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CMBR anisotropy with primordial magnetic fields

Seoktae Koh* and Chul H. Lee†

Department of Physics, Hanyang University, Seoul 133-791, Korea
~Received 4 November 1999; published 26 September 2000!

Galactic magnetic fields are observed of order;1026 G, but their origin is not definitely known yet. In this
paper we consider the primordial magnetic fields generated in the early universe and analyze their effects on
the density perturbations and the cosmic microwave background radiation~CMBR! anisotropy. We assume
that the random magnetic fields have the power law spectrum and satisfy the force-free field condition. The
peak heights of the CMBR anisotropy are shown to be shifted upward depending on the magnetic field
strengths relative to the nonmagnetic field case.

PACS number~s!: 98.80.Cq
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I. INTRODUCTION

Recently many possible generation mechanisms of
mordial magnetic fields have been suggested to explain
observed galactic magnetic fields of order;1026 G @1#. The
dynamo mechanism explains the origin of the large sc
galactic magnetic field with amplification of a sma
frozen-in seed field to the observedmG field through turbu-
lence and differential rotation. The dynamo saturates w
the growth enters the nonlinear regime. However the sat
tion might actually be too fast for a large scale field to fo
@2#. Without the dynamo mechanism to explain the galac
fields from the primordial fields, which get compressed wh
the protogalactic cloud collapses, the needed amplitude
the primordial magnetic fields is quite large, on the order
10210–1029 G. Cosmological phase transitions in the ea
universe may produce magnetic seed fields. If conformal
variance is broken during the inflationary period, magne
seed fields are generated@3#. And also the electroweak phas
transition@4,5# and QCD phase transition@6,7# can generate
magnetic seed fields. Gasperiniet al. @8# considered a gen
eration mechanism in a stringy model with broken conform
invariance by a dilaton field. But the field amplitudes pr
duced by several mechanisms are much too weak to exp
the observations.

Primordial magnetic fields may generate density pertur
tions @9–11#. Tsagas and Barrow@12,13# considered the gen
eral relativistic density perturbations with magnetic field
To treat the large scale cosmological perturbations we c
front the gauge ambiguity problem. It is caused by regio
larger than horizon size being causally disconnect
Bardeen formulated the gauge invariant method to solve
gauge ambiguity problem@14#. Details about the gauge in
variant method of cosmological perturbations can be fou
in @14–16#. Cosmological perturbations can be classified
cording to how they transform under spatial coordinate tra
formations in the background space-time; scalar, vector,
tensor perturbations. They relate to density, vorticity a
gravitational wave perturbations, respectively. In this pa
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we consider only scalar perturbations. From the observat
that the magnetic field energy density is much less than
background radiation energy density, we can treat it wit
the linear perturbation theory.

The big bang nucleosynthesis~BBN! can constrain the
amplitude of magnetic fields at early epochs. It is argued
@17# that the presence of magnetic fields affects BBN
changing the weak reaction rates, the electron density
the expansion rate of the universe. So they put constrain
the magnetic field amplitudeB,23109 G atT50.01 MeV.
Barrow et al. @18# also derived an upper limit of the mag
netic field amplitude at presentB0,3.431029 G using mi-
crowave background anisotropy created by cosmolog
magnetic fields.

The cosmic microwave background~CMB! photons are
polarized through the Thomson scattering of the photons
electrons during the decoupling time@19#. The upper limit on
its degree of linear polarization large angular scales isDP
,631025 @20#. We expect that the CMB radiation~CMBR!
polarization on small angular scales would be observed w
the future experiments, the microwave anisotropy pro
~MAP! @21# and Planck@22#. If primordial magnetic fields
exist at the decoupling time, they cause Faraday rotati
which rotate the directions of polarization vectors. This
fect can be imprinted on the cosmic background radiat
and we may obtain information on the amplitude of primo
dial magnetic fields by measuring the polarizations of
CMBR @23,24#.

In this paper we calculate the evolution of density pert
bations with the primordial magnetic fields which ha
power law spectrum. We do not concern ourselves with
details of generation mechanism of magnetic seed fields,
assume that sometime during the radiation dominated
large scale magnetic fields are generated instantaneously
then investigate how they affect the temperature anisotr
and polarization of the CMBR using various spectral indic
and field strengths of the magnetic field.

