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QCD heavy-quark potential to order v2: One loop matching conditions

Aneesh V. Manohar* and Iain W. Stewart†

Department of Physics, University of California at San Diego, 9500 Gilman Drive, La Jolla, California 92093
~Received 27 March 2000; published 8 September 2000!

The one-loop QCD heavy-quark potential is computed to orderv2 in the color singlet and octet channels.
Several errors in the previous literature are corrected. To be consistent with the velocity power counting, the
full dependence onup1p8u/up82pu is kept. The matching conditions for the NRQCD one-loop potential are
computed by comparing the QCD calculation with that in the effective theory. The graphs in the effective
theory are also compared to terms from the hard, soft, potential, and ultrasoft regimes in the threshold expan-
sion. The issue of off-shell versus on-shell matching and gauge dependence is discussed in detail for the
1/(muku) term in the potential. Matching on-shell gives a 1/(muku) potential that is gauge independent and does
not vanish for QED.

PACS number~s!: 12.39.Hg, 11.10.St, 12.38.Bx
r

ity

-

is

a

l

te

ar

la

tion
a

nd
n-

y
us-
n
s in
trac-
are

on
c

to
rk

en-
p-

-
-
le
in-

ark
oef-
ef.
ed
p-

e
e
he
de
I. INTRODUCTION

For processes involving a non-relativistic heavy qua
and antiquark, it is useful to combine theas expansion of
QCD with an expansion in powers of the relative veloc
v. The scattering of a heavy quark and antiquark,Q(p)
1Q̄(2p)→Q(p8)1Q̄(2p8), can be described using a po
tentialV, which has an expansion in powers of the velocityv
andas :

V~p,p8!5 (
n522

`

V(n), V(n)5(
j 51

`

V(n, j ),

where
V(n);vn, V(n, j );vnas

j . ~1!

An important complication of non-relativistic scattering
the presence of two low-energy scales,mv andmv2, which
correspond to the momentum and energy of the heavy qu
respectively. In this paper, we will assume thatmv2

@LQCD, and ignore any non-perturbative effects.
The first term in Eq.~1!, V(22,1), is the Coulomb potentia

at tree level:

V(22,1)5C
4pas

up2p8u2
, ~2!

where the color factorC depends on the relative color sta
of the incident quark and antiquark. Forj .1, V(22,j ) are
perturbative corrections to the Coulomb potential which
known to two loops@1,2#.

The static potential for a color singletQQ̄ pair is often
defined in terms of the expectation value of a rectangu
Wilson loop of widthR and lengthT:

V(22)~R!52 lim
T→`

1

iT
lnK Tr P expS ig R dxmAa

mTaD L .

~3!
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The Feynman diagrams corresponding to this expecta
value build up the exponential of the static potential. As
result, in computing the static potentialV(22,j ) at order j,
iterations of lower order terms in the potential,V(22,n), n
, j , are subtracted. At three loops Appelquist, Dine a
Muzinich @3# have shown that infrared divergences are e
countered inV(22,4)(R) which are not canceled by simpl
subtracting iterations of the lower order potentials. Thus,
ing the definition in Eq.~3! at higher orders in perturbatio
theory, or generalizing this approach to subleading term
thev expansion, becomes cumbersome as the set of sub
tions are more complicated, and perturbative subtractions
insufficient to render the potential in Eq.~3! well defined.

A convenient framework for investigating the expansi
in Eq. ~1! is the effective field theory for non-relativisti
QCD ~NRQCD!, formulated with a power counting inv
@4–16#. In the effective field theory, it is more convenient
define the potential as the Wilson coefficient of a four-qua
operator@11#:

Lp52(
p,p8

Vablt~p,p8!m2e@cp8 a
†~x!

3cpb
~x!x2p8 l

†~x!x2pt~x!. ~4!

In Eq. ~10!, the fieldsc and x annihilate a quark and an
antiquark, respectively. The fields are labeled by a mom
tum p, and a greek index for their color and spin. The o
erator in Eq.~4! is local on the scalex;1/mv2, but non-local
on the scalep;mv. The potentialV is computed as a match
ing coefficient at the scalem5m between QCD and an ef
fective theory for non-relativistic QCD valid below the sca
m. The effective theory is constructed to have the same
frared structure as perturbative QCD for the two heavy qu
system. Therefore, defining the potential as a matching c
ficient provides an infrared safe definition. For instance, R
@17# shows how the three-loop static potential is infrar
safe, despite the divergence in the QCD potential of A
pelquist, Dine and Muzinich@3#.

Although several different formulations of the effectiv
theory for non-relativistic QCD are currently in us
@5–16,18–20#, certain universal features have emerged. T
on-shell degrees of freedom in the effective theory inclu
quarks with energyE;mv2 and momentump;mv, soft
©2000 The American Physical Society15-1
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ANEESH V. MANOHAR AND IAIN W. STEWART PHYSICAL REVIEW D 62 074015
gluons with E;p;mv, and ultrasoft gluons withE;p
;mv2. The soft and ultrasoft modes are distinct; for i
stance, a consistent power counting inv demands that the
ultrasoft gluon interactions be multipole expanded@6,9#,
while soft gluon interactions are not. The soft gluons a
essential to correctly reproduce the beta function in the
fective theory@14#, and run between the scalesm and mv.
Other massless on-shell fields, such as light quarks, will h
ultrasoft and soft components too. There are also impor
off-shell field components, such as the exchange of glu
with E;mv2 and p;mv that build up the potential. Sof
heavy quarks withE;p;mv are also off shell relative to
the heavy quark states of interest. These off-shell field co
ponents can be integrated out of the Lagrangian in the ef
tive theory. Doing this leaves a Lagrangian that is non-lo
at the scalemv, but local atmv2. This procedure, which
treats the potential components as four quark operators,
first seriously investigated in Ref.@11#, and the resulting ef-
fective theory is referred to as potential NRQCD~PN-
RQCD!. In Ref. @11# it was proposed that the matching on
effective theories should take place in two stages: atm5m
one matches QCD onto NRQCD as originally defined in R
@5#, and then matches NRQCD onto PNRQCD at the sc
m5mv.

The matching of four-quark operators atm was consid-
ered in Ref.@12#, following the proposal in Ref.@8# that the
matching procedure should be similar to that in heavy qu
effective theory~HQET!. However, in general this procedur
seems to be slightly problematic@16#. First note that it is
necessary to include the kinetic term for the potential qua
immediately below the scalem. For instance, this is neces
sary to reproduce the threshold value of the two-loop ano
lous dimension for the heavy quark production current@21#
in the effective theory@16#. With the kinetic energy term
included at leading order, the consistency of thev power
counting forces us to have both ultrasoft and soft mo
right below m~along with the multipole expansion etc.!. If
we note that the kinetic energy term is necessary to corre
reproduce the Coulombic infrared divergences in the eff
tive theory, then it might seem obvious that it must be
cluded in order to have the correct infrared structure. At o
loop, matching exactly at threshold in dimensional regul
ization seemed to provide a method of avoiding this@12#, but
this procedure fails at two loops.

