGGSSO~10! . . . PHYSICAL REVIEW D 62 093008
fact, noted above, thatUm3 is larger than the Fritzsch valu
andVcb is smaller than the Fritzsch value by about the sa
factor. The point is that the product of the two off-diagon
elements,e and s, is controlled by the fermion mass ratio
As is evident from Eq.~6!, ms /mb>es/(11s2);es. That
means that the Fritzsch prediction for the mixing ofdL and
sL , which is Ams /mb, goes approximately asAes. That
shows that the Fritzsch prediction for the mixing angles
roughly the geometric mean between the true value ofUm3
;s and the true value ofVcb ;e. In other words, in our
hypothesis of lopsided mass matrices, the surprising la
ness ofUm3 and the surprising smallness ofVcb are two
sides of the same coin.

Another important feature of this mechanism should
emphasized. Almost all published explanations of the lar
ness of thenm2nt mixing trace it to some special feature
form of the neutrino mass matrix. Perhaps this is due to
purely linguistic fact that we talk about ‘‘neutrino mixin
angles.’’ But they could just as well be called the ‘‘charge
lepton mixing angles.’’ They are really the angles express
the mismatch between the neutrino mass eigenstates an
charged lepton mass eigenstates, just as the Cabi
Kobayashi-Maskawa~CKM! angles are the mismatch be
tween the up and down quark eigenstates. In our mechan
the large value ofUm3 is traceable to a peculiarity of th
charged lepton mass matrixL, namely, having a large off
diagonal entrys. As we shall see in the next section, havi
such a large entry helps to explain several other feature
the quark and lepton mass spectrum.

To sum up, the mechanism for explaining largenm2nt
mixing proposed in@1–3# has three salient features:~1! the
largeness of this mixing is due to the charged lepton m
matrix, which is ~2! highly asymmetric, and which is~3!
related to the transpose of the down quark mass matrix
SU(5).

In the next section we will see how a model with pr
cisely these features arises very naturally inSO(10) from
very different considerations.

III. FERMION MASS MATRICES IN MINIMAL SCHEMES
OF SO„10… BREAKING

The model that we shall examine in this paper emer
originally from our attempt to construct a realistic mod
based onSO(10) @11# in which SO(10) is broken to the
standard model group,GSM5SU(3)c3SU(2)L3U(1)Y in
the simplest possible way. We shall therefore start by
plaining what we mean by minimalSO(10) breaking.

SinceSO(10) is a rank 5 group, it requires for its brea
down to GSM at least two Higgs fields. One Higgs field
needed to break the rank of the group to 4, but this gener
leaves an unbrokenSU(5). Thesecond Higgs field is neede
to breakSU(5) down toGSM . The two breakings can occu
in either sequence depending upon which Higgs field has
larger vacuum expectation value~VEV! and effects the first
breaking.

Whatever Higgs field gives superlarge mass to the rig
handed neutrinos, as required for the standard seesaw e
nation of the lightness of the left-handed neutrinos, will a
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breakSO(10) down toSU(5), andthus the rank to 4. There
are two simple choices for this Higgs field: either an an
symmetric five-index tensor126 or a spinor16. In either
case, one also expects a Higgs field in the conjugate re
sentation,126or 16, to go along with it. A nice feature of the
126 is that this tensorial representation leaves unbroken aZ2

subgroup of the center ofSO(10) that acts as an automat
matter parity, whereas if a spinor Higgs field is introduce
then matter parity is not automatic. On the other hand,
introduce1261126 is to introduce quite large represent
tions that tend to make the unified gauge coupling go n
perturbative below the Planck scale, and that may be har
obtain from superstring theory. In any event, it would se
that the use of a spinor-antispinor pair,16116, is more eco-
nomical. Thus we assume that the rank ofSO(10) is broken
at the unification scale and the right-handed neutrinos
mass from one such spinor-antispinor pair of Higgs fields

To break the group the rest of the way toGSM requires the
existence of Higgs fields in the adjoint representation45
and/or in the symmetric two-index tensor representation54.
Most published realisticSO(10) models have several of bot
kinds of multiplets. However, it has been shown that it
possible to breakSO(10) to GSM with only a singleadjoint
Higgs and no larger representations@5#.

This, then, is what we call the ‘‘minimal breaking schem
for SO(10)’’: The breaking of SO(10) to GSM is accom-
plished by the expectation values of a set of Higgs fie
consisting of45H116H116H , with the model containing no
multiplets larger than the single45. There, of course, have to
be other Higgs fields to break theSU(2)L3U(1)Y group of
the electroweak interactions.

This minimality assumption is restrictive enough that it
possible to say in which direction the expectation values
these fields point. This can be done by considering the pr
lem of doublet-triplet splitting, whereby the colored partne
of the weak-doublet Higgs fields of the standard model
come superheavy while the weak-scale masses of the
blets themselves are preserved. InSO(10) the only known
way of doing this in a technically natural manner is t
Dimopoulos-Wilczek or ‘‘missing VEV’’ mechanism@12#.
The idea is that if an adjoint Higgs field that has an exp
tation value proportional to theSO(10) generatorB2L
couples to Higgs fields in the vector representation, it w
make their color-triplet components heavy~since they have
B2L562/3) while leaving their weak-doublet componen
massless~since they haveB2L50). The needed coupling is
simply of the form101H45H102H . Of course, the expectatio
value of the adjoint, by virtue of the definition of the adjoi
representation, is necessarily a linear combination of gen
tors of the group.B2L is one of theSO(10) generators tha
is picked out by simple forms of the Higgs superpotential
the adjoint multiplet. It should be noted that there is anot
version of the missing VEV mechanism that works
SO(10), in which the VEV of the adjoint is proportional t
the generatorI 3R of the SU(2)R subgroup ofSO(10) @13#.
However, that version is significantly more complicate
Therefore, simplicity dictates the choice that
8-3
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CARL H. ALBRIGHT AND S. M. BARR PHYSICAL REVIEW D62 093008
^45H&}B2L. ~7!

Since the assumption of a minimalSO(10) breaking scheme
included the supposition that onlyone adjoint exists in the
model, no adjoint exists except the one that points in thB
2L direction. As we shall see, this puts an important lim
tation on the possibilities for constructing realistic mass m
trices for the quarks and leptons. The assumption of a m
mal SO(10) breaking scheme thus acts as an important gu
in searching for good models.

The simplest possible terms that would give mass
quarks and leptons inSO(10) would be l i j 16i16j10H ,
where the subscriptsi and j are family indices. This would
lead to four proportional Dirac mass matrices for the u
quarks (U), down quarks (D), charged leptons (L), and neu-
trinos (N). In fact one would haveD5L}U5N. Moreover,
all these matrices would be symmetric, which is why one c
write D5L instead ofD5LT as in minimalSU(5). Some of
the predictions that follow from these relations are go
notably the famous predictionmb

05mt
0 , where the super-

script zero stands for quantities evaluated at the unifica
scaleMG . However,D5L also predicts thatms

05mm
0 and

md
05me

0 . Empirically, one finds instead thatms
0. 1

3 mm
0 and

md
0.3me

0 . These factors of three are called the Geor
Jarlskog factors@14#. The simplest possibleSO(10) Yukawa
terms also predict that all the CKM angles vanish, sinceU
}D. While not exactly true, this is at least a good zero
order relation, since the CKM angles are all small compa
to unity. By contrast, inSU(5) the matricesD andU are not
related by the unified symmetry and so the CKM angles
unconstrained. The smallness of the CKM angles can be
garded, therefore, as evidence forSO(10). On the other
hand, the proportionality ofD andU in SO(10) also predicts
that mc

0/mt
05ms

0/mb
0 , which fails badly by over an order o

magnitude.
What one can conclude is that a way of going beyond

simplest possibleSO(10) Yukawa scheme must be foun
which preserves some of its predictions while breaking o
ers. One way to do this involves using larger representat
to break the electroweak interactions. For instance, in
original Georgi-Jarlskog model, a45multiplet ofSU(5) @not
to be confused with the adjoint ofSO(10)] participates in
breakingSU(2)L3U(1)Y . In the context ofSO(10), this45
is contained in a126, which is inconsistent with our mini-
mality assumptions. More economical is to assume that
Higgs fields that breakSO(10) at the unification scale, i.e
the 45H116H116H , couple to quarks and leptons and th
introduce the effects of thatSO(10) breaking into the quark
and lepton mass relations. This is the assumption we ma

To describe the third family it is simplest to assume t
minimal Yukawa term16316310H as pictured in Fig. 1~a!.
By itself, this would make all the mass matrices have
form

S 0 0 0

0 0 0

0 0 1
D . ~8!
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That would give the following predictions, all of which are
least good zeroth approximations to reality:mb

05mt
0 , Vcb

50, andm1 /m35m2 /m350, wheremi is a mass of a fer-
mion of the i th family. Note that these are just the ‘‘good
SO(10) predictions mentioned above.

The second family presents more of a challenge. T
main issue is how to get the Georgi-Jarlskog factor o
betweenmm

0 andms
0 . Breaking ofSU(5) must be involved,

since the bad relationms
05mm

0 arises already at theSU(5)
level. The only field that breaksSU(5) in the framework of
minimal SO(10) breaking is the adjoint,45H . Since^45H&
}B2L, and theB2L of leptons is23 times that of quarks,
this field has the possibility of giving the needed Geor
Jarlskog factor. Thus one must seek an effective Yuka
term that involves the45H . The simplest such term@15#, in
the sense of the term of lowest dimension, is of the fo
(16i16j )10H45H /MG . Moreover, this term can arise in
simple way by the integration out of a16116 family plus
antifamily at the unification scale, as shown in Fig. 1~b!.

