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Off-shell structure of the anomalousZ and g self-couplings
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We establish the general off-shell structure of the three neutral gauge boson self-couplingsV1* V2* V3* , with
applications to theZ* Z* Z* , Z* Z* g* ,g* g* Z* cases. New coupling forms appear which do not exist when
two gauge bosons are on shell. We give the contribution arising from a fermionic triangle loop. It covers both
the standard model~SM! and possible new physics~NP! contributions such as those arising in the minimal
supersymmetric SM. For what concerns NP contributions with a high scale, we discuss the validity of an
effective Lagrangian involving a limited set of parameters. Finally we write the general expression of the

V1* V2* V3* -vertex contribution to thee1e2→( f f̄ )1( f 8 f̄ 8) amplitude.

PACS number~s!: 12.15.2y, 12.60.Cn, 13.10.1q, 14.70.2e
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I. INTRODUCTION

The phenomenological description of neutral anomal
gauge couplings~NAGC! among the photon andZ was es-
tablished in Refs.@1,2# and used for the discussion of the
observability at various types of present and future collide
see Refs.@3–7#. It has recently been reexamined and e
amples of new physics~NP! contributions have been dis
cussed@8,9#. After the first events obtained at the Fermila
Tevatron@10#, experimental data are now being collected
the CERNe1e2 collider LEP2 @11# through the processe
e1e2→ZZ and Zg. New possibilities will be offered by
linear e1e2 colliders ~LC! @12# and the CERN Linear Col-
lider ~CLIC! @13#.

The description used in Refs.@1,8,9# applies to the case
where one neutral gauge bosonV* is off shell1 and coupled
to e1e2 (V* 5g* or Z* ), while the other two neutra
gauge bosonsZZ or Zg are on shell. However, a large set
events collected at LEP2@14# consists of four-fermion state

~such asl l̄ qq̄), in which the invariant mass of thel l̄ or qq̄
pair varies from about 10 GeV up to theZ mass. For analyz-
ing these events through the processese1e2→Z* Z* ,
Z* g* , g* g* , taking into account2 contributions fromV*
→Z* Z* , Z* g* , g* g* , one needs a description of the of
shell Vi* Vj* Vk* vertex. The usual two-particle-on-shell vert
ces forZ* ZZ, Z* Zg, g* ZZ, g* Zg, which are forced by
Bose statistics to vanish wheneverV* goes on shell, are no
adequate to describeV* V* V* , since additionalqi

2 depen-
dences and new coupling forms may be generated, w
cannot be ignored. Some attempts to treat these off-she
fects exist in the literature for theV* →Z* Z* case@15#, but
a complete treatment is still lacking.

It is the purpose of this paper to present and discuss

1This off-shell state is indicated below by an asterisk.
2Note that electromagnetic gauge invariance prohibits

g* g* g* vertex.
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general description of theVi* Vj* Vk* off-shell couplings. We
proceed in several steps.

In Sec. II and Appendixes A and B, we establish the m
general form for aV* V* V* vertex involving three off shell
neutral gauge bosons~NGB!. For completeness, we also in
clude the ‘‘scalar’’qV terms, contributing in the case tha
one off-shellZ decays to a heavy fermion pair, through i
axial coupling. The only assumptions used are Lorentz
variance, Bose statistics andU(1)em invariance; separately
for the CP-conserving andCP-violating cases. We make
explicit applications to theZ* Z* Z* , Z* Z* g* , andg* g* Z*
couplings, and we point out the new coupling forms whi
do not exist when two particles are on shell, thus mak
contact with the previous description@8,9#. These genera
vertices apply to any standard model~SM! or NP contribu-
tion.

In Sec. III we consider an effective Lagrangian parame
zation which could apply to the case when the NP scaleL is
very high; i.e.,L@mZ . We show that the effective Lagrang
ian previously considered in Ref.@8# when two NGBs are on
shell, already contains some of the off-shell forms; but n
operators must be added in order to describe all poss
ones. These operators involve higher dimensions, so a h
archy may appear among the various possible off-shell
fects, which is quite natural in thisL@mZ case.

In Sec. IV we look for a possible dynamical origin o
these couplings. Virtual SM or NP contributions may inde
generate various off-shell NAGC. We describe them by g
eralizing the procedure of Ref.@9# based on triangle fermi-
onic loops, already considered in Refs.@16,17#. In Appendix
C we give the complete expression of the off-shellVi* Vj* Vk*
vertices generated by such fermionic loops. This is useful
the computation of the SM and the MSSM or NP contrib
tions, and it also allows to illustrate how the type of off-sh
effects changes, as the NP scale increases from the 100
level to the multi-TeV one. Typical figures are presente
illustrating the dependence of the various neutral gauge c
plings on the off-shell masses, the relative size of these c
plings as compared to their on-shell values, and the rang

y
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the NP scales for which an effective Lagrangian descript
in terms of low dimension operators, is adequate.

In Sec. V, we write, for completeness, the general str
ture of theV* V* V* contribution to four fermion amplitude
e1e2→( f f̄ )1( f 8 f̄ 8), including all off-shell contributions.
The results are summarized in Sec. VI, where the con
sions are also given.

II. DESCRIPTION OF OFF-SHELL NEUTRAL
SELF-BOSON COUPLINGS

The general procedure for determining the off-sh
V1* V2* V3* couplings is described in Appendix A for th
CP-conserving couplings and in Appendix B for th
CP-violating ones. We use the notations of Fig. 1 for t
general off-shellV1

a(q1)V2
b(q2)V3

m(q3) vertex~all qi being
outgoing momenta3!. The results can be summarize
as follows.

A. Z* Z* Z* couplings

There are sixCP-conserving independent forms listed
Appendix A, which are multiplied by six coupling function
denoted as

f i
Z* Z* Z* ~s1 ,s2 ,s3!, ~ i 5123!,

and

gi
Z* Z* Z* ~s1 ,s2 ,s3!, ~ i 5123!.

As in Eq. ~A3! we write the vertex interaction as

Gabm
Z* Z* Z* ~q1 ,q2 ,q3!5 i(

i 51

3

I abm
Z* Z* Z* ,i f i

Z* Z* Z* ~s1 ,s2 ,s3!

1 i(
i 51

3

Jabm
Z* Z* Z* ,igi

Z* Z* Z* ~s1 ,s2 ,s3!,

~1!

where the kinematics are defined in Fig. 1.
The threeI i and the threeJi forms are given in Eq.~A4!.

We note that theJi forms, associated togi , involve at least
one scalarqV factor, and they are thus are called ‘‘scalar
In contrast to them, the threeI i terms associated tof i , do not

3In previous works@8,9# P[2q3 was used for the initial off-shel
boson.

FIG. 1. The general neutral gauge boson vertexV1V2V3 .
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involve qV factors and they are called ‘‘transverse.’’ The
f i ,gi are functions ofs1 ,s2 ,s3 and satisfy the Bose symme
try relations presented in Eq.~A5!. We note in particular
from them, thatf 3(s1 ,s2 ,s3) is fully antisymmetric.

In case two of theZ’s are on-shell, say, e.g.,s15s2

5mZ
2 , Bose statistics forcesf 2

Z* Z* Z* , f 3
Z* Z* Z* to vanish,

leaving only one nonvanishing transverse coupling, cor
sponding tof 5

Z defined in Refs.@1,8,9# and satisfying

f 1
Z* Z* Z* ~mZ

2 ,mZ
2 ,s3![

s32mZ
2

mZ
2 f 5

Z~s3!, ~2!

where we have emphasized the fact that generallyf 5
Z is not

necessarily constant, but rather a form factor depending4

s3. In this on-shell case there remains also one ‘‘scalar’’ te

g3
Z* Z* Z* ~mZ

2 ,mZ
2 ,s3!,

which contributes only when the off-shellZ* couples to a
heavy fermion pair~such as, e.g.,t t̄ ) at a ‘‘mass’’ squared
s3. Such terms had been previously neglected. Thus, c
paring the on- and off-shell situations, we remark that in
off-shell case we have in addition two more ‘‘transvers
couplings and another two ‘‘scalar’’ ones.

In theCP violating case there exist 14 independent form
listed in Appendix B. Defining the kinematics as befo
through Fig. 1, we write@compare Eq.~B1!#

Gabm
Z* Z* Z* ~q1 ,q2 ,q3!5 i(

i 51

4

Ĩ abm
Z* Z* Z* ,i f̃ i

Z* Z* Z* ~s1 ,s2 ,s3!

1 i(
i 51

10

J̃abm
Z* Z* Z* ,i g̃i

Z* Z* Z* ~s1 ,s2 ,s3!,

~3!

where the fourĨ i are transverse, while the 10J̃i are scalar.
They are listed in Eqs.~B2!,~B3! and imply the Bose con-
straints~B4!,~B5! for the corresponding coupling function
( f̃ i ,g̃ j ).

In case two of theZ’s are onshell (s15s25mZ
2), then f̃ 1 ,

f̃ 4 vanish, while the other two transverse functions are op
site to each other, because of Bose symmetry. So only
transverse combination remains, related to the coupling c
stant f 4

Z defined in Refs.@1,8,9#, through

f̃ 2
Z* Z* Z* ~mZ

2 ,mZ
2 ,s3!52 f̃ 3

Z* Z* Z* ~mZ
2 ,mZ

2 ,s3!

