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Long-distance effects inB\Vg radiative weak decays
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Department of Physics, University of California at San Diego, La Jolla, California 92093

~Received 6 March 2000; published 21 September 2000!

A systematic approach to long-distance effects in exclusive radiative weakB decays is presented, based on
a combination of the heavy quark limit with perturbative QCD. The dominant long-distance effects, connected
with weak annihilation andW-exchange topologies, can be computed in a model-independent way using
experimental data onB radiative leptonic decays. Nonfactorizable corrections vanish in the chiral limit and to
leading twist. The left-handed photon amplitudes are shown to be enhanced relative to the right-handed ones,

both in the long- and short-distance parts of theB̄ decay amplitudes. Recent CLEO data onB→K* g decays
are consistent with standard model estimates of the long-distance contributions, and disfavor an enhanced
gluonic penguin contribution. We discuss the implications of our results for the extraction ofuVtdu.

PACS number~s!: 13.40.Hq, 12.40.Vv, 14.40.Nd
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I. INTRODUCTION

Rare radiative decays ofB mesons received considerab
theoretical attention due to their special sensitivity to phys
beyond the standard model~SM!. Alternatively, if the valid-
ity of the SM is taken for granted, these decays can o
useful information on the magnitude of the Cabibb
Kobayashi-Maskawa~CKM! parameters. So far, most of th
theoretical effort has been concentrated on aspects of in
sive decaysb→sg, which can be treated with the help of a
operator product expansion~OPE! combined with the heavy
quark expansion@1#. The corresponding strong interactio
effects can be quantified in terms of a few nonperturba
matrix elements. Experimental results on the branching r
for inclusiveB→Xsg decays@2,3# appear to be in agreemen
with the predictions of the standard model.

On the other hand, the treatment of exclusive radiat
decays such asB→K* g or B→rg is considerably more
difficult. This is due to the fact that bound state effects m
be taken into account, which are essentially nonperturba
in nature. In addition to the matrix element of the pengu
operator~short-distance component!, a nonlocal contribution
must be included too, arising from a product of the elect
magnetic coupling with the weak nonleptonic Hamiltoni
~long-distance component!. These effects have been es
mated using various methods, such as perturbative Q
combined with the quark model@4–8#, dispersion methods
@9#, vector meson dominance@10,11# and QCD sum rules
@12–14#.

Recently the CLEO Collaboration measured the bran
ing ratios for several exclusive radiative decaysB→Vg,
with V5K* 0,K* 1 @15#, and gave upper limits on theV
5r,v modes. A more detailed study of these decays
therefore well motivated.

In this paper we propose a different approach to the
culation of the dominant long distance contributions toB
→Vg decays@with V a member of the SU~3! octet of vector
mesons#, arising from weak annihilation andW-exchange to-
pologies. We start by parametrizing all these decays in te
of a few common amplitudes~for each photon helicityl
5L,R), using SU~3! symmetry. It can be shown that th
structure of these universal amplitudes simplifies very m
0556-2821/2000/62~9!/093002~11!/$15.00 62 0930
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to the leading order of a twist expansion, in powers ofL/Eg
andL/p15L/mB , with p1 the light-cone component of th
vector meson momentum. Since the photon energy inB
→r(K* )g decays isEg52.6 GeV, the higher twist correc
tions can be expected to be well under control. We find th
to leading twist, the photons emitted inB̄ decay are predomi-
nantly left handed. Second, the nonfactorizable correcti
turn out to be computable in terms of the light-cone wa
functions of theB andV mesons. Furthermore, in the chir
limit, the nonfactorizable corrections vanish exactly to on
loop order. The remaining factorizable contribution can
determined in a model-independent way using experime
data on radiative leptonicB decaysB→gen.

These results can be used to assess the feasibility o
determination of the ratiouVtd /Vtsu from a comparison of the
B→K* g and B→rg decays. The Appendix describes ce
tain constraints on radiative decay form factors followi
from a Ward identity expressing the conservation of the el
tromagnetic current.

II. FLAVOR SU „3… PREDICTIONS FOR B̄\Vg
DECAY AMPLITUDES

In the standard model, the radiativeB̄→Vg decays@with
V a member of the SU~3! octet of vector mesons# are domi-
nated by the operators (q5s,d) ~see, e.g.,@16#!

Hrad5
24GF

A2
l t

(s) (
i 57,8

Ci~m!O i
(s)~m!1~s→d!, ~1!

O 7
(q)5

e

16p2
Fmnq̄smn~mbPR1mqPL!b, ~2!

O 8
(q)5

gs

16p2
q̄smn~mbPR1mqPL!Gmnb, ~3!

PR,L5
1

2
~16g5!.
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We denote here and in the following the combination

CKM matrix elementslq
(q8)5VqbVqq8

* . In addition to this,
there are also contributions mediated by the usual weak n
leptonic Hamiltonian

HW5
4GF

A2
H lu

(s)@C1~ ūb!V2A~ s̄u!V2A

1C2~ s̄b!V2A~ ūu!V2A#1lc
(s)@C1~ c̄b!V2A~ s̄c!V2A

1C2~ s̄b!V2A~ c̄c!V2A#2l t
(s)(

i 53

10

ciQi
(s)1~s→d!J ~4!

with (q̄1q2)V2A(q̄3q4)V2A5@ q̄1gmPLq2#@ q̄3gmPLq4#. In
these diagrams, the photon attaches to the internal q
lines with the usual electromagnetic coupling. We will n
glect in the following the contributions of the penguin ope
tors Q3210, which are suppressed relative to those of
current-current operators by their smaller Wilson coe
cients.

