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CMBR anisotropy with primordial magnetic fields
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Galactic magnetic fields are observed of ordek0™® G, but their origin is not definitely known yet. In this
paper we consider the primordial magnetic fields generated in the early universe and analyze their effects on
the density perturbations and the cosmic microwave background radi&MBR) anisotropy. We assume
that the random magnetic fields have the power law spectrum and satisfy the force-free field condition. The
peak heights of the CMBR anisotropy are shown to be shifted upward depending on the magnetic field
strengths relative to the nonmagnetic field case.

PACS numbd(s): 98.80.Cq

I. INTRODUCTION we consider only scalar perturbations. From the observations
that the magnetic field energy density is much less than the

Re_cently many _p055|ble generation mechanisms Of prlbackground radiation energy density, we can treat it within
mordial magnetic fields have been suggested to explain thg . inaar perturbation theory

observed galactic_ magnetic_fields of o_r(z!elLO*6 G[1]. The The big bang nucleosynthesiBBN) can constrain the
dynamo mechanism explains the origin of the large scalgmpjitude of magnetic fields at early epochs. It is argued in
galactic magnetic field with amplification of a small [17] that the presence of magnetic fields affects BBN by
frozen-in seed field to the observeds field through turbu-  changing the weak reaction rates, the electron density and
lence and differential rotation. The dynamo saturates wheghe expansion rate of the universe. So they put constraint on
the growth enters the nonlinear regime. However the saturahe magnetic field amplitudB<2x 10° G atT=0.01 MeV.
tion might actually be too fast for a large scale field to formBarrow et al. [18] also derived an upper limit of the mag-
[2]. Without the dynamo mechanism to explain the galacticnetic field amplitude at prese,<3.4x 10 ° G using mi-
fields from the primordial fields, which get compressed whercrowave background anisotropy created by cosmological
the protogalactic cloud collapses, the needed amplitude ahagnetic fields.
the primordial magnetic fields is quite large, on the order of The cosmic microwave backgroun@€MB) photons are
1071°-10"° G. Cosmological phase transitions in the earlypolarized through the Thomson scattering of the photons and
universe may produce magnetic seed fields. If conformal inelectrons during the decoupling tihi&9]. The upper limit on
variance is broken during the inflationary period, magnetidts degree of linear polarization large angular scale gs
seed fields are generatig]. And also the electroweak phase <6x 10~ ° [20]. We expect that the CMB radiatidCMBR)
transition[4,5] and QCD phase transitidi,7] can generate polarization on small angular scales would be observed with
magnetic seed fields. Gaspergtial. [8] considered a gen- the future experiments, the microwave anisotropy probe
eration mechanism in a stringy model with broken conformal(MAP) [21] and Planck22]. If primordial magnetic fields
invariance by a dilaton field. But the field amplitudes pro-exist at the decoupling time, they cause Faraday rotations
duced by several mechanisms are much too weak to explaiwhich rotate the directions of polarization vectors. This ef-
the observations. fect can be imprinted on the cosmic background radiation
Primordial magnetic fields may generate density perturbaand we may obtain information on the amplitude of primor-
tions[9-11]. Tsagas and Barroji2,13 considered the gen- dial magnetic fields by measuring the polarizations of the
eral relativistic density perturbations with magnetic fields.CMBR [23,24.
To treat the large scale cosmological perturbations we con- In this paper we calculate the evolution of density pertur-
front the gauge ambiguity problem. It is caused by regionsations with the primordial magnetic fields which have
larger than horizon size being causally disconnectedpower law spectrum. We do not concern ourselves with the
Bardeen formulated the gauge invariant method to solve thdetails of generation mechanism of magnetic seed fields, but
gauge ambiguity problerfil4]. Details about the gauge in- assume that sometime during the radiation dominated era,
variant method of cosmological perturbations can be foundarge scale magnetic fields are generated instantaneously. We
in [14—16. Cosmological perturbations can be classified acthen investigate how they affect the temperature anisotropy
cording to how they transform under spatial coordinate transand polarization of the CMBR using various spectral indices
formations in the background space-time; scalar, vector, andnd field strengths of the magnetic field.
tensor perturbations. They relate to density, vorticity and In Sec. Il we derive, using the gauge invariant variable,
gravitational wave perturbations, respectively. In this papethe density perturbation equations with magnetic fields
present. The equations are solved numerically and the effect
of magnetic fields on the temperature anisotropy and polar-
*Email address: kst@hepth.hanyang.ac.kr izations of the CMBR are shown in Sec. lll. Finally we sum-
"Email address: chlee@hepth.hanyang.ac.kr marize the results in Sec. IV.
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Il. DENSITY PERTURBATIONS WITH MAGNETIC The magnetic field energy density3B?(=3B*B,
FIELDS =1a%3? BB'), evolves the same as the radiation energy
. — _4 . . . . . .
In this section we consider that the background space i ensﬂy a". The (1|men5|onl_ess.quant|ty|s. introduced n
| defined byr=B</2p,, which is the ratio of magnetic