Since we must include the kinetic energy term for allm
,m, it seems quite natural to immediately consider mat
ing at m5m onto an effective theory where the off-she
potential gluons and soft quarks have been integrated
Such a formulation was proposed in Ref.@16# and will be
considered in this paper. It will be referred to as vNRQC
In this theory it is more appropriate to consider the runn
from m to the scalesmv and mv2 in a single step. This is
accomplished by using the velocity renormalization gro
@16#. Once the vNRQCD effective theory has been run do
to the low scale, the soft degrees of freedom have ser
their purpose and may be integrated out. In this final eff
tive theory no additional running needs to be considered

In this paper we compute the one-loop matching for
QQ̄ and QQ potentials between QCD and vNRQCD up
corrections of orderv2. All infrared divergences are show
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to correctly cancel in the matching. Our results are compa
to the matching calculation of Pineda and Soto@12# for the
four-quark operators and to the threshold expansion@13#.
The main difference between the non-relativistic theories
Refs. @16# and @11,12,19# is the way in which large loga-
rithms ofv are summed in the effective theory. There is a
some difference in the matching corrections; some contri
tions in vNRQCD that arise at the scalem5m are instead
computed atm5mv in PNRQCD. We will discuss the dif-
ferences between the two approaches in the text of the pa

The full QCD calculation of theQQ̄ scattering to order
as

2v0 in the non-relativistic expansion has been done bef
@22,23#. In calculating the potentials, Ref.@22# performs an
additional expansion, assuming

~p81p!2

~p82p!2
!1. ~5!

In the usualv power counting,p andp8 are both of orderv,
so the ratio in Eq.~5! is of order unity, and cannot be treate
as small. For this reason, in Sec. II we redo the QCD cal
lation, keeping the full dependence on this ratio for both
color singlet and octet channels. For the orderv0 spin-
independent potential, terms proportional to (p1p8)2 which
were dropped in previous calculations@22,23# are necessary
to match infrared divergences between the full and effec
theories.

In Sec. III we discuss the orderv0 potential of the form

~p822p2!2

m2~p82p!4
. ~6!

For free quark states this potential vanishes on shell by
ergy conservation,p825p2, and need not be included in th
potential if one uses on-shell matching@24#. The potential in
Eq. ~6! gives a non-zero contribution in loops or in matr
elements with external Coulomb states, and is often inclu
in the quark potential. For instance, the usual Breit Ham
tonian includes a potential of the form in Eq.~6!. A potential
that is only non-zero off shell can be gauge dependent,
including the potential of Eq.~6! induces gauge dependenc
in the coefficients of on-shell potentials. Using an off-sh
potential gives correct results if all calculations are p
formed in the same gauge. We will use an on-shell basis
the potential where the term in Eq.~6! does not occur. The
matching coefficients for the on-shell potential are gauge
dependent, since scattering amplitudes are measurable q
tities. The difference between the on-shell matching poten
and the Breit Hamiltonian is compensated for by a cor
sponding change in the 1/up82pu potential, as discussed i
more detail in Sec. III~see also Refs.@25–29#!.

In Sec. IV we extend all of our results for the quar
antiquark potential to the quark-quark potential and in Sec
we give the QED limit of our results. Section VI gives ou
conclusions.

II. MATCHING THE POTENTIAL TO O„v2
…

The vNRQCD effective Lagrangian has the form

L5Lu1Ls1Lp . ~7!

The ultrasoft LagrangianLu involves the fieldscp which
annihilate a quark,xp which annihilate an antiquark, andAm
5-2
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QCD HEAVY-QUARK POTENTIAL TO ORDERv2: ONE . . . PHYSICAL REVIEW D 62 074015
which annihilate and create ultrasoft gluons. The poten
LagrangianLp contains operators with four or more qua
fields including the quark-antiquark potential. Finally th
soft LagrangianLs contains all terms that involve soft field
which have energy and momenta of ordermv. Heavy quarks
with soft energy and momenta are off shell and are there
integrated out, so they do not appear explicitly inLs . The
terms we need in the ultrasoft Lagrangian are

Lu52
1

4
FmnFmn1(

p
cp

†H iD 02
~p2 iD!2

2m
1

p4

8m3J cp

1xp
†H iD 02

~p2 iD!2

2m
1

p4

8m3J xp . ~8!

The covariant derivative oncp and xp contains the color
matricesTA and T̄A for the 3 and 3̄ representations, respec
tively. HereDm involves only the ultrasoft gluon fields,Dm

5]m1 igmU
e Am5(D0,2D), so D05]01 igmU

e A0, D5¹
2 igmU

e A. The factors of the ultrasoft scale parametermU
e are

included to makeg5g(mU) dimensionless ind5422e di-
mensions. The ultrasoft gluon fieldAm is orderv2 and has
dimension 12e, so Am;(mv2)12e. Consistency of thev
power counting for the covariant derivative ind dimensions
then requiresmU5mn2 where n;v. This reproduces the
dependence ofmU on the subtraction velocityn given in Ref.
@16#. The terms we need in the soft Lagrangian are

Ls5(
q

$uqmAq
n2qnAq

mu21w̄qq”wq1 c̄qq2cq%

2g2mS
2e (

p,p8,q,q8
H 1

2
cp8

†@Aq8
m ,Aq

n#Umn
(s)cp

1
1

2
cp8

†$Aq8
m ,Aq

n%Wmn
(s)cp1cp8

†@ c̄q8 ,cq#Y(s)cp

1~cp8
†TBZm

(s)cp!~ w̄q8g
mTBwq!J 1~c→x,T→T̄!,

~9!

whereAq , cq , andwq are soft gluons, ghosts, and massle
quarks. The functionsU, W, Y, andZ are given in Appendix
A. After integrating out the soft quarks the LagrangianLs is
no longer manifestly gauge invariant with respect to gau
transformations at the scalemv. Therefore, determining the
dependence of the soft scale parametermS on n may seem
more difficult than the ultrasoft case. However, prior to in
grating out the soft quarks the combinationgmS

eAq is from a
covariant derivative, andAq;(mv)12e, yielding mS;mn in
agreement with Ref.@16#. In Eq. ~9!, g5g(mS). In general it
is important to realize that thev scalings ofmU andmS are
different. If the matching calculation is performed at t
scale1 m, then for this computationm5mS5mU5m and n

1It is not necessary to match exactly atm. If the matching scale is
m5mh;m, then one still setsmU5mS5mh andn51, and factors
of ln(mh /m) appear in the matching coefficients. For convenien
we choosemh5m in this paper.
07401
l

re

s

e

-

51 ~where the usual QCD scale parameter is denoted bym).
Therefore, for the matching atm it is not essential to distin-
guish betweenmS andmU .

