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We give results for theB and theD meson spectrum using NRQCD on the lattice in the quenched
approximation. The masses of radially and orbitally excited states are calculated as &elbas hyperfine
and P-wave fine structure. Radially excitd®l states are observed for the first time. Radial and orbital excita-
tion energies match well to experiment, as does the strange-nonsSamaee splitting. We compare the light
and heavy quark mass dependence of various splittings to experimenB @gults cover a range in lattice
spacings of more than a factor of two. Ciirresults are from a single lattice spacing and we compare them to
numbers in the literature from finer lattices using other methods. We see no significant dependence of physical
results on the lattice spacing.

PACS numbgs): 11.15.Ha, 12.38.Gc, 14.40.Lb, 14.40.Nd

I. INTRODUCTION The spectrum oB andD states is not yet well established
experimentally[3] although several new results have been

Mesonic bound states consisting of a single heavy quarkieported recently4—8]. Here we study the spectrum theo-

b or c, and a light quarku, d or s, as well as gluons, retically and from first principles using lattice QCD. This

provide an interesting laboratory to study strong interactionsyjjj| aid the experimental search for new states. In the case of

The typical momentum within such states is much lower thany o _established states it will provide a test for the theory

the mass of the heavy quark. This leads to a situation Whergnd/or the systematic errors in our calculation. Of key inter-

the heavy quark becomes non-relativistic and the properties : .
of the bound state are essentially determined by the Iigh‘?St are decay matrix elements fBrfactory expenme_nts.
quark and the glue. At leading order the splittings within thenowing how well the spectrum has been obtained gives us
spectrum become independent of the properties of the hea@Pnfidence that we understand how to simulBteand D
quark, such as its mass, and spinsg, so that orbital and Mesons reliably. This is important for the analysis of system-
radial excitation energies are expected to match between tHdic errors in matrix element determinations. )
B system and theD system. The resulting approximate  To formulate heavyp andc quarks on the lattice, a na
SU(2N,;,) symmetry, withN;, denoting the number of heavy discretization is inappropriate since the lattice spacings cur-
flavors, is usually referred to dweavy quark symmetrgee rently available are not small compared to the Compton
[1] and the references therein. At the next ordendéffects  wave length of those quarksnga>1). Presently there are
give rise to fine structure in the spectrum, several timeswo different formulations available to simulate heavy
larger in theD system than for theB, see e.g[2] for a  quarks: non-relativistic QCONRQCD) [9,10] and the heavy
review. Wilson approacH11]. For theb quark on present lattices
both approaches become essentially the same. However, in
this regime, NRQCD is to be preferred since the inclusion of
* Associated with the UKQCD Collaboration. higher order correction terms is easily implemented.
"Present address: Spatial Technologies, Boulder, CO. In this publication we report on our calculations of the
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TABLE |. Simulation parameters of the gauge field configura- B. Light quark propagators
tions. ForB=6.2 there have been three different runs H, N, and P
with different numbers of configurations. All configurations are
generously provided by the UKQCD Collaboration.

The light quark propagators have been generated with the
use of the Sheikholeslami-Wohlert action, also known as the
clover action[14]:

B Volume Box size No. configurations
5.7 12x 24 2.1 fm 278 SL:a4§X: Uit K2 [ i(vu= DUt
6.2 24x 48 1.8 fm H: 68; N,P: 144 .
_¢x+,&(7p.+l)u;r,p,¢x]
B-meson spectrum for two different values of the lattice 1. —
spacinga. Together with the results df12], which were _az'csw"vzp IxF vp xTpthx | - @)

obtained with the same methods at another value of the lat-
tice spacing, we can investigate the dependenca ofiour

results. Physical results must be independerat ahd hence On the configuration set witlp=5.7 the clover coefficient

we can perform a test of systematic errors inherent in our

calculation. We find no such errors at a significant level. InCsw 1S set o Its tadpole-improved tree level valwg,

=1.5667, as determined from the 4th root of the plaquette

addition, on our coarsest lattice, we were able to simulate thf_ hi q he latii ) i in the liah
D-meson spectrum and compare to results using heavy Wil+2)- This reduces the lattice spacing artifacts in the light

son methods on finer latticéwhere NRQCD does not work duark propagators t‘@(?sa'az)- At f=6.2 we used the
well sinceam,<1). Early results on our coarse lattice have Non-perturbative determined valueaf,= 1.6138, which re-
already been published [13]. moves theO(aga) artifacts from the light quark propagator
Section Il gives details of the simulations we performedas well[16].

and Sec. lll gives details of our fit procedure. Section IV In Ref.[17] the light hadron spectrum #@=6.2 has been
gives our determination of the babeand c quark masses. calculated using the non-perturbative as well as the tadpole-
Section V discusses the behavior of the splittings in the spedmproved tree level value farg,. No significant differences
trum that we obtain. This includes fits to the dependence oin the meson and baryon spectrum could be resolved be-
the splittings on the mass of the heavy quark. Section Vtween the two values af,. From this we expect the differ-
compares the results in physical units at different values oénce between tadpole and non-perturbatively improved light
the lattice spacing and with previous results as well as withjuarks at3=6.2 to be well covered by the size of the statis-
experiment. Readers interested in our results for the physicgical errors in our case as well. This allows us to compare our

meson spectrum could jump directly to this section. Sectiorg=6.2 results to the tadpole-improved resultg3at5.7 and
VII contains our conclusions and our best estimate forBhe in Ref.[12].

spectrum, based on the combined input from three different For each value of3 we used 3 different values for the

values of the lattice spacing. hopping parametet. The actual values are detailed in Table
Il. The table also contains the values f and «¢ from the
IIl. SIMULATION DETAILS UKQCD Collaboration[17,18 used in our calculation. The
_ ) use of these values is appropriate for the analysis in terms of
A. Gauge field action chiral extrapolations and scale setting that we have done. We

Our calculation was performed on two sets of gauge fielcalso carefully include systematic errors from different chiral
configurations, which were generated using the Wilsorextrapolations and associated uncertainties in setting the
gauge action scale. A recent re-analysis by UKQCD of their light hadron

spectrum[19] gives somewhat different values fai, and

1 + n k5. Our errors encompass any changes this would produce in
Se=8 X 1_§ReT'(UX1VUX+”V’MU><+;1,VU><,M) - @D oy physical results.

X, u<v

This action has lattice artifacts 6¥(a?). For the bare gauge
coupling B, we used 5.7 and 6.2. The lattice volumes and the
number of configurations are given in Table I. We will refer ~ The typical momentum scale inside a heavy light meson
to these configurations by their respect@ealues. such as & or D meson is of theD(A ocp), which is small

C. Heavy quark propagators

TABLE II. The hopping parameters used in the simulation are denoted by «;. The values ok, and
kg are taken fronj17], [18]. For s we give the results as determined frdtn K* and ¢.

B K1 K2 K3 K¢ ks(K) Ks(K*) ks(P)

5.7 0.1380  0.1390  0.1400  0.143% 0.13991)  0.13932) 0.13912)
6.2 0.1346  0.1351  0.1353 0.13587('2)  0.134667) 0.13461(3)  0.13455(39)
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TABLE Ill. Bare heavy quark masses used in the different rungab.7. In the second, third and fourth line we give the stability
parameten used in the evolution equatidd) of the runs A, C, and S.

amp 200 125 100 80 60 50 40 35 315 275 245 22 20 17 15 13 1125 10 08 06

A 1 1 1 1 1 2 2 2 2 3 3 3 3 3 3 5 5 5 6 7
c 1 1 1 1 1 2 2 2 2 3 3 3 3 4 4 5 6 6 8 10
S - - - 1 - - 2 - 2 - - - 3 - - - 8 - 8 -

compared to the mass of the heavy quark. Therefore the mass 1 1 n 1 n
of the heavy quarkng represents an irrelevant scale for the  Gi41= 1—a§5H) 1—a%Ho) Uy 1‘*’?‘5"'0)
dynamics of the mesonic bound state and it is possible to
simulate these states on lattices with a lattice spacing larger 1
than the Compton wavelength of the heavy quark. X|1-az 5H)Gt for t>1, (49
In our simulation we use a non-relativistic expansion of
the heavy quark Hamiltonian, which is known as NRQCD
(9,10 1 1 "o 1 n
G,= 1—a§5H) 1—a%H0) U, 1—a%HO)
H=Hg+éH, (38
o X 1—a;6H)¢X. (4b)
HO'_ 2mQ ’ (Sb)

With ¢, we denote the source smearing function used on the
initial time slice. At 3=5.7 we use 20 different values for
g ig Mg in the range 0.&amy=<20.0 and a{3=6.2 we use 10
oH T B+C,g 7 (D-E-E-D) values in the range 1slamy<6.0. Details, including tha
Q values, are given in the Tables Ill and IV. For each value of

g (D?)? B we performed 3 different runs. A2=5.7 we label them A,
_C3g_mg"'(DXE_EXD)_Cl 8ng C and S; for=6.2 they are labeled H, N and P.
For the S-wave mesons aB=5.7 we used up to three
, D@ (D?)? different smearing functionsgg o, ¢e1 and ¢go, in the
tCsa 24mq ~Ced 16nmé' (30) different runs. These are convolutions of Gaussian functions

for the light and the heavy quark with radii as detailed in
Table V. The configurations were fixed to Coulomb gauge. A
Please note that the rest mass ternmHohas been omitted, local sink will be denoted withp, . In most cases our final
resulting in a shift of the Hamiltonian, which is discussed in3=5.7 results were obtained with both sink and source
Sec. IV. In the case of a heavy-light meson the NRQCDsmearing.
expansion has to be organised in powers\gtp/mg [20]. For B=6.2 we use smearing for the heavy quark propa-
Here this expansion is used up(ﬂi(AQCD/mQ)Z). We also gators only. In run H a3=6.2 we applied a hybrid proce-
include thep term, which is believed to be the leading term dure of Jacobi smearing1] and fuzzing[22]. For runs N
in O((AQCD/mQ)3). The last two terms correct for discreti- and P we fixed the configurations to Coulomb gauge. We
zation errors from finite lattice spacing in respectively theused hydrogenic wave functions,y,, ¢pg» and ¢ye 1 for
spatial and temporal derivatives.is a stability parameter run N. The indices “g” and “e” denote wave functions of
used in the evolution equatidd). The matching coefficients the ground and first excited state. The details are given in
cq, - .. ,Cg are set to their tadpole-improved tree level valuesTable VI. In the P run we used Gaussian smearing with two
[15]. different radii,aro=2.5 and 5.0.
With the HamiltonianH and §H the propagator of the The spin operators applied to construct mesonic states
heavy quark can be obtained from a Sclinger-type evo- with the correct quantum numbers are detailed in Table | of
lution equation Ref.[23].

TABLE IV. Bare heavy quark masses and stability parameteused in the runs H, N, and P 8t=6.2.

amg 6.0 4.5 4.0 2.5 2.0 1.6 1.44 1.3 1.2 11
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TABLE V. Smearing radii applied g8=5.7 to the heavy quark TABLE VI. Smearing radii applied to the heavy quarks in the

Q and the light quarlq. run N at3=6.2. The subscript “g” denotes a ground state hydro-

genic wave function, the “e” an excited state. Throughout this run
bco bc1 b2 we used local light quarks.

alq 1.0 20 3.0 amg PHg,1 PHe,1 PHg,2

arg local local 3.0
4.5 aro=5.0 - -
2.5 aro=5.0 - aro=8.0

D. Lattice spacing 1.44 aro=4.0 ary=4.0 ary=8.0

In the quenched approximation one obtains different val-
ues for the lattice spacing, depending on the quantity it is . ] )
determined from. This is expected to be caused by the stronfgSults are in agreement with the outcome ofrtijeanalysis.
coupling a; running differently in the real world and the AS explained above, the bottomonium system probes a dif-
quenched theory. fe.rent scale and the. values obtained using it do not agree

We use the physical mass of themeson[3] to fix the ~ With the result from light spectroscof9).
lattice spacing. This procedure is justified from the typical

gluon momentum in 8 or D meson being of similar size to IIl. FITTING TECHNIQUES
the momentum in a light meson such as thand p. Since o
heavyonium states probe a higher physical scale these are not A. Parametrizations

appropriate to fix the scale for a heavy-light system in the At 3=5.7 we used several different smearings at source
quenched approximation. Using tpescale should take care and sink. For hadron correlators with a local sink, we applied

of most of the quenching effects. _ simultaneous vector fits, requiring the fitted nassm, to
The determination ofn, is complicated by the chiral ex- agree for all propagators:

trapolation required, see RdgR4] for a review. At 3=5.7

we use the result dfl8]. The result of the linear extrapola- " )

tion in the light quark massy, is quoted as the central value (dL(D)] ¢i(0)>:k21 Ajexp(—mgt), 1sism, (6)

and the deviation of the quadratic fit is treated as a system-

atic uncertainty. A{3=6.2 a linear extrapolation is reported

in Ref.[17]. We treat the difference to the 3rd order extrapo- A = (il bi)- )

lation from [25] as a systematic uncertainty. The numbers

are compiled in Table VII. We use In the case of sink and source smearing, we used simulta-

neous matrix fits. In matrix fits, the fitted amplitudes are

B=5.7: a '=1.11612)(*3°) GeV, constrained in their relationship with each other as well:

a=0.176819)(" %) fm, (5a)

(¢;(D]4i(0))= >, BEB exp—myt), 1<j,i=m,
B=6.2: a 1=259"%)(*3) Gev, k=1

a=0.0762"33(%%) fm. 5b
250 5D Bi k=l #i)- 9
For comparison, Table VII also shows the lattice spacing as
obtained from the string tensioor and the bottomonium The fitting techniques are described in more detail in Ref.
splitting x,— Y. As a physical value for we choose a result [23]. We found matrix fits to be more precise with respect to
obtained from a potential model fit to the charmonium specstatistical errors. Due to the omission of the rest mass in Eq.
trum[26]. The lattice numbers originate frof7,28. These (3) the fitted mass is shifted with respect to the bound state

TABLE VII. Determination of the inverse lattice spaciag* from thep-meson masg3], [17], [18], [25].
The first parenthesis gives the uncertainties arising from statistical fluctuations, the second the uncertainty
resulting out of the chiral extrapolation. For comparison we also give the scales as obtained from the string

tensiono [26—28 and the bottomoniuny,—Y splitting [3], [29].