There are actually two ways to contract theSO(10) indi-
ces of such a term: the product (16i16j ) can be contracted
symmetrically or antisymmetrically. It is easy to show that
^45&}B2L, only the antisymmetric contraction contribute
to the quark and lepton mass matrices.@The reason is simple
If the VEV of the adjoint is proportional to a generatorQ,
then the symmetric-antisymmetric contractions give con

FIG. 1. Diagrams that generate the elements in the quark
lepton mass matrices shown in Eqs.~10! with the Higgs labeling
corresponding to that appearing in Table I of Sec. VI.~a! The 33
elements denoted ‘‘1.’’~b! The 23 and 32 elements denoted ‘‘e.’’
Note that because of the appearance of the VEV of the adj
Higgs field45H[A, they are proportional to theSO(10) generator
B2L. ~c! The asymmetric elements denoted ‘‘s ’’ arise from this
diagram. That they do not contribute to the up quark masses,
contribute asymmetrically to the down quark and charged lep
mass matrices are consequences of the fact that theSO(10) 10’s,

i.e., 101 and102, contain5̄ but not10 of SU(5).
8-4
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CONSTRUCTION OF A MINIMAL HIGGSSO~10! . . . PHYSICAL REVIEW D 62 093008
butions to fermion masses that go asQ( f )6Q( f̄ ). SinceB
2L of an antifermion is minus that of the fermion, the co
tribution cancels for the symmetric contraction.# Thus, one
need only consider the flavor-antisymmetric term, wh
means onlyi j 523 and noti j 522, or 33. Consequently, th
only operator of interest is (162163)10H45H which, together
with the operator16316310H , gives

U5S 0 0 0

0 0 e/3

0 2e/3 1
D MU , D5S 0 0 0

0 0 e/3

0 2e/3 1
D MD ,

~9!

N5S 0 0 0

0 0 2e

0 e 1
D MU , L5S 0 0 0

0 0 2e

0 e 1
D MD .

The desired factor of 3 has been achieved between lep
and quarks, due to the generatorB2L to which the adjoint
VEV is proportional. One also can see that thee entries are
flavor antisymmetric for reasons already explained. As th
stand, these forms of the matrices are inadequate to exp
even the features of the second and third families of fer
ons. There are three inadequacies.~1! The factor of 3 comes
in squared between the mass of the leptons and quarks o
second family. The reason is that, fore small due to the mas
hierarchy between families, the second eigenvalue ofL is
given by the seesaw formulamm

0 >e2MD , while the second
eigenvalue ofD is given byms

0>(e/3)2MD . ~2! The matri-
cesD and U are still exactly proportional. This is a cons
quence of the fact that the generatorB2L does not distin-
guish up and down quarks. Therefore, the CKM angleVcb
still exactly vanishes.~3! BecauseD andU are exactly pro-
portional, one still has the bad predictionmc

0/mt
05ms

0/mb
0 .

It is clear that the breaking ofSO(10) due to the adjoint
cannot cure all of these problems, sinceB2L does not dis-
tinguish D from U. Thus the breaking ofSO(10) done by
16H116H must come into play. As we shall now show,
single simple operator exists, which involves one of the
spinor Higgs and cures at one stroke all three of the probl
we have identified.

The lowest dimension effective Yukawa operators that
volve the spinor Higgs fields are quartic in spinors. Consid
therefore, operators of the form16i16j168H16H /MG . The
16H is the spinor Higgs field that breaksSO(10) at MG
down toSU(5). The168H is a spinor Higgs field that has
weak-scale VEV that breaksSU(2)L3U(1)Y . In principle,
these two spinors could be the same field. However, if t
were, it would mean that they had to be contracted symme
cally by Bose statistics, which in turn would mean that16i
and 16j would also have to be contracted symmetrically.
careful examination shows that the resulting flav
symmetric contributions to the mass matrices do not lea
realistic forms, though it is possible to achieve realistic m
matrices by adding yet another Yukawa operator, as in
interesting model of Babu, Pati, and Wilczek@16#. Therefore
16H8 must be a distinct field. As will be seen later, introdu
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ing this 16H8 involves no loss of economy, since it allows
very elegant explanation of the largeness of the ratiomt /mb
without making tanb large.

There are still several operators of this type to be cons
ered: the family indices can take the valuesi j 533,22,23, or
32, and there are three ways to contract the four spinor
make anSO(10) singlet. Here again, one must examine t
various cases to see which gives the most realistic mass
trices. As it turns out, there is one operator that is mu
superior to the others, in the sense that it much more clea
and simply fits the data. It is of the form
@16216H#@163168H#, where@ . . . # means that the spinors in
side are contracted into a10. This can arise very simply by
integrating out a10 of fermions, as shown in Fig. 1~c!.

Let us write the resulting mass operator inSU(5) lan-
guage. Denote byp(q) a p multiplet of SU(5) that is con-
tained in aq multiplet of SO(10). The VEV of16H lies, of
course, in the1(16) direction, while the VEV of16H8 that
breaks the weak interactions lies in the5(16) direction.
Therefore, the resulting mass term is of the for
@5(162)1(16H)#@10(163)5(16H8 )#, which in SU(5) terms
gives effectively the operator (52103)5H . Note that this has
the same form as theSU(5) operator discussed in the la
section, which gave thes entries in Eq.~6!. The result, then,
of including this operator@2# is to make the mass matrice
take the form

U5S 0 0 0

0 0 e/3

0 2e/3 1
D MU ,

D5S 0 0 0

0 0 s1e/3

0 2e/3 1
D MD , ~10!

N5S 0 0 0

0 0 2e

0 e 1
D MU , L5S 0 0 0

0 0 2e

0 s1e 1
D MD .

The new term has given the entries we calls. Note that these
lopsided entries appear only inD andL. The reason is simply
that the16H8 contains a5 of SU(5) but no5.

It is easy to see that the new term withs@e cures at once
all three of the problems we identified with the forms giv
in Eq. ~9!: ~1! Instead ofmm

0 >e2MD and ms
0>(e/3)2MD ,

one has approximately thatmm
0 }(e)(s1e)>es and ms

0

}(e/3)(s1e/3)>es/3. More exact expressions will b
given later. Thus the desired Georgi-Jarlskog factor of 1/3
obtained, instead of 1/9. Thes entry has dominated over on
of the factors ofe/3 and thus prevented the factor of 1/3 fro
coming in squared.

~2! The s entry comes intoD but notU, and thus breaks
the proportionality of the two matrices. As a result,Vcb no
longer vanishes, but is given approximately b
8-5
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(e/3)@s2/(s211)#. Note that this is of the same order ine
asms /mb>(e/3)@s/(s211)#, rather thanAms /mb as is the
case with Fritzsch forms, and accords much better with
actual experimental values.

~3! The fact thats breaks the proportionality ofU andD
also means that the bad relationmc

0/mt
05ms

0/mb
0 is broken.

Specifically, ms
0/mb

0 is of order e, while mc
0/mt

0 is still of
ordere2 and therefore much smaller. This also accords w
with the experimental numbers. In fact, as we shall see
one usesVcb andmm /mt to fix the parameterss ande, one
finds thatmc(1 GeV! is predicted to be in agreement wit
the experimentally determined value of 1.2760.1 GeV. It
should also be noted that the predictionmb

05mt
0 is only very

slightly affected by the addition of thes term, bothmb
0 and

mt
0 being given to leading order ine by As211MD .
The economy of the above mass matrix forms is seen

the fact that five quantities (Vcb , mm /mt , ms /mb , mc /mt ,
andmt /mb! are successfully fit with only the two paramete
s and e. No other published form succeeds in accurat
reproducing the masses and mixing of the the heavier
families with so few parameters. The predictions and fits w
be discussed in detail in Sec. IV.

We see that the matrices in Eq.~10! were arrived at by a
process of reasoning that had nothing to do with the ques
of neutrino mass but rather with an attempt to get reali
masses and mixings for the quarks and charged leptons u
as simple a Higgs sector as possible inSO(10). But what has
emerged is a structure with precisely the three critical f
tures identified in the last section as giving a simple exp
nation of the large mixing ofnm andnt . In fact, a fit ofVcb

andmm /mt givess>1.8 ande>0.14. Consequently, as ca
be seen directly from Eq.~10!, the angleumt5sin21Um3

5tan21 s2O(e)560°2O(8°). This is quite consisten
with what is observed. We will look more carefully at the
predictions later.

To summarize, with two parameters,e ands, four mass
ratios and two mixing angles are satisfactorily accounted
if we includeUm3. No greater economy could be hoped f
in explaining the spectrum of the heavy two families. Mor
over, as we shall see in the next section, the forms in Eq.~10!
can be extended to include the first family with equ
economy: the introduction of two new parameters~one of
which is complex! will nicely account for seven quantitie
pertaining to the first family.

Before explaining how the model is extended to the fi
family we will expand on a couple of points made earlie
First, we said that the introduction of the16H8 allows a simple
explanation@1,16# of why mt@mb that does not require a
tanb@1. The point is that the Higgs doublet of the minim
supersymmetric standard model~MSSM! that is often called
HU is purely contained in the10H that couples to163163 and
gives rise to the ‘‘1’’ entry in the mass matrices of Eq.~10!.
However, the Higgs doublet of the MSSM that is calledHD
does not come purely from10H . Rather it is a mixture of
doublets in10H and 16H8 , since they both contain5’s of
SU(5). Thus we may write
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HU5H~10H!,

~11!