The potential interaction relevant for our calculation is

Lp52(
p,p8

Vablt~p,p8!mS
2ecp8a

†cpbxÀp8l
†xÀpt . ~10!

The factor ofmS
2e is included so that ind5422e dimen-

sions the potentialV has dimension22. Herea,b,l,t de-
note color and spin indices. We will use the basis in wh
the potential is written as a linear combination of 1^ 1 and
Ta

^ T̄a in color space. One can convert to the color sing
and octet potential using the linear transformation

FVsinglet

Voctet
G5F 1 2CF

1
1

2
CA2CFG F V1^ 1

VT^ T̄
G , ~11!

whereCF5(Nc
221)/(2Nc) andCA5Nc . We will also need

the invariants C15(Nc
221)/(4Nc

2) and Cd5Nc24/Nc .
These arise in the identities

TATB
^ T̄AT̄B52

1

4
~CA1Cd!TA

^ T̄A1C11^ 1,

TATB
^ T̄BT̄A5

1

4
~CA2Cd!TA

^ T̄A1C11^ 1. ~12!

Written as a matrix, the orderv22 Coulomb potential is

V(22)5~TA
^ T̄A!

V c
(T)

k2
1~1^ 1!

V c
(1)

k2
, ~13!

wherek5p82p, and the coefficientsV c
(T) andV c

(1) have an
expansion inas .

The orderv0 potential includes

V(0)5~TA
^ T̄A!FV 2

(T)

m2
1

V r
(T)~p21p82!

2m2k2
1

V s
(T)

m2
S2

1
V L

(T)

m2
L~p8,p!1

V t
(T)

m2
T~k!G

1~1^ 1!FV 2
(1)

m2
1

V s
(1)

m2
S2G , ~14!

where

S5
s11s2

2
, L~p8,p!52 i

S•~p83p!

k2
,

T~k!5s1•s22
3k•s1k•s2

k2
, ~15!

and s1/2 ands2/2 are the spin operators on the quark a
anti-quark. Note that on shellp825p2, but we have written
p21p82 in Eq. ~14! so that the LagrangianLp is Hermitian.
The tree level diagram in Fig. 1a generates terms
O(v2kas), k>21, in the QCD potential. Matching atm
5m, n51 gives

e

5-3
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V c
(T)54pas~m!, V c

(1)50, V r
(T)54pas~m!,

V s
(T)52

4pas~m!

3
, V L

(T)526pas~m!,

V t
(T)52

pas~m!

3
, V s

(1)50, V 2
(T)50, V 2

(1)50. ~16!

The annihilation diagram in Fig. 1b generates terms
orderasv

2k,k>0 in the potential. Using Fierz identities an
charge conjugation, these operators can be transformed
the basis in Eq.~14! and give additional contributions to th
matching. OnlyV s

(T,1) receive non-zero annihilation contr
butions at tree level:

V s,a
(T)5

1

Nc
pas~m!, V s,a

(1)5
~Nc

221!

2Nc
2 pas~m!. ~17!

The complete tree level matching is given by adding
terms in Eqs.~16! and~17!. We have found it convenient to
distinguish the annihilation contributions by including an a
ditional subscripta on the coefficients they generate. Th

FIG. 1. QCD diagrams for tree level matching.
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leading-logarithmic values of the orderv0 potentials in Eq.
~14! were calculated in Refs.@30,20#, but are not needed
here. Nonzero values forV 2

(T,1) are generated in the reno
malization group flow below the scalem @20#, as well as by
the one-loop matching as we will see below.

At one loop the matching onto QCD gives order 1/v terms
of the form

V(21)5
p2

muku @V k
(T)~TA

^ T̄A!1V k
(1)~1^ 1!#, ~18!

where the coefficientsV k
(T,1) are dimensionless. Ind54

22e dimensions the one-loop matching produces a poten
with the dependencem2e/uku112e. We have chosen to defin
V(21) by taking thed→4 limit, which differs from the defi-
nition of this operator used in Ref.@31#.

A. QCD calculation

To perform the potential matching calculation, we co
sider the on-shellQQ̄ scattering amplitude in QCD and i
vNRQCD to orderas

2v0. We will use the Feynman gauge
regulate infrared divergences with a finite gluon mass2 l,
and renormalize ultraviolet divergences with dimensio
regularization and the modified minimal subtraction (MS)
scheme. Since the calculation is performed on shell, the
sulting matching coefficients will be gauge independent.

We begin by considering the QCD diagrams. The m
complicated diagram is the QCD box diagram@32,33# which
includes contributions of order 1/v3, 1/v2, 1/v and v0, as
well as higher order terms which we do not need in t
paper:
uire here
~19!

2Using a finite gluon mass is dangerous in the presence of diagrams with the non-Abelian gluon vertices. All such diagrams we req
are IR finite in the Feynman gauge.
5-4
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wherek5uku, p5upu5up8u and

R5~p1p8!•s1~p1p8!•s2 . ~20!

The real part of the order 1/v amplitude agrees with Ref.@22# in the limit p→k/2. We have kept the fullp dependence since
taking this limit is not justified by the power counting. We have also kept imaginary terms generated by the cut ampl
emphasize how these terms are correctly reproduced in the effective theory. The real part of the spin dependentv0

amplitude agree with the result in Ref.@34#. The real part of the spin independent orderv0 amplitude agrees with Ref.@23#,
except for the orderv0 ln(k) and ln(l) dependence. The difference is due to the conditionup81pu!k which was imposed in
Refs.@22,23#, but which violates thev power counting.@For the crossed box given below in Eq.~21a!, the orderv0 ln(l) and
ln(k) also differs from Ref.@23#.# The remaining direct scattering diagrams are less complicated since they have no c

~21a!

~21b!

~21c!

~21d!

~21e!

and the light quark loops fornf flavors gives

~21f!

while the heavy quark fermion loop gives

~21g!

In Eqs.~21a!–~21g! the matrix element

M0511
p2

m2
2

k2S2

3m2
2

3k2L

2m2
2

k2T

12m2
. ~22!