In a quark diagram language, allB→Vgl decay ampli-
tudes are parametrized by nine independent SU~3! ampli-
tudes, for each individual photon helicityl5L,R. They ap-
pear together in fewer combinations, such that a cer
predictive power is still retained. They include penguin-ty
amplitudesPu,c,t—corresponding to topologies with au-, c-
and t-quark running in the loop, the weak annihilatio
(WA)-type amplitude A, the W-exchange amplitudeE,
penguin-annihilation amplitudesPA, and amplitudes with
one insertion of the gluonic penguin operatorO8 which will
be denotedMi ~see Fig. 1!. In the penguinPu,c

( i ) and M ( i )

amplitudes we distinguish between diagrams with the pho
coupling to the loop quark or the other emerging light qua
( i 51) and diagrams with the photon coupling to the spec
tor quark (i 52). We adopt the usual phase conventions
the vector states (r1,r0,r2)5„ud̄,(1/A2)(dd̄2uū),
2dū…, (K̄* 0,K* 2)5(sd̄,2sū), (K* 1,K* 0)5(us̄,ds̄),
f (8)5(1/A6)(2ss̄2uū2dd̄), and for the heavy meson
(B1,B0,Bs)5(b̄u,b̄d,b̄s), (B2,B̄0,B̄s)5(bū,2bd̄,bs̄).

The weak annihilation amplitudesA( i ) contribute only to
the B6 radiative decays, where they appear always in
same combinationA[ 2

3 A(1)1 2
3 A(2)2 1

3 A(3) @see Fig. 1~a!#.
Writing explicitly the contributions of the penguin ampl
tudes one has

A~B2→r2gl!5lu
(d)~Pul

(1)1QuPul
(2)1Al!

1lc
(d)~Pcl

(1)1QuPcl
(2)!

1l t
(d)~Ptl1Ml

(1)1QuMl
(2)! ~5!

A~B2→K* 2gl!5lu
(s)~Pul

(1)1QuPul
(2)1Al!

1lc
(s)~Pcl

(1)1QuPcl
(2)!

1l t
(s)~Ptl1Ml

(1)1QuMl
(2)!. ~6!

The penguin amplitude with an internalt quarkPtl ~aris-
ing from the penguin operatorO7) is usually called the
09300
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short-distance contribution, in contrast to the long-distan
amplitude, arising from nonlocal insertions of the wea
Hamiltonian ~4! with one photon attachment. In hadron
language, the penguin amplitudesPu

( i ) receive contributions
from rescattering effects of the formB6→$r6r0%→r6g,
and the charmed penguinsPc

( i ) arise from rescattering pro

cessesB6→$D* 6D̄* 0%,$cr6%→r6g.
The B̄0 decay amplitudes contain theW-exchange topol-

ogy, parametrized by the graphical amplitudesE( i ) @Fig.
1~b!#. All the decays discussed below contain these am
tudes in the same combinationE[ 2

3 E(2)1 2
3 E(3)2 1

3 E(1):

A~B̄0→r0gl!5
1

A2
lu

(d)@Pul
(1)1QdPul

(2)2El

2~Qu2Qd!PAul#1
1

A2
lc

(d)@Pcl
(1)

1QdPcl
(2)2~Qu2Qd!PAcl#

1
1

A2
l t

(d)~Ptl1Ml
(1)1QdMl

(2)! ~7!

FIG. 1. Quark diagrams contributing toB̄→Vg decays. The
cross marks the attachment of the photon line.~a! Weak annihila-
tion amplitudesA( i ), with i 51,2,3 corresponding to the photon a

taching to each of the three quark linesq̄1 ,q̄2 ,q3; ~b! W-exchange
amplitudesE( i ), i 51,2,3; ~c! penguin amplitudesPq8

(1) ~the photon

is attached to theq̄5d̄,s̄ quark or the quarkq85u,c running in the
loop! andPq8

(2) with the photon attached to the spectator quark;~d!
annihilation penguin amplitudesPAq8 ; ~e! amplitudes with one in-

sertion of the gluonic penguinM (1) ~photon attaching to theq̄ line!
andM (2) ~photon attaches to the spectator quark!. The box denotes
one insertion of the operatorQ8.
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A~B̄0→K̄* 0gl!5lu
(s)~Pul

(1)1QdPul
(2)!

1lc
~s!~Pcl

(1)1QdPcl
(2)!

1l t
(s)~Ptl1Ml

(1)1QdMl
(2)! ~8!

A~B̄0→f (8)gl!52
1

A6
lu

(d)@Pul
(1)1QdPul

(2)1El

1~Qu1Qd22Qs!PAul#

2
1

A6
lc

(d)~Pcl
(1)1QdPcl

(2)

1~Qu1Qd22Qs!PAcl!

2
1

A6
l t

(d)~Ptl1Ml
(1)1QdMl

(2)!. ~9!

Finally, the correspondingB̄s decays are written in term
of the amplitudes previously introduced as

A~B̄s→K* 0gl!52lu
(d)~Pul

(1)1QsPul
(2)!2lc

(d)~Pcl
(1)

1QsPcl
(2)!2l t

(d)~Ptl1Ml
(1)1QsMl

(2)!

~10!

A~B̄s→r0gl!5
1

A2
lu

(s)@El1~Qu2Qd!PAul#

1
1

A2
lc

(s)~Qu2Qd!PAcl ~11!

A~B̄s→f (8)gl!52
1

A6
lu

(s)@2Pul
(1)12QsPul

(2)2El

2~Qu1Qd22Qs!PAul#

2
1

A6
lc

(s)@2Pcl
(1)12QsPcl

(2)

2~Qu1Qd22Qs!PAcl#

2A2

3
l t

(s)~Ptl1Ml
(1)1QsMl

(2)!.

~12!

Note that the long-distance penguin-type amplitudes with
internalu andc quark are different inB6 andB0,Bs decays,
due to the different electric charge of the spectator quar
the two cases. This is different from the conclusion reac
in @6#; present experimental data from CLEO@see Eqs.~56!,
~57! below# appear to confirm the presence of these lo
distance contributions at the 1s level.