HD5H̄~10H!cosg1H̄~16H8 !sing,

whereg is some mixing angle that depends on the para
eters of the Higgs sector. Since the 33 elements of the m
matrices all arise purely from the coupling of the10H , the
parameters we calledMU andMD in Eq. ~10! are given by

MU5l33̂ HU&,

~12!

MD5l33̂ HD&cosg,

leading to the ratio MU /MD5^HU&/(^HD&cosg)
5tanb/cosg, where tanb is defined to be the ratio of the
Higgs VEV ^HU& giving mass to the top quark to the Higg
VEV ^HD& giving mass to the bottom quark. Hence

mt
0/mb

0>~s211!21/2~ tanb/cosg!. ~13!

The point is simply that the large ratio of the top to botto
masses could be the result of cosg being small rather than
tanb being large. In fact, since we do not know anythinga
priori about the angleg, we cannot say whether tanb is
large or small. It should be noted that if one assumes thatHD

lies mostly in the16H8 ~so that cosg!1), it would explain
why the parameters is large since it comes from a couplin
to 16H8 , and also explain why tanb might be small.

A second point we wish to underline here has to do w
the reasonableness of asymmetric mass matrices. In m
models it is assumed that all the mass matrices are sym
ric. However, this is not something that is called for by t
group theory of grand unification. It is true that with th
minimal Yukawa termsSU(5) gives a symmetricU. But
even with minimal Yukawa termsSU(5) does not predict
any symmetry of theD andL matrices. And inSO(10), as
we have seen, once one introduces the effects ofSO(10)
breaking into the Yukawa sector, as one virtually must, o
easily obtains effective Yukawa terms that are asymmet
Figure 1~c! shows that very simple diagrams can give ter
that are lopsided, in the sense that they contribute only ab
or below the diagonal. From the point of view of the fund
mental grand unified theory, then, lopsided terms are as n
ral as symmetric ones. The preference for symmetric te
has been the result not of examining what kinds of terms
obtained in a simple way in unification, but rather from t
desire to reduce the number of parameters at the leve
mass matrices with the aim of making models which a
highly predictive. However, putting oneself in the straigh
jacket of symmetric matrices makes it hard to get a good
to all the quark and lepton masses and mixings. It turns
as we have seen, and will see further below, that allow
asymmetric matrices makes possible a model which gi
both a very good fit to the data and is actually much m
predictive than most models which assume symmetric ma
ces.
8-6
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CONSTRUCTION OF A MINIMAL HIGGSSO~10! . . . PHYSICAL REVIEW D 62 093008
IV. EXTENSION TO THE FIRST FAMILY

In arriving at the form of the mass matrices for the hea
two families we were limited in the choices that were po
sible by the assumption we made about the simplicity of
SO(10)-breaking sector. In extending to the first family w
are not quite so limited. Nevertheless, the number of sim
possibilities is not very large. There are several discr
choices: Should the contributions to the first row and colu
of the mass matrices be flavor symmetric like the 1’s in E
~10!, antisymmetric like thee ’s, or lopsided like thes ’s?
Should they contribute to all the matrices equally like t
1’s, to all the matrices but with non-trivial Clebsch facto
like the e ’s or only to D andL like the s ’s? It is fairly easy
to run through the various cases and see what kinds of r
tions among masses and mixings result. As it turns out,
of the simplest possibilities gives a remarkably good fit
the data. This uniquely simple choice@3# is the following:

U5S h 0 0

0 0 e/3

0 2e/3 1
D MU ,

D5S h d d8

d 0 s1e/3

d8 2e/3 1
D MD , ~14!

N5S h 0 0

0 0 2e

0 e 1
D MU , L5S h d d8

d 0 2e

d8 s1e 1
D MD .

We have already mentioned that fits gives>1.8 and e
>0.14. The new parametersd andd8 both have magnitude
of about 0.008. The parameterh is by far the smallest, being
about 831026. The only role thath plays in the sector of
quarks and charged leptons is in giving the up quark a m
for it makes negligible contributions to the down quark a
electron masses as determined fromD andL, respectively. In
Fig. 2~a! we have illustrated a higher-order diagram that c
contribute to the parameterh. Since it is not excluded tha
the up quark is exactly massless, it is possible to seth to
zero. In any event, one can see thath>mu

0/mt
0 , which is by

orders of magnitude smaller than any other interfamily ra
of masses in the standard model. It will, however, be of so
significance for neutrino masses. Ifh vanishes, this mode
gives only the small-angle MSW solution to the solar ne
trino problem. But even ifh is as small as 831026, it allows
either the small-angle MSW solution or bimaximal neutri
mixing to arise in a simple way.

Turning to the parametersd and d8, we see that they
appear symmetrically and only inD and L. Such terms are
easily obtained inSO(10) from simple diagrams such as th
shown in Figs. 2~b! and 2~c!. The effective operators arisin
from these diagrams are of the form@16116j #@16H16H8 # with
j 52,3, where again the spinors in brackets are contra
symmetrically into a10 of SO(10) which is integrated out
Note, however, that the symmetric contributionsd and d8
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from the two Higgs contraction@1(16H)5(16H8 )# contributes
only to D andL by virtue of theirSU(5) structure. Contras
these effective operators forj 52,3 with that occurring pre-
viously for the terms arising from the diagram shown in
Fig. 1~c!.

The three new parameters we have introduced are, as
shall see, sufficient to account for everything about the fi
family. Before proceeding, however, we must be care
about complex phases. It is easy to show that if we allow
parameters of the model to be complex all but two ph
angles can be rotated away from the mass matricesU, D, L
and N, provided we now neglect the negligibleh contribu-
tions toD andL. We will call these physical phasesa andf
which appear as follows,

U5S h 0 0

0 0 e/3

0 2e/3 1
D MU ,

D5S 0 d d8ei (f1a)

d 0 s1eeia/3

d8eif 2e/3 1
D MD ,

~15!

N5S h 0 0

0 0 2e

0 eeia 1
D MU ,

L5S 0 d d8eif

d 0 2e

d8ei (f1a) s1eeia 1
D MD ,

where in these matrices and henceforthe, s, d, d8 and h
denote the magnitudes of these parameters and the phas

FIG. 2. Diagrams that generate the masses of the first famil
quarks and leptons. See Eq.~14!. ~a! The 11 element called ‘‘h.’’
~b! The 12 and 21 elements called ‘‘d.’’ Because the10H couples to
the symmetric product of161162, d appears symmetrically in the
mass matrices.~c! The 13 and 31 elements called ‘‘d8,’’ which also
appear symmetrically.
8-7
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CARL H. ALBRIGHT AND S. M. BARR PHYSICAL REVIEW D62 093008
written explicitly. The phasea only comes into the fits of
masses at higher order in the small quantitye/s>0.08. Nu-
merically, its effect is only a few percent; moreover, the fi
~especially tomc) prefer a value near zero. Therefore, w
can ignorea and will do so from now on. That leaves on
the phasef. Its only significant effect, but a very importan
one, is to give theCP-violating phase angledCP .

Instead of using the parametersd, d8 andeif, it will be
somewhat more convenient to use the parameterstL , tR , and
eiu, which are defined in terms of them as follows:

tLeiu[
d2sd8eif

se/3
, ~16!

and

tR[
dAs211

se/3
. ~17!

The significance of these parameters is that they are es
tially the left-handed and right-handed Cabbibo angles. T
can be seen by taking the forms forD andL given in Eq.~15!
and diagonalizing the 2-3 block. When this is done the
blocks of these matrices take the form

D [12]}S 0 tR

tL 1 D , L [12]}S 0 tL

tR 3 D . ~18!

In terms of the five dimensionless parameterse, s, tL ,
tR , and eiu with h set equal to zero, we now write dow
expressions for fourteen observable quantities: seven ra
of quark and lepton masses, three CKM angles and
phase, and three lepton mixing angles

mb
0/mt

0>12
2

3

s

s211
e, ~19!

mc
0/mt

0>
1

9
e2
•F12

2

9
e2G ,

mm
0 /mt

0>e
s

s211
•F11e

12s22se

s~s211!
1

1

18
~ tL

21tR
2 !G ,

ms
0/mb

0>
1

3
e

s

s211
•F11

1

3
e

12s22se/3

s~s211!
1

1

2
~ tL

21tR
2 !G ,

mu
0/mt

050,

me
0/mm

0 >
1

9
tLtR•F12e

s212

s~s211!

1e2
s419s2/213

s2~s211!2
2

1

9
~ tL

21tR
2 !G ,
09300
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os
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md
0/ms

0>tLtR•F12
1

3
e

s212

s~s211!

2~ tL
21tR

2 !1~ tL
41tL

2tR
21tR

4 !G ,

Vcb>
1

3
e

s2

s211
•F11

2

3
e

1

s~s211!
G ,

Vus>tLF12
1

2
tL
22tR

21tR
41

5

2
tL
2tR

21
3

8
tL
4

2
e

3sAs211

tR

tL
e2 iuG ,

Vub>
1

3
tLe

1

s211
FAs211

tR

tL
e2 iuS 12

1

3
e

s

s211
D

2S 12
2

3
e

s

s211
D G ,

Um3
0 [sinumt>

s

As211
1O~e!,

Ue2
0 >cosumtS 1

3
tRD •F11eS tanumt

s211
2

tL

tR
eiu

3
~11s tanumt!

sAs211
D 2

1

18
tR
22

1

9
tL
2G ,

Ue3>tanumtUe2•F11e
2

sin 2umt

3S tL

tR
eiu

1

As211
2

1

s211
D G .