B=5.7 B=6.2
Quant. phys[MeV] lattice al[GeV] lattice al[GeV]
m, 770.08) 0.6908) ("3 1.116(12)(3%H  0.297(3)(*? 259" %) (72
Jo ~430 0.387939) ~1.10 0.160810) ~2.67
=Y 440 0.3116) 1.41(4)(2)(5) 0.1255) 3.5214)(4)(0)
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TABLE VIII. Fitted simulation masses for the ground state pseudo-scalar and vector meg@®nrd at
from run A. This table has been obtained from double exponential matrix fits to correlators with the smearing
functions ¢ ; and ¢ , at source and sink.

aMgim ps aAMgim,y

amg x=0.1380 k=0.1390 k=0.1400 x=0.1380 x=0.1390 k=0.1400
20.0 0.76%4) 0.7454) 0.7244) 0.7714) 0.7504) 0.7304)
12,5 0.7693) 0.7483) 0.7274) 0.7783) 0.7573) 0.7364)
10.0 0.771828) 0.75Q03) 0.7284) 0.782328) 0.7613) 0.74Q4)
8.0 0.773826) 0.751828) 0.73Q03) 0.786828) 0.7653) 0.7444)
6.0 0.775223) 0.753227) 0.7313) 0.792926) 0.771228) 0.7493)
5.0 0.775623) 0.753426) 0.7307128) 0.796625) 0.774727) 0.7533)
4.0 0.775822) 0.752623) 0.729627) 0.800923) 0.778726) 0.7563)

3.5 0.774822) 0.751423) 0.728127) 0.803123) 0.780826) 0.758228)

3.15 0.773(1 0.749923) 0.726426) 0.804623) 0.782126) 0.759428)
2.75 0.770221) 0.746823) 0.723@26) 0.805723) 0.783@25) 0.760228)
2.45 0.767020) 0.743322) 0.719425) 0.806223) 0.783325) 0.760328)

2.2 0.763120) 0.739222) 0.714925) 0.805923) 0.782925) 0.759828)
2.0 0.758620) 0.734522) 0.710123) 0.805@23) 0.781825) 0.758%28)
17 0.748719) 0.724221) 0.699423) 0.801623) 0.778125) 0.754628)
15 0.738619) 0.713721) 0.688623) 0.796923) 0.773226) 0.7493)
1.3 0.721019) 0.695720) 0.670222) 0.786423) 0.762526) 0.7393)
1.125 0.700Q18) 0.674320) 0.648422) 0.773123) 0.749G26) 0.7253)
1.0 0.678818) 0.652819) 0.626%21) 0.758723) 0.734327) 0.71Q3)
0.8 0.623818) 0.597@q19) 0.570624) 0.718325) 0.693428) 0.6683)
0.6 0.526720) 0.498921) 0.470923) 0.644528) 0.6193) 0.5934)

mass. We denote the result of the fit as the simulation masslata point can eat up one fit parameter. Dropping as many

mgim. The determination of the shift will be discussed in Sec.data points as fit parameters delivers a fit which is entirely

V. dominated by statistical fluctuations. The residual fit range
To extract mass splittings we applied two different proce-dependence of those fits becomes negligible against the sta-

dures. One is to fit the masses as above, take their differencgstical uncertainties. We judgg? values resulting inQ

and then calculate the error from the bootstrap or jackknife= .1 as reasonable, whe@denotes the probability of a fit

samples of the difference. With this procedure one can eaS"Maving an even higher value gf. The final result is given
take advantage of using different smearings. In the case of @ Taple ViII.

single smegring fungtion, a ratio-fit provides an.alternative In run H at 3=6.2 we only had one smearing function
E)?‘Ci]ﬁg?\:v:)m;rg)g:giggszmje fﬁgc;fg%% tigﬁgk\'fv?t';eas‘r??%%s:available. We extracted the final results from single exponen-
. . . tial fits to the propagators with source and sink smearing.
nential ansatz. The mass shift cancels out of the difference IR eir fit results turned out to be more precise than the ones
both procedures. . . . ore p .
from using a local sink. The final fit range was determined
such that we observed a reasonapteand achieved stability
of the fitted result against variation of the fit range. The
On the 8=5.7 configurations the simulation masses forresults are displayed in Table IX.
pseudo-scalar and vector mesons have been determined mostin the run N we used hydrogenic wave functions of dif-
accurately in run A. In this run we only used the smearingferent radii. We generated smeared local and smeared
functions ¢ ; and ¢ ,. We found the double exponential smeared meson propagators. However no cross correlators,
matrix fit with sink and source smearing to deliver the moste.g. ¢4 1 at sink andgye ; at source, were calculated. Hence
precise result. For the fit range we choose the initial timeEqg. (8) was inapplicable and we had to use vector fits in the
slice t,,i, two time slices larger than the first time slice de- case of smearing at sink and source as well.
livering a reasonablg?. In general we choose the number of  In double exponential vector fits to two smearing func-
dropped time slices multiplied by the number of propagatorgions, we observed extremely low values@f We observed
used for the fit to be larger than or equal to the number of fithat this is connected to unfortunate statistical fluctuations on
parameters. The reason for this procedure is as follows. Theertain time slices. However the fit parameters turned out to
first reasonable value of? is observed once the residual be stable with respect to variations of the fit range. These fits
excitations are just masked by the statistical uncertaintiesyill be discussed in SecV B in more detail. To obtain a
which allows for them to be still of similar size. Each excited more precise result for th&-wave ground states, we resorted

B. Pseudo-scalar and vector meson
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TABLE IX. Fitted simulation masses for the pseudo-scalar and vector meg®#s @t2. The top section
gives the results for run H, the middle one for N and in the bottom we give the result for run P. The results
for the runs H and N have been obtained from propagators with source and sink smearing. In P we used
source smearing with local sinks.

amsim,p's amsim,v
amg x=0.1346 x=0.1351 x=0.1353 x=0.1346 x=0.1351 x=0.1353
6.0 0.44910) 0.43812) 0.41921) 0.46013) 0.431(20) 0.41524)
4.0 0.4438) 0.42510) 0.41712) 0.44711) 0.42611) 0.41714)
2.0 0.4206) 0.4058) 0.39810) 0.43Q7) 0.4129) 0.40412)
1.3 0.3835) 0.3656) 0.3577) 0.3976) 0.3798) 0.3719)
1.2 0.3735) 0.3555) 0.3477) 0.3885) 0.3708) 0.3619)
1.1 0.3584) 0.3415) 0.3337) 0.3745) 0.3538) 0.34210)
4.5 0.43%4) — — 0.4404) — —
2.5 0.4214) — — 0.4294) — _
1.44 0.3883) — — 0.4003) — —
1.6 0.4064) — — 0.4194) — —

to single exponential fits to single propagators and compared In this context it is interesting to note that the propagators
the outcome for the different smearing functions. This iswith local sink andgy,4 » source smearing plateau much later
shown in Fig. 1 for the pseudo-scalar propagatomsat, than the others, but the results are in agreement with those
=2.5. The octagons indicate the final result for each propafrom other propagators.
gator, as determined from th@ value after dropping two For theS wave states in the run P we only had the Gauss-
time slices. Within statistical errors all results are in reasonjan smearing at the source with radias,=2.5 and local
able agreement with each other. For the final result, which igjnk  Since these propagators plateau quite late, we used
also included in Table IX, we choose.the smeared-smearegnm:m for the final result, the error bars for the hyperfine
Jrg.1 Propagator. In the end these deliver the more accuratgyiting are not competitive with those above. Since they are
hyperfine splitting, due to superior noise cancellation be'needed for the later analysis of tRestates we include them
tween the pseudo-scalar and the vector meson state. as well in Table IX.
To describe physical bound states involving lighandd
044 R A IR quarks, the results of Tables VIII and IX have to be extrapo-
L lSO amQ=2.5 ©«=0.1346 . Iateq in th.e light qua_rk hopping parameter. O_n. both sets of

- . configurations, the difference between the critical and nor-
mal hopping parameter is smaller than the uncertainty we
assigned tac. in Table 11[17] and we usec. in our extrapo-
lations. The normal hopping parameter is the one for which
the extrapolations deliver the physigal,/m, ratio.

Due to the high statistical accuracy we achievedBat
=5.7 in the pseudo-scalar case, a linear ansatarim,
:=3(1/k — 1/k.) in a full covariant fit to all three data points,
results in a fit withy?/ DOF>8/1 for amg<10. This corre-

i sponds tdQ<<0.004. The resulting curves do not describe the
O éye,1 smeared—smeared data. We carefully checked whether this is caused by a re-
sidual fit range dependence and found all the fit parameters
including the itwould-bestrange to non-strange meson split-
ting to be stable against variation of the fit range. This was
done for an initial time slicé,,;, in a range from 3 to 6.

We therefore extracted our final result from a linear spline
uin to the points with highest and lowest, and use the devia-

FIG. 1. Dependence of the fitted pseudo-scalar simulation masdon of a quadratic spline as a systematic uncertainty of the
on the starting point,,;, of the fit range a3=6.2. The results are Chiral extrapolation. An example for the extrapolation is
shown for three different propagators with smearing at source angiven in Fig. 2. From the figure it is obvious that interpola-
sink or at the source only. The octagons give those valudg,f tions to extract the heavy-strange meson mass are insensitive
which, we determined in th€@-value analysis, to give the final to the differentAnsazeand we do not assign an uncertainty
result. The connecting lines are for guidance only. due to the different interpolations. However, in the case of

0.42

amg,.,
T
1

0.40 — X Pyg,1 sSmeared—local

L © Puyz SMeared—smeared

O'aslllllllllllllllllll

4 6 8 10
t
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ing to m,/m, is treated as an uncertainty of the quenched
approximation. The results are presented in Table X.

For B=6.2 the statistical accuracy is not as high and our
data are well described by linear extrapolations. The results
0.75 .

- are presented in Table XI.

IV. HEAVY QUARK MASSES
A. Mass shift from dispersion relation

The omission of the rest mass temg, in the Hamiltonian
Eq. (3) causes most of the shift of the simulation masg,
with respect to the physical meson mass. The mass, of
the meson can be determined from the relativistic dispersion

relation of the mesoiE(p) = \/mrze,Jr B2, which gives

B2 [E(F)—E(0)]
0.00 ‘ M= 2[E(5)—E(0)] - (10

HereE(pP) denotes the total energy of the meson. The mass
FIG. 2. Chiral extrapolation of the pseudo-scalar simulationshift A, is defined as the difference
mass forg=5.7, amg=4.0 in amq=%(1/:< — 1/k;). Small sym-
bols give the simulation result. The curves give a linear and qua-
dratic extrapolation as described in the text. The diamond to the left
gives the outcome from the linear extrapolation. This shift per heavy quark should be universal for all had-
ronic states simulated at the bare heavy quark mass
the heavy strange meson, we are faced with the problem that In our calculation a3=5.7 we determined the mass shift
ks is highly sensitive to the quantity it is determined from. from the difference in energy of the pseudo-scalar meson
Our central value is interpolated to tkeas determined from propagators witha|p|=0 and 27/12. This was done in run
m,./m,, and the difference to the outcome focorrespond- C at «=0.1400 with source smearing 1 and a local sink.

A rei*=Mygj— Mgy (12)

TABLE X. Chiral extrapolation at3=5.7. The first parenthesis gives the statistical uncertainty, the
second one the uncertainty in the respective hopping parameter and, in the gasehd third parenthesis
gives the uncertainty arising from the chiral extrapolation.

amsim,ps aAMgim v
amQ K¢ Kg K¢ Ksg

20.00 0.6566)(2)(*9 0.7264) (3" 0.6636)(2) ("2 0.7374) (9

12.50 0.65716)(2)(*9 0.7294) (13" 0.6676)(2)(*2 0.7384) (13"

10.00 0.65&5)(2)(;9 o.731(4)(1(1,7 0.67(3(5)(2)(12 0.742(4)(137
8.00 0.6535)(2)69 0.732(3)(538) 0.67:{5)(2)(52 0.746(3)(537
6.00 0.6585)(2)(*° 0.7333)(* 39 0.6785)(2) ("2 0.75%3)(* 39
5.00 0.6574)(2)(*9 0.7330(28) (% 0.6805)(2) ("2 0.7553)(72Y
4.00 0.6554)(2)(*9 0.7319(27) (2% 0.6834)(2) ("2 0.7586(29)(3"%
3.50 0.6524)(2) (2 0.7304(26) (3% 0.6854)(2)(*?2 0.7605(28) (%9
3.15 0.6504)(2)(*2 0.7287(25)( 2% 0.6854)(2)(*9 0.7617(28) (%Y
2.75 0.6464)(2) ("2 0.7254(25)( %9 0.684)(2)(*9 0.7625(28) (%9
2.45 0.6414)(2)(*2 0.7218(24)(2% 0.6854)(2)(*2 0.7626(28) (2%
2.20 0.634)(2)(*2 0.7174(24) (3% 0.6844)(2)(*9 0.7621(28) (%9
2.00 0.631(3)(2) (2 0.7126(23)( %9 0.6834)(2)(*9 0.7609(28)( ;%9
1.70 0.6193)(2)(*2 0.7019(23)( % 0.6784)(2)(*? 0.7569(28) (%9
1.50 0.6073)(2) ("2 0.6911(22)(3% 0.6724)(2)(*9 0.7519(29) (%9
1.30 0.5873)(2)(*2 0.6728(22)(3% 0.6605)(2)(*? 0.7409(29)( 3%
1.125 0.5643)(2)(t§ 0.6510(21)(f§(1’7) 0.6435)(2)(t§ 0.727(3)(t§°)
1.00 ) + . ) * . *
s owteiCh  oamoa  osmeh  osrnch
0.60 0.38((3)(3) ("2 0.4737(22)(3% 0.5176)(3) ("9 0.5974)(*29
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TABLE XI. Chiral extrapolation at3=6.2. The parenthesis TABLE XII. Mass shift at3=5.7.
gives the statistical uncertainty. The results have been extrapolated
to k,=0.135873 andc,=0.13466. amg aA g al et
A — 20.0 14(5) 18.611)
125 9.320) 11.77)
amg Kc Ks Kc Ks 10.0 7.913 9.4(5)
6.0 041719  0.44810) 0.38336)  0.45313 8.0 6.19 7.64)
4.0 039616  0.4398)  0.39217)  0.4449) 6.0 5.46) 5.73)
2.0 038312  0.4196) 038717  0.4296) 5.0 4.84) 4.8325)
13 03418 03815 035213  0.3956) 4.0 3.9626 3.8924
1.2 03318) 03715  0.34212  0.3846) 3.5 3.5222) 3.4222)
11 03178) 035715  0.31615  0.3705) 3.15 3.2019) 3.1423
275 2.8516) 2.7222)
2.45 2.5714) 2.4421)

At large values oimg, we found a single exponential fit to 2.2 2.3412) 2.21(19)

the ratio of the correlators to plateau much later than the fits 2.0 2.1611) 2.0317)
to the individual propagators. This is reflected in a large fit 1.899) 17510
range dependence of the jackknife difference of the masses!-® 1.686) 1.5610)
of the individual fits, for time slices in which no plateau was -3 1.518) 1.399)
observed in the ratio-fit. For our final result we choose a 1125 1.3 1.237)
minimal t-value two time slices larger than the fitsvalue 1.0 1.279) 1.147)
for which we obtained a decent® in a fit to the ratio of 0.8 1.164) 1.016)
propagators. The final result is presented in Table XIl and 0.6 1.134) —
Fig. 3.