homogeneous and isotropic. Cosmological perturbations a . L
classified as scalar, vector and tensor perturbations accordi qld energy denslty to the backgrqund radiation energy den-
to how they transform under spatial coordinate transformaS'Y- !t IS approximately constant in all the early history of
tions in the background space-time. We will treat here onl)}he Universe. .

scalar perturbations which are related to density perturba- |°t@l €nergy momentum tensor is decomposed by

tions. In the .Ion_gitudir}al gaugeconformal I\'Iewto'nian. Trv = (i) uy T (empur @)
gauge the metric, including the scalar perturbations, is writ- '
ten by[16] where the electromagnetic energy momentum tensor and
ds?=a( 77)2[_(1+Z\I,)dn2+(1+2q)),yijdxidxj]' (1) fluid energy momentum tensor are given by
v_ vh__ 1 v
where » is the conformal time defined byt=a(»)d» and Tlemir = F iy F 79""F poFP7, ©)
7ij is the spatial metric tenso’ and® are related to the d
gauge invariant quantitie® , and @ of Bardeen14] and n
the gauge invariant potentiady and & of Kodama and T@Wur— (1 PyyLuY+ P, (10)

Sasaki[15]. The physical meaning b and¥ are the cur-
vature perturbation and Newtonian gravitational potential
respectively.

The Maxwell equations have the form

Here we treat the matter as perfect fluid to neglect the aniso-

tropic pressure perturbations and consider only adiabatic per-

turbations to neglect the entropy perturbations. The linear-

(Y ) ized perturbation equations are obtained from the Einstein
v ’ equations up to first order, and are written as follows:

F vyt F

wript FupiutFpu=0, 3 a’\? a’

- _2_ M’ 2_
whereF ,, is the second-order antisymmetric Maxwell ten- 3( a) V=3 a TH(VI-3K)®
sor which represent the electromagnetic field dpds the
four-vector current which generates the electromagnetic )
field. The Maxwell tensor splits into the electric and mag- =—4nGa’p

netic four vectol{12], defined by

1 B?
A+=—], (11
2 p

E,=F " (4) v, ;«p—q>'>=—4wea2(p+ P)v;, (12)
B,=3€,,\U"F"™, (5)
., ’ , , a’ 2 a’
wheree,,,,, is Levi-Civita tensor andi* is the fluid four QT+ 2P =Y+ | ] 2|
velocity. The background value af* is taken to beu*
=(1/a,0,0,0). Then the electric and magnetic four vectors 1_, 1,
are purely spatial, i.eE#u,=0 andB*u,=0, so we denote +3 V=3 (VE43K)D
the spatial components' andB' by E andB.
The generalized covariant Ohm’s law is 1 B2
=—47Ga’p c§A+——),
JF+J%u ut=oF*u, (6) 6 p
(13

where o represents conductivity of the medium. The spatial ‘ , _

components of Eq6) are reduced td= oE, wherelJ is the (VIV; =38 V?)(®+¥)=—8nGa’lle™, (14)
spatial component od#. Assuming infinite conductivity of

the medium in the Universi8], we neglect the electric field Wwhere the prime denotes a derivative with respect to the con-

so thatE=0. formal time 5, andI1®™; = 3 5,B?— B'B; corresponds to the
Now we can reduce E@3), using the magnetic field three magnetic field anisotropic pressutk.andv; are the gauge
vectorB(#7,X) to invariant density contrast and velocity perturbation agds
the sound velocity.V? is the Laplace—Beltrami operator
J(a’B) v.B= whose eigenvalue is-k?. Equation(13) is the trace part of
an =0, V-B=0, @) the spatial component of the perturbed energy-momentum
tensor and Eq(14) is the traceless part.
whereV is the covariant differentiation with respect 4g . To write down the perturbation equations for a given