Decays to the SU~3! singlet vector mesonf (1)

5(21/A3)(uū1dd̄1ss̄) introduce new amplitudesSl ,
09300
n
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which arise from diagrams similar toPAl @see Fig. 1~d!# but
with the photon attaching to the quark in the loop or to t
spectator in theB̄ meson:

A~B̄0→f (1)gl!52
1

A3
lu

(d)~Pul
(1)1QdPul

(2)1El1Sul!

2
1

A3
lc

(d)~Pcl
(1)1QdPcl

(2)1Scl!

2
1

A3
l t

(d)~Ptl
(1)1Ml

(1)1QdMl
(2)! ~13!

A~B̄s→f (1)gl!5
1

A3
lu

(s)~Pul
(1)1QdPul

(2)1El1Sul!

1
1

A3
lc

(s)~Pcl
(1)1QdPcl

(2)1Scl!

1
1

A3
l t

(s)~Ptl
(1)1Ml

(1)1QdMl
(2)!.

~14!

The decay amplitudes into the physical statesf, v are
obtained by combining the octet and singlet amplitudes w
a mixing angleuV as

f5f (8)cosuV2f (1)sinuV ~15!

v5f (8)sinuV1f (1)cosuV . ~16!

The physical value of the mixing angle is close to tanuV

51/A2, corresponding to ideal mixingf5 s̄s, v

5(21/A2)(uū1dd̄). Combining the amplitudes for decay
into SU~3! eigenstates one finds the following amplitudes
decay into physical statesv,f:

A~B̄0→vgl!52
1

A2
lu

(d)S Pul
(1)1QdPul

(2)1El

1
1

3
PAul1

2

3
SulD2

1

A2
lc

(d)S Pcl
(1)1QdPcl

(2)

1
1

3
PAcl1

2

3
SclD2

1

A2
l t

(d)~Ptl
(1)1Ml

(1)

1QdMl
(2)! ~17!

A~B̄0→fgl!5
1

3
lu

(d)~2PAul1Sul!

1
1

3
lc

(d)~2PAcl1Scl!, ~18!
2-3
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and

A~B̄s→vgl!5
1

A2
lu

(s)S El1
1

3
PAul1

2

3
SulD

1
1

A2
lc

(s)S 1

3
PAcl1

2

3
SclD ~19!

A~B̄s→fgl!52lu
(s)S Pul

(1)1QsPul
(2)2

1

3
PAul

1
1

3
SulD2lc

(s)S Pcl
(1)1QsPcl

(2)

2
1

3
PAcl1

1

3
SclD2l t

(s)~Ptl1Ml
(1)

1QsMl
(2)!. ~20!

The radiative decay widths are given, in terms of these a
plitudes, by

G~B̄→Vg!5
Eg

8pmB
2 (

l5L,R
uA~B̄→Vgl!u2. ~21!

A. Short-distance amplitude

Because of the smallness of the light quark massesmd ,
ms appearing in the short-distance Hamiltonian~1!, relative
to theb-quark mass, it couples predominantly to left-hand
photons. The amplitude for emitting right-hand polariz
photons is suppressed relative to the one for left-handed
tons by the quark mass ratiouPtR /PtLu5O(md,s /mb).
Therefore, the right-handed amplitudePtR can be neglected
to a good approximation.

The left-handed short-distance amplitude can be
pressed in terms of theB→V form factors of the tenso
current, defined as

^V~p8,e!uq̄smnbuB̄~p!&5g1~q2!«mnlsel* ~p1p8!s

1g2~q2!«mnlsel* ~p2p8!s

1h~q2!«mnls~p1p8!l

3~p2p8!s~e* •p!. ~22!

Using the relationsmng55( i /2)«mnabsab ~corresponding to
«012351), one finds

^V~p8,e!uq̄smng5buB̄~p!&52 ig1~q2!@em* ~p1p8!n

2en* ~p1p8!m#2 ig2~q2!

3@em* ~p2p8!n2en* ~p2p8!m#

2 ih~q2!~e* •p!

3@~p1p8!m~p2p8!n

2~p1p8!n~p2p8!m#. ~23!
09300
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The relevant quantity is the form factorg1 at the kinematical
point q250. This has been computed using light-cone QC
sum rules~LCSRs! @17,18# and lattice QCD@19#, with re-
sults which are in reasonable agreement with each other.
most recent LCSR calculation gaveg1

(r)(0)50.2960.04 and

g1
(K* )(0)50.3860.06 @18#, which compares well with the

lattice resultg1
(K* )(0)50.3220.02

10.04 @19#. A somewhat larger

value g1
(K* )(0)50.4 was recently extracted@20# from the

D→K* en semileptonic form factors using heavy qua
symmetry relations@21#.

Using the latter value forg1(0), onefinds, for the short-
distance penguin amplitudes with an internalt quark,

PtL528A2GF

e

16p2
C7~mb!mbmBEgg1~q250!

5~1.831026!S g1~0!

0.4 D S mb~GeV!

4.2 D GeV ~24!

andPtR.0. We used in this numerical estimate the leadin
logarithmic value for the Wilson coefficientC7(mb)5
20.31. In the following section we will prove a similar sup
pression of the right-handed amplitude relative to the le
handed one for the weak annihilation~A! and the
W-exchange~E! amplitudes inB̄ decays, to leading order in
an expansion in powers of 1/Eg .

B. Weak annihilation and W-exchange amplitudes

We start by assuming factorization; the corrections to t
approximation will be discussed below. The factorized we
annihilation amplitude contributing to theB2→r2g decay
is written as

Al5
GF

A2
a1$2 f BpBm^r2glu~ d̄u!V2A

m u0&

1mr2 f r2~er* !m^glu~ ūb!V2A
m uB2&%, ~25!

corresponding to the photon coupling to theB2 or to ther2

constituent quarks respectively. To the tree level, the Wils
coefficient a1 is given by a15C1(mb)1C2(mb)/Nc51.02
@16#. The first term can be computed exactly in the chi
limit with the result

pBm^r2glu~ d̄u!V2A
m u0&52^r2glu i ]m~ d̄u!V2A

m u0&

52emr2 f r2~er* •el* !1O~mu ,md!.