We also tried simultaneous vector fits according to &y.
with two exponents. We used propagators with source o P p*
smearing¢g 1 and ¢g,. The jackknifed difference of the Esim(P) = Mo+ 2m; 8md’ (12
fitted ground state mass is in agreement with the above pro-
cedure; however, the statistical uncertainties, especially for 52
large values ofng, are larger. Esim(P)=mo+ 2m;’ (129

For 8=6.2 we calculated the mass shift in heavy quarko-

nia, since the statistical precision for heavy-light correlatorsyith parametersn,, m; andm,. Eg(p) denotes the simu-
at finite momentum was not sufficient. In the following, massjation energy as determined from the propagator falloff. In
shifts from heavy quarkonia will be denoted y,. We  the case omy=1.3 we used thénsize (128 and (12b)
simulated the vector-meson fa|p|<2(27/24). The ki-  for the three heaviemg values, (12 and (120. All fits
netic massm; was obtained from fits to the dispersion rela- gaye fit parameters which were consistent within half of the

tions: statistical error. To obtain the shifts required for heavy-light
spectroscopy we subtracted the simulation mass of the
~o -4 quarkonium vector-meson and divided by two. The final re-
Eqim( )= Mo+ L p_, (129  sults are displayed in Table XIIl and Fig. 3. It is interesting
2m;  8m; to compare to the result from RdR9l—aA,=1.29(2) ob-

R0 T T T T T T

FIG. 3. Comparison of the
mass shifaA from the simulation
and lattice perturbation theory as a
function of the bare heavy quark
massamg . The octagons give the
outcome of the dispersion relation
for heavy light mesons, diamonds
from heavyonium. The lines repre-
sent the perturbative outcome. The
square gives the heavyonium shift
tr ] from Ref. [29] for B=6.2 for
. M R R comparison.

2 4 6
amq
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TABLE XIll. Mass shift at3=6.2. TABLE XIV. 1-loop coefficient andg* of the perturbative ex-

pansion of the mass shift.

amg alAy al et o -
6.0 5.5("3 5.8216) e " - ad

45 — 4.4Q12) 20.00 1 —0.2968(66) 1.7641)
4.0 4.19(°%) 3.9211) 12.50 1 —0.2605(46) 1.77B2)
25 _ 2.499) 10.00 1 —0.2446(35) 1.7765)
2.0 2.26("% 2.028) 7.00 1 —0.1987(37) 1.809)
1.6 — 1.645) 5.00 1 —0.1522(34) 1.96®%9)
1.44 — 1.494) 4.00 1 —0.1227(27) 1.77&6)
1.3 1-28(33) 1.364) 4.00 2 —0.1115(23) 1.68®3)
1.2 1.17(° 1 1.274) 3.50 2 —0.0889(23) 1.5746)
1.1 1_07(_%“ 1.183) 3.00 2 —0.0538(21) 1.37®0)

2.70 2 —0.0308(20) 1.2@7)

2.50 2 —0.0104(23) 0.4@.8)

tained atamgy=1.22. Due to higher statistics, this result is 2.00 2 0.052R23) 1.2528)
much more precise. This value is included as a square into 170 2 0.110@5) 1.74366)
Fig. 3 and agrees well with the newer results. 1.60 2 0.134625) 1.639593)
1.50 2 0.161824) 1.58342)
B. Mass shift in perturbation theory 1.40 3 0.225@5) 1.85839)
The mass shifiA can also be calculated in lattice pertur- 1.20 3 0.327&26) 1.76527)
bation theory[30]: 1.00 4 0.566(81) 1.79320)
0.80 5 1.09142) 1.80513

Apert: meQ_ Eo . (13)

HereZ,, denotes the renormalization constant connecting the . ) ) .
bare lattice maseng with the pole mass ané, denotes the of A_penls much better behaved tha_m either perturbative series
heavy quark self energy constant. In the perturbative exparfn its own. The Lepage Mackenzie scalg* [15] has been
sion the 1-loop contributions frord,, and E, cancel each determined separately farand it is larger than foZ,, or for
other to a large extent and the direct perturbative expansiofy. The coefficients for

TABLE XV. Splitting between the strange and non-strange mesg@wah.7. The first parenthesis gives
the statistical uncertainty, the second the effect of the different chiral extrapolations and the third the uncer-
tainty arising from thecg determination.

amg a( Mpss™ mps) a( my s— mv) a( Msays™ msa\)
20.000 0.0697(26)( 3} (3¢ 0.0691(27)(§3 (" 3¢ 0.0693(27)(§3(* 3¢
12.500 0.0717(23) (58 (3¢ 0.0709(23) (54 (* 26" 0.0711(24) (8 (*3¢
10.000 0.0727(21) 3% (F3™ 0.0717(22)§H(73° 0.0720(22) 83 (* 37
8.000 0.0736(20)( 58 (&7 0.0725(20) (5 (2™ 0.0728(20)(§H (-
6.000 0.0749(18)(5H (* 3 0.0736(19) (5 (* 37 0.0739(19) (33 (&7
5.000 0.0758(18) (53 (* &7 0.0742(18) (35 (*3™ 0.0746(18) (35 (-4
4.000 0.0770(16) (5 ("8 0.0751(18) (39 (3" 0.0756(18) (53 (¢’
3.500 0.0779(16) (53 ("8 0.0757(18) (33 (3’ 0.0762(17) (3 (78
3.150 0.0786(15)( 5" (~ 28 0.0761(17) (3% (3 0.0767(17) () (18
2.750 0.0795(15)( 53 (= 38" 0.0767(17)( 3 (F 38 0.0774A7)(gH(* 38
2.450 0.0803(14) (83 (" 38 0.0773(18) (3 (7% 0.0780(17) (g% (* 38
2.200 0.0811(14)(§H(F 5™ 0.0778(18) (&Y (* 58 0.0786(17)( g% (* 38
2.000 0.0818(13)( 59 ("2° 0.0783(18)( gH ("8 0.0792(17) (83 (*38
1.700 0.0831(13)( 5 (*3° 0.0792(18)( 39 (* 38" 0.0802(17)( ) (* 38
1.500 0.0842(12)( 58 (~2° 0.0800(19) (3 ("8 0.0810(17) g3 (£
1.300 0.0855(12) (58 (*3° 0.0808(19)(gH(*3° 0.0819(17) (A (13°
1.125 0.0869(12) (58 (*2° 0.0817(19)( g (~2° 0.0830(17)(gH (&
1.000 0.0882(11) (57 (*2° 0.0824(20)(gH(*3° 0.0839(17) (g (F3°
0.800 0.0903(12)( 53 (2 0.0827(22) 3y (F2° 0.0846(19)(33) (1 2°
0.600 0.0940(12)(§3(*22 0.0851(24) (38 (*2%Y 0.0874(20) (g3 (*2°
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TABLE XVI. Splitting between the strange and non-strange me-

son atB=6.2. Results are quoted fars determined from the&K
meson. Fixingk from the ¢ would lead to an increase by 9%. The
error bar gives the statistical uncertainty only.

PHYSICAL REVIEW D 62 074503

For 3=5.7 the stability parameter differs in some cases
between the perturbative results and the simulation. However
for amg=4, where perturbative results exist fior=1 and 2,
the effect ofn is completely negligible: we obtain ;¢
=3.88(22) vs 3.8@4). From a comparison of the simulation

aMo A(Mpss ™ Mpd a(mys—my) AMsavs™ Msa) result of the runs A and C g8=5.7 we can also obtain
6.0 0.03117) 0.07029 0.04922 evidence of the effect of the differemt on the simulation
4.0 0.04311) 0.05218) 0.05015) mass mgj,,. For amp=1.0 and x=0.1400 we measure
2.0 0.0368) 0.04212) 0.04110) amgm p= 0.6265(21) and 0.62481) for n=5 and 6 respec-
1.3 0.03%5) 0.04210) 0.0439) tively. This difference is again completely negligible against
12 0.0405) 0.0428) 0.0437) the uncertainty we assign @\, even if we enlarge it by a
1.1 0.0405) 0.05512) 0.051(10 factor of 3 to allow for a larger effect betweer=4 and 5.
The formern was used in the perturbation theory. Note also
that this difference tends to be in the opposite direction to
Aper=Mg[ 1+ ag(ag* ) - AM)] (14)  thatinaA implying that the effect ofi on the physical mass

is reduced when compared to the shift.

Here it is interesting to note that physical mass differ-
ences like the hyperfine splittingpy= Mgim y— Mgim ps are
running in order to evolve to the respectieg*. For the even less sensitive to. At the above mass parameter of
final mass shift we assign a relative uncertaintw@(aq*). amg=1.0 we measuream,=0.0833(20) forn=4 and
Since A is small, this is more conservative than the 0.083520) for n=5.
squared 1-loop contribution. The final results are displayed In summary the differences in between the different
in Table Xll for 8=5.7 and Table Xlll for3=6.2. For runs as well as the perturbative shifts can be neglected safely
values ofmg not included in Table XIV we interpolated even at the high level of accuracy we achieved here. This
linearly between the nearby values, which is completely sufteaves us with a discrepancy betwegp.; and A for our
ficient within the claimed accuracy. The results &k from  lowest mg values, which is roughly twice as large as the
perturbation theory and the lattice simulation are comparedncertainty we assign to the perturbative result.
in Fig. 3. Apart from possibly the lown, region atg On the other hand, fo8=6.2 we observe excellent agree-
=5.7, the figure shows excellent agreement between the twment between the precise result{@b] with the perturbative
ways of calculating the mass shift. calculation at the relatively low valuemg=1.22.

can be found in Table XIV. We use thg.(aq=3.4) values
as determined from the>1 Wilson loop[31] with 2-loop

I L — T — —— .
L & - i
[ bbe F I |
00| | b b &&éﬁééé 5] ool S
C X & i N i
P L 44 1o psbad oo _ : [y g Y ]
H L 4 g L .
i - . Ig“ i i
5 50— — @ | —
g L J Ed 50 i oa=0076 fm |
L i 0: a = 0.102 fm
| i : 0:a = 0.177 fm :
B o o | o ] | X: experiment |
%.0 0.2 0.4 0.6 ol PRI R
1/mg,, in GeV™! 0.0 0.1 0.2 0.3

1/m_, in Gev™!
FIG. 4. Mass splitting between the spin-averaged ground state

S-wave heavy-light strange and non-strange meson. The octagons FIG. 5. Comparison of the strange-nonstrange splitting for the
give the result forxg determined from th& meson, squares from pseudo-scalar state at different values of the lattice spacir@c-

the ¢ meson. For both data sets the upper errors give the uncetagons give our result fo8=5.7 and diamonds fog=6.2. The
tainty from the different chiral extrapolations, the lower ones thesquares give the result frofa2] at 8= 6.0 and the fancy square the
statistical uncertainty. For simplicity this figure does not considerexperimental outcome for thB meson[3]. For a=0.102 fm and
uncertainties arising from the value @f see Eq(5a). Experimental 0.076 fm we give the statistical errors only; the errors for
results are displayed by the fancy squares. =0.177 fm have been described in Fig. 4.
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Lo ) Tttt Tt
C amg = 4.0 « = 0.1400 ] 14 amg =40 « = 0.1400 ]
08— — B ]
: I =5t { 1 o
C ] L i FIG. 6. Fitting the radially ex-
0.6 — - [ ] cited S state at3=5.7. The left
- C ] Eé 10 ] hand side gives th® values and
o4l 1 “ L ] right hand side the fitted simula-
r ] N ] tion masses of the pseudo-scalar
r 1 %8 - ground state and the first radially
02| — r ° e e e e 0 excited state.
N ] o o m-m(zlso) g
B T 06 [ 0 my,(1'Sy) ]
ool A0 1., | T B B
0 4 4 8 0 2 4 6
trin L —
Given a value for the shifh and the simulation masag;, am,= 1.645)(jg)(j9), B=6.2 (163
from Tables VIII, IX, XII and XllI, we can now calculate
absolute masses for all the states. We do this for the ground am,=4.2025)(5)(*%), B=5.7 (16b)
state vector and pseudo-scalar mesons, both to fix the quark
mass, as described in the next subsection. Moreover, we use am,=0.876)(3)('%), B=5.7. (160

the meson mass rather than the quark mass to discusgthe
dependence, since it is more directly comparable to experithe errors as indicated in the parentheses give the uncer-
ment. We frequently plot results againstrij,, wheremg,, tainty arising from the mass shift and the statistical and sys-
is the spin-average of the ground state vector and pseud@ematic uncertainty of tha determination. The uncertainties
scalar mesons associated with the simulation masg,, are completely neg-
ligible here. Form, we used the perturbative shiffs,.
Using Ay at B=6.2 deliversam,=1.59("34(*%)(*2) and
using A, at 8=5.7 givesam,=4.16("33)(7)(*3y), which
o _ _ _ is agreement with ., but with larger error. Fom; we used
This is preferable tan,s alone since the spin-averaging re- the simulation resultA,,. Here Aper Would give am
duces the dependence on sub-leading spin-dependent term§-1.02(8)(2)(i20). The deviation from the result E4160)
reflects the difference between thevalues at lonamg dis-
C. Bare heavy quark mass cussed above.
This careful analysis to fix the bare heavy quark mass is
particularly necessary for fine structure splittings in the spec-
n- . ; .
trum to be discussed in the next section. These are very

) — sensitive to the heavy quark mass, generally asgl/In
experimental result. We used 5313 MeV for tBe 5405  ,qgition, any errors in the heavy quark mass must be fed into

MeV for theBs, 1973 MeV for theD and 2076 MeV for the  errors in the fine structure splittings in order to avoid under-
D, [3]. For the interpolations we used spline-fits to threeestimating those errors.

neighboring points. The fits were done quadraticallyrig The bare masses do not scale with the lattice spacing as
and 1mg and no significant difference was observed be-expected, because they are unphysical. A better quantity to
tween the two. From the strange and non-strange meson ve®nsider would be the mass in tMS scheme. This will be
obtained identical results for the quark masses: discussed in a future publicatidB2].