In this work, we consider only the case wheyg=6;; for ~ wave modek, we define the Fourier transform of the per-
simplicity. From the first of Eq(7), we getB(7,x)xa 3.  turbed quantities and random magnetic fields. In this paper
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we consider density perturbations in flat sp&ce 0, so the
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whereF (k) is defined by

spatial dependence of the Fourier transform is just the plane

wave ek (= ekix),

A(x)=f d3k exp(ik-x) A(K) (15)
and alsov (x), ®(x),¥(x) andB(x) are defined similarly.
We assume that the force-free field conditioBX(V X B
=0) is satisfied to treat the magnetic field. Then E44)—
(14) can be written by

a'\? a’ ) 5 1 F(k)
3| —| V-3—d' -k ®d=—-47Gap| A+ ——],
a a Zpa*“
(16)
a/
k g«If—cb')=—47Tcaaz(p+|3)u,
7
a’ a’ 2 a’ k2 1
Q'+ — (20 W) +|| —| —2—|¥+ -V+ KD
a a a 3 3
1 F(k)
- 2 [ .2
=—47Ga"p CSA—I—E _4),
pa
(18)
1
k2(<I>+\If):—87rGa2(ZF(k)>,
(19

|F(k)|2=f d*k’ d3k"B(k')- B(k—K")B(K")* -B(k—K")*.

Taking ensemble average of both sides, we obtain

F(k)zf d3k’B'(k")B;(k—k'), (20)

which represents the spectral dependence of magnetic fields.
The fact that the magnetic field energy density decays as
~a % is used. In Appendix A, we calculate the Fourier
transform of the magnetic field anisotropic pressure using
force-free field conditions and derived the expressigR),

Eq. (20).

To investigate the spectral dependence of perturbed quan-
tities, we need to take ensemble averagéFrqk)|? due to
random magnetic field. For a homogeneous and isotropic
random magnetic field3(k) satisfies the relatiofil0,25

B?(k)
>

o kik;
<B'<k>Bl*(k'>>=éG<k—k'>(5ij—k—2‘) (21)

and then

(B2)= f d3kB?(k), (22

where angular brackets denote a statistical average over an
ensemble of possible magnetic field configurations and
(B3)2is the average field strength observed today.

From Eq.(20)

(23

<|F(k)|2>=f a3k’ d3k"(B(K')- B(k—k")B(K")* - B(k—K")*)

= [ e @B -k )BT k) (B (K B3 (K) + (B (=K B (B (KB (k=K. (2

Using Eq.(21), and integrating the function, we can get

(FoP=2 [ %

[k—k'| k"2
APV (kmax

8m%Jo

where k-k'=kk’ u, u=cos@ and 83(k=0)=V/(27)3 is

1
dk’k'a+2 7ldﬂ[k2(1+,ﬁ) +2k 2 4kK w][K2+k % 2Kk’ ] @271,

{(k=k")-k'}?|B*(|k—K'[) B*(k’)
ey o

(29

We define the average field on scaldy

used.V is the volume factor. We used the power-law spec-

trum

B2(k) = AkA. (26)

L2y 2
<Bz>x=f d3k82(k)exp( kz)\ ) (27
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Then we can determine the coefficighin Eg. (26) duce any net circular polarizatidd9] and thus we expect
V=0 for the microwave backgroundy is the velocity per-
1 AG*T3 turbations of the baryon component, which is affected by the

2
(B (28) existence of primordial random magnetic fields. Metric per-

A= ax 2 D72 (4 2)
2 turbations® andW, which evolve according to the equations

To determinek,., we use the argument [41]. Small scales in Sec. Il under the influence of random magnetic fields, act
reach nonlinear varianceA=1) earlier than large scales, &S the source terms in E(RO) which governs the evolution

and the first scales to become nonlinear hwek,,,. If ~ Of the temperature anisotropy. _ _
we choose the scale that corresponds to the formation cif Equations(30) and (31) are formally integrated to yield
galaxies at, =6, kma=7Mpc™ L. If instead we require that 27]

magnetic fields form clusters of galaxies a3=1, that "

would correspond t@max= 2 Mpc™t. As we shall see be- A( ”O)ZJ dneixll«g(n)[ATo( )+ pop(7)