Note that we disagree with Ref.@23# on the orderv0 spin independent part of Eq.~21b!. Reference@23# has an additional
non-logarithmic 1/m2 term. The difference arises because we find a different value for the orderk2 term in the non-AbelianF1
form factor. Equations~21c!–~21g! agree with Ref.@23#.
074015-5



f the
s
n to
bed into
ng modes

e graphs

for

p

ANEESH V. MANOHAR AND IAIN W. STEWART PHYSICAL REVIEW D 62 074015
The diagrams in Eqs.~19! and ~21! have contributions from several different scales. In particular, in the language o
threshold expansion@13#, the hard regime gives ln(m/m)’s, the soft regime gives ln(m/k)’s, and the ultrasoft regime give
ln(m/l)’s. There are alsoi ln(l/p) and i ln(l/k) terms from the Coulomb divergence in the potential regime. In additio
logarithms, all regimes can give constant factors. In the effective theory, terms from the hard regime are absor
matching coefficients such as the four-quark potential operators and the remaining terms correspond to graphs involvi
in the effective theory. These graphs are discussed in more detail below.

Next consider the one-loop annihilation diagrams in QCD. Since the intermediate gluons are hard, we expect thes
to include a factor of 1/m2, thus giving hard orderv0 contributions to the potential. However, the graph in Eq.~23c! also has
terms enhanced by a factor ofm/p, which are order 1/v contributions.

~23a!

~23b!

~23c!

~23d!

~23e!

and the light quark loop fornf flavors gives

~23f!

while the heavy quark loop gives

~23g!

In the limit p→k/2, the results in Eq.~23! agree with Ref.@22#, except for Eq.~23c! and differences that can be accounted
by the fact that we are usingMS rather than an on-shell subtraction scheme. For Eq.~23c!, Ref. @22# has a22p2m/k term
which for us isp2m/p. The sign for ourp2m/p term is in agreement with Ref.@35#. The imaginary parts of these one-loo
annihilation amplitudes agree with Ref.@5#. Note that in Eqs.~19!, ~21!, and~23!, as5as(m).
074015-6
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B. Effective theory calculation

The effective theory contains potential, soft and ultrasoft loops. We have organized the terms by their order in the
expansion. The order inv can be determined using thev power counting formula3 in Eq. ~40! of Ref. @16#. A loop graph with
two insertions of the Coulomb potential contributes to a 1/v3 potential, and with an insertion of one Coulomb and oneV(0)

potential contributes to a 1/v potential. A soft loop with two vertices of orders ands8 contributes to thevs1s822 potential.
Graphs involving the exchange of an ultrasoft gluon begin to contribute to the potential at orderv0, etc.

1. Order 1Õv3

In the effective theory taking two insertions of the tree level Coulomb potential in a loop gives the only diagram
orderas

2/v3:

~24!

Taking m5m and n51 and using the tree level value ofVc
(T) , this graph exactly reproduces the orderas

2/v3 ‘‘Coulomb
singularity’’ term in the QCD box diagram in Eq.~19!. Thus, there is no matching correction at this order.

2. Order 1Õv2

At orderas
2/v2 in the effective theory, the only non-zero diagram involves the exchange of soft gluons, ghosts and

~25!
n
ib

ec

o

m

e

ory

t
-
lly
or-

.

h

o

where 1/ê51/e2g1 ln(4p) is the combination subtracted i
the MS scheme. The divergence in this graph is respons
for the one loop running ofV c

(T) . At one loop, to orderv0 the
effective theory counterterms~and running of the potential!

were computed in Ref.@20# and from now on the 1/ê depen-
dence will be dropped. The sum of orderas

2/v2 terms from
the QCD diagrams in Eqs.~19! and ~21a! is

ias
2~m!

k2
~TA

^ T̄A!F4TF

3
lnS m2

m2D 1
4TFnf211CA

3
lnS m2

k2 D
1

20TFnf231CA

9 G . ~26!

At the scalem5mS5m the MS values of Eq.~25! and Eq.
~26! are identical, so there is no one-loop matching corr
tion to Vc . The difference in ln(m)’s in Eqs.~26! and~25! is
the change inb function fromnf11 to nf flavors. We would
expect a new contribution toVc only if the QCD graphs have
a contribution from the hard regime where energy and m
menta are orderm. In Eqs.~21b!, ~21c!, and~21d!, the fac-
tors of23 ln(m2)14 are from the hard regime, but they su
07401
le

-

-

to zero. For the ln(m) terms this is a consequence of th
Ward identity derived in Ref.@3#.

The constant factor (20TFnf231CA)/9 vanishes in the
matching condition atm, and is carried to scales belowm by
the soft modes. If at the scalen5vk;k/m we integrate out
the soft modes, then the Coulomb potential for the the
below this scale,V̄c , will obtain an additional contribution
from this second stage of matching:V̄ c

(T)(vk)5V c
(T)(vk)

2(20TFnf231CA)as
2(mvk)/9. In this expressionV c

(T)(vk)
is the value ofV c

(T) obtained from running this coefficien
from n51 to n5vk using its two-loop anomalous dimen
sion. This reproduces the constant factor that is typica
associated with the Coulomb potential at next-to-leading
der ~see for instance, Ref.@1#!. Similarly, one can obtain the
analogous terms from the matching contributions for thev0

potentials atmv from the value of the soft loops given in Eq
~31!.

3. Order 1Õv

The possible orderas
2/v diagrams with soft gluons vanis

explicitly, so the only orderas
2/v diagrams in the effective

theory involve two iterations of the potential. There are tw
diagrams with insertions ofV c

(T) :
e

~27!

3Here the power ofv is given for the amputated diagram, so unlike Eq.~40! in Ref. @16# the factors ofv associated with external lines ar
not included.
5-7
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where the integralsI 0 andI F are given in Appendix B. The dependence onV c
(1) is not needed since tree level matching giv

V c
(1)50. In the first diagram in Eq.~27!, the cross denotes an insertion of thep4/m3 operator from Eq.~8!. The second diagram

is nominally orderas
2/v3; however, it depends on the heavy quark energyE5p2/(2m)2p4/(8m3)1•••. The graph includes

a contribution of orderas
2/v when the energy is expanded in terms of momenta, which we indicate by the pre-factorDE in Eq.

~27!. Each of the diagrams in Eq.~27! has an IR divergence that is not regulated byl, but the IR divergence in the sum of th
integrands for the two diagrams is regulated.

Additional as
2/v diagrams are generated by including one insertion of the Coulomb potential and one orderv0 potential:

~28a!

~28b!

~28c!

~28d!

~28e!
o
I

th

ry

ox
d
u

ffi

th

d

f.

-

ent
s to

ts

gain

y

an
at
me.

the

n.

t
der
s.
The last two diagrams involve insertions of terms in the p
tential generated by the tree level annihilation diagram.
Eqs.~27! and~28! the dependence on 1̂1 potentials whose
coefficients vanish at tree level are not shown. Thus, both
1^ 1 andT^ T̄ contributions are only shown in Eq.~28e!.
The new integralsI P , I A , I B , I C , andI D that appear in Eq.
~28a! are given in Appendix B, andR is defined in Eq.~20!.