In Sec. II we derive, using the gauge invariant variab
the density perturbation equations with magnetic fie
present. The equations are solved numerically and the e
of magnetic fields on the temperature anisotropy and po
izations of the CMBR are shown in Sec. III. Finally we sum
marize the results in Sec. IV.
©2000 The American Physical Society09-1
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II. DENSITY PERTURBATIONS WITH MAGNETIC
FIELDS

In this section we consider that the background spac
homogeneous and isotropic. Cosmological perturbations
classified as scalar, vector and tensor perturbations accor
to how they transform under spatial coordinate transform
tions in the background space-time. We will treat here o
scalar perturbations which are related to density pertu
tions. In the longitudinal gauge~conformal Newtonian
gauge! the metric, including the scalar perturbations, is wr
ten by @16#

ds25a~h!2@2~112C!dh21~112F!g i j dxidxj #, ~1!

whereh is the conformal time defined bydt5a(h)dh and
g i j is the spatial metric tensor.C and F are related to the
gauge invariant quantitiesFA and FH of Bardeen@14# and
the gauge invariant potentialsC and F of Kodama and
Sasaki@15#. The physical meaning ofF andC are the cur-
vature perturbation and Newtonian gravitational potent
respectively.

The Maxwell equations have the form

Fmn
;n5Jm, ~2!

Fmn;r1Fnr;m1Frm;n50, ~3!

whereFmn is the second-order antisymmetric Maxwell te
sor which represent the electromagnetic field andJm is the
four-vector current which generates the electromagn
field. The Maxwell tensor splits into the electric and ma
netic four vector@12#, defined by

Em5Fmnun, ~4!

Bm5 1
2 emnrlunFrl, ~5!

where emnrl is Levi-Civita tensor andum is the fluid four
velocity. The background value ofum is taken to beum

5(1/a,0,0,0). Then the electric and magnetic four vect
are purely spatial, i.e.,Emum50 andBmum50, so we denote
the spatial componentsEi andBi by E andB.

The generalized covariant Ohm’s law is

Jm1Jnunum5sFmnun ~6!

wheres represents conductivity of the medium. The spa
components of Eq.~6! are reduced toJ5sE, whereJ is the
spatial component ofJm. Assuming infinite conductivity of
the medium in the Universe@3#, we neglect the electric field
so thatE50.

Now we can reduce Eq.~3!, using the magnetic field thre
vectorB(h,x) to

]~a3B!

]h
50, ¹•B50, ~7!

where¹ is the covariant differentiation with respect tog i j .
In this work, we consider only the case whereg i j 5d i j for
simplicity. From the first of Eq.~7!, we getB(h,x)}a23.
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The magnetic field energy density,12 B2(5 1
2 BmBm

5 1
2 a2( i 51

3 BiBi), evolves the same as the radiation ener
density;a24. The dimensionless quantityr is introduced in
@3# defined byr 5B2/2r r , which is the ratio of magnetic
field energy density to the background radiation energy d
sity. It is approximately constant in all the early history
the Universe.

Total energy momentum tensor is decomposed by

Tmn5T(fluid)mn1T(em)mn, ~8!

where the electromagnetic energy momentum tensor
fluid energy momentum tensor are given by

T(em)mn5Fm
lFnl2 1

4 gmnFrsFrs, ~9!

and

T(fluid)mn5~r1P!umun1Pgmn. ~10!

Here we treat the matter as perfect fluid to neglect the an
tropic pressure perturbations and consider only adiabatic
turbations to neglect the entropy perturbations. The line
ized perturbation equations are obtained from the Eins
equations up to first order, and are written as follows:

3S a8

a D 2

C23
a8

a
F81~¹223K !F

524pGa2rS D1
1

2

B2

r D , ~11!

¹ i S a8

a
C2F8D524pGa2~r1P!v i , ~12!

F91
a8

a
~2F82C8!1F S a8

a D 2

22
a9

a GC
1

1

3
¹2C2

1

3
~¹213K !F

524pGa2rS cs
2D1

1

6

B2

r D ,

~13!

~¹ i¹ j2
1
3 d j

i ¹2!~F1C!528pGa2P (em)i
j , ~14!

where the prime denotes a derivative with respect to the c
formal timeh, andP (em)i

j5
1
3 d j

i B22BiBj corresponds to the
magnetic field anisotropic pressure.D and v i are the gauge
invariant density contrast and velocity perturbation andcs is
the sound velocity.¹2 is the Laplace–Beltrami operato
whose eigenvalue is2k2. Equation~13! is the trace part of
the spatial component of the perturbed energy-momen
tensor and Eq.~14! is the traceless part.