These expansions have been carried to sufficiently high o
in small quantities to be accurate to within 0.2% and a
useful in doing the fits to the data. However, the lead
terms in these expansions have much simpler forms and
allow one to see more readily the relationships among v
ous quantities in this model. We therefore write these s
pler expressions for purposes of discussion:

mb
0/mt

0>1, ~20!

mc
0/mt

0>
1

9
e2,

mm
0 /mt

0>e
s

s211
,

8-8
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ms
0/mb

0>
1

3
e

s

s211
,

mu
0/mt

050,

me
0/mm

0 >
1

9
tLtR ,

md
0/ms

0>tLtR ,

Vcb
0 >

1

3
e

s2

s211
,

Vus
0 >tL ,

Vub
0 >

1

3
tLe

1

s211
SAs211

tR

tL
e2 iu21D ,

Um3
0 [sinumt>

s

As211
1O~e!;0.7,

Ue2
0 >cosumtS 1

3
tRD ,

Ue3>sinumtS 1

3
tRD .

It might at first seem surprising that without any inform
tion about the Majorana mass matrixMR of the right-handed
neutrinos we are able to write down predictions for the th
neutrino mixing angles. However, ifh50, as we are assum
ing at present, then the Dirac mass matrix of the neutri
~N! has vanishing first row and column, and therefore, ob
ously, the same will be true of the mass matrix of the lig
neutrinos, which is given by the well-known ‘‘see-saw’’ fo
mula M n52NTMR

21N. This means that the two mixing e
ements of the electron neutrino,Ue2 andUe3, get no contri-
bution from diagonalizingM n , but come entirely from
diagonalizingL. SinceL is a known matrix in our model
these two mixing elements are predicted. In the case of
mixing of the mu and tau neutrinos,Um3 does receive a
contribution from diagonalizingM n . However, as can be
seen from the form ofN this is an effect ofO(e). The con-
tribution to Um3 coming from diagonalizingL, on the other
hand, is of order unity, since it arises from the large para
eters. ThusUm3 is predicted, although not precisely.

Since we have written fourteen quantities in terms of fi
parameters, there are altogether nine predictions of
model. Which quantities one takes as ‘‘predicted’’ depen
on which quantities are used to determine the values of
parameters. We will use the lepton mass ratios and the an
Vcb andVus for this purpose as they are the best measu
As one can see from the third and eighth of Eqs.~20!, one
can get the values from the ratio 3Vcb

0 /(mm
0 /mt

0). One finds
~of course, taking the renormalization effects into accoun
was done in@2#! that numericallys.A3. Substituting this
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into the expression formm
0 /mt

0 , one obtains thate.0.14.
This is the small parameter of the model that is respons
for the hierarchy between the second and third families,
is small enough that the expressions in Eqs.~20! are fairly
accurate. One can useme /mm and Vus to determinetL and
tR . A careful fit, described later, givestL50.236 andtR
50.205. ThattL.tR is easily understood from Eq.~18! and
the well-known Weinberg-Wilczek-Zee-Fritzsch result@8#
that the Cabbibo angle is well acounted for by symme
mass matrices for the first two families; cf. Eq.~1!. The near
equality of tL and tR is also apparant from the seventh a
ninth relations of Eqs.~20! and the fact that numerically
Vus>Amd /ms. The phase factoreiu will be determined from
the CP-violating phasedCP .

The nine predictions, then, are the following. To beg
with, there are the three famous predictions,„1… mb

0/mt
0>1,

„2… ms
0> 1

3 mm
0 , and „3… md

0>3me
0 . The first is the ‘‘good’’

prediction of minimalSU(5) unification, and the latter two
are the Georgi-Jarlskog relations. These predictions
manifest from the first, third, fourth, sixth, and seventh
Eqs. ~20!. It is hardly surprising that the model gives the
relations, since we were guided by them in constructing
model. The fourth prediction is„4… mu

0/mt
050. Even if theu

quark is not exactly massless this relation is a very go
approximation to reality. If one takes the favored value
mu'4 MeV, then, with reasonable assumptions ab
thresholds in doing the running up to the GUT scale, o
obtainsh.mu

0/mt
0'831026. This is far smaller than any

other interfamily ratio of masses. For instance, the com
rable ratio for down quarks ismd

0/mb
0>1023, and for leptons

is me
0/mt

0>331024. Like the previous three relations,mu

'0 is a reflection of basic group-theoretical aspects of
model. It comes from the fact, explained above, that thed
andd8 entries only appear inD andL.

The remaining five predictions are not simple grou
theoretical relations like the foregoing, but are non-triv
quantitative predictions. They are predictions for„5… mc , „6…
Vub , „7… Um3, „8… Ue2, and„9… Ue3.

The prediction formc is particularly interesting. We se
immediately that, for reasons having to do with the grou
theoretic structure of the model, the ratiomc

0/mt
0 is much less

than the corresponding ratioms
0/mb

0 for the down quarks be-
cause it is of higher order in the small parametere. This is a
highly significant success, because the minimal Yuka
terms ofSO(10) notoriously give these ratios to be equ
Moreover, the success is not merely a qualitative one. W
e ands are fit ~usingVcb andmm /mt) and the renormaliza-
tion effects are later taken into account, it is found thatmc
comes out within about 5% of the experimentally preferr
value, which is quite remarkable given the various expe
mental and theoretical uncertainties. This success is n
trivial, because the reasoning that led to the forms of
mass matrices did not depend upon the value ofmc , and
hence it could have been expected thatmc would come out
wrong by a large factor.

Another non-trivial quantitative hurdle for the model
the prediction forVub . The eighth, ninth, and tenth relation
of Eqs. ~20! give Vub

0 >Vus
0 Vcb

0 (1/s2)@As211(tR /tL)e2 iu
8-9
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21#. If we use the facts thats.A3 andtL.tR , this gives

Vub.VusVcb(
2
3 e2 iu2 1

3 ). A careful fit gives

Vub5VusVcb~0.558e2 iu20.315!. ~21!

In other words the model predicts thatVub should lie on a
certain circle in the complex plane. As can be seen from F
3, the circle forVudVub* slices neatly through the middle o
the presently allowed region. Again, this is a very significa
success, since the reasoning that led to the forms in Eq.~15!
was not based on the value ofVub .

The prediction for the mixing ofnm and nt has already
been discussed. It is one of the key successes of this m
that this mixing turns out to be nearly maximal. The fact th
s.A3 tells us that the first term in the expression forUm3

0 in
Eq. ~20! corresponds to an angle nearp/3. As we shall see in
the next section, theO(e) corrections easily bring this dow
close to the maximal mixing value ofp/4.

The prediction of this model for the mixing ofne andnm
with h50 is quite interesting. From the sixth relation of Eq
~20! and the fact thattL.tR , one sees that13 tR.Ame /mm.
Thus the model predicts thatUe2>cosumtAme /mm. The fac-
tor of cosumt is crucial@17# since without it one would have
sin2 2usolar54uUe1u2uUe2u2'4(me /mm)>231022, which is
about twice the value needed for the small-angle MSW
lution to the solar neutrino problem. Since atmospheric n
trino data tells us that cosumt.1/A2, the model gives just the
correct value for the small-angle MSW solution.

In the future bothVub and sin22usolar will be known better
and will provide a sharp test of the model. The theoreti
uncertainties in the predictions forVub andUe2 are estimated
to be only a few percent.

In discussing thene2nm mixing above, we have assume
that h50. If h does not vanish, but is around 831026,
corresponding tomu'4.5 MeV, then it turns out that both

FIG. 3. The unitarity triangle forVudVub* 1VcdVcb* 1VtdVtb* 50
is displayed along with the experimental constraints onVudVub* ,
which is the upper vertex in the triangle. The constraints follow
from uVubu, B-mixing ande extractions from experimental data a
shown in the lightly shaded regions. The experimentally allow
region is indicated by the darkly shaded overlap. The model p
dicts thatVudVub* will lie on the dashed circle; cf. Eq.~21!. The
particular point on this circle used to draw the triangle shown
obtained from the numbers given in Sec. VI; cf. Eq.~62!.
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the small-angle MSW solution we just discussed and bima
mal mixing are possible. This will be discussed in detail
the next section.

Finally, there is the prediction ofne2nt mixing. One sees
from Eq. ~20! that there is a prediction thatUe3
>tanumtUe2>0.05. It is interesting that even for the b
maximal mixing case that will be discussed in the next s
tion, the numerical value ofUe3 is virtually unaffected. Thus
this prediction is a ‘‘robust’’ one of this model.

V. NEUTRINO MIXING

A. Mixing of nµÀnt

In analyzing the predictions of this model fornm2nt
mixing, we may make the approximation thath50. This
means thatN has vanishing first row and column. Therefor
in computingM n52NTMR

21N the first row and column of
MR

21 are irrelevant. Thus we may writeMR
21 as

MR
215S 2 2 2

2 X Y

2 Y Z
D , ~22!

whereX, Y, andZ are in general complex. There are cons
quently five real parameters~the over all phase does not ma
ter! that come into the masses and mixing ofnm andnt from
MR . As observed earlier, this does not prevent us from m
ing a qualitative prediction for the mixing parameterUm3,
since the contribution to it from diagonalizing the mass m
trix M n is only of ordere and Um3 comes predominantly
from diagonalizing the known matrixL. However, in order to
see if more precise predictions can be obtained, we shall l
at two simple special cases:

~ I ! MR5S 2 0 0

0 0 Beibe

0 Beibe 1
D LReig, ~23!

and

~ II ! MR5S 2 0 0

0 Beibe2 0

0 0 1
D LReig. ~24!

In these cases only three parameters inMR , namelyLR , B
andeib, contribute to the neutrino observables of the seco
and third families, sincee has appeared previously and
used as a natural scaling parameter. In the first case,

M n
I 52S 0 0 0

0 0 e

0 e 21B21e2 ib
D MU

2

BLR
e2 i (b1g). ~25!