The infrared divergences in the 1/v amplitude are due to
the Coulomb singularity. The divergences in the full theo
are reproduced by the potential loops in Eqs.~27! and ~28!.
The imaginary terms in the amplitude from the QCD b
graph exactly agree with those in the effective theory, and
not contribute in the matching coefficients, as expected. S
tracting the effective theory graphs in Eqs.~27! and ~28!
from the orderas

2/v terms in Eqs.~19!, ~21a!, ~21b! and
~23c! gives the matching result for theV(21) potential atm
5m, n51:

V k
(T)5as

2~m!S 7CA

8
2

Cd

8 D , V k
(1)5as

2~m!
C1

2
. ~29!

For the color singlet channel this gives the matching coe
cient V k

(s)5as
2(m)(CF

2/22CFCA) in agreement with Ref.
@23#. Note that the real part of the 1/v amplitudes in the full
and effective theory has a complicated dependence onp and
k, but the momentum dependence of the matching for
direct potentials in Eq.~29! is only of the form 1/uku. For the
annihilation graphs the 1/p terms cancel between the full an
effective theories. There would have been a 1/p matching
07401
-
n

e

o
b-

-

e

coefficient for the annihilation graphs if the results of Re
@22# had been used for the full theory graph.

The matching coefficients in Eq.~29! correspond to a con
tribution to the 1/v potential at the scalem5m, which does
not come from the hard part of any graph. This is in appar
contradiction with the threshold expansion. It also appear
disagree with Refs.@19# and@31#, where the 1/uku four-quark
potential operator is said to only arise at the scalemv. How-
ever, in Refs.@19# and @31# a formulation of NRQCD is
being used in which off-shell potential field componen
have not been integrated out for scalesmv,m,m, but in-
stead are considered to be dynamical fields in the Lagran
~see Refs.@7,10#!. In the full theory the 1/uku terms come
from three types of graphs, shown in Eq.~19! and Eqs.
~21a!,~21b!. At the scalem there are now effective theor
graphs analogous to those in Eq.~21b! but with two A0 po-
tential gluons and oneA i potential gluon, which reproduce
the 1/uku term. For the box and crossed box in Feynm
gauge the 1/uku terms are reproduced by contributions th
can be associated with the potential momentum regi
Thus, in Refs.@19# and @31# the 1/uku potential in Eq.~29!
effectively exists at the scalem. In our approach off-shell
potential gluons and soft quarks are integrated out, so
matching for the 1/uku potential is not simply given by the
hard part of the QCD diagrams in the threshold expansio

4. Orderv0

For the orderas
2v0 matching we will consider the direc

and annihilation diagrams separately. The sum of the or
as

2v0 terms in the direct scattering QCD diagrams in Eq
~19! and ~21! is
5-8
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2
ias

2~m!

m2
~1^ 1!C1F422S212 lnS k

mD2
8

3
lnS l

k D G2
ias

2~m!

m2
~TA

^ T̄A!F p2

k2 H 31CA

9
1

16CA

3
lnS l

m D1
38CA

3
lnS m

k D J
1H 2CF23CA2Cd1S 8CF

3
1

2Cd

3
22CAD lnS l

m D1S 7Cd

6
2

43CA

6 D lnS m

k D1S 8CF

3
1

31CA

6
2

Cd

2 D lnS m

mD J
1LH 2

31CA

6
24CF27CAlnS m

k D24CAlnS m

mD J 1S2H Cd

2
2

17CA

54
2

4CF

3
2

CA

9
lnS m

k D2
7CA

3
lnS m

mD J
1TH 2

49CA

108
2

CF

3
2

5CA

18
lnS m

k D2
CA

3
lnS m

mD J 2nfTFH 4

3
lnS m2

k2 D 1
20

9 J H p2

k2
2

S2

3
2

3L

2
2

T

12J
2

4TF

3
lnS m2

m2D H p2

k2
2

S2

3
2

3L

2
2

T

12J 1
4TF

15 G . ~30!

The effective theory contribution from orderas
2v0 diagrams with soft gluons, ghosts or quarks is

~31!

There are also non-zero orderas
2v0 diagrams with an ultrasoft gluon and one insertion of the Coulomb potential. T

diagrams were calculated in Ref.@20#:

~32!
ar
io

g

b
it

y
- -

s in

ed
In Eq. ~32! the ellipses denote all possible diagrams that
generated by attaching the ultrasoft gluon to two ferm
legs. Subtracting the sum of Eqs.~31! and~32! from Eq.~30!
and settingm5mS5mU5m gives the one-loop matchin
contribution for the orderv0 direct potentials. At orderv0 we
find that all the infrared divergences in QCD are matched
infrared divergences from the effective theory graphs w
ultrasoft gluons. All ln(k)’s in the full theory are matched b
ln(k)’s in Eq. ~31!. The contributions to the matching coeffi
cients at one-loop are

V r
(T)50, V r

(1)50,

V L
(T)524~CF1CA!as

2~m!, V L
(1)50,

V s
(T)5~ 1

2 Cd2 5
6 CA2 4

3 CF!as
2~m!, V s

(1)522C1as
2~m!,
07401
e
n

y
h

V t
(T)52 1

3 ~CF1CA!as
2~m!, V t

(1)50,

V 2
(T)5~2CF2 11

12 Cd2 2
3 CA1 4

15 TF!as
2~m!,

V 2
(1)5 11

3 C1as
2~m!. ~33!

The total orderas
2v0 matching coefficients are given by add

ing the tree level values in Eq.~16! to the results in Eq.~33!,
and are summarized in Table I at the end of the paper.

Next consider the matching of the orderas
2v0 annihilation

contributions. Since there are no corresponding diagram
the effective theory, the sum of theas

2v0 terms in Eq.~23!
directly gives the matching coefficients. This sum is infrar
finite. Matching atm5m,n51 we find that the one-loop
annihilation contributions to the potential coefficients are
5-9
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V s,a
(T)5S Cd

4Nc
22C1D ~ ip1222ln2!as

2~m!1
1

Nc
H 109CA

36

24CF1
nfTF

3 S 2ln22
5

3
2 ip D2

8TF

9 J as
2~m!,

V s,a
(1)5H C1

Nc
1

Cd~Nc
221!

8Nc
2 J ~ ip1222ln2!as

2~m!

1
~Nc

221!