5
mZ

22s3

2mZ
2 f 4

Z~s3!, ~4!

and the two scalar ones

4A similar emphasis of their form-factor nature is made in th
section for all NAGC defined in Refs.@1,8,9#.
2-2
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g̃1
Z* Z* Z* ~mZ

2 ,mZ
2 ,s3!, g̃6

Z* Z* Z* ~mZ
2 ,mZ

2 ,s3!.

Comparing with the results of Appendix B and with tho
of the on-shell treatment of Refs.@1,8,9#, we conclude that in
the generalCP-violating off-shell case, there are in additio
two transverse and eight scalar terms.

B. Z* Z* g* couplings

Now, there are five CP-conserving independent forms
fined in Appendix A through@cf. Eqs.~A7!,~A8!#

Gabm
Z* Z* g* ~q1 ,q2 ,q3!5 i(

i 51

3

I abm
Z* Z* g* ,i f i

Z* Z* g* ~s1 ,s2 ,s3!

1 i (
i 51,2

Jabm
Z* Z* g* ,igi

Z* Z* g* ~s1 ,s2 ,s3!.

~5!

Three of themf i
Z* Z* g* (s1 ,s2 ,s3) ( i 51,2,3) are transverse

while the ~conserved vector current! ~CVC! constraint

q3
m Gabm

Z* Z* g* (s1 ,s2 ,s3)50 reduces the number of the ‘‘sca

lar’’ terms to the two onesgi
Z* Z* g* (s1 ,s2 ,s3), (i 51,2).

These functions are submitted to the (Z* Z* ) Bose symmetry
relations appearing in Eq.~A9!.

In case the twoZ’s are onshell (s15s25mZ
2), Bose sym-

metry forces two of the transverse functions to vanish, wh
the two ‘‘scalar’’ ones become inefficient, as they are p
portional toq1

a or q2
b . Thus, we end up with only one~trans-

verse! coupling, corresponding tof 5
g defined in Refs.@1,8,9#:

f 1
Z* Z* g* ~mZ

2 ,mZ
2 ,s3![

s3

mZ
2 f 5

g~s3!. ~6!

If only one Z and the photon are onshell~i.e., s15mZ
2 , s3

50), we remain instead with two transverse combinatio
corresponding to the couplingsh3,4

Z defined in Refs.@1,8,9#,

f 2
Z* Z* g* ~mZ

2 ,s2,0!5
mZ

22s2

mZ
2 Fh3

Z~s2!1
mZ

22s2

4mZ
2 h4

Z~s2!G ,
f 3

Z* Z* g* ~mZ
2 ,s2,0!5

mZ
22s2

2mZ
4 h4

Z~s2!, ~7!

and one ‘‘scalar’’ term

g2
Z* Z* g* ~mZ

2 ,s2,0!,

since the other scalar term contains a factorq1
a making it

inefficient on shell.
Thus, in the general off-shell case, the three transve

functions can be considered as a generalization@due to the
(s1 ,s2 ,s3) dependence#, of the three on-shell coupling
f 5

g ,h3
Z ,h4

Z . There are also two scalar functions, previou
neglected.

In the CP-violating case, there are nine coupling form

of which the fourĨ abm
Z* Z* g* ,i ( i 51 –4) are transverse, whil
07301
e-

e
-

s

se
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the five J̃abm
Z* Z* g* ,i ( i 51 –5) are scalar. They are listed i

Eq. ~B7!. In terms of them, the corresponding neutral gau
self interactions is defined through@cf. Eq. ~B6!#

Gabm
Z* Z* g* ~q1 ,q2 ,q3!5 i(

i 51

4

Ĩ abm
Z* Z* g* ,i f̃ i

Z* Z* g* ~s1 ,s2 ,s3!

1 i(
i 51

5

J̃abm
Z* Z* g* ,i g̃i

Z* Z* g* ~s1 ,s2 ,s3!.

~8!

For g* →ZZ with the two Z’s being on shell (s15s2

5mZ
2), f̃ 1,3,4 vanish because of Bose symmetry; cf. Eq.~B8!.

In such a case the only remaining coupling is a transve
one related tof 4

g defined in Refs.@1,8,9# through

f̃ 2
Z* Z* g* ~mZ

2 ,mZ
2 ,s3!52

s3

2mZ
2 f 4

g~s3!. ~9!

No scalar term remains becauseq1
a ,q2

b give no on-shell con-
tribution.

For Z* →Zg with one realZ (s15mZ
2) and one real

g (s350), f̃ 1 vanishes andf̃ 2 is related tof̃ 4 because of the
CVC constraint. We thus end up with the two transve
functions related to theh1,2

Z couplings defined in Refs.@1,8,9#
by

f̃ 2
Z* Z* g* ~mZ

2 ,s2,0!52~s22mZ
2! f̃ 4

Z* Z* g* ~mZ
2 ,s2,0!

5
~s22mZ

2!2

8mZ
4 h2

Z~s2!,

f̃ 3
Z* Z* g* ~mZ

2 ,s2,0!5
s22mZ

2

2mZ
2 F2h1

Z~s2!

1
s22mZ

2

4mZ
2 h2

Z~s2!G , ~10!

and the two scalar combinations

@ g̃1
Z* Z* g* ~mZ

2 ,s2,0!2g̃2
Z* Z* g* ~mZ

2 ,s2,0!#,

@ g̃3
Z* Z* g* ~mZ

2 ,s2,0!2g̃4
Z* Z* g* ~mZ

2 ,s2,0!#,

previously neglected. So the general off-shell case invol
two more transverse couplings and three more scalar on

C. g* g* Z* couplings

There are four invariant forms in theCP-conserving case
listed in Appendix A@cf. Eqs.~A10!,~A11!#

Gabm
g* g* Z* ~q1 ,q2 ,q3!5 i(

i 51

3

I abm
g* g* Z* ,i f i

g* g* Z* ~s1 ,s2 ,s3!

1 iJabm
g* g* Z* ,1g1

g* g* Z* ~s1 ,s2 ,s3!,

~11!
2-3
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including again the three transverse functio

f i
g* g* Z* (s1 ,s2 ,s3) ( i 51 –3), but only one scala

g1
g* g* Z* (s1 ,s2 ,s3). We note that this reduction of the num

ber of scalar forms is due to the two CVC constraints

q1
aGabm

g* g* Z* ~s1 ,s2 ,s3!5q2
bGabm

g* g* Z* ~s1 ,s2 ,s3!50,

and the Bose symmetry between the two photons.
When one photon and oneZ are on shell (s250, s3

5mZ
2), these forms reduce to two independent transve

ones corresponding to the couplingsh3,4
g defined in Refs.

@1,8,9#:

f 1
g* g* Z* ~s1,0,mZ

2!5
s1

2mZ
2Fh3

g~s1!2
s1

2mZ
2 h4

g~s1!G ,
f 2

g* g* Z* ~s1,0,mZ
2!5

s1

2mZ
2Fh3

g~s1!1
mZ

222s1

2mZ
2 h4

g~s1!G ,
f 3

g* g* Z* ~s1,0,mZ
2!52

s1

2mZ
4 h4

g~s1!, ~12!

and one previously neglected scalar term

g1
g* g* Z* ~s1,0,mZ

2!.

So one sees that the general off-shell situation has one m
~transverse! form than in the previously studied on-she
case.

In the CP-violating case there are only six forms

Gabm
g* g* Z* ~q1 ,q2 ,q3!5 i(

i 51

4

Ĩ abm
g* g* Z* ,i f̃ i

g* g* Z* ~s1 ,s2 ,s3!

1 i (
i 51,2

J̃abm
g* g* Z* ,i g̃i

g* g* Z* ~s1 ,s2 ,s3!,

~13!

four of which are transversef̃ i
g* g* Z* (s1 ,s2 ,s3) ( i 51 –4)

and two scalar onesg̃i
g* g* Z* (s1 ,s2 ,s3) ~i51,2!; see Eqs.

~B10!, ~B11! in Appendix B.
When one photon and oneZ are on-shell, (s250, s3

5mZ
2 , q2

b[q3
m[0), one remains with only two independe

transverse forms related to the couplingsh1,2
g defined in Refs.

@1,8,9#:

f̃ 1
g* g* Z* ~s1,0,mZ

2!5
s1

2mZ
2 Fh1

g~s1!2
s12mZ

2

2mZ
2 h2

g~s1!G ,
f̃ 2

g* g* Z* ~s1,0,mZ
2!5 f̃ 3

g* g* Z* ~s1,0,mZ
2!52

s1

4mZ
2 h1

g~s1!,

f̃ 4
g* g* Z* ~s1,0,mZ

2!52
s1

8mZ
4 h2

g~s1!, ~14!
07301
e
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and no ‘‘scalar’’ term. Therefore, the general off-shell ca
for this vertex has two more transverse terms and two m
scalar ones.