To write down the perturbation equations for a giv
wave modek, we define the Fourier transform of the pe
turbed quantities and random magnetic fields. In this pa
9-2



lan

elds.
as

er
ing

uan-

pic

r an
nd
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we consider density perturbations in flat spaceK50, so the
spatial dependence of the Fourier transform is just the p
waveeik•x(5eikix

i
),

D~x!5E d3k exp~ ik•x! D~k! ~15!

and alsov(x), F(x),C(x) and B(x) are defined similarly.
We assume that the force-free field condition (B3“3B
50) is satisfied to treat the magnetic field. Then Eqs.~11!–
~14! can be written by

3S a8

a D 2

C23
a8

a
F82k2F524pGa2rS D1

1

2

F~k!

ra24D ,

~16!

kS a8

a
C2F8D524pGa2~r1P!v,

~17!

F91
a8

a
~2F82C8!1F S a8

a D 2

22
a9

a GC1
k2

3
C1

1

3
k2F

524pGa2rS cs
2D1

1

6

F~k!

ra24D ,

~18!

k2~F1C!528pGa22S 1

4
F~k! D ,

~19!
c

08350
e
whereF(k) is defined by

F~k!5E d3k8Bl~k8!Bl~k2k8!, ~20!

which represents the spectral dependence of magnetic fi
The fact that the magnetic field energy density decays
;a24 is used. In Appendix A, we calculate the Fouri
transform of the magnetic field anisotropic pressure us
force-free field conditions and derived the expressionF(k),
Eq. ~20!.

To investigate the spectral dependence of perturbed q
tities, we need to take ensemble average ofuF(k)u2 due to
random magnetic field. For a homogeneous and isotro
random magnetic field,B(k) satisfies the relation@10,25#

^Bi~k!Bj* ~k8!&5d3~k2k8!S d i j 2
kikj

k2 D B2~k!

2
, ~21!

and then

^B0
2&5E d3kB2~k!, ~22!

where angular brackets denote a statistical average ove
ensemble of possible magnetic field configurations a
^B0

2&1/2 is the average field strength observed today.
From Eq.~20!
uF~k!u25E d3k8d3k9B~k8!•B~k2k8!B~k9!* •B~k2k9!* . ~23!

Taking ensemble average of both sides, we obtain

^uF~k!u2&5E d3k8d3k9^B~k8!•B~k2k8!B~k9!* •B~k2k9!* &

5E d3k8 d3k9@^Bl~k2k8!B* m~k2k9!&^Bl~k8!Bm* ~k9!&1^Bl~k2k8!Bm* ~k9!&^Bl~k8!B* m~k2k9!&#. ~24!

Using Eq.~21!, and integrating thed function, we can get

^uF~k!u2&52E d3k8F 11
$~kÀk8!•k8%2

ukÀk8u2k82
GB2~ ukÀk8u!

2

B2~k8!

2

5
A2V

8p2E0

kmax
dk8k8q12E

21

1

dm@k2~11m2!12k8224kk8m#@k21k8222kk8m# (q/2)21, ~25!
where k•k85kk8m, m5cosu and d3(k50)5V/(2p)3 is
used.V is the volume factor. We used the power-law spe
trum

B2~k!5Akq. ~26!
-
We define the average field on scalel by

^B2&l5E d3kB2~k!expS 2k2l2

2 D . ~27!
9-3
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Then we can determine the coefficientA in Eq. ~26!

A5
1

4p

lq13

2(n11)/2G~n1 3
2 !

^B2&l . ~28!

To determinekmax we use the argument in@11#. Small scales
reach nonlinear variance (D>1) earlier than large scales
and the first scales to become nonlinear havek'2kmax. If
we choose the scale that corresponds to the formation
galaxies atznl56, kmax5p Mpc21. If instead we require tha
magnetic fields form clusters of galaxies atznl51, that
would correspond tokmax5p/2 Mpc21. As we shall see be
low, the CMBR anisotropy depends mostly on thekmax
value. Treatingk/kmax as a small parameter, the leading te
of the result of integrating Eq.~25! is

^uF~k!u2&.
pV

~2p!3
A2

4

2q13
kmax

2q13 . ~29!