1
msa\,=Z(3m\,+ Mps). (15

To determine the bare quark masg, corresponding to
the b and ¢ quark, we compared the mass of the spi
averagedS-wave meson denoted with an overbar, with the

TABLE XVII. Radially excited S-wave states aB=5.7. These have been calculated in &for «

=0.1400.

amsim(zs) amsim(zs)_amsim(ls)
amg ps vector spin-av ps vector spin-av
8.0 1.14827) 1.15826) 1.15526) 0.41726) 0.41225) 0.41325
4.0 1.214) 1.224) 1.224) 0.484) 0.464) 0.46(3)
3.15 1.234) 1.244) 1.24(4) 0.504) 0.484) 0.484)
2.0 1.265) 1.275) 1.265) 0.545) 0.515) 0.525)
1.125 1.289) 1.278) 1.268) 0.589) 0.558) 0.568)
0.8 1.1712) 1.2510) 1.2310 0.6012) 0.589) 0.599)
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800 ——— [ T reported uncertainties in the chiral extrapolation and the de-

termination of the strange hopping parameter. At B

L 4 =5.7 we determine the statistical uncertainties in a jackknife

- . procedure applied to the difference of the individual results

600 — + — and atB=6.2 we use the bootstrap.

i ++ i For B=5.7 our statistical errors are very small and we

L + 4 consider additional systematic uncertainties for the chiral ex-
8 trapolation and¢,. For 8= 6.2 the quality of our data is not

400 — ] as good and we give statistical errors only. Using the

ks-value determined from theé would lead to a 9% increase

- . of the result, which is small compared to our statistical er-

N 7 rors. The results are displayed in Tables XV and XVI. In Fig.

4 we plot the result for the spin-averaged splitting @t

L 4 =b5.7 versus the inverse aig,,, in order to display its heavy

- . quark dependence.

The figure displays a clear increase of the splitting with
decreasing heavy quark mass. To quantify the slope of this
dependence we perform a linear fit of the splitting result
versus Iig,,. The result, converted into physical units, is

FIG. 7. Splitting between radially excited and ground statedetailed in Table XXV. The slope corresponds to(fz)
S-wave splitting at3=5.7. The results are fox=0.1400~ x¢(K) difference of ~[0.25(3) Ge\]?, which is of the size of

msav,s(zs) _msav,s( 1 S) in MeV

0.0 0.2 0.4 0.6
1/m,, in GeV™!

and the spin-average. AéCD, as expected.
Because of the larger statistical uncertainties, we do not
V. MASS DEPENDENCE OF LEVEL SPLITTINGS observe a significant slope gt=6.2. The data can be fitted

In thi i q ibe how th its for the | Inicely to a constant.
N this section we describe now the results for the 1evel - comparison of our results with the ones[aP] for the
splittings are extracted from our data. The dependence of t?

! " ) _ seudo-scalar case is plotted in Fig. 5. In this plot we show
g!fferent zphttlngs on the light and heavy quark mass is als he result for the strange quark as determined fromkihe
iscussed.

mass ratio only. Due to the large error bars we do not include
the results obtained at the larger valuesngf for 5=6.2.
A. Flavor dependent splittings Within the accuracy of around 12% in the caseBsf 6.2 or
The mass difference between heavy-light states distinpetter’ no sign of scaling violations shows up in th? plot. We
. . , , .also observe excellent agreement with the experimental re-
guished only by their strangeness survives into the static
7 . sult.
limit. Based on the ideas of heavy quark symmetry such
splittings are expected to depend weakly on the mass of the
heavy quark. If a spin-averaged combination is taken, the
leading heavy quark mass dependence arises purely from the In order to obtain a reasonably stable and long plateau for
kinetic term in Eq.(3b). The size of the slope in i, then  the radially excitedS-states on the coarse lattice gt=5.7
gives information on the difference {p2) for theb quarkin  we applied triple exponential matrix fits to the three smear-
the strange and non-strange states. ing functionseg o, ¢c1ande¢g . This was done for the run
We calculated this splitting from the ground st&evave S for a singlex of 0.1400 only, which is approximately equal

results forkg and «.. The result is highly sensitive to the to the strange as determined from tkemeson. Since in

B. Radial excitations

10°

I e e T E e EAmame
F amg = 144 « = 0.1348 r amg = 1.44 x = 0.1346 T‘
1071 — F g
E E 0.6 2§ % E — -~ .
F ] i & % ] FIG. 8. Fitting the 5 radial
102 ] i 1 excitation at 8=6.2. Again we
E £ L - give theQ values and on the right
¢ L g 05— 7 the simulation masses of the
107 2 g & L - pseudo-scalar ground state and the
F i 1 first radially excited state. This ex-
10 _ 4 . o © © 0 0 © o ample usespyg 1 and ¢ at the
E i 0 m(@'S) ] sources.
10-5 1] | il | i 0 mun(1'S0) 1
2 4 s s 0 il o | | 1
o 2 4 6 8 10
t_min
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TABLE XVIII. Radially excited S-wave states aB=6.2. These have been calculated in run N for
=0.1346. These results are extracted from double exponential vector fits to the smeared-local propagators
with smearing functions as listed in the second column.

amsim(zs) amsim(zs) 7amsim(1s)

amg smearing ps vector spin-av ps vector spin-av

250 g1 bugs 058632  0.58636) 0.58635  0.15434) 0.14539)  0.14737)
144 g1, dues 056032 0.56534) 0.56432) 0.16533  0.15835  0.16034)

referencd 12] the dependence of thé ®,— 1S, splitting on  for simultaneous fits with three exponentials and we had to
the light quark mass was found to be very small, a variatiorresort to fits using 2 exponentials. Again we choose the start-
of less than 2% when fixing from theK or K* meson, we ing pointt,,, of the fit range as described in Sec. Il B. With
can ignore any mismatch in our vs ks compared to the this procedure it is possible to extract reliable information on
statistical uncertainties. We therefore treat our result as thghe excited state, as can be verified from the tables of Ref.
answer for this splitting with«g as determined from thi. [23] for the case ofY-spectroscopy. Using propagators with
In Fig. 6 we show a typical example for the excellentsink and source smearing in vector fits, leads to a suppres-
stability of the simulation massesm;y, against variation of - sjon of the excited state contamination, which made it im-
the starting pointp,, of the fit range. The extent iy, for — hossible to extract a signal for the excited state. Therefore we
which we can resolve the excited state is 5 time slices 0[,seq propagators with smearing at the source and local sinks
0.28GeV'l. The rate of its disappearance is set by they extract the radially excited states.
25-1S splitting of 600 MeV. _ As denoted earlier, the fits to these propagators are
In the figure the f'FSt good value (ID IS Obsef"e.d for plagued by statistical fluctuations, which lead to quite large
tmin=2. To be safe with respect to residual excitations we » and low Q values. However, the fits describe the data

quote the final result for a fit range starting at time slice 4, . . .
which is the procedure described in Sec. I1l B. The peaRin reasonably and the fitted parameters are stable against varia-
at t,,;,=5 results from the fit becoming insensitive to the t|op Of tin. TS IS shown |r:) Fig. 8 qu a fit range starting
third exponential at this point. point t,;,=5 we obtainQ>1%, which is low compared to
I)(vhat we obtained in the other fits. However it is not that low,

The results for all 6 heavy quark masses are given i . o
Table XVII. In Fig. 7 we plot the heavy quark mass depen_that the fit could be ruled out on statistical grounds. Together

dence of the spin-averaged splitting. The result shows a cIeé(Yith the gopd stability of the_fitted masses against yariations

increase as the heavy quark mass is reduced. In Table XX9f Lmin S dlsplay_ed on the ”g.ht hand _5|de of the figure, we

we detail fit results for the offset and slope of this splitting behe_ve that our signal is genuine. In this example we extract

with respect to Ihg,,. From the assumption that the increasethe final result fron_tmin:_S. The rt_asults for the _radla_llly ex

of the splitting with 1in.,, is caused by the difference in the cited S wave for this lattice spacing are compiled in Table

kinetic energyp2/2mQ between ground and radially excited XVIII.

states, the fitted slope gives 4p2) difference of ) o

~[0.95(15) GeP. This is of the size of a few timeAéCD C. Orbital excitations

as would be expected. Orbitally excitedP-state mesons have been investigated
On our fine lattice, since no cross correlators between that both of our lattice spacings. The possible states consist of

different smearings had been calculated, we used simultdour non-degenerate energy levels; total angular momentum

neous vector fits in all cases. The differences between thé=0 and 2 as well as twd=1 states. In the heavy quark

smearingspg 1, Pre,1and oy 1 turned out to be too small  symmetry picture gj coupled basis is appropriate. In the

TABLE XIX. Simulation masses of th® states aj{3=5.7. These have been calculated in run S#or
=0.1400. Values given iitalics are obtained from fits with low values € and disregarded in the further
analysis. Therefore the spin-average has been calculated according(@Edhe 2P, and P, operators
should both yield the lightest physicaf=1" state.

amg  am(1°Py) am(1'P;) am(1®P;) am(1®P,E) am(1°P,T) am(1Pg) am(2Pg)

8.0 1.06%528) 1.07126) 1.07427) 1.138) 1.157) 1.097) 1.5721)
4.0 1.08827) 1.09425  1.09726) 1.097) 1.137) 1.096) 1.6420)
315  1.09427) 1.10326) 1.10526) 1.087) 1.127) 1.096) 1.6820)
2.0 1.09727) 1.11526) 1.11626) 1.057) 1.11(7) 1.096) 1.7422)
1.125 1.06228 1.10026) 1.09426) 1.018) 1.09(7) 1.076) 1.7324)
0.8 0.99529) 1.04526) 1.03425) 0.979) 1.05(8) 1.026) 1.6424)
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L L The results are always in agreement with the ones obtained
in the E-representation and we do not believe there is a se-
rious problem with this, simply statistical fluctuations.

8 In the second to last column of Table XIX we give the
400 — — spin-averagedP-state result which we calculate as

T
X
1

1 3 1 3
- 7 M(Psa) = 75[1-M(*Po) +3-m(*P1) +3-m(*Py)

i +5-m(3P,E)]. (17)

=00 = 1 The result is also shown in Fig. 9. For comparison we in-
clude the experimental result for tH&,(5850) resonance

r o a = 047 fm | and the spin-average of theg; and D%, [3]. The figure

L ) . displays at most a mild heavy quark mass dependence. To
X: experiment | quantify this, we report in Table XXV on the offset and

msav,s( ]'P) _msav,s( 1 S) in MeV

ol 1 N slope of this splitting in physical units. The slope is consis-
0.0 0.2 0.4 0.6 tent with a(pp) difference of O(Ad¢p), but is also consis-
1/mg,, in GeV! tent with zero.

P-states were also investigated in the run P o 6.2.

FIG. 9. Splitting of spin-averaged to S wave. The results are  We chooseamg= 1.6, directly corresponding to thequark
for strange light quarks and the error bars give the statistical unceiin Eqg. (163. For the light quarks we use the strange hopping
tainties only. The experimental result gives tB§,(5850) reso-  parameterc=0.1346. Since the results on our coarse lattice

nance and the spin-average of Mg andDg,. depend only weakly omg we take the outcome as the final
L o ) answer forBg.
vicinity of the static limit, theJ=2 and the higher of thé In the simulations we used two different smeared sources

=1 states are close and separated fromJta® and lower together with local sinks. Again we used derivatives of
J=1. The former correspond to a light quark total angularGaussian smearing functions. The masses were extracted
momentum ofj,=3, the latter ofj,=3. We use anLS  from double exponential vector-fits to both propagators. We
coupled basis to study the states, but expect'®yrand*P;  observe reasonabl® values for all applied operators and
channels to mix, leading to the observation of the loder include all channels into the spin-average

=1"% state with both operators. We will denote the state
corresponding tg,=3 with a prime.

At 8=5.7 again we use one light hopping parameier,
=0.1400. As in the case of the radial excitations, we treat 3 3
this as the value corresponding to the strange quark as deter- +2:m(*P2E)+3-m(*P2T) . (18)
mined fr'om theK meson and the S|mulgt|ons have been PE™The results for the fitted masses are displayed in Table XX.
formed in the run S. We used the derivatives of the smearr,, splitting between the spin-averagBdand S waves is
ings ¢ o and ¢ ; at source and sink. The final results were iven in Tables XXI and XXII
obtained from double exponential simultaneous matrix fits tog '
both smearings and are listed in Table XIX.

The selection of the fit range proved to be very delicate
for this a value. The statistical error grows rapidly when  Having available 2 different smearing functions at both of
increasingt,,,, since the signal to noise is exponentially our lattice spacings, it is possible to obtain information on
related to theP-S splitting [9,33]. We give an example in the radially excited® states as well. In Fig. 10 we show the
Sec. V F, where the fine structure is discussed. For the lightdependence of the fitted masses of the spin averages of the
est values olimg and correlators with’P, wave operators 1P and the 2 on the starting point,, of the fit range for
in the T-representation we obtained small valuesQobf a  two different values ofng . The figure displays a clear sig-
few permille. We include the corresponding mass values intmal for an excited state and reasonable stability with respect
the table for the sake of completeness and mark them ito variations oft,,,. However the error grows rapidly with
italics. However we disregard them in the further evaluation.increasingt,,. The Q values of the®P,E fit, which is the

1 3 1 3
M(Psa) = 15[ 1-M(Pg) +3-m(*Py) +3-m(*Py)

D. Radially excited P states

TABLE XX. Simulation masses of th® states a{3=6.2. These have been calculated in run P #or
=0.1346 ancamy=1.6. We report on th@-wave ground state and radially excited state. The spin-average
has been calculated according to Etf).

am(1%P,) am(1'P;)  am(1°P,) am(1®P,E) am(1°P,T) am(1Pg,) am(2Pg)

0.521(17) 0.56Q19) 0.55320) 0.59322) 0.58823) 0.56817) 0.908)
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TABLE XXI. Splittings of the P states a3=5.7. These have been calculated in run S&er0.1400.

amg am(1P—19).,, am(2P—1S).,, am(2P—1P),, am(®P,E—3Py)
8.0 0.3%7) 0.8322) 0.4819) 0.1210)
4.0 0.346) 0.9020) 0.5518) 0.038)
3.15 0.346) 0.9320) 0.5918) 0.008)

2.0 0.356) 0.9922) 0.6520) —0.04(8)
1.125 0.365) 1.0224) 0.6621) —0.07(8)
0.8 0.376) 1.0023) 0.6321) —0.05(9)

last of the individual states included in the spin-average taesult. This uncertainty is obtained from the difference to the
reach a plateau, are included in Fig. 17. Ded@ntalues are  outcome of first extrapolating the individual mesons to the
observed fot;,=3. Since this$ a 6 parameter matrix fit to chiral limit and then determining the hyperfine splitting. In
four propagators, we take our final result frdi),=5. The  this case we use the quadratic extrapolations to the chiral
results for the spin-averagedP2state are summarized in limit to take a possible curvature into account.