III. THE EFFECTIVE LAGRANGIAN DESCRIPTION

The effective Lagrangian is an adequate formalism to
scribe the NP effects generated at a scaleL, which is much
higher than the actual energy~or external mass! in the pro-
cess considered (Asi or MZ). In this case, it is natural to
restrict the set of operators to those with the lowest poss
dimensions~the higher dimension contributions being d
pressed by powers ofsi /L2), and thus reducing somewha
the number of free parameters. Of course, the dimensio
the operators needed to generate each specific form of in
actions vertex, may strongly depend on it.

Below, for each NAGC type of vertex (Z* Z* Z* ,
Z* Z* g* , g* g* Z* ), we first establish a set of operator
with the lowest possible dimension, which can generate
vertex forms established in Sec. II. Each such lowest dim
sional operator generating a given vertex form (I i••• or
Ji•••) produces a coupling function@ f i(s1 ,s2 ,s3)••• or
gi(s1 ,s2 ,s3)•••] characterized by the lowest power ofsi
consistent with the corresponding Bose constraints prese
in Appendixes A, B. Thus, a constantf j appears in the cas
of a fully symmetric function, a factor (si2sj ) for a function
antisymmetric in the exchange ofsi ,sj etc.

The lowest-dimensional operators contributing to NAG
have5 mainly dim56. We therefore start by enumerating a
of them. It turns out though, that this list operators is n
sufficient to generate all vertex forms. We therefore proce
to include also a minimal set of higher-dimensional operat
which generate the missing vertices. This constitutes w
we call the basic effective Lagrangian expressed as

L5eS (
i

l iOi1(
i

l̃ iÕi D , ~15!

where the operatorsOi and Õi are CP conserving andCP

violating, respectively, whilel i and l̃ i are their correspond
ing ~dimensional! coupling constants.

A. The Z* Z* Z* CP conserving operators„ iÄ1,6…

Using the notation

Z̃mn5
1

2
emnrsZrs, Zmn5]mZn2]nZm , ~16!

and similarly for the photon tensorFmn , the set of the
Z* Z* Z* CP-conserving operators defined as above, is

O 1
Z* Z* Z* 5Z̃mn~]sZsm!Zn,

O 2
Z* Z* Z* 5hZ̃mnZmhZn,

5For theCP-violating Z* Z* Z* case, there exists a single operat
of dim54 which is of course also included, see below.
2-4
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O 3
Z* Z* Z* 5~h2Z̃mn!~h]sZmn!Zs ,

O 4
Z* Z* Z* 5Z̃mn~]mZn!~]sZs!,

O 5
Z* Z* Z* 5Z̃mn~]mZn!~h]sZs!,

O 6
Z* Z* Z* 5Z̃mn~]mhZn!~]sZs!. ~17!

The transverse terms are given byO 1
Z* Z* Z* ~dim56!,

O2
Z* Z* Z* ~dim58!, andO 3

Z* Z* Z* ~dim512!. We note in par-

ticular that the operatorO 3
Z* Z* Z* is required for generating

the fully antisymmetric structure off 3
Z* Z* Z* (s1 ,s2 ,s3), ~see

below!. The scalar terms areO 4
Z* Z* Z* ~dim56! and

O5,6
Z* Z* Z* ~dim58!.
The corresponding coupling functions@see Eq.~1!#! are

f 1
Z* Z* Z* ~s1 ,s2 ,s3!52

1

2
~s11s222s3!l 1

Z* Z* Z*

1
1

2
~s3~s11s2!22s1s2!l 2

Z* Z* Z*

1
1

2
@s1s2~s12s2!22s3

2$s1~s32s1!

1s2~s32s2!%# l 3
Z* Z* Z* ,

f 2
Z* Z* Z* ~s1 ,s2 ,s3!52

3

2
~s12s2!l 1

Z* Z* Z*

2
3

2
s3~s12s2!l 2

Z* Z* Z* 1
s22s1

2

3$s3@s1s22s1
22s2

21s3~s11s2!#

22s1s2~s11s2!% l 3
Z* Z* Z* ,

f 3
Z* Z* Z* ~s1 ,s2 ,s3!5@s1

2~s22s3!1s3
2~s12s2!

1s2
2~s32s1!# l 3

Z* Z* Z* ,

g1
Z* Z* Z* ~s1 ,s2 ,s3!52l 1

Z* Z* Z* 12l 4
Z* Z* Z*

22s1l 5
Z* Z* Z* 2~s21s3!l 6

Z* Z* Z*

12~s3
2s21s2

2s12s1
2s2!l 3

Z* Z* Z* ,

g2
Z* Z* Z* ~s1 ,s2 ,s3!52l 1

Z* Z* Z* 12l 4
Z* Z* Z*

22s2l 5
Z* Z* Z* 2~s11s3!l 6

Z* Z* Z*

12~s3
2s11s1

2s22s2
2s1!l 3

Z* Z* Z* ,
07301
g3
Z* Z* Z* ~s1 ,s2 ,s3!52l 1

Z* Z* Z* 12l 4
Z* Z* Z* 22s3l 5

Z* Z* Z*

2~s21s1!l 6
Z* Z* Z* 2@s1~s3

22s2
2!

2s3~s1
21s2

2!1s2~s3
22s1

2!# l 3
Z* Z* Z* .

~18!

We also remark that the on-shell couplingf 5
Z defined in

Refs. @1,8,9# for the CP-conservingZ* ZZ vertex is related
to the relevant three transverse couplings defined here fo
off-shell case by

f 5
Z5mZ

2@ l 1
Z* Z* Z* 1mZ

2~ l 2
Z* Z* Z* 1s3

2l 3
Z* Z* Z* !#. ~19!

Thus, going from the on-shell treatment of th
CP-conservingZ* ZZ NAGC case, to the present effectiv
Lagrangian off-shell one, we have to increase the numbe
parameters from one to three.

B. The Z* Z* Z* CP-violating operators „ iÄ1,14…

The relevant set of operators is

Õ1
Z* Z* Z* 52Zs~]sZn!~]mZmn!,

Õ2
Z* Z* Z* 5~hZa!~]aZm!~hZm!,

Õ3
Z* Z* Z* 5Za~]aZm!~h2Zm!,

Õ4
Z* Z* Z* 5~h2]aZb!~]mhZa!~]bZm!,

Õ5
Z* Z* Z* 5ZmZm~]sZs!,

Õ6
Z* Z* Z* 5~hZm!Zm~]sZs!,

Õ7
Z* Z* Z* 5ZmZmh~]sZs!,

Õ8
Z* Z* Z* 5~]sZs!~]nZm!~]mZn!,

Õ9
Z* Z* Z* 5~]sZs!~h]aZb!~]bZa!,

Õ10
Z* Z* Z* 5~h]sZs!~]aZb!~]bZa!,

Õ11
Z* Z* Z* 5h]a~]sZs!~]bZb!Za ,

Õ12
Z* Z* Z* 5h]a~]sZs!~]bZb!~hZa!,

Õ13
Z* Z* Z* 5h2]a~]sZs!~]bZb!Za ,

Õ14
Z* Z* Z* 5~]sZs!~]mZm!~]nZn!. ~20!
2-5
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The transverse terms are given byÕ1
Z* Z* Z* ~dim56!, Õ2,3

Z* Z* Z* ~dim58!, andÕ4
Z* Z* Z* ~dim512!; while the scalar ones ar

generated byÕ5
Z* Z* Z* ~dim54!, Õ628,14

Z* Z* Z* (dim56), Õ9211
Z* Z* Z* (dim58) andÕ12,13

Z* Z* Z* (dim510). Note the presence of

dim54 operator,Õ5
Z* Z* Z* , multiplied by a dimensionless coupling, which would induceCP violation when oneZ has a scalar

component coupled to a heavy quark pair.
The corresponding coupling functions are