~26!

We used here the following relations for the divergence
the isovector and isoaxial vector currents in the presenc
an electromagnetic fieldA ~with e.0):

i ]m~ q̄gml iq!52eAlq̄@Q̂,l i #glq2q̄@m̂,l i #q ~27!

i ]m~ q̄gmg5l iq!52eAlq̄@Q̂,l i #glg5q2q̄$m̂,l i%g5q.

~28!
2-4
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Q̂5diag (2
3 ,2 1

3 ,2 1
3 ) and m̂5diag (mu ,md ,ms) are the

quarks’ electric charge and mass matrix, respectively.
result~26! is analogous to a similar one obtained in@22# for
the long-distance contribution to the decayB→pe1e2.

The remaining contribution can be expressed in terms
the two form factorsf V,A(Eg) parametrizing the radiative
leptonic decayB2→gen̄:

1

A4pa
^g~q,el!uq̄gm~12g5!buB̄~v !&

5 i«~m,el* ,v,q! f V~Eg!1@elm* ~v•q!2qm~el* •v !#

3 f A~Eg!2
1

Eg
~Qq2Qb! f BmB~v•el* !vm , ~29!

wherev denotes theB meson velocity (pB5mBv). The last
term is present only for chargedB mesons, and is require
for the gauge invariance of the complete decay amplitu
including also the lepton part. Although it is not relevant f
real photon processes, it does contribute to decays invol
virtual photons, which can probe them50 component of the
electromagnetic current. A detailed derivation of this term
presented in the Appendix.

Combining the two terms in Eq.~25! one finds the follow-
ing result for the weak annihilation helicity amplitudesAl :

AL,R52
GF

A2
a1emr2 f r2$ f B1Eg@ f A

(B2)~Eg!7 f V
(B2)~Eg!#%.

~30!

Eventually the form factorsf V,A(Eg) will be extracted from
the doubly differential spectrumd2G/dEedEg in the radia-
tive leptonic decayB6→gen, which will allow a model-
independent calculation of the weak annihilation amplitud
AL,R . A considerable simplification can be achieved if t
WA amplitudes are expanded in powers ofL/Eg using the
methods of perturbative QCD for exclusive processes@23#. It
has been shown in@24# that the leading terms in the expa
sion @of order O(1/Eg)] of f V(Eg) and f A(Eg) are related,
and can be expressed in terms of the valence light-cone w
function of theB meson as

f V
(B6)~Eg!56 f A

(B6)~Eg!5
f BmB

2Eg
S QuR2

Qb

mb
D1OS L2

Eg
2 D .

~31!

R is a hadronic parameter given by an integral over theB
meson light-cone wave functionR5*0

`dk1cB(k1)/k1

@with the normalization*0
`dk1cB(k1)51]. A similar result

is obtained in the quark model, with the identificationR
→1/mu , with mu.350 MeV the constituent light quar
mass@25,6,26#. The relation~31! among f V,A(Eg) implies
that a measurement of the photon spectrum inB6→gen
should be sufficient for their extraction~without any knowl-
edge of theB meson light-cone wave function!.

For the moment, in the absence of such data, the par
eterR can be estimated using model wave functions, wh
09300
e
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results in typical values of aroundR52.560.5 GeV21 @24#.
We will use this central value in our estimates below.

It is possible to give a model-independent lower bou
for theR parameter, in terms of theB meson binding energy
L̄5mB2mb . At the tree level this bound readsR>3/(4L̄)
@24#. This can be used together with Eqs.~30! and ~31! to
derive a lower bound on the magnitude of theAL amplitude
~corresponding toB2→r2g decays!:

AL>A2GFa1emr2 f r2

3Quf BmB

8L̄

5~0.5431026!S a1

1.0D S f B~MeV!

175 D S 350

L̄~MeV!
D GeV.

~32!

We used in this estimatef r25216 MeV, as determined
from the leptonic decay width of ther0 meson.

To leading order in 1/Eg , the right-handed amplitudeAR
receives contributions only from the first term in Eq.~30!:

AR52
GF

A2
a1emr2 f r2 f B52~0.0731026! GeV,

~33!

where we used the same values for the hadronic param
as above. Comparing with Eq.~32! one can see that the left
to-right-handedWA amplitude ratio is enhanced by a fact
of more than 8.

The W-exchange amplitudeE is given by an expression
analogous to Eq.~25!, with a different phenomenologica
factorization coefficient a25C2(mb)1C1(mb)/Nc50.17
@16#. The result corresponding to the decayB̄0→r0g is writ-
ten as

El5GFa2$2 f BpBm^r0glu~ ūu!V2A
m u0&

1mr0f r0~er* !m^glu~ d̄b!V2A
m uB̄0&%. ~34!

In the chiral limit only the second term contributes, whic
gives @with f r05(1/A2) f r6]

EL,R52
GF

A2
a2emr0f r1Eg@ f A

(B̄0)~Eg!7 f V
(B̄0)~Eg!#.

~35!

The form factors appearing on the right-hand side~RHS! are
given by an expression analogous to Eq.~31! ~the sign
change is due to our phase convention for theB̄0 state!:

f V
(B̄0)~Eg!52 f A

(B̄0)~Eg!52
f BmB

2Eg
S QdR2

Qb

mb
D1OS L2

Eg
2 D .

~36!

To the leading order inL/Eg , one finds the lower bound
2-5
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EL>A2GFa2emr0f r1

3uQdu f BmB

8L̄
5~0.0531026!S a2

0.175D
3S f B~MeV!

175 D S 350

L̄~MeV!
D GeV. ~37!