Table XIX. We give the splitting to the spin-average8 1 In our chiral extrapolations of the hyperfine splitting we
and 1P states in Table XXI. We do not observe a Significantobserve a negati\/e S|0pe with respect to the mmof the
slope for the splitting with respect torfy, . light quark, which is illustrated in Fig. 12. The left hand side

For 3=6.2 we show the plateau in Fig. 11. Because of theyives an example of our chiral extrapolations and the right
finer lattice, the growth in the error with increasitg, iS  hand side shows the slopes measured at each valegf
smaller than before. For the mass parameters used here, gl o qer to construct a physically meaningful quantity, the
example of & plot will be given in Fig. 18 below. Here the |540r has been multiplied by the strange quark mass, such
I'(;S; c:)?g;ggagrosbsﬁévg ?(;O;ET;r?é|sr|2$|tt:|fi¢l)rsma—veec'trcglt that we can compare with experimental results for the differ-

7 l . . .
result and splittings are included in Tables XX and XXII. EQS: between the strange and non-strange hyperfine split-

As noted when discussing radially excit8states, due to For B mesons the light quark dependence of the hyperfine

S)L:éi?;t?(fr?srvgméee Sﬁ;eﬁt'?g}eounﬁizt t;aggeu’o\f{\/: de;(tgfiztti::easl"ilrj_aslplitting is not well resolved experimentally, because of large
919 q uncertainties in thd&4 hyperfine splitting. FoD mesons the

rors. Lo i .
situation is much clearer and one observes an increase with

the light quark mass. However the magnitude of the slope is
largely dependent on whether you compareBhehyperfine

The mass difference between a pseudo-scalar and a vectsplitting with the hyperfine splitting of thB * or theD°. We
S-wave meson is caused by the spin of the heavy quark. Thiexpect this difference in the experimental results to be
hyperfine splitting is expected to vanish in the limit of infi- mainly due to QED effects, since these come in with oppo-
nitely heavy quark mass. site signs in theD™ and theDP. Since theDg is positively

On our 8=5.7 lattice we determined the hyperfine split- charged as well, QED effects should largely cancel when
ting my from the difference of the results in Table VIIl. A comparing the hyperfine splittings of tie and theD™ and
crucial ingredient in obtaining a small statistical error is toone obtains a positive slope for tiiz2 meson from the ex-
choose identical fitting ranges for both correlators. If one ofperiment.
them has a plateau at a larger valud gf, than the other, we Comparing our data to the experimental results, one ob-
took this larger value to obtaim; from the difference of serves our hyperfine splittings to be too small. This will be
the fitted masses. The error in this procedure is estimatediscussed in more detail in Sec. VI. With respect to the
with a jackknife. The results are displayed in Table XXIll. slope, the result at thB has clearly the wrong sign and its

The chiral extrapolation of the hyperfine splitting turned magnitude is approximately twice as large as that from the
out to be less difficult than that for the simulation mass of theexperiment. We did not observe this effect in g8i6.2
pseudo-scalar and vector mesons. The curvature seems results, neither was it observed[ib2]. Both of these results
cancel out between them and we have been able to perforid not achieve the high statistical accuracy we havgs at
linear fits to extrapolate to the chiral limit. However, in order =5.7 and also use values of the heavy quark mass at around
to be consistent, we assign a systematic uncertainty to thiae B or heavier. For those values wk, the light quark mass

E. Hyperfine splittings

TABLE XXII. Splittings of the P states aj{3=6.2. These have been calculated in run P#er0.1346
andamg=1.6.

am(1P—19),,, am(2P—1S)s, am(2P—1P),, am(*P;—3Py;) am(®P;—%P,) am(®P,—3P,)
0.15217) 0.498) 0.338) 0.03918) 0.03212) 0.06925)
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T T T e A B s e ma
amg = 4.0 « = 0.1400 [ amg = 1.125 « = 0.1400 7
2.0 — — 20 —
L _ L o _
- - - @ - o -
. o i E 1 . r 1 FIG. 10. Fitting radially ex-
gL - g — cited P states aj3=5.7. The plots
® I 1° I 1 give the spin-averagedPland 2P
' 7 ' i states. The final answer is ex-
I 1 I i tracted fromt,,;,=5 in both cases.
r e i) d § E - o o) § § J min
1.0 — 10— —
L O m,,,(2P) L O mg,(2P)
0 m,,,(1P) © m,,,(1P)
1 2 3 4 5 6 1 2 3 4 5 6
tmin t'min
dependence g8=>5.7 is also not that significant. dence of the hyperfine splitting on the spin-averaged heavy-

A slope of similar sign and size has been observed in théight meson masgsee also Fig. 14. A linear fit in m_, for
calculations 0f[34,38, although the authors did not com- the five heaviest,, values gives reasonable values of Q. In
ment on this. Referend@4] used a highly improved gluonic  Taple XXV we give the numerical outcome of this fit for the
action with NRQCD heavy quarks on even coarser latticegirange and non-strange hyperfine splittings. As expected
and[38] a heavy clover action for the heavy quarks on a finefqm, HQET the intercept always turns out to be zero within
lattice 8=6.0. A detailed comparison with these results will giatistical errors.
be given below in Sec. VI. In this context it is interesting to In the H run forB3=6.2 we determine the hyperfine split-

note, the slope of the hyperfine Sp"‘?'”g_ as a function of the[ing from ratio fits. In order to determine this without excited
guark mass turns out to be to small in light hadron spectros-

copy as well[44] state contamination we use a fit interval for which both of the
The calculations listed above are performed in the|nd|V|duaI correlators have reached a plateau. As noted

guenched approximation, which could be a factor contribut-above’ no significant dependence on the light quark mass

ing to the wrong slope. In potential model language, which ighas observed and we were able to fit thg results tp a constant
9 g s'op b guag ith reasonable values @@. The result is given in Table

not necessarily appropriate here, the hyperfine splitting i X1V

related to the square of the wave function at the origin. Thi | fthe N and P determined the h ;
in turn depends on the light quark mass and is independent of I"?t' casfe 0 the . aEk i rlijnﬁwe N errpme € {)E’E’Tr mde
Mg asmg—20. The wrong slope could then reflect the fact SPIing from the jackknite difierence of masses obtaine

that the wave function at the origin is not increasing rapidlyfrom the pseudo-scalar and vector meson propagator. In the

enough as the light quark mass increases. This is natural in
the quenched approximation as the potential at the origin is I L
weakened by the coupling constant running too quickly to L ams = 1.6 k£ = 0.1346
zero at short distance. 1.0 — T

Q
An alternative scenario is one in which the coefficients of =
the relevant terms in the action, hesg, in the light quark L % % .
action, effectively carry some quark mass dependence that - m -
has not been included, leading to an underestimate of the -
hyperfine splitting at largam, . In this case the effect would , 0.8 —
disappear as is reduced and this seems to be contradicted
by results on finer latticels38].
Another cause could be a problem in the chiral extrapo- - .
lation itself. The experimental result for hyperfine splitting - y

amg,,
|
I

J/y— 7. in the charmonium system is smaller than the hy- 0.6 — o o B —
perfine splitting for theD and D¢ mesons. If one considers i ¢ @ T
charmonium as & . meson, one has to conclude that there is i 0 mg,,(2P) T
a maximum of the hyperfine splitting as a function of the i 0 mg,,(1P) T

light quark mass fomy<<m.. If this maximum is attained i |

for my<<mjg, our observation of a negative slope of the hy-

perfine formy,~mg would be in agreement with nature. In t

this case extrapolations from the strange region to lighter

andd quarks as well as the chiral limit would be impossible.  FIG. 11. Fitting radially excited® states ai3=6.2. The plots
Our final results for the hyperfine splitting at and ks give the spin-averagedPland 2P state. We take our final result

are given in Table XXIIl. In Fig. 13 we display the depen- from t,,;,=6.

074503-16



SCALING OF THEB AND D MESON SPECTRUM IN . ..

PHYSICAL REVIEW 62 074503

TABLE XXIll. The hyperfine splittingm;,,; at 8=5.7. The directly measured results are obtained from
the difference of the results in Table VIII. The results forand ¢ are extracted from linear fits to all three
simulation results. The first parenthesis gives the statistical errok.Ahe second parenthesis gives the
uncertainty of the chiral extrapolation. We quote the strange resultgfdrom the K and the second

parenthesis gives the deviation of the result #grfrom the ¢.

amyp directly measured

amy,s extrapolated-interpolated

«=0.1380

x=0.1390

x=0.1400

amg K¢ Ks

20.0 0.00543) 0.00564) 0.00584) 0.006@6) (& 0.00574)(*9

12,5 0.0087) 0.00895) 0.00925) 0.009%8) ("2} 0.009@5)(*9

10.0 0.01085) 0.011G5) 0.01146) 0.011%9)(*3) 0.01116)(0)
8.0 0.013%5) 0.01376) 0.01417) 0.0142(10)( 3% 0.01387)(*9
6.0 0.01776) 0.018@6) 0.01858) 0.0187(11)( 3% 0.01817)(*9
5.0 0.02106) 0.02137) 0.021998) 0.0224(12)( 3 0.02168)(*9
4.0 0.02567) 0.02618) 0.02689) 0.0276(13)( 3% 0.026%9) ("3
35 0.02883) 0.02948) 0.030110) 0.0312(14) (3% 0.0298(10)(3)
3.15 0.03163) 0.03229) 0.033G10) 0.0343(15)(3% 0.0327(10)(9)
2.75 0.03588) 0.036310) 0.037211) 0.0387(16)(3Y 0.0368(11)(9)
2.45 0.03919) 0.040G10) 0.041G12) 0.0427(17)(3Y 0.0406(11)(2)
2.2 0.04299) 0.043711) 0.044813) 0.0468(18)( 3% 0.0444(12)( )
2.0 0.046410) 0.047311) 0.048413) 0.0506(19) (3% 0.0480(12)(Y)
1.7 0.052911) 0.053912) 0.055%15) 0.0578(20)( 3% 0.0547(13)(9)
15 0.058411) 0.059%13) 0.060916) 0.0639(22) (35 0.0604(14)( )
1.3 0.065512) 0.066814) 0.068317) 0.0717(23)( 3% 0.0678(16)( %)
1.125 0.073(14) 0.074616) 0.076319) 0.0803(25) (3% 0.0758(17)(%)
1.0 0.079915) 0.081617) 0.083320) 0.0879(27)(39 0.0828(19)(2,)
0.8 0.094517) 0.096520) 0.099825) 0.1043)(*; 0.0990(23)( %)
0.6 0.118%24) 0.121G26) 0.1243) 0.1314)("; 0.1230(29) (%9

N run we compared the outcome for the different smearingsyperfine splittings. Unfortunately the statistical noise grows
available, for different values of the starting poipi;, of the  rapidly and we observe no clear signal for a non-zero split-
fit range. An example is shown in Fig. 15. The differentting. Our results are given in Fig. 14, comparing the radially
smearing functions lead to compatible answers for the hypeiexcited state hyperfine splitting to that of the ground state.
fine splitting. We use the outcome from the propagators withfAlthough we cannot give a value for the hyperfine splitting
sink and source smearinfy ; for our final result. In Fig. 16 ~ of the radially excitedS-state, our results support the expec-
we compare the outcome of the different runsgat6.2.  tation that it should be equal to or smaller than the ground
Clearly the outcome from the run N is the most precise. Thétate splitting.
result for the physicaBg hyperfine splitting will be extracted

from this results.

Having observed clear signals for the radially excited To extract theP-state fine structure we investigate the

S-wave states on our coarse lattice, we also studied thejackknife difference of the masses of the individual channels

F. P-state fine structure

0.14|||||||||v|||||

0.005 ———— T FIG. 12. Light quark mass de-

pendence of the hyperfine splitting
at B=5.7. On the left hand side
we show a linear fit to all 3 data
— points foramg=0.8. This corre-

. sponds approximately to th®
meson. The fancy squares give the
experimental result. The right
hand side gives the fitted slope

k thl,s_D;pl

i thf,s_Dgpl'

i — s nmrmam e TAT

0.000

amhpf(lc,) - ath,(lcc)

amyp
o
-
=)
—T
- +M
| X
N IR I I B

I —0.005 |— —

[ L . multiplied by amg, as determined

L 1 from the K, for all my. In order
0.08 — ] not to disguise the significance of

:I | | -0010_' e e our findings, the error bar gives

0.00 .00 0.10 015 0.0 0.5 1.0 15 the statistical errors of the fit pa-

1/amq rameter only. Experimental results

are given by the fancy squares.
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significant splitting can be resolved. More aggressive fitting
would have led to a result compatible with zero but with a
statistical error of~30 MeV. We give our final numbers in
Table XXI. For the splitting we used the same fit range for
both channels, which leads to slight deviations from the di-
rect difference of the results in Table XIX.

For 8=6.2 the situation is easier, as shown in Fig. 18.
The noise on the splitting does not grow as fast as on the
coarse lattice, because tReS splitting is smaller in lattice

& units. We observe the first reasonakllevalues fort,,,=3.

& Since this $ a 6 parameter fit to two propagators, we drop 3
time slices and quote the final result figy,,=6. The results
@6@9 are given in Table XXII. Here we also quote results for the
i e® | splitting of theJ=1 channels to thd=0 state. We reiterate

| &e® ] that no significance should be attached to any difference in
the results between th&P; and theP; operators.

150 —

._\
o
S

|

&

I

My, in MeV
T
¢
1

3
|
$$
|

0.0 0.2 0.4 0.6

1/m,q, in GeV™! VI. THE PHYSICAL MESON SPECTRUM

FIG. 13. The hyperfine splitting as a function of the spin-  In this section we determine the physi@&ndD-meson
averaged heavy-light meson mass. Error bars give statistical uncegpectrum and investigate scaling by comparing results at dif-
tainties only. The fancy squares give the experimental r¢3iilt ferent values of the lattice spacing. We also compare with

experimental results and other lattice calculations.
reported in Tables XIX and XX. Because the statistical noise
grows rapidly ast,, increased, this proved to be delicate.