f̃ 1
Z* Z* Z* ~s1 ,s2 ,s3!5

1

2
~s22s1!~ l̃ 1

Z* Z* Z* 1s3 l̃ 2
Z* Z* Z* !2

1

2
~s1

22s2
2! l̃ 3

Z* Z* Z* ,

f̃ 2
Z* Z* Z* ~s1 ,s2 ,s3!5

1

2
~s22s3!~ l̃ 1

Z* Z* Z* 1s1 l̃ 2
Z* Z* Z* !2

1

2
~s3

22s2
2! l̃ 3

Z* Z* Z* ,

f̃ 3
Z* Z* Z* ~s1 ,s2 ,s3!5

1

2
~s32s1!~ l̃ 1

Z* Z* Z* 1s2 l̃ 2
Z* Z* Z* !2

1

2
~s1

22s3
2! l̃ 3

Z* Z* Z* ,

f̃ 4
Z* Z* Z* ~s1 ,s2 ,s3!5

1

8
~a12a2! l̃ 4

Z* Z* Z* ,

g̃1
Z* Z* Z* ~s1 ,s2 ,s3!52

1

2
~s11s2!~ l̃ 1

Z* Z* Z* 1s3 l̃ 2
Z* Z* Z* !2

1

2
~s1

21s2
2! l̃ 3

Z* Z* Z*

12 l̃ 5
Z* Z* Z* 2~s11s2! l̃ 6

Z* Z* Z* 22s3 l̃ 7
Z* Z* Z* ,

g̃2
Z* Z* Z* ~s1 ,s2 ,s3!52

1

2
~s31s2!~ l̃ 1

Z* Z* Z* 1s1 l̃ 2
Z* Z* Z* !2

1

2
~s3

21s2
2! l̃ 3

Z* Z* Z*

12 l̃ 5
Z* Z* Z* 2~s31s2! l̃ 6

Z* Z* Z* 22s1 l̃ 7
Z* Z* Z* ,

g̃3
Z* Z* Z* ~s1 ,s2 ,s3!52

1

2
~s11s3!~ l̃ 1

Z* Z* Z* 1s2 l̃ 2
Z* Z* Z* !2

1

2
~s1

21s3
2! l̃ 3

Z* Z* Z*

12 l̃ 5
Z* Z* Z* 2~s11s3! l̃ 6

Z* Z* Z* 22s2 l̃ 7
Z* Z* Z* ,

g̃4
Z* Z* Z* ~s1 ,s2 ,s3!5

1

2
l̃ 1

Z* Z* Z* 1
1

8
~a11a2! l̃ 4

Z* Z* Z* 2
1

2
l̃ 8

Z* Z* Z*

1
1

4
~s21s3! l̃ 9

Z* Z* Z* 1
1

2
s1 l̃ 10

Z* Z* Z* ,

g̃5
Z* Z* Z* ~s1 ,s2 ,s3!5

1

2
l̃ 1

Z* Z* Z* 1
1

8
~a11a2! l̃ 4

Z* Z* Z* 2
1

2
l̃ 8

Z* Z* Z* 1
1

4
~s11s3! l̃ 9

Z* Z* Z*

1
1

2
s2 l̃ 10

Z* Z* Z* ,

g̃6
Z* Z* Z* ~s1 ,s2 ,s3!5

1

2
l̃ 1

Z* Z* Z* 1
1

8
~a11a2! l̃ 4

Z* Z* Z* 2
1

2
l̃ 8

Z* Z* Z* 1
1

4
~s21s1! l̃ 9

Z* Z* Z*

1
1

2
s3 l̃ 10

Z* Z* Z* ,

g̃7
Z* Z* Z* ~s1 ,s2 ,s3!5

1

8
~a22a1! l̃ 4

Z* Z* Z* 1
1

4
~s22s1! l̃ 9

Z* Z* Z* 1
1

2
~s12s2! l̃ 10

Z* Z* Z*

1
1

2
~s12s2! l̃ 111

s3

2
~s22s1! l̃ 12

Z* Z* Z* 1
1

2
~s2

22s1
2! l̃ 13

Z* Z* Z* ,
073012-6
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g̃8
Z* Z* Z* ~s1 ,s2 ,s3!5

1

8
~a12a2! l̃ 4

Z* Z* Z* 1
1

4
~s22s3! l̃ 9

Z* Z* Z* 1
1

2
~s32s2! l̃ 10

Z* Z* Z*

1
1

2
~s32s2! l̃ 11

Z* Z* Z* 1
s1

2
~s22s3! l̃ 12

Z* Z* Z* 1
1

2
~s2

22s3
2! l̃ 13

Z* Z* Z* ,

g̃9
Z* Z* Z* ~s1 ,s2 ,s3!5

1

8
~a12a2! l̃ 4

Z* Z* Z* 1
1

4
~s32s1! l̃ 9

Z* Z* Z* 1
1

2
~s12s3! l̃ 10

Z* Z* Z*

1
1

2
~s12s3! l̃ 11

Z* Z* Z* 1
s2

2
~s32s1! l̃ 12

Z* Z* Z* 1
1

2
~s3

22s1
2! l̃ 13

Z* Z* Z* ,

g̃10
Z* Z* Z* ~s1 ,s2 ,s3!52

3

2
l̃ 1

Z* Z* Z* 2
1

8
~a11a2! l̃ 4

Z* Z* Z* 2
3

2
l̃ 8

Z* Z* Z* 1
1

2
~s11s21s3! l̃ 9

Z* Z* Z*

1
1

2
~s11s21s3! l̃ 10

Z* Z* Z* 2~s11s21s3! l̃ 11
Z* Z* Z*

1~s1s31s2s31s1s2! l̃ 12
Z* Z* Z* 1~s1

21s2
21s3

2! l̃ 13
Z* Z* Z* 2 l̃ 14

Z* Z* Z* , ~21!
ff
a

y

ct
k

with

a12a25s1
2~s22s3!1s2

2~s32s1!1s3
2~s12s2!,

a11a25s1
2~s21s3!1s2

2~s31s1!1s3
2~s11s2!. ~22!

We also remark that the on-shell single parameterf 4
Z ,

defined in@1,8,9#, is related to the present ones by

f 4
Z5mZ

2@ l̃ 1
Z* Z* Z* 1mZ

2 l̃ 2
Z* Z* Z* 1~s31mZ

2! l̃ 3
Z* Z* Z* #.

~23!

Thus, going from the on-shell treatment of theCP-violating
Z* ZZ NAGC case, to the present effective Lagrangian o
shell one, we have again to increase the number of par
eters from 1 to 3.

C. The Z* Z* g* CP-conserving operators„ iÄ1,5…

The operator set is

O 1
Z* Z* g* 52F̃mnZn~]sZsm!, O 2

Z* Z* g* 5Z̃mnZn~]sFsm!,

O 3
Z* Z* g* 5~h]sZra!ZsF̃ra , O 4

Z* Z* g* 5F̃mnZmn~]sZs!,

O 5
Z* Z* g* 5F̃mnZmnh~]sZs!. ~24!

Here the transverse terms are given byO 1,2
Z* Z* g* ~dim56!

andO 3
Z* Z* g* ~dim58!; while the scalar ones are induced b

O 4
Z* Z* g* ~dim56! andO 5

Z* Z* g* ~dim58!.
The corresponding coupling functions are

f 1
Z* Z* g* ~s1 ,s2 ,s3!5s3l 2

Z* Z* g* 2
1

2
s3~s11s2!l 3

Z* Z* g* ,
07301
-
m-

f 2
Z* Z* g* ~s1 ,s2 ,s3!5~s12s2!l 1

Z* Z* g*

1
1

2
~s22s1!~s11s2!l 3

Z* Z* g* ,

f 3
Z* Z* g* ~s1 ,s2 ,s3!5~s12s2!l 3

Z* Z* g* ,

g1
Z* Z* g* ~s1 ,s2 ,s3!52 l 1

Z* Z* g* 12s2l 3
Z* Z* g*

12l 4
Z* Z* g* 22s1l 5

Z* Z* g* ,

g2
Z* Z* g* ~s1 ,s2 ,s3!52 l 1

Z* Z* g* 12s1l 3
Z* Z* g*

12l 4
Z* Z* g* 22s2l 5

Z* Z* g* . ~25!

Comparing now to the parameters defined in Refs.@1,8,9#,
we remark that when twoZ’s are on shell one obtains

f 5
g5mZ

2~ l 2
Z* Z* g* 2mZ

2l 3
Z* Z* g* !, ~26!

while when oneg and oneZ are on shell one obtains6

h3
Z5mZ

2~ l 1
Z* Z* g* 2mZ

2l 3
Z* Z* g* !, h4

Z52mZ
4l 3

Z* Z* g* .
~27!

6It is important to note that, contrary to the case of the form

I abm
Z* Z* g* ,35q3

b@q1q2ma#1q3
a@q1q2mb#,

the formq3
a@q1q2mb# associated to theh4

Z,g couplings, defined in
Refs.@1,8#, has not a well-defined Bose symmetry property. In fa
under Bose symmetry,h3

Z,g andh4
Z,g get mixed. The same remar

applies to theCP-violating couplingh2
Z,g .
2-7
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So when considering these two on-shell processes we
the same number of transverse parameters as in the ge
off-shell case.

D. The Z* Z* g* CP-violating operators „ iÄ1,9…

These operators are

Õ1
Z* Z* g* 52FmbZb~]sZsm!,

Õ2
Z* Z* g* 52~]a]bhZm!ZaFmb,

Õ3
Z* Z* g* 52~]mFmb!Za~]aZb!,

Õ4
Z* Z* g* 5]mFmn~h]nZa!Za,

Õ5
Z* Z* g* 5~]sZs!Fmn~]mZn!,
07301
ve
ral

Õ6
Z* Z* g* 5~]sZs!~]mFmn!Zn,

Õ7
Z* Z* g* 5h~]sZs!Fmn~]mZn!,

Õ8
Z* Z* g* 5~]sZs!Fmn~h]mZn!,

Õ9
Z* Z* g* 5h]n~]sZs!~]bZb!]mFmn .

~28!