For the case ofq<23, the integration of Eq.~25! diverge as
k8→0. So we only considerq.23.

III. CMBR ANISOTROPY

Cosmological density perturbations cause the tempera
fluctuations when the photons decouple from the ther
bath at the last scattering surface. Furthermore small me
perturbations induce bulk velocities of the fluid, and the
sulting anisotropies in the photon distribution will induc
polarization when the photons scatter off charged partic
~Thomson scattering! @26#. After decoupling, the photon
freely propagate along the geodesics, and any polariza
produced through the Thomson scattering will remain fix
The evolution of the CMB anisotropies is described by a
of radiative transfer equations. Temperature and polariza
anisotropies are expressed in terms of Stokes param
I ,Q,U and V. The parameterI gives the radiation intensity
which is positive definite,Q and U represent the linearly
polarized light andV describes the circular polarization. Th
degree of linear polarizationDP is defined in terms ofQ and
U, DP5(Q21U2)1/2, and the temperature anisotropy is d
noted byDT([DT/T). DT andDP can be expanded in mul
tipole moments defined such thatD(h,k,m)5( l(2l
11)D l(h,k)Pl(m), wherePl is the Legendre polynomial o
order l and m is the cosine angle between the wave vec
and the direction of observation. Their evolution equatio
are given by@27#

DT81 ikm~DT1C!52F82k8@DT2DT0
2mvb

1 1
2 P2~m!Sp#, ~30!

DP8 1 ikmDP52k8@DP2 1
2 „12P2~m!…SP#,

~31!

whereSP[2DT2
2DP2

1DP0
. k8 is the differential optical

depth defined byk85xenesTa/a0 with xe the ionization
fraction,ne the electron number density andsT the Thomson
scattering cross section. The Thomson scattering cannot
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of

re
al
ric
-

s

on
.
t
n

ers

-

r
s

ro-

duce any net circular polarization@19# and thus we expec
V50 for the microwave background.vb is the velocity per-
turbations of the baryon component, which is affected by
existence of primordial random magnetic fields. Metric p
turbationsF andC, which evolve according to the equation
in Sec. II under the influence of random magnetic fields,
as the source terms in Eq.~30! which governs the evolution
of the temperature anisotropy.

Equations~30! and ~31! are formally integrated to yield
@27#

DT~h0!5E
0

h0
dheixmg~h!@DT0

~h!1mvb~h!

2 1
2 P2~m!SP~h!#

1E
0

h0
dheixme2k(h0 ,h)~C82F8!, ~32!

DP~h0!5E
0

h0
dheixmg~h! 1

2 @12P2~m!#SP~h!, ~33!

where

g~h![k8e2k(h0 ,h) ~34!

is the visibility function and

k~h0 ,h!5E
h

h0
k8dh ~35!

is the optical depth to photons emitted at the conformal ti
h. The visibility function represents the probability that
photon observed ath0 last scattered withindh of a givenh.
For the standard recombination this function has a sh
peak at the conformal time of decouplinghD . And x
5k(h02h).

Under a clockwise rotation in the plane perpendicular
the direction of observation,n̂, the temperature is invarian
while Q andU transform as

Q85Q cos 2c1U sin 2c,

U852Q sin 2c1U cos 2c, ~36!

or

~Q6 iU !85e72ic~Q6 iU !, ~37!

wherec is the rotation angle. Therefore the quantities can
expanded in terms of the spin-2 spherical harmonics@28#

~Q6 iU !~ n̂!5(
lm

a62,lm62Ylm~ n̂!, ~38!

where 62Yl
m(n̂) is the spin-2 spherical harmonics who

properties are summarized briefly in Appendix B. The e
pansion coefficients are
9-4



a-
s

f o

re

ba

pi

-
qs
tr

tter
e

-

es
er

er
tic
f

-

ex-

eld
er-
the
in-
the
etic

ua-
the
er

ons
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a62,lm5E dV62Ylm* ~Q6 iU !~ n̂!. ~39!

In @28#, the authors introduce the following linear combin
tions of a62,lm to circumvent the difficulty that the Stoke
parameters are not invariant under rotations:

aE,lm52
1

2
~a2,lm1a22,lm!,

aB,lm5
i

2
~a2,lm2a22,lm!. ~40!