2Nc
2 H 109CA

36
24CF

1
nfTF

3 S 2ln22
5

3
2 ip D2

8TF

9 J as
2~m!,

V 2,a
(T)522S Cd

4Nc
22C1D ~ ip1222ln2!as

2~m!,

V 2,a
(1)522H C1

Nc
1

Cd~Nc
221!

8Nc
2 J ~ ip1222ln2!as

2~m!.

~34!

The imaginary terms in these potentials contribute to
cross section for annihilation of a color octet heavy qu
and anti-quark into light hadrons, and agree with the res
of Ref. @5#. The total annihilation contribution to the orde
as

2v0 matching coefficients are given by adding the tree le
results in Eq.~17! to the results in Eq.~34!, and are summa
rized in Table I.

If a different matching scale,mh , had been used, then th
coefficients in Eqs.~33! and ~34! would also depend on
ln(mh /m). Since the prediction for observables is independ
of mh , the most convenient choice,mh5m, has been
adopted.

In the threshold expansion, the full QCD diagram is t
sum of hard, soft, ultrasoft and potential graphs. The s
ultrasoft and potential graphs are the graphs in the effec
theory up to renormalization effects such as the depende
on the scalesmS andmU . The matching conditions in Eqs
~33! and~34! can also be computed from the hard part of t
full theory graphs, and we have verified that this gives
same result as in Eqs.~33! and ~34!. The matching onto
four-quark operators was first considered by Pineda and S
in the context of PNRQCD@12#. In their approach, the har
parts of the vertex correction and wave function renorm
ization are included in matching coefficients in the sing
heavy quark sector of the Lagrangian. The direct match
for four-quark operators is given by the hard part of the b
and crossed box. The hard part of our box and crossed
agree with Ref.@12#, except for the finite part of thes1•s2

terms, which causes ourV 2
(T) and V s

(T) to disagree with
theirs. This is related to the treatment of epsilon tensors
the non-relativistic reduction of matrix elements of spin o
erators ind dimensions. We have chosen to take the low
order term in the matrix element ofg [agsgb]

^ g [agtgb] to

be eabskeabtk8 s1
ks2

k8 , and have used the ’t Hooft–
07401
e
k
ts

l

t

t,
e
ce

e

to

l-

g
x
ox

d
-
t

Veltmann scheme for the epsilon tensors so thatemnab and
e i jk are only non-zero when the indices are in four and th
dimensions respectively. This convention was used in b
the soft loop integrals as well as when cross-checking
result by computing the hard part of the box diagrams us
the threshold expansion. This scheme dependence is re
to the issue of evanescent operators@36–38#. The annihila-
tion results in Eq.~34! agree completely with Ref.@12#.

Note that in a leading-logarithmic expansion the two-lo
anomalous dimension is needed at the same time as the
loop matching results. In the color-singlet channel the 1v2

two-loop anomalous dimension is known@1,2#, since the
running of the Coulomb potential is still given by the QCDb
function at this order. The result for the two-loop anomalo
dimension forV(21) will be presented in another publicatio
@39#.

TABLE I. Matching coefficients for the quark-antiquark pote
tial at m5m,n51. The tree-level contributions are the orderas

terms, and the one-loop corrections are the orderas
2 terms. The

values are for the on-shell potential, so all off-shell potentials s
as theVD potentials in Eq.~35! are set to zero. Contributions to th
matching from annihilation diagrams are given separately and
denoted by an extra subscripta.

V c
(T) 4pas(m)

V c
(1) 0

V k
(T)

as
2(m)( 7

8 CA2
1
8 Cd)

V k
(1)

as
2(m) 1

2 C1

V r
(T) 4pas(m)

V r
(1) 0

V L
(T) 26pas(m)24(CF1CA)as

2(m)
V L

(1) 0
V s

(T)
2

4
3 pas(m)1( 1

2 Cd2
5
6 CA2

4
3 CF)as

2(m)
V s

(1) 22C1as
2(m)

V t
(T) 2

1
3 pas(m)2

1
3 (CF1CA)as

2(m)
V t

(1) 0
V 2

(T) (2CF2
11
12Cd2

2
3 CA1

4
15TF)as

2(m)
V 2

(1) 11
3 C1as

2(m)

V s,a
(T) 1

Nc
pas~m!1S 1

4Nc
Cd22C1D~ip1222 ln 2!as

2~m!

1
1

Nc
H 109

36 CA24CF1
nfTF

3
~2 ln 22

5
32ip!2

8TF

9 Jas
2~m!

V s,a
(1) ~Nc

221!

2Nc
2 pas~m!1H 1

Nc
C11

~Nc
221!

8Nc
2

CdJ~ip1222 ln 2!as
2~m!

1
~Nc

221!

2Nc
2 H 109

36 CA24CF1
nfTF

3
~2 ln 22

5
32ip!2

8TF

9 Jas
2~m!

V 2,a
(T)

22S 1

4Nc
Cd22C1D~ip1222 ln 2!as

2~m!

V 2,a
(1) 22H 1

Nc
C11

~Nc
221!

8Nc
2

CdJ~ip1222 ln 2!as
2~m!
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III. TERMS IN THE POTENTIAL WHICH VANISH
ON SHELL

For the scattering Q(p1
0 ,p)1Q̄(p2

0 ,2p)→Q(p3
0 ,p8)

1Q̄(p4
0 ,2p8) consider adding

V(0)5@V D1
(T)~TA

^ T̄A!1V D1
(1)~1^ 1!#

~p3
02p1

0!2

k4

1@V D2
(T)~TA

^ T̄A!1V D2
(1)~1^ 1!#

~p822p2!2

4m2k4
~35!

to the potential in Eq.~14!. Here k5p82p and by energy
conservationp3

02p1
05p2

02p4
0. On shell, the potentials in Eq

~35! vanish, sincep1
05p3

0, p4
05p2

0, andp25p82. However, if
we work off shell, they are valid terms and in fact show up
many calculations that make use of time-ordered pertu
tion theory.

Matching to the tree level diagrams in Fig. 1 withp1
0

Þp3
0 gives a contribution to the potentials in Eq.~35!. In the

Feynman gauge one finds
f
a

an

to
d.
g

07401
a-

V D1
(T)54pas~m!, V D1

(1)50, V D2
(T)50, V D2

(1)50,
~36!

while in the Coulomb gauge one gets a different answer

V D1
(T)50, V D1

(1)50, V D2
(T)524pas~m!, V D2

(1)50. ~37!

Unlike the on-shell potentials discussed in the previous s
tion, the matching conditions for off-shell potentials a
gauge dependent. Using the expressions for the soft ver
in Feynman gauge in Appendix A, the one loop anomalo
dimensions are

n
]

]n
V D2

(T)522b0as~mn!2,

n
]

]n
V D1

(T)5n
]

]n
V D1

(1)5n
]

]n
V D2

(1)50. ~38!