The transverse terms are given byÕ1,3
Z* Z* g* ~dim56!,

Õ2,4
Z* Z* g* ~dim58!; while the scalar ones are generated

Õ5,6
Z* Z* g* ~dim56!, Õ7,8

Z* Z* g* ~dim58! and Õ9
Z* Z* g* ~dim

510!.
The corresponding coupling functions are
f̃ 1
Z* Z* g* ~s1 ,s2 ,s3!5

s3

2
~s12s2! l̃ 4

Z* Z* g* ,

f̃ 2
Z* Z* g* ~s1 ,s2 ,s3!52

1

2
s3 l̃ 3

Z* Z* g* 2
1

8
@s1~s22s12s3!1s2~s12s22s3!# l̃ 2

Z* Z* g* ,

f̃ 3
Z* Z* g* ~s1 ,s2 ,s3!5

1

2
~s12s2! l̃ 1

Z* Z* g* 1
1

8
@s2~s21s3!2s1~s11s3!# l̃ 2

Z* Z* g* ,

f̃ 4
Z* Z* g* ~s1 ,s2 ,s3!5

1

8
~s12s2! l̃ 2

Z* Z* g* ,

g̃1
Z* Z* g* ~s1 ,s2 ,s3!5

1

2
s3 l̃ 1

Z* Z* g* 2
1

2
s3 l̃ 3

Z* Z* g* 2
1

8
@s1~s22s12s3!1s2~s12s22s3!# l̃ 2

Z* Z* g*

1
1

2
s3 l̃ 5

Z* Z* g* 2s3 l̃ 6
Z* Z* g* 1

1

4
@~s22s1!22s3~s11s2!# l̃ 7

Z* Z* g*

2
1

4
@~s22s1!21s3~s11s2!# l̃ 8

Z* Z* g* ,

g̃2
Z* Z* g* ~s1 ,s2 ,s3!5

1

8
@s2~s21s3!2s1~s11s3!# l̃ 2

Z* Z* g*

1
1

2
~s22s1! l̃ 5

Z* Z* g*

1
1

4
@~s1

22s2
2!2s3~s12s2!# l̃ 7

Z* Z* g* 1
1

4
@~s1

22s2
2!1s3~s12s2!# l̃ 8

Z* Z* g* ,

g̃3
Z* Z* g* ~s1 ,s2 ,s3!52

1

4
l̃ 1

Z* Z* g* 1
s11s2

8
l̃ 2

Z* Z* g* 1
1

4
l̃ 5

Z* Z* g* 2
1

8
~s11s2! l̃ 7

Z* Z* g*

2
1

8
~s11s2! l̃ 8

Z* Z* g* ,
2-8
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g̃4
Z* Z* g* ~s1 ,s2 ,s3!52

1

8
~s12s2! l̃ 7

Z* Z* g* 1
1

8
~s12s2! l̃ 8 ,

g̃5
Z* Z* g* ~s1 ,s2 ,s3!5

s22s1

8
l̃ 2

Z* Z* g* 1
1

4
~s22s1! l̃ 7

Z* Z* g* 1
1

4
~s12s2! l̃ 8

Z* Z* g*

2
1

2
s3~s12s2! l̃ 9

Z* Z* g* . ~29!

Comparing to the parameters defined in Refs.@1,8,9#, when twoZ’s are on shell, one obtains

f 4
g5mZ

2S l̃ 3
Z* Z* g* 2

mZ
2

2
l̃ 2

Z* Z* g* D , ~30!

while when oneg and oneZ are on shell, we get

h1
Z5mZ

2S l̃ 1
Z* Z* g* 2

mZ
2

2
l̃ 2

Z* Z* g* D , h2
Z5mZ

4 l̃ 2
Z* Z* g* . ~31!

So the off-shell case has one more transverse parameter (l̃ 4
Z* Z* g* ) than the on-shell one.

E. The g* g* Z* CP-conserving operators„ iÄ1,4…

The four operators of this case are

O 1
g* g* Z* 52F̃ra~]sFsr!Za, O 2

g* g* Z* 5hF̃mn~]sFsm!Zn ,

O 3
g* g* Z* 5~h]sFra!ZsF̃ra , O 4

g* g* Z* 5F̃mnFmn~]sZs!. ~32!

The transverse terms are given byO 1
g* g* Z* ~dim56! andO 2,3

g* g* Z* ~dim58!; while the scalar term byO 4
g* g* Z* ~dim56!.

The corresponding coupling functions are

f 1
g* g* Z* ~s1 ,s2 ,s3!5

1

2
~s11s2!l 1

g* g* Z* 1s1s2l 2
g* g* Z* 2

1

2
~s12s2!2l 3

g* g* Z* ,

f 2
g* g* Z* ~s1 ,s2 ,s3!5

1

2
~s12s2!l 1

g* g* Z* 1
1

2
~s12s2!~s322s122s2!l 3

g* g* Z* ,

f 3
g* g* Z* ~s1 ,s2 ,s3!5~s22s1!l 3

g* g* Z* ,

g1
g* g* Z* ~s1 ,s2 ,s3!5~s11s2!l 3

g* g* Z* 14l 4
g* g* Z* . ~33!

When oneg and oneZ are on shell, one gets

h3
g5mZ

2l 1
g* g* Z* , h4

g52mZ
4l 3

g* g* Z* , ~34!

when comparing to the parameters of Refs.@1,8,9#, and one observes that there is one less transverse parameter (l 2
g* g* Z* ) than

in the off-shell case.

F. The g* g* Z* CP-violating operators „ iÄ1,6…

We now have

Õ1
g* g* Z* 52~]sFsm!ZbFmb, Õ2

g* g* Z* 5~hFmn!Fna~]mZa!,

Õ3
g* g* Z* 52~]a]b]rFrm!ZaFmb, Õ4

g* g* Z* 5~h]mFmn!~]sFsa!~]nZa!,

Õ5
g* g* Z* 5~]sZs!FmnFmn , Õ6

g* g* Z* 5]m~]sZs!Fmn~]bFbn!. ~35!
073012-9
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The transverse terms are given byÕ1
g* g* Z* ~dim56!, Õ2,3

g* g* Z* ~dim58! and Õ4
g* g* Z* ~dim510!. The scalar terms are

Õ5
g* g* Z* ~dim56! andÕ6

g* g* Z* ~dim58!.
The corresponding coupling functions are

f̃ 1
g* g* Z* ~s1 ,s2 ,s3!5

1

2
~s12s2! l̃ 1

g* g* Z* 1
1

4
@s2~s21s3!2s1~s11s3!# l̃ 2

g* g* Z*

1
1

4
~s12s2!~s32s12s2! l̃ 3

g* g* Z* ,

f̃ 2
g* g* Z* ~s1 ,s2 ,s3!52

1

4
~s11s2! l̃ 1

g* g* Z* 1
s1

21s2
2

4
l̃ 2

g* g* Z* 2
s1s2

2
~s11s2! l̃ 4

g* g* Z* ,

f̃ 3
g* g* Z* ~s1 ,s2 ,s3!5

1

4
~s22s1! l̃ 1

g* g* Z* 1
s1

22s2
2

4
l̃ 2

g* g* Z* 1
s1s2

2
~s22s1! l̃ 4

g* g* Z* ,

f̃ 4
g* g* Z* ~s1 ,s2 ,s3!5

1

8
~s12s2! l̃ 2

g* g* Z* 2
1

8
~s12s2! l̃ 3

g* g* Z* ,

g̃1
g* g* Z* ~s1 ,s2 ,s3!5

1

2
~s11s2! l̃ 1

g* g* Z* 1
1

4
@s1~s22s12s3!1s2~s12s22s3!# l̃ 2

g* g* Z*

2
1

4
~s11s2!~s32s12s2! l̃ 3

g* g* Z* 22~s32s12s2! l̃ 5
g* g* Z*

1
1

2
@s1~s12s22s3!1s2~s22s12s3!# l̃ 6

g* g* Z* ,

g̃2
g* g* Z* ~s1 ,s2 ,s3!5

1

8
~s11s2! l̃ 2

g* g* Z* 1
1

8
~s11s2! l̃ 3

g* g* Z*

1 l̃ 5
g* g* Z* 1

1

4
~s11s2! l̃ 6

g* g* Z* . ~36!
r i

ig

o

-

are
the

of
hell
ld

the
When oneg and oneZ are on shell, one obtains

h1
g5mZ

2~ l̃ 1
g* g* Z* 2s1 l̃ 2

g* g* Z* !,

h2
g52mZ

4~ l̃ 2
g* g* Z* 2 l̃ 3

g* g* Z* !, ~37!

which express the on-shell parameters of Refs.@1,8,9#, in

terms of the present ones. We observe thatl̃ 4
g* g* Z* is not

involved and that only two transverse parameters appea
stead of four in the off-shell case.

G. Comments about the lowest-dimensional parametrization

As already said the effective Lagrangian of Eq.~15! is
suitable for describing NP effects generated at a very h
scale. If this occurs, then it may turn out to be adequate
restrict to operators of dim56. Keeping only transverse
terms ~which is absolutely legitimate, provided that n
events involvingZ→t t̄ decays are considered! then we end
up with just fourCP-conserving and four CP-violating cou
plings; namely,
07301
n-

h
to

l 1
Z* Z* Z* , l̃ 1

Z* Z* Z* , l 1
Z* Z* g* , l 2

Z* Z* g* , l̃ 1
Z* Z* g* ,

l̃ 3
Z* Z* g* , l 1

g* g* Z* , l̃ 1
g* g* Z* . ~38!