These newly defined variables are expanded in terms o
dinary spherical harmonicsYlm

E~ n̂!5(
lm

aE,lmYlm~ n̂!,

B~ n̂!5(
lm

aB,lmYlm~ n̂!. ~41!

The spin-zero spherical harmonicsYlm is free from the am-
biguity with the rotation of the coordinate system, and the
fore E and B are rotationally invariant quantities. TheE
mode has (21)l parity and theB mode (21)( l 11) parity in
analogy with electric and magnetic fields. Scalar pertur
tions generate only theE mode of the polarizations@29#. The
power spectra of temperature and polarization anisotro
are defined asCTl[^uaT,lmu2& for DT5( lmaT,lmYlm and
analogously forCEl . So if we get the evolution of the tem
perature and polarization anisotropy amplitude from E
~32! and~33!, the amplitudes for each mode of power spec
are given by

CT,l5~4p!2E k2dkPd~k!@DT,l~k!#2, ~42!

CE,l5~4p!2E k2dkPd~k!@DE,l~k!#2, ~43!

CCl5~4p!2E k2dkPd~k!DTl~k!DEl~k!, ~44!

wherePd(k) is the initial power spectrum andDTl andDEl
are given by@28#

DTl~k!5E
0

h0
dhST~k,h! j l~x!, ~45!

DEl~k!5A~ l 12!!

~ l 22!! E0

h0
dhSE~k,h! j l~x!, ~46!
08350
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ST~k,h!5gS DT01C2
vb8

k
2

SP

4
2

3SP9

4k2 D 1e2k~F81C8!

2g8S vb

k
1

3SP8

4k2 D 2
3g9SP

4k2
, ~47!

SE~k,h!5
3gSP

4x2
. ~48!

We here concern ourselves with the flat cold dark ma
~CDM! universe with adiabatic initial conditions. We use th
CMBFAST code@30# to calculate numerically the CMBR an
isotropy. During this calculation we puth ~Hubble constant
divided by 100 km/sec/Mpc! 50.5 and assume three speci
of massless neutrinos. In Fig. 1, we plot the angular pow
spectrum of temperature fluctuationsl ( l 11)CTl with the
magnetic field strengths, 331028 G, 531028 G, and 7
31028 G, for a given magnetic field spectrum index,q51.
Observed amplitude of galactic magnetic fields is of ord
;1026 G. The BBN can constrain the amplitude of magne
fields, B0,1027 G @17#, and also derived an upper limit o
the magnetic field amplitudeB0,1029 G using the CMB
anisotropy@18#. Another constraint on magnetic field inten
sity can be obtained fromr ([B2/2r r)<DH , whereDH is
the horizon crossing amplitude. The cosmic background
plorer ~COBE! 4 yr data givesDH;1025 on large angular
scales. Considering magnetic fields on the order of;1028 G
does not violate too much current bounds on magnetic fi
amplitudes by the observational and theoretical consid
ations. The figure shows that the spectral curves of
CMBR temperature anisotropy are shifted upward with
creasing magnetic field strengths. We can conclude from
numerical calculations that the presence of the magn
fields which have field strength on the order of<1029 G at
present do not affect significantly the temperature fluct
tions. The density perturbations with magnetic fields on
order of 1028 G result in the deviations of the angular pow
spectrumCTl of up to 14%.

FIG. 1. The angular power spectrum of temperature fluctuati
with the magnetic field strengthBl5331028 G, 531028 G, 7
31028 G with spectral indexq51 for l50.1h21 Mpc.
9-5
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TheE polarization spectruml ( l 11)CEl and temperature
polarization correlation spectruml ( l 11)CCl are shown in
Figs. 2 and 3 forq51. Also in these figures we can see th
the spectrum curves are shifted upward with increasing m
netic field strengths relative to the nonmagnetic case.
current bound on the degrees of linear polarizations of
CMBR on large angular scales isDP,631025 @20#. As we
discussed in the previous section, we plot the tempera
anisotropy withkmax5p/2 Mpc21 andp Mpc21 in Fig. 4. In
this figure, we can see that there is a strong dependenc
the spectrum curves on the cutoffkmax.