For B=5.7 this is illustrated in Fig. 17. For the matrix-fit to At both of our lattice spacings we can simulate the

3 ; o

}—rl]gwgvzeEr ?r:o?ﬁgagforf xetﬁgsﬁtrvgﬁgjg n&gg"]er:%;;”gg gf theb-quark directly. Here we discuss our results for the physical
3p,E—2P, splitting the statistical uncertainty doubles be—.B speptrum. Together with the fmdmg; 2] we vyant to
th nt. 33 nd 5. Therefore it is hard to tell whether ther investigate the dependence of the individual splittings on the
wee | ”t“”_ a t. eretore itis hard to te Eertnere atiice spacing. The findings are compared both to the exist-
IS @ piateaul or not. ing experimental results and lattice investigations performed

We' quote.fmal rgsults form‘”:5'. which corresponds to by other groups within a similar framework using NRQCD
dropping 2 time slices from the first reasonalfevalue. 534 35

With this procedure we obtain a large statistical error and n

A. B-meson spectrum

The results of Ref[34] are useful in that they work at a
larger lattice spacing than we do here. There are a number of

RO 7 T T T problems, however that make their results not directly com-
- . parable. For example, they do not use either smeared corr-
| i elators or standard fitting techniques, and this will give rise
to an unknown systematic error. In addition they do not see a
o r o] difference between fixing the lattice spacing from) using
v L )/ d
= T . TABLE XXIV. The hyperfine splittingmy,; at 5=6.2. The re-
£ 100 — i ) ] sults are obtained from ratio fits to the propagators with source and
g - e - sink smearing. The parenthesis gives the statistical uncertainty.
EZ‘-? i /,// 1 amg k=0.1346 x=0.1351 k=0.1353
/// 6.0 —0.0016(22) —0.0026(30) —0.004(4)
T 5 %} 1 4.0 0.002623) 0.002430) 0.002433)
0 — 2.0 0.007725) 0.007232) 0.0074)
L - 1.3 0.013024) 0.012136) 0.0124)
S A - 1.2 0.014124) 0.013236) 0.0134)
0.0 0.2 , 0.4 0.6 1.1 0.015424) 0.014636) 0.0144)
1/mg, in GeV
4.5 0.00405) — —
FIG. 14. The hyperfine splitting of the radially excit&wave 5 0.00707) _ _
state is given by the octagons. The error bars give statistical unceg- 0.01208) . .
tainties only. The dashed line gives the ground state hyperfine split-
ting of the strange meson for comparison. This line is not a fitted1.6 0.012818) — —

curve.
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TABLE XXV. Dependence of the splittingdm on the spin-averaged meson mass f+5.7. We report the constant and linear
coefficient of the dependence onri,. For the strange splittings, the number in parenthesis give the statistical error, the uncertainty from
the chiral extrapolation, the value &f and the systematic uncertainty of thevalue. The last column reports tegperimentaklope from
the difference of the splitting in thB andD system. Here we used the spin-average ofj thé states for the® state. Uncertainties which
do not apply or have not been evaluated for reasons detailed in the text are markéd)with

Splitting Lattice Experiment
Am
Am(mzl=0) in Gev % in GeV® (9(A[T]1) in Ge\?
av ms’a%I:O sav
Mpss™ Mps 0.0793)(“o) (159 (1o 0.0317)(-) (‘) (15 0.0287)
my,s—m, 0.0783) (X5) (X3 (%5 0.02798)(-)(* ("3 0.03512)
Msavs~ Msay 0.0793) (X)) (X6 (%5 0.0298)(-)(*H) (3 0.0339)
Mpss(25) —Mys5(19) 0.403)(-)(-)("3 0.57(16)(-)(-)(9) —
my 5(2S) —m, «(19) 0.403)(-)(-)(5 0.42(16)(-)(-)(0) —
Msavs(2S) — Mgays(1S) 0.403)(-)(-)("3 0.45(15)(-)(-)(3) —
Msavs(1P) — Mgqys(1S) 0.368)(—)(-)("3 0.07(12)(-)(-)(7) 0.11(5)
m,— Mps —0.00017)(*3)(-)(0) 0.151(10) (59 (=) (39 0.2971)
My,s— Mps.s —0.00024)(-)(0)(0) 0.1446)(-)(:9)(Z) 0.30417)

the clover action and from the charmoniur®-1L.S splitting.
This is clearly seen on finer lattic§$7,18,34. If this arises  their errors to be heavily underestimated.

from overestimatinga~* from m, because of discretisation The results of 35] overlap with, but are not as complete
errors, then this is another source of systematic error. In pam s ours.

ticular, this feeds into the fixing of the bale or ¢ quark Unfortunately there are no results for heavy clover fermi-
mass and into hyperfine splittings. Their final result for theons available that we can use. Referen@8, [39] quote
splitting does not take into account the effect of any of thenumbers for theB spectrum. The first reference still uses
uncertainties in the bare quark mass determination. This iextrapolations from the lighter quark masses into Ibhee-
gion. Referenc¢39] determines the bate-quark mass from
heavyonium, which is not suitable for the heavy clover ap-

particularly important for the hyperfine splitting and causes

L | aml =25 I/c=0 1%46 | ] proach at the lattice spacings ugd®,41. However we will
Q™ ’ later compare to their findings for th& spectrum, since this
0.010 = | problem is not so severe for charmonium at the lattice spac-
L . ings used.
: : 002 1T T 7T | L | UL | UL | T LI
5 r g=6.2 x£=0.1346 T
g r 1 L 4
o
0.005 — — L ]
F sl Py b L i
r X 8S b1 Puge ] 0.01 — —
F O ss $ygy b EE - .
B ¢ ss ¢Hg,2 7 ® B T
OOOO 11 | | I - | | I - | 111 1 | 11 1 1 | 11 L .
4 5 6 7 8 | i
tmin
0.00 — —
FIG. 15. Hyperfine splitting in the N run @=6.2. The results L i
are extracted from the difference of fitted masses fori8gand
s, propagators. We display the dependence on the starting point oo b b b b

tmin Of the fit range of the propagators. In all cases we used single 0.0 0.2 0.4 0.6 0.8 1.0
exponential fits. With “sI” we denote results obtained from
smeared-local propagators, “ss” refers to smearing at source and
sink. The octagons give thogg,,, which we determined in the FIG. 16. Comparison of the outcome for the hyperfine splitting
Q-value analysis to give the final result. The connecting lines ardrom the different runs a8=6.2. The lines are for guidance only
for guidance only. and connect the points of the different runs.

1/amq
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10 e e 10 e e
[ amg = 4.0 x = 0.1400 [ amg = 1.125 « = 0.1400 ]
08| ] 08l i
g I 1 & o ]
&t 1 & .
“Bosl— -4 Eoel -
g i ] g L ]
5T 1 &8 I ]
© 0.4 — o 04| —
i 1 2 7¢ ]
I ] 5oL ]
< sl E < sl B FIG. 17. Fit range dependence
“F . “r 1 of the m(®P,E) —m(3P,) P-state
r 1 - 1 fine structure from a double expo-
0.0 L1 I L I PR | A | TR 0.0 L I AT | L I I nentlal matrlx flt atB:5.7l The
1 2 3 . 4 5 6 1 2 3 . 4 5 6 upper line displays th® value of
i i the fit to the®P,E state. The fit to
I B B A B L B B L B L I UL I the3PostategivesQ>O.Geven
amg = 4.0 « = 0.1400 r amg = 1.135 « = 0.1400 - for t;,=1. The bottom line gives
o1 7] o1 ] the splitting as determined from
. L i L - the difference of the individual fit
& - 1 & - 1 results.
g I } B g - _ |
T 00— — ¢ 00 —
E 1 E - 1
© L i [~ L i
0.1 — -0 —
S U I B I I I N
1 2 ] 4 5 é 1 2 3 4 5 6
b t

‘min ‘min

Results from taking thd quark as a static source also  The results froni35] given in Fig. 19 include the statis-
exist for spin-independent and flavor splittings, which sur-tical errors only and are taken from their Fig. 15.[Bb5]
vive in the infinite mass limit, see for examplé2]. How-  additional uncertainties for the average of the results at the
ever we restrict the discussion here to a comparison witlwo finest lattices are mentioned in the text. The overall

results simulated at the physidalquark mass directly. agreement with our results is good. They notice an upward
In the following we denote spin-averaged states by ajump, however, for their result on their finest lattice. Unfor-
overline. tunately our result from our finest lattice comes with large

We summarize our results for tH& spectrum in Tables uncertainties so that we are unable to clarify whether there is
XXVI and XXVII. As an example of the splitting between a any real effect here. Given the lack of scaling violations in
strange and a non-strange meson we discuss the differencetbke rest of the results, it seems unlikely to us. Table VII
the pseudo-scald8-B splitting in Fig. 19. We observe no confirms that the scale fromm, used by us and the scale
scaling violations between our results and the agreemeritom o used in[35] are very close. The mismatch of scales

with the experimental value is excellent. of ~3% can be neglected safely.
S AR A AP TrTTTr T T Tt TT
r amg = 1.6 x = 0.1346 | amg = 16 « = 0.1348
08 ] I ) FIG. 18. Fit range dependence
g I ] ot - of the m(®P,E) — m(®P,) P-state
& I 18 | _ fine structure from the double ex-
§o6— -1 ¥ ponential vector fit a3=6.2. The
2 C ] ’:2 I E 1 left han_d side %isplays th@ value_
N 1 2 r 2{ T of the fit to the®P,E state. The fit
= i : % L i to the 3P, state gives even higher
o : 1 ° ool B Q values. The right hand side
0.2 — — ' gives the splitting as determined
C ] I ] from the difference of the indi-
C | | | ] L | | . vidual fit results.
ool Lo o L
0 2 4 6 8 2 4 6 8

t

min t'mjn
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TABLE XXVI. Meson masses and splittings in tig system for3=5.7. Overlines denote spin-averaged states.

Uncertainties

Splitting Value stat  chiral strange shift a-stat a-chiral Experiment
BB 85.6 MeV (200 ('} r20 3 9 (139 90.222) MeV
BX-B* 83.6 MeV (200 (73 ™ @ o iy 91.438) MeV
B.B 84.1 MeV (200 (3 20 2 9) (13 91(3) MeV
B(*)(29)-B(*)(19) — — — — — — — 580(10) MeV[4],[5]
B(29)-B4(1S) 526 MeV (38 — — ) 7 (3 —
B¥(2S)-B*(19) 509 MeV (39 — — (6) 7 %) —
B4(25)-B4(19) 513 MeV (37 — — ® (7 32 —
B*,(5850)-B4(1S) — — — — — — — 448(15 MeV
B.(1P)-B(19) 385 MeV (700  — - 0 ® (D —
B.(2P)-B(1P) 610 MeV (200 — — (9 6 (%) —

B*-B 29.5 MeV (15 ('3t — (16 (6 s 45.7835) MeV
BX-B, 28.3 MeV (100  — 3 15 (8 (39 47.026) MeV
B%,-B% 41 MevV (94  — — 1 @ iy —

The results from[34] are also in agreement with ours. our findings support, we observe reasonable agreement here.
They use th&kK* /K ratio to fix the strange quark mass. This Table XXVI also contains results for the radial excitation
reduces their results compared to that using Kiig ratio.  energy of the vector state and the spin-averagedhve.
Assuming a shift of 10 to 20 MeV from this would increase  The orbital excitations are compared in Fig. 21. The lat-
the agreement. This is the size of the effect we observe otice results for the spin-averaged strarigestate scale very
our coarse lattice from fixing the strange fraphp instead of  well. The magnitude agrees nicely with tB&,(5850) reso-
the K. nance, which is expected to be an admixture of the jwo

Figure 20 shows the scaling of the radially excitBd =32 states.
meson. As discussed in Sec. V B already, the extraction of a Our results for the radially excitel states are compared
result for our finest value oh turned out to be more prob- in Fig. 22. This is the first observation of a signal for these
lematic than anticipated, and we are left with quite largestates in a lattice calculation. As the figure shows we get
statistical uncertainties. However the final result is in goodconsistent results from the two different lattice spacings in-
agreement with the result from our coarser lattice as well agestigated. To the best of our knowledge radially excied
the result off 12]. states have not been observed yet experimentally.

We also included a preliminary experimental result from  The splittings discussed above are all essentially light
the DELPHI Collaboration for an admixture of the non- quark quantities, which survive into the static limit. Their
strangeB’-B andB* '-B* splitting [4,5]. Assuming the hy- scaling or non-scaling says more about the light quark action
perfine splitting of the two states to be of similar size, whichthan the heavy quark sector. The hyperfine splitting is of a

TABLE XXVII. Meson masses and splittings in tigesystem for3=6.2. The radially excite&-wave states are extracted from fits with
low Q values compared to the other results. We quote them in italics.

Uncertainties
Splitting Value stat strange shift — a-stat a-chiral Experiment
BB 96 MeV 17 3 — (3 3 90.222) MeV
B}-B* 109 MeV (26) (3 — (3 s 91.438) MeV
B.-B 109 MeV (23 3 — ("3 [ 91(3) MeV
B(*)(29)-B(*)(19) — — — — — — 580(10) MeV[4][5]
B4(29)-B4(19) 420 MeV (85) — 3 (3 (3" —
B*(29)-B*(19) 400 MeV (90) — ©) (39 &) —
BJ(25)-B4(19) 405 MeV (90) — @  (» il —
B*,(5850)-B4(1S) — — — — — — 448(15) MeV
B(1P)-By(1S) 395 MeV (45 — — (2 &y —
B.(2P)-B,(1P) 855 MeV (210 — — (3 ey —
B*-B, 27.3 MeV (20 — (8) ('3 (3 47.026) MeV
B%,-B%, 179 MeV (65 — — (3 3 —
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E ® A. Ali Khan, et al., NRQCD, scale m, =
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FIG. 19. Compilation of results for thB,-B splitting. Addi- FIG. 21. Scaling of the spin-averagBd(1P)-B(1S) splitting.

tional results are frori12,34,39. Results are fok fixed fromK/p We include the result off12]. The horizontal lines give the
ratio, apart from the crosses. The latter use KK ratio to fix B},(5850) resonance, which is expected to be a superposition of the
ks, Which tends to shift them downwards. Please note the burstsvo j|=% states.

and crosses do not contain all sources of uncertainty included in the

squares and fancy squares. The horizontal lines give the experime

ffom the o B term in the action, Eq(30), the result for the
tal result from[3].

splitting is sensitive to the coefficient and the inclusion of

different nature and from its scaling behavior one can learkadiative corrections beyond tadpole improvement is re-
about how well the heavy quarks are being described on th@uired. Preliminary calculatiorist3] indicate that the inclu-
lattice. We display this in Fig. 23. Our result for the strangeSion of the 1-loop corrections would increase the hyperfine
hyperfine splitting together with the findings frofit2]  SPlittings on the order of 10% for the lattice spacings used.
shows good scaling. The quenched approximation might also play a role here,
However the result is much smaller than the experimenta$ince in light spectroscopy the hyperfine splittings turn out to

value. Since the leading term in the hyperfine splitting arise$€ t00 small as well; sefg44] for a review. This effect in-
creases with increasing quark mass. Unfortunately F3&f,

L e which investigates the effect of the inclusion of two flavors
© BO(es)_BO(1S) . of dynamical quarks on th® meson, does not give any
Tl e - =] evidence for an increase of thig*-B splitting due to sea-
= i E T quark vacuum polarization effects.
g - . J
— L : i
~— ] T T T T T T T T T T T T T T T T
w r lh T | |
Z 400 — ] — . i b
o 1
a - [ T 2 1000 — —
E t - =
g L J
[ - 4 g
& 200 — — a i 1
E‘f L O this work, NRQCD, scale m, : |;?' | i
g * A. Ali Khan, et al., NRQCD, scale m, El
N T | 500 — —
0 1 1 1 1 | 1 1 1 1 5 B T
0.0 0.1 0.2 o - .
a in fm (&) i 1
g
FIG. 20. Scaling of theB.-Bg splitting. The squares give our L .
results and the fancy square the one fiidr]. On our finest lattice ol I T
the extraction of the result turned out to be substantially more dif- 0.00 0.05 0.10 0.15 0.20
ficult than elsewhere, so we give this result with dashed lines, see a in fm
text. The horizontal lines give a preliminary experimental result for . .
an admixture of the non-strand¥-B andB*'-B* splitting from FIG. 22. The spin-average (2P)-Bg(1P) splitting for two
the DELPHI Collaboratiori4,5] for comparison. different values of the lattice spacirsg
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FIG. 25. Results for th@-state fine structurB%,-B%, for three

FIG. 23. Results for the hyperfine splittii - B, for differenta different a values. The middle point has been taken frb].
values. Results froni12,34,33 are included into the plot. The Experimentally this splitting is so far unobserved.
bursts give results for the chirally extrapolat&f-B splitting.