The neutrino mixing matrixU, now known as the Maki-
Nakagawa-Sakata~MNS! mixing matrix @18#, is given by

d
-

s
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U5UL
†Un , whereUL is the unitary matrix that diagonalize

L†L, andUn is the unitary matrix that diagonalizesM n
†M n .

For case I,Un is given by

Un5S 1 0 0

0 cosu23
n* sinu23

n

0 2sinu23
n* cosu23

n
D , ~26!

where tan 2u23
n 52e/K, andK[21B21eib. The ratio of ei-

genvalues of M n gives mn2
/mn3

>(e2/uKu2)(12e2/uKu2

1•••). One can choose cosu23
n to be real, and one can writ

sinu23
n >Amn2

/mn3
e2 i jF11S 1

2
2e22i jD mn2

mn3

G , ~27!

whereei j is the phase ofK. One readily sees from the form
of the charged-lepton mass matrixL in Eq. ~15! that sinu23

L

[(UL)23 is given by tan 2u23
L 522(s1e)/(s22112se)

522s/(s221)1O(e). Sinces.A3 it is evident thatu23
L

.60°. Using the best fit values ofs ande one finds, more
precisely, thatu23

L >63°.
Altogether, then, the mixing parameter ofnm and nt is

given by

Um3[sinumt

52sinu23
L cosu23

n 1cosu23
L sinu23

n

>20.898~12mn2
/mn3

!10.441Amn2
/mn3

e2 i j.

~28!

If neutrino masses are hierarchical, and atmospheric neu
oscillations arenm2nt oscillations, thenmn3

.0.06 eV. And
if one further assumes the small-angle MSW solution to
solar neutrino problem, thenmn2

.0.003 eV. Thus,

mn2
/mn3

.0.05, within a factor of two or so. Taking it to

have the value 0.05, and the phasej to vanish, Eq.~28! gives
Um3>20.756, and sin2 2umt>0.984. With the same value o
the neutrino mass ratio andj taken to bep/4, sin2 2umt
>0.943. We see that there is excellent agreement with
experimental limits from SuperKamiokande if the compl
phase is not too large. But ifj5p/2, with the same mas
ratio, sin22umt>0.77.

The value ofmn2
/mn3

50.05 corresponds touKu50.63.

Since B21eib5uKuei j22, for j50 this givesB50.73, or
Be50.1. In other words, no very great hierarchy is requir
in MR .

Turning now to case II, we have that

M n
II 52S 0 0 0

0 e2 e

0 e 11B21e2 ib
D MU

2

LR
e2 ig. ~29!

Consequently, for this case

tan 2u23
n >2e/K8, ~30!
09300
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whereK8[11B21eib. The ratio of eigenvalues ofM n gives
mn2

/mn3
>e2A12uK821u2/uK8u2. If we take, mn2

/mn3

50.05, as before, and assume thatK8 is real, we have that
K8>0.6. This givesu23

n >12.3°, umt>50.5°, and sin2 2umt

>0.96. Again, there is good agreement with the SuperK
miokande results. Moreover, since this value ofK8 corre-
sponds toB522.5, orBe2>20.05, we see that in this cas
also no great hierarchy is needed inMR .

The foregoing discussion is all based on the assump
that the mixing with the first family is small, so that one h
the small-angle MSW solution to the solar neutrino proble
This will certainly be the case ifh50. As we will now see,
if instead h>831026, as needed to havemu>4.5 MeV,
either the small mixing ofne that we have been considerin
or large mixing ofne is possible, depending on the form o
MR .

B. Mixing of the first family

In the previous discussion, we seth50 in which case, no
matter what the form ofMR , the matrixM n52NTMR

21N
has vanishing first row and column, and the matrixUn that
diagonalizesM n

†M n has the form of Eq.~26!. It is easy to
show that the matrixUL which diagonalizesL†L has the
form

UL>S cosu12
L 2sinu12

L 0

sinu12
L cosu12

L 0

0 0 1
D S 1 0 0

0 cosu23
L 2sinu23

L

0 sinu23
L cosu23

L
D ,

~31!

where sinu12
L > 1

3 tR , tR is defined in Eq.~17!, and u23
L is

given after Eq.~27!. Putting these together, one has that t
total mixing matrix of the neutrinos,U5UL

†Un , is

U5S cosu12
L 2sinu12

L cosumt 2sinu12
L sinumt

sinu12
L cosu12

L cosumt cosu12
L sinumt

0 2sinumt cosumt

D ,

~32!

whereumt5u23
L 2u23

n . This yields the results, already give
in Eq. ~20!, for Ue2 andUe3.

Now we will consider what happens under what is p
sumably the more realistic assumption thath>831026.

With hÞ0, there are two basic possibilities to consid
One possibility is thatMR has a form in which its 12, 21, 13
and 31 elements all vanish or are negligibly small. If such
the case, then the previous analysis applies, and the mi
of ne is due entirely to the matrixL. The only effect of the
parameterh in the lepton sector is then to given1 a mass of
about 431027 eV. The second possibility is thatMR does
have significant 12, 21 and/or 13, 31 elements. If this is
case then a strikingly different situation can arise@4#, namely
‘‘bimaximal’’ mixing @19#, @20#.

We will first illustrate what happens with a simple e
ample. Consider the following form forMR :
8-11
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CARL H. ALBRIGHT AND S. M. BARR PHYSICAL REVIEW D62 093008
MR5S 0 Ae3 0

Ae3 Be2 0

0 0 1
D LR . ~33!

We normalizeA andB by powers ofe simply for later con-
venience. The mass matrix of light neutrinos resulting fro
this form is

M n52NTMR
21N5S h2

e4

B

A2
0 2

h

e2

1

A

0 e2 e

2
h

e2

1

A
e 1

D MU
2

LR
.

~34!

One sees that the 2-3 block has vanishing determinan
that a rotation in the 2-3 plane by an angleu23

n >e bringsM n

to the form

M n8>S h2

e4

B

A2

h

e

1

A
2

h

e2

1

A

h

e

1

A
0 0

2
h

e2

1

A
0 1

D MU
2

LR
. ~35!

This can be put in a more transparent form by a rotation
the 1-3 plane by an angleu13

n >2h/(e2A). This angle is less
than or of order 1024 and thus negligible, practically speak
ing, so

M n9>2S h2

e4

~B21!

A2

h

e

1

A
0

h

e

1

A
0 0

0 0 1

D MU
2

LR
. ~36!

It is clear that the 11 element, being higher order inh, is
likely to be much smaller than the 12 and 21 elements. T
condition for this to be the case is thatA/(B21).h/e3

>231023. If this very weak condition is satisfied, then th
form of the matrix manifestly corresponds to the situation
which thene andnm together form a pseudo-Dirac pair. Th
in turn would mean that the mixing of these two neutrinos
very close to maximal.

One sees from Eq.~36! that mn3
5MU

2 /LR , and that the

splitting between mn1
and mn2

is given by Dm21
2

>2(h3/e5)@(B21)/A3#(MU
2 /LR)2. For the vacuum solu-

tion to the solar neutrino problem, one hasDm21
2 .10210

eV2, so that Dm21
2 /mn3

2 .331028>2(h3/e5)(B21)/A3.

This givesA(B21)1/3'0.06. Thus no great hierarchy is re
quired in MR to get the vacuum oscillation solution. Th
09300
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reason for this is that in this scheme the smallness ofDm21
2 is

due to the extreme smallness of the parameterh, which is
equal to the ratiomu /mt .

It is easy to see from what has already been said that
matrix Un needed to diagonalizeM n

†M n is of the form

Un>S 1 0 0

0 cosu23
n sinu23

n

0 2sinu23
n cosu23

n
D S 1/A2 1/A2 0

21/A2 1/A2 0

0 0 1
D ,

~37!

where we have neglected the tiny rotationu13
n . The matrix

UL is already given in Eq.~31!, so that the full neutrino
mixing matrix can be written

U>USMA•S 1/A2 1/A2 0

21/A2 A2 0

0 0 1
D , ~38!

whereUSMA is given in Eq.~32!, and is just the form that
results in the small mixing angle~SMA! MSW case of this
model. In other words, the net result of the large mxing
the first family produced by theA entries in Eq.~34! is sim-
ply to multiply the~SMA! MSW form of U on the right by a
rotation of p/4 in the 1-2 plane. Consequently, the pred
tions for Um3 and Ue3 are essentially unaffected. Howeve
Ue2 becomes 1/A2 instead of the value given in Eq.~20!.

The interesting lesson is that ‘‘bimaximal mixing’’ is eas
to achieve if the large mixing ofnm andnt comes from the
charged lepton sector, i.e., from diagonalizingL, while the
large mixing ofne comes from diagonalizingM n .

The simple form given in Eq.~33! givesu23
n >e>8°, and

thus umt5u23
L 2u23

n >55°, corresponding to sin2 2umt50.88.
Somewhat larger values of sin2 2umt can arise from a more
general formMR . Consider, for example,

MR5S 0 Ae3 Ce2

Ae3 Be2 0

Ce2 0 1
D LR . ~39!

Then

M n52S h2

e4
B

h

e
BC

h

e
~BC2A!

h

e
BC e2A2 eA~A1C!

h

e
~BC2A! eA~A1C! ~A1C!2

D
3~A21BC2!21

MU
2

LR
. ~40!