low, the CMBR anisotropy depends mostly on tkgax 0

value. Treatind/k,.x @s a small parameter, the leading term

_1
of the result of integrating Eq25) is 2P2(1)Se(7)]
7 .
mV 4 +J "dyeue <0 N(W —d"), (32
(IF02y=——5 A2 —— koL (29 0
(2m)3 2q+3
7 .
For the case ofi< — 3, the integration of Eq.25) diverge as Ap(no)= f °d 7e*#g( ) 3[1—Py(u)]1Se(7), (33
k’—0. So we only considen> —3. 0
lll. CMBR ANISOTROPY where
Cosmological density perturbations cause the temperature g(np)=«'e 007 (34

fluctuations when the photons decouple from the thermal - )

bath at the last scattering surface. Furthermore small metrit¢ the visibility function and

perturbations induce bulk velocities of the fluid, and the re- )

sulting anisotropies in the photon distribution will induce N

polarization when the photons scatter off charged particles (0. 7) f wdn 39
(Thomson scattering[26]. After decoupling, the photons

freely propagate along the geodesics, and any polarizatiois the optical depth to photons emitted at the conformal time
produced through the Thomson scattering will remain fixed.s. The visibility function represents the probability that a
The evolution of the CMB anisotropies is described by a sephoton observed a, last scattered withi  of a giveny.

of radiative transfer equations. Temperature and polarizatiofor the standard recombination this function has a sharp
anisotropies are expressed in terms of Stokes parametepgak at the conformal time of decouplingy. And x
[,Q,U andV. The parametel gives the radiation intensity =k(7,— 7).

which is positive definiteQ and U represent the linearly Under a clockwise rotation in the plane perpendicular to
polarized light andv describes the circular polarization. The the direction of observatiom), the temperature is invariant
degree of linear polarizatiofip is defined in terms 0@ and  \hjle Q andU transform as

U, Ap=(Q?+U?)2 and the temperature anisotropy is de-

noted byA+(=AT/T). Ay andA, can be expanded in mul- Q’'=Qcos 24+ U sin 2y,
tipole moments defined such that(#nk,u)=2,(2l
+1)A,(7,K)P;(n), whereP, is the Legendre polynomial of U’ =—Q sin 2+ U cos 2, (36

order| and w is the cosine angle between the wave vector
and the direction of observation. Their evolution equationsyy
are given by 27]

i I — AF20 )+
AfHikp(Ap+ W)=~ '~ k'[Ar—Ar — oy (Q1U)'=e™HQ=1U), 39

wherey is the rotation angle. Therefore the quantities can be

1
+2P2(1)Sp], (30 expanded in terms of the spin-2 spherical harmof2&

Apt+ikpAp=—«'[Ap—3(1—Py(1))Sp], X A
(3D (Q*1U)(M) =2 .22 Yim(N), (38)
whereSp=—A7 —Ap +Ap . k' is the differential optical
depth defined byx’=x.n.ora/a, with x. the ionization where i2Y|m(ﬁ) is the spin-2 spherical harmonics whose

fraction, n, the electron number density ang the Thomson  properties are summarized briefly in Appendix B. The ex-
scattering cross section. The Thomson scattering cannot prgansion coefficients are
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— * ; A 65 - b
aiZ,Im_f dQ.,Yin(Q=iU)(n). (39 . No Magnetic Field
By H=3x10" G
---- Hs=5x10°G
In [28], the authors introduce the following linear combina- as | - H:=7x10'8G |
tions ofa.,y, to circumvent the difficulty that the Stokes 2
parameters are not invariant under rotations: <
3

1
g im= — E(aZ,lm+ afz,lm)a

i 0.5
aB,ImIE(aZ,Im_a—Z,Im)- (40 I

0 500 1000 1500

FIG. 1. The angular power spectrum of temperature fluctuations
These newly defined variables are expanded in terms of owith the magnetic field strengtB,=3x108 G, 5x10°8 G, 7

dinary spherical harmonics,, %1078 G with spectral indexq=1 for A=0.1n"* Mpc.
A) = N vy Sp 3Sp ke ,
E(n)—% ag imYim(N), ST(k,n)=g<ATO+\If—?—Z—E +e (D' +T)
R R .| Ub 38{; 3g”Sp
B(n)=% ag imYim(N). (4D -9 (?+E TR (47)
The spin-zero spherical harmoni¥s,, is free from the am- 30S
biguity with the rotation of the coordinate system, and there- Sc(k, )= 5 (49
fore E and B are rotationally invariant quantities. The 4x