If in addition, the higher dimensional operators above
also included, we have to add to this set of parameters
following:

l 2
Z* Z* Z* , l 3

Z* Z* Z* , l̃ 2
Z* Z* Z* , l̃ 3

Z* Z* Z* , l̃ 4
Z* Z* Z* ,

l 3
Z* Z* g* , l̃ 2

Z* Z* g* , l̃ 4
Z* Z* g* ,

l 2
Z* Z* g* , l 3

Z* Z* g* , l̃ 2
Z* Z* g* , l̃ 3

Z* Z* g* , l̃ 4
Z* Z* g* .

~39!

Thus, within the context of the effective Lagrangian
this Sec. III, we need 21 parameters to describe the off-s
effects for all ‘‘transverse’’ NAGC. These parameters wou
be related to those defined on-shell in Refs.@1,8,9# by Eqs.
~19!,~23!,~26!,~27!,~30!,~31!,~34!,~37!. Furthermore, if the
NP scale is very high, then it is natural to expect that
2-10
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dim58 terms ~which are proportional to 1/L4), should be
strongly suppressed. The suppression should even be s
ger for the higher dim510,12 terms. In this case the set
eight parameters in Eq.~38! should be the dominant ones.

Let us insist on the merit of the effective Lagrangian~15!
which allows through Eqs.~18!,~21!,~25!,~29!,~33!,~36!, to
get the precise off-shellsi dependence of the amplitudes co
sistent with Bose symmetry and CVC. Provided the NP sc
is high, these should the suitable expressions for a mo
independent data analysis.

On the other hand, if the NP scale inducing NAGC is ne
the energy scale of the measurements, then the effective
grangian description becomes inadequate. In such a case
namical models such as those considered in the next se
can be much more useful in providing hints for the descr
tion of the possible new physics.

Finally, if Z→t t̄ decays are also included in the NAG
analysis; then the ‘‘scalar’’ couplings should also be
cluded. Altogether, there exist 23 such couplings in the
fective Lagrangian listed above. Eleven of them corresp
to dim56 operators, and constitute a set of the th
CP-conserving

l 4
Z* Z* Z* , l 4

Z* Z* g* , l 4
g* g* Z* ,

and the eightCP-violating

l̃ 5
Z* Z* Z* , l̃ 6

Z* Z* Z* , l̃ 7
Z* Z* Z* , l̃ 8

Z* Z* Z* , l̃ 14
Z* Z* Z* ,

l̃ 5
Z* Z* g* , l̃ 6

Z* Z* g* , l̃ 5
g* g* Z*

couplings, while the remaining 12 describe highe
dimensional scalar NAGC.

Before concluding this subsection we add a few co
ments concerning SU(2)3U(1) gauge invariance. Strictly
speaking the NP vertices introduced to the effective
grangian by the NP operators in Eqs.~17!,~20!,~24!,~28!,
~32!,~35!, should only be used in the unitary gauge.7 This
restriction can be easily cured though, by making the sub
tutions

Zmn→2sWBmn2
2cW

v2
~F†tWF!•WW mn ,

Fmn→cWBmn2
2sW

v2
~F†tWF!•WW mn ,

Zm→ i
4sWcW

v2
~F†DmF!, ~40!

which transforms them to a gauge invariant form. In Eq.~40!
F is the SM Higgs doublet,v its vacuum expectation value
andDm is the usual SU(2)3U(1) covariant derivative.

7We would like to thank E. Boos for discussions on this point
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The substitutions~40! generally change the dimensiona
ity of the various operators. If after performing them, w
make the further restriction that only the lowest dim58 op-
erators are retained, then we just end up with the two op
tors

OSU(2)3U(1)5 iB̃mn~]sBsm!~F†DnF!,

ÕSU(2)3U(1)5 iBmn~]sBsm!~F†DnF!. ~41!

These are the only dim58 SU(2)3U(1) invariant operators
which in the unitary gauge only involve either purely neut
triple gauge couplings, or couplings affecting three neut
gauge bosons and a Higgs field. They are closely relate
the O 1

V1V2V3 andÕ1
V1V2V3 defined in the various subsection

above.

IV. A TOY MODEL: THE FERMIONIC TRIANGLE LOOP

In Ref. @9#, we have discussed the possible dynami
origin of the triple neutral gauge boson interactions, wh
two of the gauge bosons are on shell. The first conclus
there was that, at the one-loop level of any fundamen
renormalizable gauge theory, nonvanishing contributio
could only arise if fermions run along the loop; the boson
loop always giving a vanishing result. The second point w
that noCP-violating NAGC couplings are generated in su
a context. Here we explore the consequences of this m
when all three neutral gauge bosons are taken off shell.

A. General structure of one-loop couplings

The triangle diagram is depicted in Fig. 2. The fermi
couplings are defined through the gauge Lagrangian@9#

L52eQFAmF̄gmF2
e

2sWcW
ZmF̄~gmgvF2gmg5gaF!F.

~42!

The complete expressions of the resulting off-sh
CP-conserving NAGC are given in Appendix C, where f
simplicity we take a single fermion running along the tria
gular loop. These expressions are directly applicable to
fermionic contributions. Thus, e.g., the SM prediction for t
neutral gauge boson self-interactions is obtained by summ
the contributions of the leptons and of the quarks.

FIG. 2. The fermionic triangle.
2-11
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To present these results, we first observe that the one-
fermionic diagrams strongly reduce the six independ
forms that could exist in the general case~compare the mos
general type of such forms in Appendix A!. More explicitly,
the only nonvanishing coupling functions contained in t
one-loop diagrams are the two nonvanishing transverse
called f 1,2(s1 ,s2 ,s3), and a single scalar function8 called
g1(s1 ,s2 ,s3). In particular, noh4-type of coupling~compare
Refs. @1,8#!, is allowed by such diagrams. This has alrea
been noticed in the on-shell case@9#; where it has been re
marked that higher order or nonperturbative effects are
quired for generatingh4 couplings.

To establish contact with the effective Lagrangian of S
III, we consider the heavy fermion limit of the above fun
tions. In such a limit~retaining only the dominant 1/MF

2 con-
tributions! the heavy fermion loop predictions are identic
to those of aCP-conserving effective Lagrangian in whic
the only nonvanishing couplings are

l 1
Z* Z* Z* , l 4

Z* Z* Z* , l 1
Z* Z* g* , l 2

Z* Z* g* , l 4
Z* Z* g* ,

l 1
g* g* Z* , l 4

g* g* Z* .

Of course, if the mass of the fermion in the loop of Fig
is comparable to~or lighter than! the energies considered
additional structures appear in thef 1,2 andg1 functions, that
cannot be described by the above effective Lagrangian
NAGC are ever observed, then the experimental search
such structures, will provide a very important means
identifying the responsible NP degrees of freedom.

1. The Z* Z* Z* couplings at one-loop

Following the results in Appendix C, the fermionic tr
angle contribution is written as

f 1
Z* Z* Z* ~s1 ,s2 ,s3!52

e2gaF

32p2sW
3 cW

3

3$~3gvF
2 1gaF

2 !G1~s1 ,s2 ,s3!

2~gaF
2 2gvF

2 !G3~s1 ,s2 ,s3!%,

f 2
Z* Z* Z* ~s1 ,s2 ,s3!5

e2gaF

32p2sW
3 cW

3

3$~3gvF
2 1gaF

2 !G2~s1 ,s2 ,s3!

2~gaF
2 2gvF

2 !G4~s1 ,s2 ,s3!%,

8Depending on the NAGC coupling considered, there may by
ditional scalar functions such asg2(s1 ,s2 ,s3) and/org3(s1 ,s2 ,s3);
but these functions are related tog1(s1 ,s2 ,s3) by equations such a
Eq. ~C7!, since f 3(s1 ,s2 ,s3)[0 for the diagram in Fig. 2.
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g1
Z* Z* Z* ~s1 ,s2 ,s3!5

e2

8p2sW
3 cW

3

3gaF~3gvF
2 1gaF

2 !G18~s1 ,s2 ,s3!,

~43!

where the functionsGi(s1 ,s2 ,s3) andG18 are given in Appen-
dix C in terms of Passarino-VeltmanB0 and C0 functions
@18#.

As required by the anomaly cancellation~and explained in
Appendix C!, all theGj andGj8 functions vanish in the large
MF limit. Moreover, at the 1/MF

2 level, they satisfy

G1.3G3.
s11s222s3

40MF
2 , G2.3G4.

3~s22s1!

40MF
2 ,

G18.
1

24MF
2 , ~44!

from which the leading contributions tof 1,2 andg1 are cal-
culated using Eq.~43!. As expected, these largeMF results
coincide with those of the effective Lagrangian descriptio
with the only nonzero parameters being

l 1
Z* Z* Z* 5S gaF

30MF
2 D S e2

32p2sW
3 cW

3 D ~5gvF
2 1gaF

2 !,

l 4
Z* Z* Z* 5S gaF

60MF
2 D S e2

32p2sW
3 cW

3 D ~5gvF
2 13gaF

2 !.

~45!