In Fig. 5 we plot the temperature anisotropy with t
spectral index of magnetic fieldq51, 2 and 3 forBl55
31028 G with l50.1h21 Mpc. The spectrum curves ar
nearly independent of the spectral index. We probe the
cinity of the acoustic oscillation peak,l .200, to investigate
the dependence of spectral index more closely. The resu
that the spectrum curves are shifted downward with the
creasing spectral index. In Ref.@31# recently, the authors
derive an expression for the angular power spectrum
CMBR anisotropies due to gravity waves generated b
stochastic magnetic field. They show that, forn.23/2 (n is
magnetic field spectral index in their notations!, the induced
Cl spectrum from gravity waves is independent ofn, but
only the amplitude depends on the spectral index,l 2Cl

FIG. 2. The E mode polarization spectruml ( l 11)CEl for
q51.

FIG. 3. Temperature and polarization cross-correlations,l ( l
11)Ccl , for q51.
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;(lkmax)
2n13l3. They also derive an upper bound ofBl for

n.23/2 andl50.1h21 Mpc

Bl,9.531028e20.37n G. ~49!

Here we do not consider the Faraday rotation due to
magnetic field which can change the polarization spectr
because we restrict our calculations in linear perturbat
theory. The authors in@23,24,32# studied the effect on the
CMBR anisotropy with the uniform primordial magnet
field causing Faraday rotations in the homogeneous ba
ground universe. They argued that the presence of magn
fields depolarizes the CMBR anisotropy@24# and proposed
that the temperature andB mode polarization correlation
which are generated by Faraday rotations, can constrain
magnetic field@32#.

IV. CONCLUSIONS AND DISCUSSIONS

In this paper we consider the density perturbations w
primordial magnetic fields are present using gauge invar
formalism. While magnetic field generation mechanism

FIG. 4. The angular power spectrum of temperature fluctuati
with the value of the magnitude of cutoff wave vectorkmax

5p Mpc21, p/2 Mpc21 for Bl5531028 G for l50.1h21 Mpc.

FIG. 5. Temperature anisotropy with the spectral index of m
netic field energy densityq51,2,3 for Bl5531028 G for l
50.1h21 Mpc.
9-6
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CMBR ANISOTROPY WITH PRIMORDIAL MAGNETIC FIELDS PHYSICAL REVIEW D62 083509
not yet known, we assume that the magnetic fields smear
all over the universe randomly in the radiation domina
era. Using theCMBFAST code@30# we solve numerically the
coupled density perturbation equations for flat CDM u
verse with adiabatic initial conditions. We investigate t
CMBR anisotropies for the magnetic field permeated u
verse. With the temperature anisotropy spectrum we can
fully determine the cosmological parameters and the in
mation about the cosmological perturbations. CMB photo
are polarized due to Thomson scattering during the dec
pling time. Small cosmological perturbations induce the p
larization at the last scattering surface through Thom
scattering. The linear polarization relates to the quadrup
anisotropy in the photons. So if we investigate the polari
tion as well as the temperature anisotropy, we can
enough information at the time of decoupling. The inform
tion can constrain the cosmological parameters and the
mological perturbations. Next we study the effect of the ra
dom magnetic field on the CMBR temperature anisotrop
and polarizations. We consider the several scale magn
fields with the assumption of power-law magnetic spectru
To get the polarization power spectra, we use the rota
invariant scalar quantitiesE andB, which are introduced in
@28#. B vanishes for scalar perturbations.

For a given spectral index the temperature anisotropy
polarization spectrum are shifted upward with increas
magnetic field strengths. The density perturbations w
magnetic fields on the order of 1028 G result in the devia-
tions of temperature anisotropy power spectrum of up
14%. The fluctuations of this order due to the primord
magnetic field are sufficiently large to be observed in fut
satellite experiments. Further, ifBl,;1029 G, magnetic
field energy density does not affect noticeably the CMB
anisotropy. We assume that the magnetic fields have
power-law spectrum. The spectrum curves are nearly in
pendent of the magnetic field spectral index.

Here we assume that the magnetic field energy den
evolves as;a24. But in the early era, when the magnet
fields are generated, their evolution behaviors may be dif
ent depending on generation mechanism. If so, tempera
fluctuations due to magnetic field may be shown.