Their error bar gives only statistical errors. Crosses omit the uncer-__.... . . .
tainties from the determination of the bavemass. The horizontal splitting and therefore consistent with the fact that no scaling

: . : violations show up in Fig. 23.
lines give the experimental result frofg]. Results from[35] are for the chirally extrapolated split-

From the experiencg29] in Y spectroscopy using ting B*-B with statistical errors only, taken from their Fig.
NRQCD, one could have expected to observe Sca”ng Vio'al?. In the teXt, the authors quote a result for the Strange
tions in the hyperfine splitting. Using the same heavy quarkyperfine splitting from the average of the two finest lattices,
Hamiltonian as we do[29] reports an increase of 50% for which is 3 MeV higher than the same average for the non-
the Y- 7, splitting, within the range from3=5.7 up to3  strange hyperfine splitting. An upwards shift of 3 MeV in-
=6.2. The leading discretisation correction for the hyperfinecreases the already excellent agreement even further.
splitting is O((apg,uon)z) [10]. Typical gluon momenta for The results of[34], on the other hand, exhibit a clear
the Y system are=1 GeV, while for theB system they are disagreement to our findings as well as the findingE35i.
O(Aqcp). From this one expects reduced scaling violationsWe believe that this is because they have determined the bare
of ~10% in theB system for our range of lattice spacings. b-quark massim, using heavyonium.
This is the same size as our uncertainties on the hyperfine The fine structure of th@ states is the last topic of this
section. Unfortunately we have not been able to resolve this
1 clearly on our coarsest lattice. The situation is displayed in
Fig. 24, for the three sublevels which were resolved3at
=6.0 and 6.2. To investigate whether there is evidence for
scaling violations in the fine structure we calculate the jack-
J knifed difference of the highest and lowest state. This is
ity et shown in Fig. 25. The error bars turn out to be large and the
— figure is inconclusive. A more aggressive fit on the coarser
T lattice, as discussed in Sé¢ E would lead to the conclusion
that scaling violations were seen, but we believe that further
work is needed to resolve this question.

Our results for théB-meson spectrum, together with those

600 — —

400

Mg, o(1S) in MeV

|
g 200 L © m = m(°P;E) | of [12] do not show signs of residual lattice spacing depen-
L om = m(®P,) dence within the achieved accuracy. Therefore we can aver-
L Om = m(®Py) A age the results for the different values of the lattice spaaing
- | | | 1 to obtain our final results on the quenchBemeson excita-
0 -t tion spectrum. The averages were obtained in the following
0.00 0.05 0.10 0.15 0.20

way, for each value od we add the different uncertainties in
quadrature to obtain a single value. Here we omitted those
FIG. 24. Scaling of thd>-state fine structure of thB;. Results ~sources of uncertainty which are associated with the
at a=0.102fm are from{12]. The squares and octagons are dis-quenched approximation. These are the uncertainty arising
placed for clarity. from fixing the strange quark mass from different physical

a in fm
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TABLE XXVIII. Summary of the results on th&-meson spectrum. The table gives the average of our
results and the result §12]. Errors exclude quenching effects but include residual lattice spacing artifacts of
O(asa,a%). Again overlines denote spin-averaged states.

Splitting Value Experiment
B.-B 90(10) MeV 90.222) MeV
BX-B* 90(10) MeV 91.438) MeV
BB 90(10) MeV 91(3) MeV
B(*)(29)-B(*)(19) — 580(10) MeV [4,5]
B(2S)-B(19) 600(90) MeV —
B«(29)-B4(1S) 540(60) MeV —
B*(29)-B%(19) 525(80) MeV —
B<(25)-B¢(1S) 530(80) MeV —
B*(5732)B(19) — 385(12) MeV
B(1P)-B(19) 455(50) MeV —
B*(5850)B4(1S) — 448(15) MeV
B4(1P)-B4(19) 411(45) MeV —
B4(2P)-B<(1P) 730(200 MeV —
B*-B 29(5) MeV 45.7835) MeV
BX-B, 28.531) MeV 47.026) MeV
B%-B} 0-250 MeV —
B%,-B%, 0-250 MeV —

guantities and in the case of the result§ 1] the additional have been obtained from fitting the results to a constant in an
uncertainty of the lattice spacirayassociated with the physi- uncorrelated fit with the above described uncertainties. This
cal quantity used to fia. At this step we also symmetrized puts more weight on the more precise results than a simple
with respect to unsymmetric uncertainties. The central valuegverage.

Our analysis at the individual values @fdoes not include
- an uncertainty for the residual effect of the lattice spacing.
- Our actions are improved 10(aga,a?). Therefore for each

L Beeczp) value ofa we add the maximum afsaA gcp andaZAéCD in

65 — quadrature to the uncertainty used in the fit. We quote the
L smallest of these three so obtained uncertainties as our final
GeV | uncertainty for the quenche-meson spectrum. This way

we quote an accuracy which is of the same size as the one we
checked for scaling violations. Determining the final uncer-
tainty from the y? of the fit would reduce the uncertainty
6.0 = E } beyond this level. This procedure also ensures that residual
B _%_ _E_ lattice spacing artifacts are properly included if the achieved
E E accuracy differs over the three individual results and the av-
B E—Tlr; E erage is largely determined by the coarser lattices.
- Our final result on thd3-meson splitting spectrum in the
55 [— quenched approximation is given in Table XXVIII and Fig.
L —o— 26.
L g e The question of the effect of quenching on the spectrum
goes beyond the scope of this paper. We refer the reader to
B: B, g’sl B, [37]. There the effects of the inclusion of 2 flavors of dy-
namical quarks on the spectrum in NRQCD have been inves-
FIG. 26. Spectrum o8 mesons, summarizing our results and tigated and compared to the findings[@2]. No significant
those of[12)]. As before, the lattice results, given by the octagons,difference between the quenched amg=2 results for the
give the splitting with respect to the spin-averag@istateB. The 1S, 2S and 1P states was found. In particular, as mentioned
experimental results froif8] are included by horizontal lines. The €arlier, no significant sea quark effects were seen in the
dashed line displays a result from the DELPHI Collaborafitys], 1S-hyperfine splitting. Since our investigations confirm scal-
interpreted to be th8*)’. The P states are compared to the ex- ing in the quenched heavy-light spectrum the conclusions of
perimental result for th&3 (5732) andB?,(5850). [37] are unchanged.

. B

B B* B, Bl B
1

s1
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TABLE XXIX. Meson masses and splittings in tii2 system for3=5.7. Overlines denote spin-averaged states.

Uncertainties

Splitting Value stat chiral strange shift  a-stat a-chiral Experiment
DD 99.9 MeV 13 s t2 8 (14) (59 99.25) MeV
D*-D* 92.2 MeV (23 (3 (X319 1) (10 (39 102.49) MeV
DD 94.1 MeV (20 toa t22 ") (12) (Y3 101.68) MeV
D*(2S)-D*(19) — — — — — — — 629(2)(6) MeV [6]
D4(2S)-D4(19) 665. MeV (130 — — (5) 9 (*3y —
D*(2S)-D*(19) 640. MeV (80) — — 9 (11 iy —
D.(25)-D4(1S) 645. MeV (100 — — (8 (12) (3t —

D3* (j1=3)-Ds — — — — — — — 483(1) MeV
D4(1P)-Dy(1S) 411. MeV (61) — — &) (4) (5" —
D.(2P)-D4(1P) 710. MeV (230 — — (7) (7) () —
D*-D 110. MeV ©) (3 — (6) (5) (739 140.6410) MeV
D*-D, 103. MeV ") — (9 (6) (4) (r29 143.84) MeV

experiment.

B. D-meson spectrum

In this section we discuss thB-meson spectrum and gence are contained j84]. There the authors study the com-
compare our result to existing lattice results as well as tdlete NRQCD action ta((Agcp/Mg)~). Here we include

AQCD/me%. Useful results on the question of the conver-

all terms up toO((Aqcp/Mg)©) and the relativistic correc-

The convergence of the NRQCD expansion is particularytion to the kinetic energy i_m((A_QCD_/mQ)S)- The authors of
important in theD range, where the expansion parameterl34] calculate the heavy light kinetic masses using @40

and show that the difference arising fro®((A ocp/Mg)?)

35 [— terms is consistent with the expectation that they are sub-
L sub-leading in aAqcp/Mg expansion. The changes to the
GeV | spin-averaged meson mass that we use to fix the quark mass
| . are dominated by thp“/mg relativistic correction that we
D;"(2P) include. From this we conclude that remaining
O((AQCD/mQ)g) and higher order terms in the NRQCD ex-
30 = pansion would only change the physical masses by at most a
B { 150 T T T T | T T T T | T T T T
25 [ y/ ) L .
] Ui~ = * | . | _
E == ==-= == =-=-= =—%_- == = ==
I g 1% i{ ¥ f
- 3 |§ B T
2.0 — —— _} |E i T
—— 5 5ol O this work, NRQCD, scale m, _
= = 2 | % Lewis, Woloshyn, NRQCD, scale J/¥ |
D D* D, D; Dg Dl D; D%, Ds‘ D, E X Lewis, Woloshyn, NRQCD, scale m,
1 s1 B + P. Boyle, heavy clover, scale J/¥ T
FIG. 27. Spectrum oD mesons from our results #=5.7. i © P. Boyle, heavy clover, scale m, i
Lattice results are given by octagons, experimental results f8m i | | 7
by horizontal lines. The lattice results give the splitting with respect 0 - -
0.0 0.1 0.2 0.3

to the spin-averag® of the 1S wave. The dashed line displays a
result from the DELPHI Collaboratiofi6], interpreted to be the
D*'. There are two non-degenerdestates with]” quantum num-
bers 1" corresponding to thg = 3 and?3 state. We denote these by non-strange splitting for the spin-average of b\@ndD* mesons.
D, andD; respectively and similarly for thBs. The CLEO Col-
laboration reported preliminary results for tbg corresponding to

ji=3 [7,8]. The shaded area gives this result.

a in fm

FIG. 28. Comparison of recent lattice results for the strange to

The square and both of the diamori@8] use theK/p mass-ratio to
fix kg, whereas the crossg34] use theK* /K ratio. The horizontal
line gives the experimental result frof8].
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few percent. This allows us to use the results[8#] to 60—~ T T T
estimate the changes in the hyperfine splitting which would
be produced by these additional terms at fixed bare quark
mass.

The authors 0f34] find that theO((A gcp/ mQ)Z) terms
produce an effect somewhat smaller thah g p/mg expan-
sion might suggest, since they affect the hyperfine splitting
indirectly. The only spin-dependent term(a((AQCD/mQ)z)
is a spin-orbit type interaction. AU((AQCD/mQ)3) most
terms produce a change of a few percent, but the one which
is directly related to ther-B term: {D? o B} reduces the
hyperfine splitting at the charm by 20%. However when in-
cluding the other operators «ﬁ’((AQCD/mQ)S), the second
largest effect comes from the- (EXE+BXB) operator, 100
which is also spin-dependent and works in the opposite di-
rection to the other one. The total effect@f(A qcp/ mQ)3)
is below 10%. This is of the size of the maiexpectation for 0 .
the suppression with respect to the leading term and not at all a in fm
inconsistent with good convergence of the NRQCD expan- B
sion. Since we do not include these terms, we conclude that FIG. 29. Comparison of th®;-D to the result of38]. The
we may be overestimating the quenched lattice hyperfin@xperimental result for thBs, is again from[3].
splitting of theD meson by 10%. . ) )

Our results on thé-meson spectrum are summarized in facy achieved, agree well with the experimental result.
Table XXIX and in Fig. 27. The overall agreement to the For radially excitedd{*)" mesons no experimental results
experimenta”y observed spectrum is good_ We will now dis-are known to us. However the DELPHI Collaboration reports
cuss the individual splittings in more detail. We also com-0n the observation of the non-strangé’ [6]. This result is
pare our results to the lattice studies [6%,38,39. All of still awaiting confirmation by the OPAL and the CLEO Col-
these results use the quenched approximation as well. THaborations and its interpretation is disputed on the ground of
publications[38,39 apply the heavy clover approa¢hil], its small experimentally observed widf#5,46. The split-
which has quite different systematic uncertainties fromting between the DELPHI result and tiiz* has a similar
NRQCD for charm quarks. size to ourD%’-D} splitting. Referencg39] reports lattice

The flavor dependeriD(S*)-D(*) splittings are in good results from the heavy-clover approach. From their plot we
agreement with the experimental results. Here it is interestread D ;-D¢~840(160) MeV, which is in agreement with
ing to note that our results reflect the increase~df0 MeV  our findings. However this includes what the authors call
from the B to the D meson system, which can already be " continuumi extrapolation out of a regime where the expan-
expected from the good agreement of the slope with the exsion parameteamg=O(1) is not small. We would prefer to
perimental outcome in Table XXV. compare to the unextrapolated results at the individual values