Combining this with Eq.~18! for the on-shell caseZ*
→ZZ (s15s25mZ

2), for which Eq.~44! impliesG2,450, we
obtain

f 1
Z* Z* Z* ~mZ

2 ,mZ
2 ,s3!5~s32mZ

2!l 1
Z* Z* Z* 5

s32mZ
2

mZ
2 f 5

Z~s3!,

f 2
Z* Z* Z* ~mZ

2 ,mZ
2 ,s3!50, ~46!

which agrees with the expression given in Ref.@9#.

2. The Z* Z* g* couplings at one loop

The formalism in Appendix C leads to

f 1
Z* Z* g* ~s1 ,s2 ,s3!52

e2QFgaFgvF

8p2sW
2 cW

2 @G1~s1 ,s2 ,s3!

1G5~s1 ,s2 ,s3!#,

f 2
Z* Z* g* ~s1 ,s2 ,s3!5

e2QFgaFgvF

8p2sW
2 cW

2 FG2~s1 ,s2 ,s3!

1
1

3
G4~s1 ,s2 ,s3!G ,

-

2-12
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g1
Z* Z* g* ~s1 ,s2 ,s3!5g2

Z* Z* g* ~s2 ,s1 ,s3!

5
e2QFgaFgvF

2p2sW
2 cW

2
G18~s1 ,s2 ,s3!, ~47!

where the neededGj functions are again given there. To d
rive the leading contribution to these couplings in the la
MF

2 limit, we need first the leading contributions to th
Gj defined in Appendix C. Keeping terms only up to th
1/MF

2 order@as in the derivation of Eq.~44!# this is given by

G11G5.2
s3

12MF
2 , G21

1

3
G4.

~s22s1!

12MF
2 , G18.

1

24MF
2 ,

~48!

which, substituted to Eq.~47!, result to values of the cou
plings functions consistent with those obtained in Eq.~25!,
provided

2 l 1
Z* Z* g* 5 l 2

Z* Z* g* 52l 4
Z* Z* g* 5S 1

12MF
2 De2QFgaFgvF

8p2sW
2 cW

2
,

~49!

while all otherl j
Z* Z* g* should vanish.

Comparing to the on-shell cases:
~a! g* →ZZ, s15s25mZ

2 , G21G4/350 leads to

f 1
Z* Z* g* ~mZ

2 ,mZ
2 ,s3!5s3l 2

Z* Z* g* 5
s3

mZ
2 f 5

g~s3!,

f 2
Z* Z* g* ~mZ

2 ,mZ
2 ,s3!50; ~50!

~b! Z* →Zg, s350, s15mZ
2 , G11G550 impliesh4

Z50,
and

f 1
Z* Z* g* ~mZ

2 ,s2,0!50,

f 2
Z* Z* g* ~mZ

2 ,s2,0!5~mz
22s2!l 1

Z* Z* g* 5
mz

22s2

mZ
2 h3

Z~s1!,

~51!

which agree with the expressions given in Ref.@9#.

3. The g* g* Z* couplings at one loop

The results of Appendix C give

f 1
g* g* Z* ~s1 ,s2 ,s3!52

e2QF
2gaF

8p2sWcW

@G6~s1 ,s2 ,s3!

1G7~s1 ,s2 ,s3!#,

f 2
g* g* Z* ~s1 ,s2 ,s3!52

e2QF
2gaF

8p2sWcW

@G6~s1 ,s2 ,s3!

2G7~s1 ,s2 ,s3!#,
07301
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g3
g* g* Z* ~s1 ,s2 ,s3!5

e2QF
2gaF

2p2sWcW

G18~s1 ,s2 ,s3!.

~52!

At the 1/MF
2 level, the leading heavy fermion values of th

Gj -combinations appearing in Eq.~52! are

G6~s1 ,s2 ,s3!1G7~s1 ,s2 ,s3!.
s21s1

12MF
2 ,

G6~s1 ,s2 ,s3!2G7~s1 ,s2 ,s3!.
~s12s2!

12MF
2 ,

G18.
1

24MF
2 , ~53!

which as expected coincide with the effective Lagrang
results of~33! provided the only nonvanishing couplings a

2 l 1
g* g* Z* 54l 4

g* g* Z* 5S 1

6MF
2 D e2QF

2gaF

8p2sWcW

. ~54!

When only one photon and oneZ are on-shell~i.e., s250,
s35mZ

2 , G750), we obtain

f 1
g* g* Z* ~s1,0,mZ

2!5 f 2
g* g* Z* ~s1,0,mZ

2!

5
s1

2
l 1
g* g* Z* 5

s1

2mZ
2 h3

g~s1!, ~55!

which agree with the expressions given in Ref.@9#.

B. Quantitative discussion of the one-loop off-shell effects

After having shown the structure of the NAGC generat
at one loop, we now make a quantitative discussion of
off-shell effects. These effects are described below by th
sets of ratios which quantify the following features:~a! The
ratios R1

5Z , R3
5Z , R5g, R3Z, R3g are sensitive to thesi de-

pendences of the type of couplings existing already on sh
~b! the ratiosR81

5Z , R83
5Z , R85g, R83Z, R83g study the rela-

tive size~versussi) of new types of couplings as compare
to those already existing on shell;~c! the ratiosR1

ZZZ , R2
ZZZ ,

RZZg, RZgZ, RggZ aim to quantify the range of the massMF
of the fermion running along the loop, for which the effe
tive Lagrangian structure~which already contains somesi
dependence! is adequate.

For each ratio, we indicate below their value in the lar
MF limit. As shown in the previous section, these valu
agree with the predictions of the effective Lagrangian. W
have compared these values to a numerical computa
done with the exact expressions for finiteMF values and for
some choices ofsi values falling inside the range accessib
at LEP2~0.2 TeV! or at LC~0.5 TeV!. In Figs. 3 –6 we have
selected some typical examples of thesi andMF behaviors.
The above three points are discussed in turn for each NA
vertex.
2-13
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FIG. 3. Z* Z* Z* off-shell effects compared toZ* →ZZ: RatiosR1
5Z andR3

5Z show theAs2 dependence of the contributions to thef 5
Z type

of coupling; ratiosR81
5Z andR83

5Z give the relative size, versusAs2, of the new contributions as compared to the ones already existin
shell; ~a! at As350.2 TeV,~b! at As350.5 TeV. RatiosR1

ZZZ andR2
ZZZ show the departure versusMF of the exact 1-loop contribution, a

compared to the effective Lagrangian prediction atAs350.2 TeV and 0.5 TeV,~c!. The definitions ofs1 ,s2 ,s3 are given in the text.
1. The off-shell one-loop effects in Z* Z* Z* compared
to Z*\ZZ

~a! The ratiosR1
5Z and R3

5Z show the evolution of the

contributions to thef 1
Z* Z* Z* (s1 ,s2 ,s2) type of coupling as

defined in Eq.~43!, from s15s25mZ
2 up to some off-shell

value

R1
5Z5

G1~s1 ,s2 ,s3!

G1~mZ
2 ,mZ

2 ,s3!
→ 2s32s12s2

2~s32mZ
2!

,

R3
5Z5

G3~s1 ,s2 ,s3!

G3~mZ
2 ,mZ

2 ,s3!
→ 2s32s12s2

2~s32mZ
2!

. ~56!
07301
Note from Eq.~2! the way thatf 1
Z* Z* Z* (s1 ,s2 ,s2) is related

to the on-shellf 5
Z coupling of Refs.@1,8#.

~b! The ratiosR81
5Z andR83

5Z give the relative size of the

new f 2
Z* Z* Z* coupling as compared tof 1

Z* Z* Z* already ex-
isting on shell:

R81
5Z52

G2~s1 ,s2 ,s3!

G1~s1 ,s2 ,s3!
→ 3~s12s2!

s11s222s3
,

R83
5Z5

G4~s1 ,s2 ,s3!

G3~s1 ,s2 ,s3!
→2

3~s12s2!

s11s222s3
.

~57!
2-14
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FIG. 4. Z* Z* g* off-shell effects compared tog* →ZZ: Ratio R5g show theAs2 dependence of the contributions to thef 5
g type of

coupling, whileR85g gives the relative size, versusAs2, of the new contributions as compared to the ones already existing on she
As350.2 TeV and atAs350.5 TeV~a!. RatiosRZZg show the departure versusMF of the exact one-loop contribution, as compared to
effective Lagrangian prediction atAs350.2 TeV and 0.5 TeV,~b!. The definitions ofs1 ,s2 ,s3 are given in the text.
.
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The four ratios in Eqs.~56!, ~57! are plotted versusAs2 in
Figs. 3~a! and 3~b!, for As350.2 and 0.5 TeV, respectively
The fixed values ofAs1 andMF are indicated in the figures
It can be seen there, that the quadratics2-dependence pre
dicted for the largeMF limit, starts to be valid already at
rather low MF , apart from threshold violations ats2

;4MF
2 .