The W-exchange amplitudeE is suppressed relative to th
WA amplitudeA by color suppression in the ratioa2 /a1 and
by an additional factoruQd /Quu51/2. The right-handedER
amplitude receives contributions only from the higher tw
terms in Eq.~36! and is therefore suppressed relative to
left-handed amplitudeER by a factor ofL/Eg.0.15, corre-
sponding to a photon energy inB→r(K* )g decaysEg
52.6 GeV. This gives the estimateER.0.15EL.(0.007
31026) GeV.

The remaining amplitudesPu,c are considerably more dif
ficult to evaluate. A great deal of effort has been put in
attempts to calculate them, with methods such as simple
tor meson dominance@6,10,11#, dispersion techniques com
bined with Regge theory@9# and light-cone QCD sum rule
@12–14#. In the following section we will revisit some o
these estimates, putting them into perspective relative to
effects computed in this section~see Table I!.

C. Long-distance amplitudes with internal
c- and u-quark loops

The long-distance amplitudePcl induced by the b

→cc̄q part of the weak Hamiltonian~4! is usually assumed
to be dominated by the diagram wherein the photon cou
to the charm quark loop. In hadronic language, this con
bution arises from the weak decay of theB meson intoVc (n)

~with c (n) a c̄c state with the quantum numbers of the ph
ton!, followed by the annihilation of thec (n) state into a
photon @10,11#. For an arbitrary photon virtualityq2, this
long-distance amplitude can be written as a sum over in
mediate states:

A~B̄→Vc (n)→Vgl!

5Qce(
n,«n

^0uc̄g•«l* cuc (n)~q,«n!&A~B̄→Vc (n)!

q22Mn
21 iM nGn

.

~38!

The lowest-lying state contributing to the sum is theJ/c,
with a mass of 3.097 GeV. Therefore, for a real photon,
J/c propagator denominator is large, such that its contri
tion can be expected to be strongly suppressed. These
ristic arguments are supported by an explicit QCD sum r
calculation@14#, where the charmed penguin amplitudePcl

is found to be less than 5% of the dominant short-dista
amplitudePtL . This result is confirmed by existing exper
mental data, as discussed below.

In the following we will substantiate these qualitative a
guments with an estimate of the sum~38!, truncating it to a
few lowest states. For definiteness we consider the de
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B2→r2g. The weak decay amplitude in Eq.~38! can be
estimated using factorization, with the result

A~B2→r2c (n)!5
GF

A2
lc

(d)a2f c(n)mc(n)

3H 2V~mc(n)
2

!

mB1mr
i«~ec* ,pB ,pr ,er* !

2~mB1mr!A1~mc(n)
2

!~ec* •er* !

1
2A2~mc(n)

2
!

mB1mr
~er* •q!~ec* •pB!J .

~39!

The form factors appearing here are defined in the usual
~with q5p82p):

^r2~p8,e!uūgmbuB2~p!&

5
2V~q2!

mB1mr
i«~m,p,p8,e* ! ~40!

^r2~p8,e!uūgmg5buB2~p!&

52mrA0~q2!
e* •q

q2
qm1~mB1mr!A1~q2!

3S em* 2
e* •q

q2
qmD 2A2~q2!

e* •q

mB1mr

3S pm1pm8 2
mB

22mr
2

q2
qmD , ~41!

and the decay constant of thec state is given by

^0uc̄gmcuc(q,e)&5mc f cem . Inserting Eq.~39! into the sum
~38! and performing the sum over thec (n) polarization one
finds the following result for the long-distance charmed pe
guin contribution to theB2→r2g amplitude:

Pcl~B2→r2gl!5Qce
GF

A2
a2

2mB

mB1mr
(

n
f c(n)

2

3$V~0!i«~q,el* ,er* ,v !2A2~0!@~v•q!

3~er* •el* !2~v•el* !~q•er* !#%. ~42!

To put the result into this~explicitly gauge-invariant!
form, one must assume the following relation between
form factorsA1 andA2 at q250 @11#:

A1~0!5A2~0!
mB2mr

mB1mr
. ~43!

While the approximate numerical values of these form f
tors VBr(0)50.34,A1

Br(0)50.26,A2
Br(0)50.22 @18# do not

satisfy exactly the relation~43!, it is worth noting that it does
2-6
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hold true to leading order in a large energy expansion
powers of 1/Er . In @27#, the form factors for the decay of
B meson into a light pseudoscalar~vector! meson have been
analyzed using an effective theory for the final state qua
@28#. To leading twist, all these form factors can be e
pressed in terms of two universal functionsz'(Er) and
z i(Er):

V~q2!5S 11
mr

mB
D z'~Er! ~44!

A1~q2!5
2Er

mB1mr
z'~Er! ~45!

A2~q2!5S 11
mr

mB
D Fz'~Er!2

mr

Er
z i~Er!G . ~46!

The leading twist form factors satisfy certain relations, wh
are very similar~but not completely identical! to relations
previously derived in the quark model@29#. This is not com-
pletely unexpected, considering that to leading twist only
meson’s valence degrees of freedom are relevant, which
entially coincides with the quark model picture.

Using the relations~45!, ~46! one can see that the cond
tion ~43! is indeed satisfied, up to corrections of higher ord
in mr /Er , proportional toz i . The relations~44!, ~46! imply
also that only left-handed photons are emitted to lead
twist. The relevant helicity amplitudes are given by

PcL,R5Qce
GF

A2
a2

2mB

mB1mr
Eg@V~0!6A2~0!#(

n
f c(n)

2 .

~47!