mode has ¢ 1)' parity and theB mode (—1)!*Y parity in
analogy with electric and magnetic fields. Scalar perturba- \ve here concern ourselves with the flat cold dark matter
tions generate only the mode of the polarization29]. The (cpm) universe with adiabatic initial conditions. We use the
power spectra of temperature and polarization anisotropiesygrast code[30] to calculate numerically the CMBR an-
are defined asCrj=(|arm|?) for Ar=3 a7 ,Ym and isotropy. During this calculation we pit (Hubble constant
analogously foiCg, . So if we get the evolution of the tem- givided by 100 km/sec/Mpc=0.5 and assume three species
perature and polarization anisotropy amplitude from Eqsof massless neutrinos. In Fig. 1, we plot the angular power
(32 and(33), the amplitudes for each mode of power spectragpectrum of temperature fluctuation@ +1)Cy, with the
are given by magnetic field strengths,>»310 8 G, 5x10°8 G, and 7
X108 G, for a given magnetic field spectrum index:1.
Observed amplitude of galactic magnetic fields is of order
~10® G. The BBN can constrain the amplitude of magnetic
fields, Bo<10~’ G [17], and also derived an upper limit of
the magnetic field amplitud8,<10 ° G using the CMB
Ce l:(477)2f k2dkPs(K)[Ag (k)] (43)  anisotropy[18]. Another constraint on magnetic field inten-
' ' sity can be obtained from(=B?%/2p,)<A,, whereA is
the horizon crossing amplitude. The cosmic background ex-
o[ 1o plorer (COBE) 4 yr data givesA,~10 ° on large angular
Cei=(4m) f kedkPs(k) A1 (K)Ag(k), (44) scales. Considering magnetic fields on the order @b 8 G
does not violate too much current bounds on magnetic field
amplitudes by the observational and theoretical consider-
ations. The figure shows that the spectral curves of the
CMBR temperature anisotropy are shifted upward with in-
creasing magnetic field strengths. We can conclude from the
_ ™ : numerical calculations that the presence of the magnetic
Ank)= fo d7Sr(k,mi(x), (45 fields which have field strength on the ordersf0™° G at
present do not affect significantly the temperature fluctua-
05207 (70 tions. The d8ensity perturbations_ With magnetic fields on the
Ag (k)= 1 / . f d7Se(k, 7)j,(x), (46) order of 10 ° G result in the deviations of the angular power
(1=2)!)o spectrumCy, of up to 14%.

CT,I:(47T)2f k2 dkP,(K)[Ar,(K)]?, (42

whereP 5(k) is the initial power spectrum antl; and Ag,
are given by 28]
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0.080 T T 8 T T T
— No Magn_gtic Field A —— No Magnetic Field
............ H=3x10"G . i~ ek, =nMpc”’
S HeSX10°G A ’ e K =n/2 Mpc™
0060 - _._ He=7x10%G 6 e 1
E
>
5 0.040 |
z
0.020 |
0.000 : .
0 500 1000 1500 0 ‘ . . ‘
d 0 100 200 300 400 500
FIG. 2. The E mode polarization spectrum(l+1)Cg, for !
gq=1.

FIG. 4. The angular power spectrum of temperature fluctuations
with the value of the magnitude of cutoff wave vectky,,,
The E polarization spectrun(l 4+ 1)Cg, and temperature- =z Mpc ™!, 7/2 Mpc* for B,=5x10"8 G for A\=0.1n"" Mpc.
polarization correlation spectruh{l +1)Cc, are shown in
Figs. 2 and 3 fog=1. Also in these figures we can see that ~(\k,,,)>""3I. They also derive an upper bound Bf for
the spectrum curves are shifted upward with increasing magh> —3/2 and\ =0.1h~* Mpc
netic field strengths relative to the nonmagnetic case. The
current bound on the degrees of linear polarizations of the B, <9.5x 10 8 0%™M G, (49)
CMBR on large angular scales 4s<6x 10 ° [20]. As we _ _
discussed in the previous section, we plot the temperature Here we do not consider the Faraday rotation due to the
anisotropy withk,,,=7/2 Mpc™* and7 Mpc~tin Fig. 4. In ~ magnetic field wh!ch can change_ the polgrlzatmn spectrum
this figure, we can see that there is a strong dependence Bgcause we restrict our calculations in linear perturbation
the spectrum curves on the cutdf, . theory. The authors i123,24,37 studied the effect on the