In Fig. 28 we compare our result for the strange to non-of a.
strange spin-averaged splitting to other lattice calculations. Experimentally the only well established charmé&d
In order not to disguise other possible effects, we excludedtates in the particle data bodi8] are those which are
the uncertainty of the strange quark mass from the plot. Thexpected to correspond to the states of total light angular
results from[34] use theK*/K ratio to define the strange momentum j,=3. Recently the CLEO Collaboration
quark. This should shift the results downwards, compared t§7,8] claimed the observation of tHe, state corresponding
fixing x4 from theK/p ratio as used for the other results. Theto j,=3. CLEO gives a preliminary result ofD,
implications have already been discussed in the previous-2461("33)(10)(32) MeV, which is slightly heavier but
Sec. VIA. The uncertainties again allow for an upwards shiftcompatible in error bars to tHe; = 2425 MeV[3].1 Our lat-
of these results by 10 to 20 MeV. It should be noted that weice calculation delivers the mass of the lighter of the two
combined the results for the hyperfine splittings and thestates. We did not observe a signal for an excited state

pseudo-scalaD¢-D splitting from [34] to obtain the spin-  slightly heavier than this.

averaged splitting. In Table XXIX our result for theD4(1P)-Dy splitting is

Because of different systematic uncertainties, it is part'cuf'compared to the spin-average of tBe, and D%,, the |,
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larly interesting to compare to the heavy clover results of s . i
[38]. The results obtained with the use of ting scale, which =2 states. The @reemgnt 1S reasonaple. Refer@@ae

is the same as what we use, agree very well with ours. ThiBOrts on theD;-D splitting from a lattice study with the
agreement is expected sinf&g] uses the same light quark heg\{y clc')ver. appr.oach. A comparison .to our result for this
and gauge field action and this quantity is essentially deterSPlitting is given in Fig. 29. When using the same scale
mined by the light quarks and the gluon field. We conclude

that the results for the flavor depend&ntD splitting agree

well between the different approaches and, within the accu- *We quote the charge-average.
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L L L bare heavy quark mass,, see Fig. 3, as well as the steep-
wor- T _T] ening up of the hyperfine splitting curve for large values of
I ] Mg,y in Fig. 13.

o | % E % | In Fig. 30 we compare our results to the results i@
= i E 1 obtained in NRQCD. We choose their result in
£ 100 §E _ O((AQCD/mQ)Z) as most relevant for this comparison. The
—~ L § E: 4 good agreement with our results is in fact misleading. They
e L 4 fix their c-quark mass from charmonium instead of e
g = g Fixing from theD would lead to a larger value @m, and
/'\ - . lower hyperfine splitting; see Sec. IV C and RES6].

‘" 50— O this work, NRQCD, scale m, — It is interesting to compare the result for the hyperfine
E b % ems Woloshyn NRACD, scale /¥ 1 splitting between NRQCD and heavy clover quarks. This is
. Boyle, heavy clover, scale J/¥ . . . L
- o P. Boyle, heavy clover, scale m, . also done in Fig. 30 for thB ¢ hyperfine splitting. The heavy
- # Mackenzie et al., heavy clover, scale J/¥ - clover results of39] appear to be higher than our result.

- 8 However this is a result of their higher choice of scale com-
1) R P R —— ing from J/¢ instead of fromm,,. This is confirmed by the
0.0 0.1 . 0.2 0.3 findings of[38]. Using a scale fronm, gives a result which
aimim

agrees with ours, using a scale fralfys agrees with Ref.
FIG. 30. Comparison of oub-meson hyperfine splitting to the [39]. It should be noted that if38] the bare quark mass is

findings of[34,38,39. Please note that these other results do notdetermined from thed, where as in[39] it is determined
necessarily include all the sources of uncertainty that we have infrom charmonium. For the heavy clover approach gt
cluded; see Table XXIX. They therefore may have underestimated= 6.0 these differences are negligible within statistical errors
error bars. Again, we quote the experimental result fi@h See  [47].

text for a discussion. As discussed at the beginning of this subsection, the in-
clusion of the term@((AQCD/mQ)3) contributing to the hy-

obtained fromm, both lattice results agree very well with perfine splitting would decrease our result $y10%. How-
each other. The agreement with experiment is also good. ever the heavy c_Iove_r approac_h requires similar correction
It should be noted however, that the experimental resul{erms in the Hamiltonian to achieve this level of accuracy.

included in Fig. 29 is not necessarily the same as ours. Th The agreement of the NRQC.D and t.h(_-:‘ hegvy clover re_sult
experimentalP state corresponds tp=3. If the CLEO qu the spm-depem_jent hypeff"?e spI|tt|ng_|s encouraging,
trend is confirmed and the - is indeed hezlavier than tH! since the systematic uncertainties are quite different. The
L . 1 light quark content plays only a minorleofor the hyperfine
and the same hoIo!s fosr thig, states, tlhen the Iatt_lce result splitting, which depends essentially only on the heavy quark
also corresponds tp=73. If not the lattice result will corre- Hamiltonian. In NRQCD the leading contribution to the hy-
spond toj; =3, but the two states will be so close, that any perfine splitting comes from the-B term in the action,

m|s1_mSItchx|;|\)/<vell c?yered byf.thel errorltbfarsih diall whereas for heavy clover this is split between the kinetic
able contains our final resuft for the radially ex- hopping term and the clover tera, F,,, with the latter

i ic i i i vp' vp1
C|te_d 2P_ state_. This is the first result for this state from abecoming more important as the lattice spacing becomes
lattice simulation.

As in the B tem the h ; litt ¢ ”coarser. Both these actions give rise to systematic errors in
S In theb system the hypertine Spitings are 100 smail y, hyperfine splitting from mass-dependent radiative correc-
when compared to the experimental result. Whereas iBthe

tions to coefficients and neglected higher order terms, each at
system they were too small by40%, here they are low by d -

; . the 10% level, so the differences could have been signifi-
~25%. This could reflect a more severe quenching error fOEantIy larger than observed.

B mesons.B mesons are somewhat smaller states tban
mesons and probe slightly different scales. This is a sub-
leading effect in a heavy quark symmetry picture, however.
Alternatively, if the error comes from radiative corrections to  We present an extensive study of tBeand D meson
thec, coefficient, that would need to increase witlg). That  spectrum using NRQCD heavy quarks and clover light
is seen by the authors p43]. quarks in the quenched approximation.

The large uncertainty of=20 MeV on our result arises Our results include the splitting between the strange and
from the chiral extrapolations used in the lattice spacing dethe non-strange meson, hyperfine splittings, radially and or-
termination and the way in which this feeds into the fixing of bitally excited states. For the first time in a lattice calculation
the bare quark mass. Naively we expect a doubling of theve obtained a result on radially excitédwave states. For
relative error, because a larger valueaofequires a smaller spin-independent splittings we observe good agreement with
value ofamg to deliver the same physicals,,. This smaller  experimental results. However, our result for the spin-
value ofamg gives a larger hyperfine splittirgm,;. When  dependent hyperfine splitting turns out to be too low in com-
converting to physical units it picks up the uncertaintyaof parison to experiment. This is a well known effect in
for the second time. In fact a factor of four is seen because ajuenched hadron spectroscopy. Furthermore, in the present
the flattening of the relation between the mass shiind  calculation hyperfine splittings are also affected by the ne-

VIl. DISCUSSION
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glect of radiative corrections in the matching of lattice timated errors in these other results or the use of different
NRQCD to continuum QCD. scales when converting the lattice results into physical units.

Using two different values of the lattice spacing in e  The excellent agreement of our results with the results ob-
spectrum together with the results [df2] allows for a de- tained in the heavy clover approach is noteworthy because of
tailed investigation of the residual lattice spacing dependencghe different systematics of these approaches.

of our final results. No Scaling violations are observed within These results are the most Comp|ete lattice results on the
the achieved accuracy. Of particular interest is the scaling 0§ andD meson spectrum to date.

the B} - B, splitting, which depends heavily on the properties
of the heavy quark content of the theory. Here scaling vio-
Iaupns could be ruled out with an accuracy-sfl0%. The ACKNOWLEDGMENTS
P-fine structure has not been resolved for all values of the
lattice spacings and further work is needed for this quantity. We would like to acknowledge useful discussions with
Our results on thé-meson spectrum are summarized in Peter Boyle and Peter Lepage. J.H. was supported by the
Table XXVIII and Fig. 26 together with the findings pf2]. European commission under ERB FMB ICT 961729, by
In addition to the uncertainties considered in the analysis @PPARC and the National Science Foundation. S.C. acknowl-
the individual values o&, the quoted uncertainties also con- edges financial support from the Royal Society of Edinburgh
tain an estimate for the residual lattice spacing artifacts ofind the Alexander von Humboldt Stiftung. A.A.K. was sup-
O(asa,a?). The table gives our final results for tBemeson  ported by the Research for the Future Program of the Japa-
spectrum in the quenched approximation. nese Society for the Promotion of Science. J.Sh. would like
Our final results on th®-meson spectrum are shown in to thank members of the theoretical physics group at the
Table XXIX and Fig. 27 above. This is our final result for a University of Glasgow for their hospitality during an ex-
lattice spacing ofa”'~1.1GeV and does not include an tended visit. Support from UK PPARC Grant No. PPA/V/S/
estimate of the residual lattice spacing artifacts 0f1997/00666 is gratefully acknowledged. This work was sup-
O(asa,a?). For the above value od, this corresponds to ported by the DOE under DE-FG02-91ER40690, PPARC
13%, which is of similar size to or smaller than the otherwiseunder GR/L56343 and NATO under CRG/94259. The gauge
achieved accuracy. configurations at both values gfand the light quark propa-
We compared our results to lattice results of other col-gators at3=6.2 have been generously provided by the
laborations obtained with NRQCD or in the heavy clover UKQCD Collaboration. The simulations gt=5.7 have been
framework. In general we observe good agreement. Discregperformed at NERSC supported by DOE and the one8 at
ancies which appear at first sight could be traced to underes=6.2 at EPCC in Edinburgh supported by PPARC.

[1] M. Neubert, Phys. Re[245, 259 (1994. [16] M. Luscheret al., Nucl. Phys.B491, 323(1997.

[2] C. Davies, inComputing Particle Propertigsedited by H.  [17] UKQCD Collaboration, P.A. Rowland, Ph.D. thesis, Univer-
Gausterer and C.B. LangSpringer-Verlag, Berlin, 1998 sity of Edinburgh, 1997.
hep-ph/9710394. [18] H. Shanahart al, Phys. Rev. D65, 1548(1997).

[3] Particle Data Group, C. Caset al, Eur. Phys. J. C3, 1 [19] K. Bowler et al,, Phys. Rev. D62, 054506(2000.
(1998. [20] A. Ali Khan et al, Phys. Rev. D63, 6433(1996.

[4] DELPHI Collaboration, M. Feindt and O. Podobrin, contr. [21] R.M. Baxteret al, Phys. Rev. D47, 5128(1993.
pa01-021 ICHEP’96 Warshaw, DELPHI 96-93 CONF 22. [22] P. Lacocket al., Phys. Rev. Db1, 6403(1995.

[5] C. Weiser, inProceedings of the 28th International Confer- [23] C.T.H. Davieset al, Phys. Rev. D60, 6963(1994).
ence on High Energy Physicedited by Z. Ajduk and A.K.  [24] R. Burkhalter, Nucl. Phys. BProc. Supp). 73, 3 (1999.

Worblewski(World Scientific, Singapore, 1997p. 531. [25] M. Gockeleret al, Phys. Rev. D67, 5562(1998.
[6] DELPHI Collaboration, P. Abrest al, Phys. Lett. B426, 231 [26] E. Eichtenet al, Phys. Rev. 21, 203(1980.
(1998. [27] R.G. Edwards, U.M. Heller, and T.R. Klassen, Nucl. Phys.
[7] CLEO Collaboration, J. Rodriguez, hep-ex/9901008 v2. B517, 377(1998.
[8] CLEO Collaboration, CLEO CONF 99-6. [28] M.J. Teper, hep-th/9812187.
[9] B.A. Thacker and G.P. Lepage, Phys. Rev4® 196 (1991). [29] C.T.H. Davieset al, Phys. Rev. D68, 054505(1998.
[10] G.P. Lepageet al,, Phys. Rev. D46, 4052(1992. [30] C. Morningstar, Phys. Rev. B0, 5902(1994).
[11] A. El-Khadra, A. Kronfeld, and P. Mackenzie, Phys. Rev. D [31] C.T.H. Davieset al, Phys. Rev. D66, 2755(1997).
55, 3933(1997). [32] J. Heinet al. (in preparation
[12] A. Ali Khan et al, Phys. Rev. D62, 054505(2000. [33] C.T.H. Davies and B.A. Thacker, Nucl. PhyB405 593
[13] J. Heinet al,, Nucl. Phys. B(Proc. Supp). 63, 347 (1998. (1993.
[14] B. Sheikholeslami and R. Wohlert, Nucl. PhyB259, 572 [34] R. Lewis and R.M. Woloshyn, Phys. Rev. BB, 074506
(1985. (1998.
[15] G.P. Lepage and P.B. Mackenzie, Phys. Rev4® 2250 [35] JLQCD Collaboration, K-I. Ishikawat al., Phys. Rev. D61,
(1993. 074501(2000.

074503-28



SCALING OF THEB AND D MESON SPECTRUM IN . ..

[36] C.T.H. Davieset al, Phys. Rev. D62, 6519(1995.
[37] S. Collinset al, Phys. Rev. D60, 074504(1999.

[38] UKQCD Collaboration, Peter Boyle, Nucl. Phys. @roc.

Suppl) 63, 314(1998.

[39] P.B. Mackenzie, S. Ryan, and J. Simone, Nucl. Phy&1Bc.

Suppl) 63, 305(1998.
[40] S. Collinset al., Nucl. Phys. B(Proc. Supp). 47, 455 (1996.
[41] A. Kronfeld, Nucl. Phys. B(Proc. Supp). 53, 401(1997).

PHYSICAL REVIEW 62 074503

[42] C. Michael and J. Peisa, Phys. Rev5B, 034506(1998.

[43] H.D. Trottier and G.P. Lepage, Nucl. Phys.(Broc. Supp).
63, 865(1998.

[44] T. Yoshie, Nucl. Phys. BProc. Supp). 63, 3 (1998.

[45] D. Melikhov and O. Pene, Phys. Lett. 816, 336 (1999.

[46] P.R. Page, Phys. Rev. @0, 057501(1999.

[47] Peter Boyle(private communication

074503-29