Using the realistic values for form factors quoted above, o
finds that the left and right-handed helicity amplitudes ra
is enhanced by about a factor of 5. Absolute values for
uPclu helicity amplitudes obtained by keeping only the low
est two states in Eq.~38! are quoted in Table I. The corre
sponding decay constants can be extracted from their
tonic widths and are given byf c(1)5395 MeV, f c(2)

5293 MeV @11#.
A similar analysis can be performed for the long-distan

amplitude Pul describing quark diagrams withu-quark
loops, which is given by a sum analogous to Eq.~38!:

TABLE I. Estimates of the short-distance and long-distance a
plitudes inB→rg decays~in units of 1026 GeV). The estimates o
the WA and W-exchange amplitudesAl and El used R
52.5 GeV21.

Photon helicity uPtlu uPclu uPulu uAlu uElu

l5L 1.8 0.16 0.03 0.6 0.05
l5R 0 0.04 0.007 0.07 0.007
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A~B̄→VV8→Vgl!

5e (
V85r0,v, . . .

^0u j e.m.•«l* uV8~q,«!&AC~B̄→VV8!

q22MV8
2

1 iM V8GV8

.

~48!

The weak amplitudesA(B̄→VV8) receive, in general, both
color-allowed and color-suppressed contributions~in contrast
to the decaysB→Vc which are purely color-suppressed!.
For example, inB2→r2g decay, the color-allowed compo
nent gives aWA-type contribution to the radiative decay. T
avoid double counting of amplitudes, we will keep therefo
only the color-suppressed component of the weak amplit
in Eq. ~48! ~symbolized by the subscriptC). Our analysis is
different in this respect from other vector meson dominan
~VMD ! estimates of this amplitude@11#.

Keeping only the contributions of the lowest two stat
V85r0,v, one finds

PuL,R5
GF

A2
ea2f r0

mr0

2mB

mB1mr
EgS f r0

mr
1

f v

mv
D

3@V~0!6A2~0!#. ~49!

In writing this result we used the nonet symmetry relati

^0uūgmuur0&5^0uūgmuuv&, valid in the largeNc limit or the
quark model. The corresponding numerical results are sh
in Table I.

The enhancement of the left-handed photon amplitu
relative to the right-handed ones in the long-distance con
butions we found is somewhat surprising. Calculations
these amplitudes using different methods such as QCD
rules@12–14# and perturbative QCD@5# find a similar result.
Such an enhancement does not necessarily hold in the p
ence of new physics. In certain extensions of the stand
model, such as the left-right symmetric model, the rig
handed helicity amplitude can become large~proportional to
the virtual heavy fermion mass! @30#. Such effects lead to
observable consequences such as significant mixing-indu
CP asymmetries in weak radiativeB→Vg decays@31#.

To summarize the results of this section, the rare radia
decays are dominated by the amplitudes correspondin
left-handed photons. The dominant long-distance contri
tion to theB2→r2g decay comes from theWA mechanism;
the corresponding amplitudeAl is calculable in a model-
independent way from experimental data. The left-hand
amplitudes satisfy an approximate hierarchy of sizes:

E.Pu.0.4Pc , Pc.0.2A, A.0.3Pt . ~50!

The relative magnitude of the components with differe
CKM coefficients can be obtained by combining these e
mates for the amplitudes with the corresponding CKM fa
tors.

-

2-7
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D. Nonfactorizable corrections

The leading corrections to the factorization result~25! for
the WA amplitudes come, in perturbation theory, from t
graphs in Fig. 2, with one gluon exchanged between thB
andr quarks.

Let us take for definiteness the final vector meson to
moving along the positivez axis. Momentum conservatio
mBv5q1p is expressed in terms of light-cone compone
asp15mB andmB52Eg1p2 ~we define the light-cone co
ordinates asp65p06p3). Then to leading orderO(1) in an
expansion in powers ofL/p15L/mB , the r meson can be
represented by its valence componentuq(p1)q̄(p2)& with
parallel momenta p15(yp1 ,02 ,0') and p25„(1
2y)p1 ,02 ,0'…. In tensor language this corresponds to t
r wave function

~Cr!ab5
ANc

8A2
p1~g2«” !abf'~y! ~51!

wheref'(y) is the twist-2 chiral-odd structure function a
appropriate for a transversely polarizedr meson. It satisfies
the normalization condition

E
0

1

dyf'~y!5A 2

Nc
f r

T , ~52!

where the decay constantf r
T5(160610) MeV @32# is de-

fined as

^0uūsmndur2~p,«!&5 i f r
T~«mpn2«npm!. ~53!

TheB meson is represented by the tensor wave function@24#

~CB!ab5
ANc

A2k1

cB~k1 ,kW'!H ~k11aW'•kW'!L1

11v”
2

g5J
ab

,

L15
g2g1

4
. ~54!

In contrast to the light mesonsp or r, the leading twist
description of a heavy meson involves in general~beyond the
tree level! also the transverse motion of the heavy quark.

Each of the four diagrams in Figs. 2~a!–2~d! contains IR
divergences; however, an explicit calculation shows that t
cancel in the sum. Therefore~at least to one-loop order!, the
leading-twist nonfactorizable contribution is computable
perturbation theory as a convolution of theB and r light-
cone wave functions with a IR-finite hard scattering amp
tudeTH :

dn. f .AL5E
0

`

dk1E
0

1

dyf'~y,m!cB~k1 ,m!TH~k1 ,y,m!

1higher twist. ~55!

~This is analogous to a result recently found in@33# for non-
leptonic decaysB→pp.! However, it is easy to see that th
hard-scattering amplitude vanishes in the limit of massl
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final quarksTH5O(mu,d). Technically, in this limit, ther
side of the matrix element contains only traces of an o
number ofg matrices, which vanish.

None of these conclusions depends on the fact that
photon is on shell,q250, such that a similar result can b
derived forB→r'e1e2 decays, mediated by a virtual pho
ton. However, a nontrivial nonfactorizable correction is o
tained for a longitudinally polarizedr or a pion in the final
state.

In conclusion, the one-loop nonfactorizable correcti
vanishes identically in the chiral limit and to leading-twi
order. Therefore the factorized result~25! can be expected to
give a very good approximation to the weak annihilati
amplitudeA.