Here, as in Eq.~34!, the 2-3 block has vanishing determ
nant. The crucial difference is that the diagonalization of t
matrix involves a rotation in the 2-3 plane by an angleu23

n

8-12
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>e@A/(A1C)#. With C52 1
2 A, for instance,umt comes out

very close to 45°. Otherwise, this case is quite similar to t
of Eq. ~33!.

VI. DETAILS OF A SPECIFIC MODEL

In the previous sections we have presented the cons
tion of our SO(10) minimal Higgs model in the framewor
of effective SO(10) andSU(5) operators. We now show
that one can construct a technically-natural realization of
scheme by introducing sets of Higgs superfields and ma
superfields with a well-defined family symmetry. We fir
address the Higgs sector.

A. Higgs sector with U„1…ÃZ2ÃZ2 family symmetry

The doublet-triplet splitting problem inSU(5), andthere-
fore SO(10), arises because the colored Higgs fields in
525 pairs of each10H must be made superheavy at the GU
scale, while just one pair of Higgs doublets should rem
massless there and be free to develop VEV’s at the e
troweak scale. This problem has been addressed and so
in @5# by the introduction of just one45 adjoint Higgs field
with its VEV pointing in theB2L direction, together with
two pairs of16116 spinor Higgs fields, two10 Higgs fields
in the vector representation plus several Higgs singlets.
shall briefly summarize the solution, but first we note tha
is necessary to introduce several more Higgs fields in
vector and singlet representations in order to generate
Yukawa structure for the fermion mass matrices presen
earlier.

The authors of@5# found that the Higgs superpotenti
required to solve the doublet-triplet splitting problem cou
be neatly obtained from their list of Higgs fields by introdu
ing a global family symmetry group of the typeU(1)3Z2
3Z2, which can arise in a natural fashion from string theo
With this in mind, we now list in Table I all the Higgs field
to be considered together with their family charge assi
ments. As noted in the table, in order to complete the c
struction of the Dirac mass matrices, four more vector Hig
fields and four additional Higgs singlets are needed, wh
one Higgs singlet is introduced to generate the right-han
Majorana neutrino mass matrix.

TABLE I. Higgs superfields in the proposed model.

Higgs Fields Needed to Solve the 2-3 Problem:
45B2L : A(0)12

16: C( 3
2 )21, C8( 3

2 2p)11

16: C̄(2
3
2 )11, C̄8(2

3
2 2p)21

10: T1(1)11, T2(21)12

1: X(0)11, P(p)12, Z1(p)11, Z2(p)11

Additional Higgs Fields for the Mass Matrices:
10: T0(11p)12, To8(112p)12,

T̄o(231p)21, T̄o8(2123p)21

1: Y(2)21, Y8(2)11, S(222p)22, S8(223p)22,
VM(412p)11
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It is then possible to write down explicitly the full Higg
superpotential from the HiggsSO(10) and family assign-
ments, where we have written it as the sum of five terms

WHiggs5WA1WCA1W2/31WHD
1WR

WA5tr A4/M1MAtr A2

WCA5X~C̄C!2/MC
2 1F~X!1C̄8~PA/M11Z1!C

1C̄~PA/M21Z2!C8 ~41!

W2/35T1AT21Y8T2
2

WHD
5T1C̄C̄Y8/M1T̄0CC81T̄0~T0S1T08S8!

WR5T̄0T̄08VM .

The Higgs singlets are all assumed to develop VEV’s at
GUT scale. We can then determine the fate of the ot
Higgs fields from the F-flat and D-flat conditions. In partic
lar, WA fixes ^A& through theFA50 condition where one
solution is ^A&}B2L, the Dimopoulos-Wilczek solution
@12#. WCA gives a GUT-scale VEV toC̄ and C by the FX
50 condition and also couples the adjointA to the spinorsC,
C̄, C8 andC̄8 without destabilizing the Dimopoulos-Wilcze
solution or giving Goldstone modes, as shown in@5#. W2/3
gives the doublet-triplet splitting by the Dimopoulo
Wilczek mechanism@12,5#. WHD

mixes the (1,2,21/2) dou-

blet in T1 with those inC8 ~by FC̄50), and inT0 andT08 ~by
FT̄0

50).

B. Yukawa sector

We now turn to the Yukawa sector and specify the ma
fields and theirU(1)3Z23Z2 charge assignments whic
will complete the realization of the specific model in que
tion. For this purpose, we require three spinor fields16i , one
for each light family, two vector-like pairs of16216 spinors
which can get superheavy, a pair of superheavy10 fields in
the vector representation, and three pairs of superheav1
21c fermion singlets. The complete listing is given in Tab
II.

In terms of these fermion fields and the Higgs fields p
viously introduced, one can then spell out all the terms in
Yukawa superpotential which follow from theirSO(10) and
U(1)3Z23Z2 assignments:

TABLE II. Matter superfields in the proposed model.

161(2
1
2 22p)12 162(2

1
2 1p)11 163(2

1
2 )11

16(2
1
2 2p)21 168(2

1
2 )21

16( 1
2 )12 168(2

3
2 12p)12

101(212p)21 102(211p)11

11(212p)12 12(22p)11 13(2)11

11
c(2222p)12 12

c(22)12 13
c(222p)11
8-13
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WYukawa5163•163•T11162•16•T11168•168•T1

1163•161•T081162•161•T01163•16•A

1161•168•Y8116•16•P1168•168•S

1163•102•C81162•101•C1101•102•Y

1163•13•C̄1162•12•C̄1161•11•C̄113•13
c
•Z

112•12
c
•P111•11

c
•X113

c
•13

c
•VM111

c
•12

c
•VM ,

~42!

where the coupling parameters have been suppressed. T
tain the GUT scale structure for the fermion mass ma
elements, all but the three chiral spinor fields in the first l
of Table II will be integrated out to yield Froggatt-Nielse
diagrams@21# of the type pictured earlier. Note that the righ
handed Majorana matrix elements will all be genera
through the Majorana couplings of theVM Higgs field with
conjugate singlet fermions given in the last two terms of E
~42!.

An important question arises concerning proton instabi
due toR-parity violating terms in the low-energy effectiv
theory. In the minimalSO(10) model, ‘‘matter’’ fields~i.e.
quark and lepton fields! are contained in spinorial represe
tations ofSO(10), while Higgs fields are contained in ten
sorial representations. Consequently, there is an autom
Z2 matter parity@contained in theZ4 center ofSO(10)] un-
der which matter superfields are odd and Higgs superfi
09300
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are even. In our model, there are some matter fields in
sorial representations and some Higgs fields in spinorial r
resentations. Hence there is a danger that someR-parity vio-
lating terms that also violateB andL may exist in the low-
energy theory. In fact, a careful study shows that the fam
symmetry specified above does allow some terms of
kind, the most dangerous of which comes from the high
dimension operator16216102Y/M Pl , for example. Although
suppressed by 1/M Pl this term would lead to excessive pro
ton decay. Therefore, in addition to family symmetry, o
must impose by hand aZ2 matter parity under which all the
matter superfields are odd and all the Higgs superfields
even. This in no way complicates the model, and ma
precise the distinction we have been drawing between ma
and Higgs fields. With such a matter parity, it can be sho
that proton stability is not a problem. The leading contrib
tions to proton decay are then the usual dimension 5 op
tors that arise from colored-Higgsino exchange and that
generically present inSO(10) models.

In order to present a clearer description of how the G
scale mass matrices are determined from the Yukawa
Higgs superpotentials, we shall illustrate the procedure
the up quark mass matrixU. The three massless color-triple
quark states each with charge 2/3 are obtained as linear c
binations of all such color and charge states within the f
mion supermultiplets given in Eq.~41!. In particular, the
basis for the left-handed statesuL and left-handed conjugat
statesuL

c can be ordered as follows:
BuL
5H U3,2,

1

6L
10(161)

, U3,2,
1

6L
10(162)

, U3,2,
1

6L
10(163)

, U3,2,
1

6L
10(16)

, U3,2,
1

6L
10(168)

, U3,1,
2

3L
10(16)

, U3,1,
2

3L
10(168)

J ,

~43!

Bu
L
c5H U3̄,1,2

2

3L
10(161)

, U 3̄,1,2 2
3 L

10(162)

, U3̄,1,2
2

3L
10(163)

, U3̄,1,2
2

3L
10(16)

U3̄,1,2
2

3L
10(168)

,

U3̄,2,2
1

6L
10(16)

, U3̄,2,2
1

6L
10(168)

J , ~44!
on:

of
lec-
where the states are labeled by their representations and
percharge according touSU(3)c , SU(2)L , Y&SU(5)(SO(10)) .

We then form the Yukawa contributionuL
cTC21DuuL by

using the above bases and the superpotentials to obtain
matrix

Du5S 0 0 0 0 0 0 y8

0 0 0 t2 0 0 0

0 0 t3 0 0 a 0

0 t2 0 0 0 p 0

0 0 0 0 t8 0 s9

0 0 a p 0 0 0

y8 0 0 0 s9 0 0

D

hy-

the

where we have introduced the following shorthand notati

t35l163163T1
^T1&, t25l16216T1

^T1&, t85l168168T1
^T1&,

a5l16316A^A&, p5l1616P^P&, ~45!

s95l168168S^S&, y85l161168Y8^Y8&.

We can then determine from this matrix the three pairs
zero-mass eigenstates at the GUT scale where the e
troweak VEV ofT1 vanishes:
8-14
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uu1L&5F u10~161!&2
y8

s9
u10~168!&G Y A11y82/s92

uu2L&5u10~162!&

uu3L&5F u10~163!&2
a

p
u10~16!&G Y A11a2/p2

~46!

uu1L
c &5F u10~161!&2

y8

s9
u10~168!&G Y A11y82/s92

uu2L
c &5u10~162!&

uu3L
c &5F u10~163!&2

a

p
u10~16!&G Y A11a2/p2

and where the states are now simply labeled by theirSU(5)
andSO(10) representations.