In Fig. 5 we plot the temperature anisotropy with the(_:MBR anisotropy with the_ unlf_orm primordial magnetic
spectral index of magnetic field=1, 2 and 3 forB,=5 field causing Faraday rotations in the homogeneous back_-
X108 G with A=0.1h~! Mpc. The spectrum curves are ground universe. They argued that the presence of magnetic
nearly independent of the spectral index. We probe the vifields depolarizes the CMBR anisotropg4] and proposed
cinity of the acoustic oscillation peaks=200, to investigate that the temperature anBl mode polarization correlation,
the dependence of spectral index more closely. The result {¥hich are generated by Faraday rotations, can constrain the
that the spectrum curves are shifted downward with the inmagnetic field32].
creasing spectral index. In Ref31] recently, the authors
derive an expression for the angular power spectrum of IV. CONCLUSIONS AND DISCUSSIONS
g{gﬂciisgglrsnoatgzggi f%l]lg_ Elf)heg;as\;:ng:r?;f sémge_n;rzat((ra]disby a _In thi_s paper we c_onsider the density_perturbatiqns With
magnetic field spectral index in their notatipnthe induced pnmor@al mag.netlc f|e|ds_ are present using gauge m_varlqnt
C, spectrum from gravity waves is independent rofbut formalism. While magnetic field generation mechanism is

only the amplitude depends on the spectral indeé,

6 T
—— No Magnetic Field ,x’/”_"—\\‘x
0.200 . : 581 o o ]
—— No Magnetic Field 56 7 7

~ Hy=3x10"°G

0.100 ’ ---- H=5x10"G 1 54 |
—-— H=7x10"G e

< 52 ¢
.
0.000 3

2 i 7
=2 = 5L / 4
& Y, x 7
> =a48F 7 _
3 -0100 | "
= . 46 [ 7 1
//
-0.200 | - 4.4 i
¥ 42 !
150 200 250
-0.300 ' ‘
0 500 1000 1500 l

i
FIG. 5. Temperature anisotropy with the spectral index of mag-
FIG. 3. Temperature and polarization cross-correlatidgs, netic field energy densitg=1,2,3 for B,=5x10"8 G for A

+1)Cq, forg=1. =0.1"1 Mpc.
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not yet known, we assume that the magnetic fields smear otield (Bx VX B=0) condition. From the perturbed Einstein
all over the universe randomly in the radiation dominatedequations, we can write the traceless part of pressure pertur-
era. Using thecmBFAST code[30] we solve numerically the bations as follows in real space:
coupled density perturbation equations for flat CDM uni- i 1 B 211 (em)
verse with adiabatic initial conditions. We investigate the (v Vi_igi)(q)*”q')__877(3‘51 T, (A1)
CMBR apisotropies for the ma_gnetic field permeated uni-WhereH(em)i:%éi BZ_BiBj. Using the Fourier transform
verse. With the temperature anisotropy spectrum we cannojs B(x) H(em)i.(x)] can be written as
fully determine the cosmological parameters and the infor- ’ )
mation about the cosmological perturbations. CMB photons
are polarized due to Thomson scattering during the decou-
pling time. Small cosmological perturbations induce the po- i o ikox
larization at the last scattering surface through Thomson —Bl(k)Bj(k—k’)Je™, (A2)
scattering. The linear polarization relates to the quadrupol§here we omit the time dependence for brevity. Then we
anisotropy in the photons. So if we investigate the pOIarizadifferentiateH(em)ij(X) with respect tox' to get
tion as well as the temperature anisotropy, we can get
enough information at the time of decoupling. The informa-
tion can constrain the cosmological parameters and the cos-
mological perturbations. Next we study the effect of the ran-
dom magnetic field on the CMBR temperature anisotropies
and polarizations. We consider the several scale magnetig/e can assume
fields with the assumption of power-law magnetic spectrum. Wik
To get the polarization power spectra, we use the rotation 3,1 o L i KK 2
invariant scalar quantitieE and B, which are introduced in f KB (Bj(k=k')=| A5 +B k2 )k F(k),
[28]. B vanishes for scalar perturbations. (A4)