III. APPLICATIONS

A. Implications from experimental data

The CLEO Collaboration@15# recently reported the
branching ratios for theB→K* g exclusive modes

B~B6→K* 6g!5~3.7620.83
10.8960.28!31025 ~56!

B~B0→K* 0g!5~4.5520.68
10.7260.34!31025.

~57!

These results give the following ratio for the charg
averaged radiative decay widths:

G~B0→K* 0g!

G~B6→K* 6g!
5

tB6

tB0

B~B0→K* 0g!

B~B6→K* 6g!
51.2960.55.

~58!

We used here the lifetime ratio of charged and neutraB
mesonst(B6)/t(B0)51.06660.024@34#.

Isospin symmetry constrains the short-distance amplit
PtL to be the same in both decays~56!, ~57!. Therefore the
deviation of the ratio~58! from 1 can only come from the
long-distance contributionM (2)2Pc

(2) arising from the pho-
ton coupling to the spectator quark. Using the unitarity of t
CKM matrix one can rewritelc

(s)52lu
(s)2l t

(s) in Eqs. ~6!
and~8!. Furthermore, neglecting the small CKM factorlu

(s) ,
these amplitudes can be written to a good approximation

A~B2→K* 2g!5l t
(s)S Pt1~M (1)2Pc

(1)!

1
2

3
~M (2)2Pc

(2)! D ~59!

A~B̄0→K̄* 0g!5l t
(s)S Pt1~M (1)2Pc

(1)!

2
1

3
~M (2)2Pc

(2)! D . ~60!

The short-distance amplitudePtL alone would give the
following branching ratios:
2-8
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Bs.d.~B6→K* 6g!54.631025,

Bs.d.~B0→K* 0g!54.531025, ~61!

where we used the estimate forPtL shown in Table I togethe
with l t

(s)50.039. TheB meson lifetimes were taken astB6

51.6460.02 ps, tB051.5560.03 ps@34#. Assuming that
the central values of the experimental numbers~56!, ~57!
will be confirmed by future, more precise determinatio
one is led to conclude therefore that the long-distance eff
interfere among themselves destructively inB0 decays,
whereas inB6 they could be significant, and contribute up
10% of the total amplitude. This agrees with the theoreti
estimates of@5# and disfavors a non-SM explanation of th
isospin breaking in the ratio~58! based on an enhanced gl
onic penguin as proposed in@35#.

In the SU~3! limit the long-distance contributions toB0

and Bs decays are the same@see Eqs.~7!–~12!#. Therefore
one can use the observedB0→K* 0g branching ratio to make
predictions for other strangeness-changing radiative de
of these mesons. Neglecting the Okubo-Zweig-Iizuka-~OZI!
suppressed amplitudesScl and PAcl , one obtains the fol-
lowing prediction~together withtBs

51.4660.06 ps@34#!

B~Bs→fg!5
tB0

tBs

B~B0→K* 0g!.4.831025. ~62!

Using the estimate forEL in Table I, and neglecting agai
the contributions of the OZI-suppressed annihilation peng
PA and SU~3! singlet S amplitudes, one can predict ver
small rates for theBs modes ~we used hereuVubu51.6
31022):

B~Bs→r0g!.B~Bs→vg!.0.331028. ~63!

FIG. 2. Corrections to factorization inB→Vg decays. Only
those diagrams are shown which contain IR divergences. The
IR divergence cancels in their sum. The cross denotes the at
ment of the photon line.
09300
,
ts

l

ys

in

B. Determining zVtdz

The main interest in observing the exclusive charml
radiative decayB6→r6g is connected with the possibility
of determining the CKM matrix elementuVtdu. The ampli-
tude for this decay is related byU-spin symmetry to that for
the b→sg modeB6→K* 6g:

A~B2→r2gL!5lu
(d)aL1l t

(d)pL ,

A~B2→K* 2gL!5lu
(s)aL81l t

(s)pL8 . ~64!

In the SU~3! symmetry limit aL5aL85AL2PcL ,pL5pL8
5PtL1ML2PcL . In the absence of thea,a8 terms, the ratio
of the two amplitudes is equal toul t

(d)/l t
(s)u5uVtd /Vtsu @up

to SU~3! breaking corrections#, which offers a way for de-
termining uVtdu.

In the general case, however, the (r2gL) amplitude can
be written as

A~B2→r2gL!5l t
(d)pS 12

ulu
(d)u

ul t
(d)u

eia«AeifAD , ~65!

with «AeifA[a/p.AL /PtL ~where, following the estimates
of Sec. II, we neglected the charmed penguinPcL and glu-
onic penguinML amplitudes relative to the short-distanc
amplitudePtL and theWA amplitudeAL). The estimates of
the preceding section give«A.0.3, andfA50 to leading
twist. Furthermore, global analyses of the unitarity triang
suggest that the ratio of CKM factors appearing in this a
plitude is subunitary@36#:

ulu
(d)u

ul t
(d)u

.UVub

Vcb
UUVts

Vtd
U.0.4. ~66!

The estimates of Sec. II B show that the total rate
B2 (B1) radiative decay is dominated by left-hand~right-
hand! polarized photons. Neglecting the small right-hand
~left-handed! component, which gives only a second ord
contribution to the ratio, one finds, for the ratio of th
charge-averaged rates,

B~B2→r2g!1B~B1→r1g!

B~B2→K* 2g!1B~B1→K* 1g!

5S upu

up8u

uVtdu
uVtsu D

2H 12
ulu

(d)u

ul t
(d)u

«A cosa cosfA

1S ulu
(d)u

ul t
(d)u

«AD 2J . ~67!

The factor in the braces is bounded from above and below
using the inequality

tal
h-
2-9
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11x1x2<12x cosa cosfA1x2<12x1x2,

x[
ulu

(d)u

ul t
(d)u

«A.0.12. ~68!