Finally, the Dirac matrixU for the three light quark state
u, c, t is obtained by bracketing the electroweak contrib
tions by the appropriateuiL

c state on the left and theujL state
on the right. The result obtained forU has exactly the form
found earlier in Eq.~15! from the previous effective operato
approach, with the identifications:

MU5~ t3!5(10)

eMU5u3~aq /p!~ t2!5(10)u ~47!

hMU5~y8/s9!2~ t8!5(10) .

Here the subscript onaq signifies a factor of 1/3 arising from
the B2L VEV of the A in the adjoint representation, whil
the subscripts on thet terms specify the appropriate doubl
VEV in the 10 for T1. We have neglected the state norm
ization factors in Eq.~47! but will later argue that they can
all be taken to be approximately unity.

The Dirac matrices,D, N, L are constructed in a simila
fashion. In the case ofD andL, the bases corresponding
Eqs.~43! and~44! are enlarged by two states lying in the101
and102 representations ofSO(10). ForN, on the other hand
in addition to the two above states, one must add the sin
fermion contributions from the representations1k , k51,2,3
for BnL

and1k
c , k51,2,3 forB n

L
c. We list the zero-mass stat

vectors forD, N andL in analogy to Eqs.~46!:

ud1L&5F u10~161!&2
y8

s9
u10~168!&G Y A11y82/s92 ~48!

ud2L&5u10~162!&

ud3L&5F u10~163!&2
a

p
u10~16!&G Y A11a2/p2

ud1L
c &5F @ u5̄~161!&2

y8

s9
u5̄~168!&G Y A11y82/s92
09300
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ud2L
c &5F u5̄~162!&2

c

y
u5̄~102!&G Y A11c2/y2

ud3L
c &5F u5̄~163!&2

a

p
u5̄~16!&G Y A11a2/p2

un1L&5F u5̄~161!&2
y8

s9
u5̄~168!&G Y A11y82/s92

un2L&5F u5̄~162!&2
c

y
u5̄~102!&G Y A11c2/y2

un3L&5F u5̄~163!&2
a

p
u5̄~16!&G Y A11a2/p2

~49!

un1L
c &5F u1~161!&2

y8

s9
u1~168!&

2
c̄1

x
u11

c&G Y A11y82/s921 c̄1
2/x2

un2L
c &5F u1~162!&2

c̄2

p22
u12

c&G Y A11 c̄2
2/p22

2

un3L
c &5F u1~163!&2

a

p
u1~16!&

2
c̄3

z
u13

c&G Y A11a2/p21 c̄3
2/z2

u l 1L&5F u5̄~161!&2
y8

s9
u5̄~168!&G Y A11y82/s92

u l 2L&5F u5̄~162!&2
c

y
u5̄~102!&G Y A11c2/y2

u l 3L&5F u5̄~163!&2
a

p
u5̄~16!&G Y A11a2/p2

~50!

u l 1L
c &5F u10~161!&2

y8

s9
u10~168!&G Y A11y82/s92

u l 2L
c &5u10~162!&

u l 3L
c &5F u10~163!&2

a

p
u10~16!&G Y A11a2/p2.

In the above we have introduced, in analogy with Eqs.~45!,
the additional shorthand notation:
8-15
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c5l162101C^C&, c̄i5l16i1i C̄
^C̄&,i 51,2,3,

x5l111
1
cX^X&, y5l101102Y^Y&, ~51!

z5l131
3
cZ^Z&, p225l121

2
cP^P&.

The Dirac matricesD, N and L are found by forming
matrix elements of the electroweak symmetry break
VEV’s with the appropriate basis vectors. Again these m
trices have exactly the structures given in Eqs.~15!, provided
the state normalization factors are approximated by un
i.e., we assume that the zero-mass states have their
components in the chiral representations161 , 162 and 163
and that all the other components are small. We shall re
to this point in the next section. In the meantime we ma
the identifications

MD5~ t3! 5̄(10)

eMD5u3~aq /p!~ t2! 5̄(10)u

sMD52~c/y!~c8! 5̄(16) ~52!

DMD5t0 t̄ 0 /s

d8eifMD5t08 t̄ 0 /s8

in terms of the notation given in Eqs.~45! and ~51! and the
following:

t05l161162T0
, t085l161163T

08

t̄ 05lCC8T̄0
^C&^C8&, c85l163102C8^C8&, ~53!

s5lT0T̄0S^S&, s85lT
08T̄0S8^S8&.

The phasef appearing in thed8 term can be understood t
arise from a phase in the VEV forS8. The structures of the
Dirac matrix elements given in Eqs.~15!, ~47! and ~52! can
be understood in terms of the simple Froggatt-Nielsen d
grams of Fig. 1 and 2, with the Higgs fields labeled as
Table I.

Turning to the right-handed Majorana mass matrix,
use the zero mass left-handed conjugate states that wer
tained implicitly above for the Dirac matrixN to form the
basis forMR . The right-handed Majorana matrix is then o
tained by bracketing the Majorana HiggsVM with the appro-
priate zero mass conjugate neutrino states in Eqs.~49!. We
obtain

MR5S 0 Ae3 0

Ae3 0 0

0 0 1
D LR ~54!

where
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M35LR5l1
3
c1

3
cVM

^VM&~ c̄3 /z!2,

~55!

M252M15Ae3LR5l1
1
c1

2
cVM

^VM&~ c̄1 /x!~ c̄2 /p22!.

The lighter two right-handed Majorana masses are dege
ate and have oppositeCP-parity. Note that the whole right-
handed Majorana matrix has been generated in this sim
model by one Majorana VEV coupling superheavy conjug
fermion singlets as shown in Fig. 4.

We conclude this section with a summary of the GU
scale predictions derived from the Dirac and Majorana m
matrices with the particular parameters appropriate for
model in question. For convenience we give the whole
equations which are the counterpart of Eqs.~19!:

mt
0/mb

0>~s211!21/2MU /MD , mu
0/mt

0>h, ~56!

mc
0/mt

0>
1

9
e2
•F12

2

9
e2G , mb

0/mt
0>12

2

3

s

s211
e,

ms
0/mb

0>
1

3
e

s

s211
•F11

1

3
e
12s22se/3

s~s211!
1

1

2
~ tL

21tR
2 !G ,

md
0/ms

0>tLtR•F12
1

3
e

s212

s~s211!
2~ tL

21tR
2 !

1~ tL
41tL

2tR
21tR

4 !G ,

mm
0 /mt

0>e
s

s211
•F11e

12s22se

s~s211!
1

1

18
~ tL

21tR
2 !G ,

me
0/mm

0 >
1

9
tLtR•F12e

s212

s~s211!
1e2

s419s2/213

s2~s211!2

2
1

9
~ tL

21tR
2 !G ,

FIG. 4. Diagrams that generate the 33, 12, and 21 element
the Majorana mass matrixMR of the superheavy right-handed ne
trinos.
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Vcb
0 >

1

3
e

s2

s211
•F11

2

3
e

1

s~s211!
G ,

Vus
0 >tLF12

1

2
tL
22tR

21tR
41

5

2
tL
2tR

21
3

8
tL
4

2
e

3sAs211

tR

tL
e2 iuG ,

Vub
0 >

1

3
tLe

1

s211
FAs211

tR

tL
e2 iuS 12

1

3
e

s

s211
D

2S 12
2

3
e

s

s211
D G ,

m2
0/m3

0>S h

AeA11e2D F11
h

Ae3A11e2G ,

m1
0/m3

0>S h

AeA11e2D F12
h

2Ae3A11e2G ,

Um3
0 >2

1

As211
S s2e

s2

s211
D ,

Ue2
0 >2

1

A2
F12

e

3s
tLeiu1

1

3As211
~11es!tRG ,

Ue3
0 >

1

3As211
~s2e!tR2

h

Ae2
.

To the quark equations we have added the ratiomt
0/mb

0

which involves the ratio of ^5(T1)& to ^5̄(T1)&, i.e.,
MU /MD , as well as giving the leptonic mass ratios and m
ings specific to the model in question.
09300
-

C. Numerical evaluation of matrix parameters

We have elaborated above how the simple explicit mo
proposed gives precisely the structure for the Dirac m
matrices that was obtained from the effective operator
proach. We now show that the entries are also numericall
the range to fit the quark and lepton mass and mixing da

In order to compare the GUT scale predictions in Eq.~56!
with the low scale data, the GUT scale values are fi
evolved fromLG5231016 GeV down to the SUSY scale
which is taken to beLSUSY5mt(mt)5165 GeV by use of
the 2-loop MSSM beta functions. For this purpose, the m
ratios at the two scales are related by theh i / j running factors,
while the quark mixing elements are scaled by theh i j factor
according to

S mi

mj
D

SUSY

5S mi
0

mj
0D Y h i / j ,

~Vi j !SUSY5Vi j
0 /h i j , ~ i j !5~ub!, ~cb!, ~ td!, ~ ts!.

~57!

The remaining evolutions to the bottom and charm quark
tau lepton running mass scales, or to the 1 GeV scale in
case of the light quarks and leptons, is carried out with
3-loop QCD and 1-loop QED renormalization group equ
tions. Here the running factors areh i with the mass ratios
scaled according to

mi~mi !5~mi !SUSY/h i~mt! ~58!

or similarly, with the running mass scalemi replaced by 1
GeV. With tanb55 used for the numerical evaluations fo
reasons that will become apparently shortly,as(MZ)
50.118, a(MZ)51/127.9 and sin2 uW50.2315, the running
factors are given by
ino
hu/t5hc/t50.6927, hd/b5hs/b50.8844

hm/t50.9988, hb/t50.5094

hub5hcb5h td5h ts50.8853

~59!

hu~mt!50.4235, hc~mt!50.4733, h t~mt!51.0000

hd~mt!50.4262, hs~mt!50.4262, h t~mt!50.6540

he~mt!50.9816, hm~mt!50.4816, ht~mt!50.9836.