In the early part of the next century, the new satell
experiments, MAP@21# and PLANCK@22#, will be set forth
with better accuracy than the COBE satellite. They are
pected to detect the imprint of the polarization as well as
gravitational wave. If it is possible, we can constrain t
magnetic field strength and the spectral index and be
formed about the magnetic field generation mechanism.
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APPENDIX A: CALCULATION OF TRACELESS PART
OF PRESSURE PERTURBATION

Here we calculate the Fourier transform of random m
netic fields with the assumption of the force-free magne
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field (B3“3B50) condition. From the perturbed Einste
equations, we can write the traceless part of pressure pe
bations as follows in real space:

~¹ i¹ j2
1
3 d j

i !~F1C!528pGa2P (em)i
j , ~A1!

whereP (em)i
j5

1
3 d j

i B22BiBj . Using the Fourier transform
of B(x), P (em)i

j (x) can be written as

P (em)i
j~x!5E d3kd3k8@ 1

3 d j
i Bl~k!Bl~k2k8!

2Bi~k!Bj~k2k8!#eik•x, ~A2!

where we omit the time dependence for brevity. Then
differentiateP (em)i

j (x) with respect toxi to get

¹ iP
(em)i

j~x!5E d3kd3k8ik i@
1
3 d j

i Bl~k!Bl~k2k8!

2Bi~k!Bj~k2k8!#eik•x. ~A3!

We can assume

E d3k8Bi~k!Bj~k2k8!5S Ad j
i 1B

kikj

k2 D k2F~k!,

~A4!

which is obvious from the fact that the tensorial compon
of scalar perturbations is split into the trace and tracel
part.

Next, differentiatingBiBj with respect toxi yields

¹ i~BiBj !5~B3“3B! j1Bi¹ jBi . ~A5!

The first part of the right-hand side is the magnetic force d
to the current density (J5“3B), and we neglect this term
assuming that the force-free condition is satisfied in the e
universe. We take the Fourier transform of theP (em)i

j and
then again differentiate with respect toxi using the force-free
field condition to obtain

¹ iP
(em)i

j~x!5E d3kE d3k8ik jF1

3
Bl~k8!Bl~k2k8!

2
1

2
Bl~k8!Bl~k2k8!Geik•x. ~A6!

Comparing Eqs.~A3! and ~A6!, we can find the relations

A1B5
1

2
,

F~k!5E d3k8Bl~k8!Bl~k2k8!. ~A7!

Then Eq.~A1! is written by

E d3kS 1

3
d j

i 2
kikj

k2 D k2@F~k!1C~k!#eik•x

528pGa2E d3kS 1

3
d j

i 2Ad j
i 2B

kikj

k2 D F~k!eik•x.

~A8!
9-7
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Further we only treat the scalar density perturbations
traceless component of pressure perturbations, so the

hand side should be proportional to@ 1
3 d j

i 2(kikj /k2)#. Then
we find thatA must have value of14 . Finally, we can write
the traceless part for a given modek,

k2~F1C!528pGa2
„

1
4 F~k!…. ~A9!

APPENDIX B: SPIN-s HARMONICS

In this appendix we summarize the definition of spins
function and the property of spin-s harmonics. We mainly
refer to @28# and @33#.

A function sf (u,f) defined on the sphere is said to ha
spins if under a right-handed rotation of (e1̂,e2̂) by an angle
c it transforms assf 8(u,f)5es

2 isc f (u,f). A spin-s func-
tion can be expanded in spin-s spherical harmonics
sYlm(u,f), which form a complete and orthonormal bas
The spin-s harmonics are expressed as

sYlm~u,f!5eimfF ~ l 1m!! ~ l 2m!!

~ l 1s!! ~ l 2s!!

2l 11

4p G1/2

3sin2l~u/2!(
r

S l 2s

r D S l 1s

r 1s2mD
3~21! l 2r 2s1m cot2r 1s2m~u/2!. ~B1!
e

08350
d
ght

.

These set of functions satisfy the conjugation, completen
and orthogonality relations:

sYlm* 5~2 l !2s
m1sYl 2m , ~B2!

E
0

2p

dfE
21

1

d cosusYl 8m8
* ~u,f!sYlm~u,f!

5d l 8 ldm8m , ~B3!

(
lm

sYlm* ~u,f!sYlm~u8,f8!

5d~f2f8!d~cosu2cosu8!. ~B4!

Finally the harmonics are related to the ordinary spher
harmonics as

6Ylm5F ~ l 22!!

~ l 12!! G
1/2F ]u

22cotu]u

6
2i

sinu
~]u2cotu!]f2

1

sin2u
]f

2 GYlm . ~B5!
.
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