Assuming, conservatively,x50.2 ~which is on the upper
side of the estimates for this parameter! gives an uncertainty
of about 20% in the determination ofuVtdu arising from the
factor in braces in Eq.~67!. The SU~3! breaking factor in the

ratio of the penguin amplitudes,upu/up8u.g1
(r)(0)/g1

(K* )(0)
50.7660.22, is known with a uncertainty of about 30%~we
used here the results of the LCSR calculation@18#!. Future
lattice QCD calculations will hopefully improve the prec
sion with which this ratio is known. Adding these errors
quadrature one finds a theoretical error in the determina
of uVtdu from the ratio~67! of about 35%. The leading twis
result fA50 implies that theCP asymmetry inB6→r6g
can be expected to be very small (ACP}sinfA).

The above estimate for the long-distance contribution«A
is in general agreement with the quark model of@6,11# and
QCD sum rules@12,13# calculations. The advantage of ou
approach will become apparent once experimental data
radiative leptonicB decays become available. Such da
could be used, as discussed in Sec. II, to actually determ
theWA amplitudeAL and thereby the long-distance contam
nation«A .

IV. CONCLUSIONS

Present experimental data from CLEO on exclusive rad
tive weak decays@15# are sufficiently precise such that th
long-distance effects are beginning to be observable. A g
control over the magnitude of these effects is important
an assessment of the uncertainty they induce into the ex
tion of uVtdu by combiningB2→r2g and B2→K* 2g de-
cays@6,11#. Unfortunately, these effects have proved noto
ously difficult to treat in any systematic way.

In the present paper we focus on a certain class of lo
distance contributions, arising from weak annihilation a
W-exchange quark diagram topologies. We argue that
former gives the dominant long-distance correction to
amplitude forB2→r2g decays. These corrections can
computed reliably using factorization, in terms of form fa
tors observable in radiative leptonic decaysB1→ge1n. The
nonfactorizable corrections are shown to be very small
they appear only at nonleading twist. A similar method c
be used to compute theW-exchange-type long-distance co
tribution, relevant for the weak radiativeBd andBs decays.

Furthermore, to the leading order of an expansion in po
ers ofL/Eg , one can show that the coupling of left-hand
photons in the long-distance amplitude is greatly enhan
relative to that of right-handed photons, just as in the sh
distance part of the amplitude. Such an enhancement
been previously observed in QCD sum rule calculations
the long-distance amplitude@12#; our approach clarifies the
theoretical limit in which this enhancement holds and qu
tifies the magnitude of the corrections to it.

Our results should allow one to reduce the mod
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dependence of the leading long-distance effects inB2

→r2g decays, and achieve a better control over the theo
ical error in the corresponding determination ofuVtdu.
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APPENDIX: WARD IDENTITIES FOR LONG-DISTANCE
MATRIX ELEMENTS

We present in this appendix a set of constraints on cer
long-distance contributions to weak radiative decays oB
mesons. These constraints follow from a Ward identity e
pressing the conservation of the electromagnetic current.
us consider the following matrix element of a local opera
O, to first order in electromagnetism and to all orders in t
strong coupling:

^g~q,e! f uO~0!uB~v !&

52 ieem* E d4xeiq•x^ f uTj m
e.m.~x!O~0!uB~v !&,

~A1!

for any hadronic final statef. The operatorO can be any
quark bilinear including gluon fields or even a four-qua
operator. The electromagnetic current includes contributi
from both the light and heavy quarks,j m

e.m.5q̄Q̂gmq

1 2
3 c̄gmc2 1

3 b̄gmb. A relation similar to Eq.~A1! can be
written for the matrix element with the photon replaced w
a dilepton pair in the final state, coupling through a virtu
photon to the hadronic system.

The conservation of the electromagnetic current impli
in the standard way, a Ward identity for the matrix eleme
of the time-ordered product in Eq.~A1!:

2 iqmE d4xeiq•x^ f uTj m
e.m.~x!O~0!uB~v !&

5E d3xe2 iqW •xW^ f u@ j 0
e.m.~xW !,O~0W !#uB~v !&. ~A2!

The commutator on the RHS is nonvanishing only if t
operatorO carries an electric charge, as in the case of dec
induced by the weak charged current such asB1→ge1n,
B→p(r)ge1n or B̄→D (* )ge1n. In the following we ana-
lyze the simplest such case, the radiative leptonic decays
B meson, for whichO5b̄gng5q and u f &5u0&.

The equal-time commutator on the RHS of Eq.~A2! can
be computed explicitly, with the result
2-10
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2 iqmE d4xeiq•x^0uTj m
e.m.~x!~ b̄gng5q!~0!uB~v !&

5~Qb2Qq!^0ub̄gng5quB~v !&

5~Qb2Qq! f BmBvm . ~A3!

The most general parametrization of the matrix element
the LHS can be written in terms of five form facto
f i(q

2,v•q):

2 i E d4xeiq•x^0uTj m
e.m.~x!~ b̄gng5q!~0!uB~v !&

5 f 1gmn1 f 2vmvn1 f 3qmqn1 f 4qmvn1 f 5vmqn.

~A4!

The Ward identity~A3! implies two constraints on thes
form factors:
u
-

B

es
-

.

od

09300
n

~v•q! f 21q2f 45~Qb2Qq! f BmB ,

f 11q2f 31~v•q! f 550. ~A5!

For the case of a real photonq250, these constraints fix
uniquely the form factorf 2(0,v•q), and relatef 1(0,v•q) and
f 5(0,v•q). From Eq.~A1! one finds thus the following resul
for the matrix element of the axial weak current:

^g~q,e! f ub̄gmg5quB~v !&52 f 5@~v•q!em* 2~v•e* !qm#

1~v•e* !vm

1

v•q

3~Qb2Qq! f BmB , ~A6!

which is the same as the result presented in the text, Eq.~29!,
with the identificationf 55 f A .
ys.
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