Including the potential in Eq.~35! modifies the matching
condition for the 1/uku potentials and also makes this matc
ing gauge dependent. This is because in the effective the
there are now two new orderas

2/v diagrams:
~39!
ng
-

ns-

e
in

be
ials.
-

en-
an
ng
In Eq. ~39! the box labeled byVD denotes an insertion o
both operators in Eq.~35!, the ellipses denote operators th
vanish by the equations of motion~proportional to p1

0

2p2/2m,p3
02p82/2m etc.!, and we have defined

V D
(T)5V D1

(T)1V D2
(T) , V D

(1)5V D1
(1)1V D2

(1) . ~40!

In the Feynman gauge the matching conditions in Eq.~29!
now become

V kF
(T)5as

2~m!S 3CA

4
2

Cd

4 D , V kF
(1)5as

2~m!C1 , ~41!

while in the Coulomb gauge

V kC
(T)5CAas

2~m!, V kC
(1)50. ~42!

The 1/uku potential is often referred to as the non-Abeli
potential. From Eqs.~41! and ~42!, we see that the 1/uku
potential only vanishes in QED if the potential is taken
include off-shell components and Coulomb gauge is use

The result in Eq.~39! shows that in the off-shell matchin
potential one can make the replacements

VD
(T)→VD

(T)1z (T),

VD
(1)→VD

(1)1z (1),

Vk
(T)→Vk

(T)1
1

32p2
Vc

(T)Fz (1)2
1

4
~CA1Cd!z (T)G ,

Vk
(1)→Vk

(1)1
1

32p2
Vc

(T)C1z (T), ~43!
t
for arbitraryz (T,1). For instance, at the matching scale taki
z (1)50,z (T)528pas(m) effectively transforms the Feyn
man gauge result in Eqs.~36! and ~41! into the Coulomb
gauge result in Eqs.~37! and ~42!. Furthermore, takingz (1)

50 and z (T)54pas(m) transforms the off-shell Coulomb
gauge result into the on-shell result in Sec. II. These tra
formations convert terms in the potential that are orderasv

0

to orderas
2/v. Similar transformations for the position spac

color singlet potentials have been pointed out previously
Refs.@25–27#.

IV. QUARK-QUARK POTENTIAL

The quark-quark potentials in the effective theory can
defined in the same way as the quark-antiquark potent
The only difference is that theV(T) terms are now the coef
ficient of theTA

^ TA tensor, rather than theTA
^ T̄A tensor.

The computation of the quark-quark potential is almost id
tical to that of the quark-antiquark potential. The result c
be obtained from the quark-antiquark potential by omitti
the annihilation terms, and making the substitutionsCd

→2Cd and T̄A→TA. The change in sign ofCd arises from
the identities in Eq.~12!. ReplacingT̄ by T in these equa-
tions changes the sign of theCd terms.

The potential in the symmetric and antisymmetricQQ
color channels@the 6 and 3̄ for SU(3)] is given by

F Vsymmetric

Vantisymmetric
G5F 1

Nc21

2Nc

1 2
Nc11

2Nc

G F V1^ 1

VT^ T
G . ~44!
5-11
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The spin-1QQ combination is spin symmetric and th
spin-0QQ combination is spin antisymmetric. For identic
fermions in the initial state, for the symmetric spin-col
states we must antisymmetrize the potential in the mome
V5V(p,p8)2V(2p,p8), and for the antisymmetric spin
color states we must symmetrize the potential in the m
menta,V5V(p,p8)1V(2p,p8). This corresponds to includ
ing the crossed diagrams in the computation of
potentials.

V. QED

It is straightforward to obtain the QED potential from o
results. For oppositely charged particles of charge6Q, the
QED direct potential is given byQ2(V1^ 12VT^ T̄), where
V1^ 1 and VT^ T̄ are given by our QCD results withC1
5CF5TF51, CA5Cd50, andas→a. The on-shell 1/uku
potential does not vanish in this limit. In the results for t
annihilation potentials at the scalem in Eqs. ~17! and ~34!,
explicit factors ofNc were included in the Fierz transforma
tion, so it is simplest to just separately list the QED limit
these results:

V s,a
(T)52~ ip1222ln2!a2~m!Q2,

V s,a
(1)5pa~m!Q21H 2

44

9
1

nf

3

3S 2ln22
5

3
2 ip D J a2~m!Q2,

V 2,a
(T)52~ ip1222ln2!a2~m!Q2,

V 2,a
(1)50. ~45!
07401
ta,

-

e

For e1e2 we havenf50 and the terms in ourv0 potentials
agree with Ref.@15#.

For identical particles with chargeQ, there is only the
direct potential contribution, which is given byQ2(V1^ 1
1VT^ T), with C15CF5TF51, CA5Cd50, andas→a as
above. As discussed in Sec. IV, including the crossed d
grams gives a final potential that is symmetric or antisy
metric in the momenta depending on the symmetry of
spin state.

VI. CONCLUSION

We have computed theQQ̄ andQQ scattering amplitudes
in QCD to orderv2, and compared our results with previou
calculations. We have also computed the scattering graph
vNRQCD, and computed the matching condition atm5m
between the two theories. The matching potential was co
puted using on-shell matching, omitting terms which van
by the equations of motion. The result was compared w
approaches that include terms in the potential that vanish
shell. The one-loop matching coefficients are summarize
Table I, and can be combined with the two-loop running
give the potential at next to leading logarithmic order. T
computation of the heavy quark production current at nex
leading logarithmic order uses these results and will be
cussed in a subsequent publication@39#.
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APPENDIX A: COEFFICIENTS FOR THE SOFT LAGRANGIAN

The coefficient functions for the soft Lagrangian in Eq.~9! in the Feynman gauge are

U00
(0)5

1

q0
, U0i

(0)52
~2p822p2q! i

~p82p!2
, Ui0

(0)52
~p2p82q! i

~p82p!2
, Ui j

(0)5
22q0d i j

~p82p!2
, ~A1!

U00
(1)5

~p81p!•q

2m~q0!2
2

~p81p!•q

m~p82p!2
2

icFs•@q3~p2p8!#

m~p82p!2
1

~p822p2!

2m~p82p!2
,

U0i
(1)52

~p1p8! i

2mq0
1

icF~q3s! i

2mq0
1

q0~p1p8! i

2m~p82p!2
1

icFq0@~p2p8!3s# i

2m~p82p!2
,

Ui0
(1)52

~p1p8! i

2mq0
2

icF@~p2p81q!3s# i

2mq0
1

q0~p1p8! i

2m~p82p!2
1

icFq0@~p2p8!3s# i

2m~p82p!2
,

Ui j
(1)5

icFe i jksk

2m
1@2d i j qm1d im~2p822p2q! j1d jm~p2p82q! i #F ~p1p8!m1 icFemkl~p2p8!ksl

2m~p82p!2 G ,

U00
(2)52

cD~p82p!2

8m2q0
1

cSi s•~p83p!