For a given spectral index the temperature anisotropy and . | , .
polarization spectrum are shifted upward with increasingVhich is obvious from the fact that the tensorial component
magnetic field strengths. The density perturbations wittPf scalar perturbations is split into the trace and traceless
magnetic fields on the order of 18 G result in the devia-
tions of temperature anisotropy power spectrum of up to
14%. The fluctuations of this order due to the primordial Vi(B‘Bj)=(B><V><B)j+BiVjBi. (A5)
magnetic field are sufficiently large to be observed in future i ] o .
satellite experiments. Further, B,<~10"° G, magnetic The first part of the .rlght—hand side is the magnetic force due
field energy density does not affect noticeably the CMBR!O the current densityJ=V xB), and we neglect this term

anisotropy. We assume that the magnetic fields have th@ssuming that the force-free condition is satisfied in the early

) i i em)i.
power-law spectrum. The spectrum curves are nearly indelniverse. We take the Fourier transform of tHée™; and

pendent of the magnetic field spectral index. t_hen agair_l _differentiat_e with respecttbusing the force-free
Here we assume that the magnetic field energy densitg}eld condition to obtain
evolves as~a . But in the early era, when the magnetic
fields are generated, their evolution behaviors may be differ-
ent depending on generation mechanism. If so, temperature
fluctuations due to magnetic field may be shown. 1.,., ,
In the early part of the next century, the new satellite B EB (k")Bi(k—k")
experiments, MAR21] and PLANCK][22], will be set forth ) ] )
with better accuracy than the COBE satellite. They are ex€omparing Eqs(A3) and (A6), we can find the relations
pected to detect the imprint of the polarization as well as the 1
gravitational wave. If it is possible, we can constrain the A+B=—,
magnetic field strength and the spectral index and be in- 2
formed about the magnetic field generation mechanism.

H(em)ij(x): f d3kd3k’[%5}Bl(k)B|(k—k’)

VT (x) = f d*k K’ ik;[3 8B (K)By(k—k’)

—B'(k)Bj(k—k")]e'*x, (A3)

Next, differentiatingB'B; with respect toa' yields

viH<em>ij(x)=fd3kf d3k’ik1[%8'(k’)8|(k—k’)

glkx (A6)

F(k):J d3k’'B'(k")B(k—k’). (A7)
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APPENDIX A: CALCULATION OF TRACELESS PART

OF PRESSURE PERTURBATION - —877Ga2f dsk(léi- —AS — Bﬁ) F(k)eik-x
37 i 2 :
Here we calculate the Fourier transform of random mag- k
netic fields with the assumption of the force-free magnetic (A8)
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Further we only treat the scalar density perturbations and’hese set of functions satisfy the conjugation, completeness
traceless component of pressure perturbations, so the righhd orthogonality relations:

hand side should be proportional [té&}—(kikj /k?)]. Then
we find thatA must have value of. Finally, we can write =DM, (B2)
the traceless part for a given mokle

k3(®+W) = —87Ga’(tF(k)) (A9) fzw Jl ;
: . . de 7ldcosGSYl,m,(9,¢)sY|m(9,¢)

APPENDIX B: SPIN-s HARMONICS
. . . . . =011 0m'm (B3)
In this appendix we summarize the definition of spin-

function and the property of spis-harmonics. We mainly

refer to[28] and[33]. v v "o
A function ¢f(9,$) defined on the sphere is said to have % Vim(6,®)sYim( 0", 67)

spinsif under a right-handed rotation oé{,e,) by an angle
o it transforms asyf’ (6, ) =e; '°’f(6,¢). A spins func- = 5(¢p— ') 5(cosh—cosh’). (B4)
tion can be expanded in sp@-spherical harmonics,

sYim(6,¢), which form a complete and orthonormal basis.

i ) Finally the harmonics are related to the ordinary spherical
The spins harmonics are expressed as

harmonics as
TA+m) (I —m)! 21+1]Y2
sYIm( 01¢):elm¢

(I+s)!1(I=s)! 47 (1—=2)11%3
+Yim= T 5§—Cot059
) I—s I+s (1+2)!
X sirf'(6/2) >,
r r r+s—m 2i 1 )
*——(dp—coth)dy,— ——3%|Yim- (B5)
X(—1) 7Tt cof FSTM(g/2).  (BY) sing" "’ ¢ sitg )M
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