Finally, finite corrections must be applied toms , mb and the evolved quark mixing matrix elements which arise from glu
and chargino loops. The correction factors are conventionally written as (11Ds), (11Db) and (11Dcb) where we have used

Ds520.20, Db520.15, Dcb520.05 ~60!
8-17
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as explained below.
Using the quantities@22# mt(mt)5165 GeV,mt51.777 GeV,mm5105.7 MeV, me50.511 MeV, mu54.5 MeV, Vus

50.220,Vcb50.0395, anddCP564° to determine the input parameters, one obtains for themMU.113 GeV,MD.1 GeV,
s51.780, e50.145, tL50.236, tR50.205, u534° ~corresponding tod50.0086,d850.0079,f554°), andh5831026.
With these inputs the remaining quark masses and mixings are obtained, to be compared with the experimental valu@22# in
parentheses:

mc~mc!51.23 GeV ~1.2760.1 GeV!

mb~mb!54.25 GeV ~4.2660.11 GeV!

ms~1 GeV!5148 MeV ~175650 MeV! ~61!

md~1 GeV!57.9 MeV ~8.962.6 MeV!

uVub /Vcbu50.080 ~0.09060.008!

where the finite SUSY loop corrections formb , ms andVcb have been rescaled to givemb(mb).4.25 GeV for tanb55. Had
we chosendCP570° as input, on the other hand, we would find insteaduVub /Vcbu50.085. With the numerical values in Eq
~61! we find for r̄, h̄ and thea, b andg angles of the unitarity triangle pictured in Fig. 3

r̄50.143, h̄50.305, a596°, b520o, g564°. ~62!

The upper vertex of the triangle appears to be circled precisely in the allowed experimental region.
Additional predictions follow for the neutrino sector. The effective light neutrino mass matrix of Eq.~34! or ~36! with B

50 leads to bimaximal mixing with a large angle solution for atmospheric neutrino oscillations@6# and the ‘‘just-so’’ vacuum
solution @19# involving two pseudo-Dirac neutrinos, if we setLR52.431014 GeV andA50.05. We then find

m3554.3 meV, m2559.6 meV, m1556.5 meV

M352.431014 GeV, M25M153.6631010 GeV

Ue250.733, Ue350.047, Um3520.818, dCP8 520.2°
~63!

Dm23
2 53.031023 eV2, sin2 2uatm54uUm3u2uUt3u250.89

Dm12
2 53.6310210 eV2, sin2 2usolar54uUe1u2uUe2u250.99

Dm13
2 53.031023 eV2, sin2 2u reac54uUe3u2~12uUe3u!250.009.
o
su

en
or

e

le

ap

s

o
u-

tain
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tion

ark
w-

u-
The effective scale of the right-handed Majorana mass c
tribution occurs two orders of magnitude lower than the
persymmetric~SUSY! GUT scale ofLG51.231016 GeV.
The effective two-component reactor mixing angle giv
above should be observable at a future neutrino fact
whereas the present limit from the CHOOZ experiment@23#
is approximately 0.1 for the aboveDm23

2 . In principle, the
parameterA appearing inMR can also be complex, but w
find that in no case does the leptonicCP-violating phase,
dCP8 exceed 10° in magnitude. Hence the model predicts
tonic CP-violation will be unobservable.

The vacuum solar solution depends critically on the
pearance of the parameterh in the matrixN, corresponding
to the non-zeroh entry inU which gives the up quark a mas
at the GUT scale. Should we seth50, only the small-angle
MSW solution@7# would be obtained for the solar neutrin
oscillations. The bimaximal large mixing angle MSW sol
tion requires a considerably larger hierarchy inMR . But
09300
n-
-

y,

p-

-

such a large hierarchy may be desirable in order to ob
baryogenesis through the leptogenesis mechanism.

Finally we address the issue that the state normaliza
factors were all replaced by unity in Eqs.~47! and ~52! for
the various matrix parameters. This is a good approxima
provided the three fermion spinor statesu161&, u162&, u163&
provide the dominant contributions to the zero-mass qu
and lepton states at the GUT scale. In particular, the follo
ing ratios must be much less than unity:

~a/p!2, ~y8/s9!2, ~c/y!2, ~ c̄1 /x!2,

~ c̄2 /p22!
2, ~ c̄3 /z!2!1. ~64!

Let us assume for simplicity that the electroweak co
plings of ^T1& in t3 , t2 and t8 in Eq. ~45! and of^C8& in c8
of Eq. ~53! are identical. Then withe5u3(aq /p)u5ual /pu
50.14, we find the condition (a/p)2.0.02!1 holds. To ob-
8-18
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CONSTRUCTION OF A MINIMAL HIGGSSO~10! . . . PHYSICAL REVIEW D 62 093008
tain an up quark massmu(1 GeV).4.5 MeV, we needh
>(y8/s9)2.831026 at the GUT scale, which easily satis
fies Eqs.~64!.

Requiring that (c/y)2!1 and with the result from Eqs
~52! that

s.Ucy ^5̄~C8!&

^5̄~T1!&
L .1.8 ~65!

leads us to the results that

tang[
^5̄~C8!&

^5̄~T1!&
@s

~66!

tanb.As211mt
0~cosg!/mb

0!mt
0/mb

0

in terms of theT12C8 mixing angle,g, in Eq. ~11!. With
c/y>0.1, for example, tang.18 which implies tanb.6, a
very reasonable mid-range value allowed by experiment.
this reason, we have chosen to illustrate the numerical res
above with tanb55.

The remaining ratios in Eq.~64! can also be satisfied. Fo
comparablec̄i ’s, Ae3;1.431024 obtained from Eq.~55! re-
quires that̂ Z&/A^X&^P&;0.01. This ratio is consistent with
the VEV’s needed in the Higgs superpotential of Eq.~41! in
order to solve the doublet-triplet splitting problem.

Turning now to the parametersd andd8, we note that the
near equality of their magnitudes leads to the ratiod/ud8u
>s/us8u.1. Moreover, if we assumey;y8, we obtain the
estimated;cy8/(ys)tang;531023 with the numbers ob-
tained earlier, whereas the actual value needed isd.0.008.

Thus we have found that not only are the desired forms
the Dirac~and Majorana! matrices generated by the model
this section, but that the numerical values required for
matrix parameters are also quite reasonable.

VII. SUMMARY

Both the largeness of the atmospheric neutrino mix
Um3 and the smallness of the quark mixingVcb can be el-
egantly accounted for by the idea that the charged lep
mass matrixL is highly asymmetric or ‘‘lopsided’’ and tha
the down-quark mass matrixD is related to the transpose o
L by an SU(5) symmetry. This idea was discovered ind
pendently by several groups and has since been used in
merous models of fermion masses. Remarkably, exactly s
mass matrices emerged in our work from quite other con
erations than neutrino masses and mixings, specifically f
an attempt to construct the simplest possible realisticSO(10)
model.

Advances have been made in recent years in simplify
the Higgs structure of SUSYSO(10) models. If one assume
the minimal set of Higgs fields that can breakSO(10) down
to the standard model group, the possibilities for Yuka
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terms for the quarks and leptons become significantly
stricted. It turns out that there is what seems to be a uniqu
simple set ofSO(10) Yukawa terms that gives realisti
masses and mixings. This set consists of only six effec
Yukawa terms~five if mu50) which satisfactorily fits all
nine masses of the quarks and charged leptons as well a
four CKM parameters. In addition, largenm2nt mixing
emerges automatically. Moreover, in this uniquely simp
model, the simplest possibilities for the Majorana mass m
trix MR of the right-handed neutrinos lead either to sm
angle MSW values for the solar neutrino mixing or
vacuum oscillation values. In this paper we have studied
detail the consequences of different forms ofMR for the
neutrino mixing angles and mass ratios.

In the published literature no more predictive and ec
nomical a model for quark and lepton masses than the
discussed here exists that is also consistent with pre
knowledge. It is striking that in this model a single term a
a single parameter~which we calls) accounts for no less
than four puzzling aspects of the light fermion spectrum:
largeness ofUm3, the smallness ofVcb , the smallness of
mc /mt compared toms /mb , and the Georgi-Jarlskog facto
of three betweenmm andms at the GUT scale. It should be
emphasized that, while many satisfactory neutrino mix
ideas and also many interesting ideas for explaining the
tern of quark and charged lepton masses have been prop
very few models exist which not only give a satisfacto
account of neutrino phenomenology but are at the same
highly predictive.

We have shown that the model defined by the existenc
these five~or six! effective Yukawa terms can be realized
a complete and specific renormalizable SUSYSO(10)
model that is technically natural. We have presented the
tails of such a model, including all the Higgs and quark a
lepton superfields, the Abelian flavor symmetries, and
transformation properties of the fields under these sym
tries. Finally, we have done a quantitative comparison of
predictions of the model to experiment.

In the future this model will be rigorously testable in se
eral ways. The most important are~1! a relation between the
real and imaginary parts ofVub including a precise test of the
angles of the unitarity triangle;~2! a prediction forUe2,
which in the small angle MSW case gives a sharp relat
between the solar and atmospheric angles; and~3! a definite
prediction forUe3.
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