4m2q0
1

~p•q!21~p8•q!2

2m2~q0!3
1

~22cD!~p2p8!•q

4m2q0
1

~12cD!q2

4m2q0
,
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U0i
(2)52

@p•q~2p1q! i1p8•q~2p82q! i #

4m2~q0!2
1

icF@q3s# i~p1p8!•q
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(1)52
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(1)5
2qi
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(1)5
d i j
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,
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~p82p!2
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2
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(2)LL52
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These expressions differ from those in Ref.@20# by terms proportional top822p2, and the values in Eqs.~A1! are the complete
on-shell expressions. Thep822p2 terms were not needed in calculating the one-loop running of the on-shell ordev0

potentials in Ref.@20#. In Sec. III, these terms were used to compute the running of the off-shell potential in Eq.~38!, and this
result depends on the fact that we used the on-shell soft Lagrangian. The coefficients in Eq.~A1! can be written in a manifestly
Hermitian form; however, we have instead usedq85q1p2p8 andq805q01p02p80 to eliminateq8 since this form is more
convenient for calculations. Reparametrization invariance@40# can be used to eliminatecS by the relationcS52cF21. The
running ofcD andcF is given in Ref.@41#.
074015-13



ANEESH V. MANOHAR AND IAIN W. STEWART PHYSICAL REVIEW D 62 074015
APPENDIX B: INTEGRALS

The effective theory integrals that appear in Eqs.~27! and ~28! are

I 05E d3q
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@2# Y. Schröder, Phys. Lett. B447, 321 ~1999!.
@3# T. Appelquist, M. Dine, and I. Muzinich, Phys. Lett.69B, 231

~1977!; Phys. Rev. D17, 2074~1978!.
@4# W.E. Caswell and G.P. Lepage, Phys. Lett.167B, 437 ~1986!.
@5# G.T. Bodwin, E. Braaten, and G.P. Lepage, Phys. Rev. D51,

1125 ~1995!; 55, 5853~E! ~1997!.
@6# P. Labelle, Phys. Rev. D58, 093013~1998!.
@7# M. Luke and A.V. Manohar, Phys. Rev. D55, 4129~1997!.
@8# A.V. Manohar, Phys. Rev. D56, 230 ~1997!.
@9# B. Grinstein and I.Z. Rothstein, Phys. Rev. D57, 78 ~1998!.

@10# M. Luke and M.J. Savage, Phys. Rev. D57, 413 ~1998!.
@11# A. Pineda and J. Soto, Nucl. Phys. B~Proc. Suppl.! 64, 428
07401
~1998!.
@12# A. Pineda and J. Soto, Phys. Rev. D58, 114011~1998!.
@13# M. Beneke and V.A. Smirnov, Nucl. Phys.B522, 321 ~1998!.
@14# H.W. Griesshammer, Phys. Rev. D58, 094027~1998!.
@15# A. Pineda and J. Soto, Phys. Rev. D59, 016005~1999!.
@16# M.E. Luke, A.V. Manohar, and I.Z. Rothstein, Phys. Rev.

61, 074025~2000!.
@17# N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Phys. Rev.

60, 091502~1999!.
@18# B.A. Kniehl and A.A. Penin, Nucl. Phys.B563, 200 ~1999!;

B577, 197 ~2000!.
@19# N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Phys. Lett.

470, 215 ~1999!; Nucl. Phys.B566, 275 ~2000!.
5-14



,

,

QCD HEAVY-QUARK POTENTIAL TO ORDERv2: ONE . . . PHYSICAL REVIEW D 62 074015
@20# A.V. Manohar and I.W. Stewart, Phys. Rev. D62, 014033
~2000!.

@21# For QED see A.H. Hoang, Phys. Rev. D56, 5851~1997!; 56,
7276 ~1997!. For QCD see A. Czarnecki and K. Melnikov
Phys. Rev. Lett.80, 2531 ~1998!; M. Beneke, A. Signer, and
V.A. Smirnov, ibid. 80, 2535~1998!.

@22# S.N. Gupta and S.F. Radford, Phys. Rev. D24, 2309 ~1981!;
25, 3430~1982!.

@23# S. Titard and F.J. Yndurain, Phys. Rev. D49, 6007~1994!.
@24# H. Georgi, Nucl. Phys.B361, 339 ~1991!.
@25# K. Melnikov and A. Yelkhovsky, Nucl. Phys.B528, 59 ~1998!.
@26# A.H. Hoang, Phys. Rev. D59, 014039~1999!.
@27# N. Brambilla, A. Pineda, J. Soto, and A. Vairo

hep-ph/0002250.
@28# K. Hasebe and Y. Sumino, Phys. Rev. D61, 105001~2000!.
@29# N. Van-Hieu and R. Faustov, Nucl. Phys.53, 337 ~1964!.
@30# Y.-Q. Chen, Y.-P. Kuang, and R.J. Oakes, Phys. Rev. D52,

264 ~1995!.
07401
@31# M. Beneke, A. Signer, and V.A. Smirnov, Phys. Lett. B454,
137 ~1999!.

@32# M.L.G. Redhead, Proc. R. Soc. LondonA220, 219 ~1953!.
@33# P.V. Nieuwenhuizen, Nucl. Phys.B28, 429 ~1971!.
@34# W. Buchmuller, Y. Ng, and S. Tye, Phys. Rev. D24, 3003

~1981!; J. Pantaleone, S. Tye, and Y. Ng,ibid. 33, 777~1986!.
@35# A.H. Hoang, Phys. Rev. D56, 7276~1997!.
@36# A.J. Buras and P.H. Weisz, Nucl. Phys.B333, 66 ~1990!.
@37# M.J. Dugan and B. Grinstein, Phys. Lett. B256, 239 ~1991!.
@38# S. Herrlich and U. Nierste, Nucl. Phys.B455, 39 ~1995!.
@39# A.V. Manohar and I.W. Stewart, hep-ph/0003107.
@40# M. Luke and A.V. Manohar, Phys. Lett. B286, 348 ~1992!.
@41# E. Eichten and B. Hill, Phys. Lett. B243, 427~1990!; A. Falk,

B. Grinstein, and M. Luke, Nucl. Phys.B357, 185 ~1991!; B.
Blok, J. Körner, D. Pirjol, and J. Rojas,ibid. B496, 358
~1997!; C. Bauer and A. Manohar, Phys. Rev. D57, 337
~1998!.
5-15