~c! The ratiosR1
ZZZ andR2

ZZZ ,

R1
ZZZ5

~2s32s12s2!G2

3G1~s12s2!
→1,

R2
ZZZ5

~2s32s12s2!G4

3G3~s12s2!
→1, ~58!

which are equal to 1 at largeM f , show how much the exac
1-loop contribution at finite values ofMF differs from the
effective Lagrangian prediction. They are presented in F
3~c! versusMF , for As350.2, 0.5 TeV, and fixed typica
values ofAs1,2. For these ratios also, we observe that th
are close to their largeMF limits, provided thatMF is away
from the thresholdAs3/2. Similar ratios are next constructe
for the other NAGC processes.
07301
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2. The off-shell one-loop effects in Z* Z* g* compared
to g*\ZZ

The corresponding ratios are

R5g5
G1~s1 ,s2 ,s3!1G5~s1 ,s2 ,s3!

G1~mZ
2 ,mZ

2 ,s3!1G5~mZ
2 ,mZ

2 ,s3!
→1, ~59!

R85g52
3G2~s1 ,s2 ,s3!1G4~s1 ,s2 ,s3!

3G1~s1 ,s2 ,s3!13G5~s1 ,s2 ,s3!
→ s22s1

s3
,

~60!

illustrated versusAs2 in Fig. 4~a! for As350.2, 0.5 TeV and
fixed As1, MF and the ratio

RZZg5
s3~3G21G4!

3~s12s2!~G11G5!
→1, ~61!

presented versusMF in Fig. 4~b!, for As350.2, 0.5 TeV,
and typical values ofAs1,2.

3. The off-shell one-loop effects in Z* Z* g* compared
to Z*\Zg

The relevant ratios~together with their largeMF limits!
are
R3Z5
3G2~s1 ,s2 ,s3!1G4~s1 ,s2 ,s3!23G1~s1 ,s2 ,s3!23G5~s1 ,s2 ,s3!

3G2~mZ
2 ,s2,0!1G4~mZ

2 ,s2,0!23G1~mZ
2 ,s2,0!23G5~mZ

2 ,s2,0!
→ s21s32s1

s22mZ
2 , ~62!

R83Z52
3G1~s1 ,s2 ,s3!13G5~s1 ,s2 ,s3!

3G2~s1 ,s2 ,s3!1G4~s1 ,s2 ,s3!23G1~s1 ,s2 ,s3!23G5~s1 ,s2 ,s3!
→ s3

s22s11s3
, ~63!
2-15
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FIG. 5. Z* Z* g* off-shell effects as compared toZ* →Zg: Ratio R3Z shows theAs3 dependence of the contributions to theh3
Z type of

coupling, and ratioR83Z gives the relative size, versusAs3, of the new contributions as compared to the ones already existing on she~a!
at As250.2 TeV,~b! at As250.5 TeV. RatioRZgZ shows the departure versusMF of the exact one-loop contribution, as compared to
effective Lagrangian prediction atAs250.2 TeV and 0.5 TeV,~c!. The definitions ofs1 ,s2 ,s3 are given in the text.
presented versusAs3 in Figs. 5~a!,5~b!, for As250.2, 0.5
TeV, and fixed values ofAs1, MF . On the other hand, the
ratio

RZgZ5
s3@3G2~s1 ,s3 ,s2!1G4~s1 ,s3 ,s2!#

3~s12s2!@G1~s1 ,s3 ,s2!1G5~s1 ,s3 ,s2!#
→1,

~64!

is shown versusMF in Fig. 5~c! for As250.2, 0.5 TeV,
and fixed values ofAs1,3.
07301
4. The off-shell one-loop effects ing* g* Z* compared
to g*\Zg

We now have

R3g5
G6~s1 ,s2 ,s3!

G6~s1,0,mZ
2!

→1, ~65!

R83g5
G7~s1 ,s2 ,s3!

G6~s1 ,s2 ,s3!
→ s2

s1
, ~66!
2-16
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FIG. 6. g* g* Z* off-shell effects as compared tog* →Zg: Ratio R3g shows theAs2 dependence of the contributions to theh3
g type of

coupling, and ratioR83g gives the relative size, versusAs3, of the new contributions as compared to the ones already existing on she~a!
at As150.2 TeV and atAs150.5 TeV. RatioRggZ shows the departure versusMF of the exact one-loop contribution, as compared to
effective Lagrangian prediction atAs150.2 TeV and 0.5 TeV,~b!. The definitions ofs1 ,s2 ,s3 are given in the text.
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presented versusAs2 in Fig. 6~a! for As150.2, 0.5 TeV, and
As3, MF ; while the ratio

RggZ5
s1G7~s1 ,s2 ,s3!

s2G6~s1 ,s2 ,s3!
→1, ~67!

versusMF in Fig.6~b! for As150.2, 0.5 TeV and fixed typi-
cal values ofAs2,3.

5. General comments

We have made many other runs with differentsi andMF
values. The following are the general conclusions we dr
from these.

The first is that the off-shell effects cannot be ignored
detail experiments such as those performed at LEP2, w
data with a fermion-pair invariant mass ranging from ve
low values up to aboutmZ , have been collected. That will b
even more true at a linear collider in the future.

Our one-loop calculations indicate that the largeMF pre-
dictions are quite adequate, even at lowMF values, so long
asMF is not too close to a threshold. This is the same s
ation as in the previous on-shell analysis@9#. It is further-
more a welcome situation, since it encourages us to ana
the data, by using the effective Lagrangian formalism,
which only operators of dim<6 are retained. IgnoringZ
→t t̄ events, this means that the eight parameters in Eq.~38!
may be adequate, provided of course that we are not
close to an NP threshold.

If on the other hand we are close to an NP threshold, t
we might even have direct production of new particles.
such a case, the study of NAGC will provide useful comp
mentary information on their nature. Particularly because
set of new particle parameters entering their loop NAG
contribution, is certainly different from the one determinin
07301
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e.g., their decay. This is obviously true, e.g., for NP of t
SUSY type.

V. GENERAL OFF-SHELL NAGC CONTRIBUTION
TO eÀe¿\f f̄ f 8 f̄ 8

The NAGC contribution to thee1e2→( f f̄ )1( f 8 f̄ 8) pro-
cess is depicted in Fig. 7. The complete Feynman amplit
has the general form

A52
e

mZ
2 (

i jk

V i
s~ f f̄ !

Di

V j
t~ f 8 f̄ 8!

D j
Gstr

i jk
V k

r~e1e2!

Dk
, ~68!

where the summation overi jk covers all possible off-shel

FIG. 7. The VVV contribution to the e1e2→( f f̄ )( f 8 f̄ 8)
process.
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combinations ofg* and Z* , namely,Z* Z* Z* , Z* Z* g* ,
Z* g* Z* , Z* g* g* , g* Z* Z* , g* Z* g* , andg* g* Z* , with
the propagators

Di , j ,k5qi , j ,k
2 for g* or qi , j ,k

2 2mZ
21 imZGZ for Z*

and the initial and final fermionic vertices

V i
s~ f f̄ !5ū~ f !gs~gv f

i 2ga f
i g5!v~ f̄ !,

V j
t~ f 8 f̄ 8!5ū~ f 8!gt~gv f 8

j
2ga f8

j g5!v~ f̄ 8!,

V k
r~e1e2!5 v̄~e1!gr~gve

k 2gae
k g5!u~e2!

~69!

with gv f
i , ga f

i being the vector and axial vector, photon orZ,
couplings to the fermionf ~including the factor2e or
2e/2sWcW).9 In Eq. ~69!, Gstr

i jk are the general vertices give
in Appendixes A,B and discussed throughout the paper.

One should be careful in reordering the indices and m
menta in the various (i , j ,k) combinations in order to use th
formulas written forZ* Z* g* andg* g* Z* in Appendixes A
and B, so for clarity we list them explicitly:

Gstr
Z* g* g* ~q1 ,q2 ,q352P!5Grts

g* g* Z* ~q352P,q2 ,q1!,

~70!

Gstr
g* Z* g* ~q1 ,q2 ,q352P!5Gsrt

g* g* Z* ~q1 ,q352P,q2!,

~71!

Gstr
Z* g* Z* ~q1 ,q2 ,q352P!5Gsrt

Z* Z* g* ~q1 ,q352P,q2!,

~72!

Gstr
g* Z* Z* ~q1 ,q2 ,q352P!5Grts

Z* Z* g* ~q352P,q2 ,q1!.

~73!

The basic SM~or MSSM! contributions are assumed to b
included in theG vertices expressed in terms off i and f̃ i
defined in Sec. II, using the analytic expressions given
Appendix C.

For an experimental determination of possible unkno
additional contributions, a simple parametrization of t
f i(s1 ,s2 ,s3) and gi(s1 ,s2 ,s3) is needed. If the NP effect
arise at a high scale, then the the effective Lagrangian of
III, in which only the lowest-dimensional operators are r
tained, may be adequate.

9We mention for completeness that conventions are s
that the effective Lagrangian for a gauge boson fermion interac
is

L5VimV i
m( f f̄ ).
07301
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VI. CONCLUSIONS

We have established the general Lorentz andU(1)em in-
variant form of the off-shell three neutral gauge boson s
couplings V1* V2* V3* , with applications to Z* Z* Z* ,
Z* Z* g* , and g* g* Z* . In it, we have kept all types o
transverse and scalar off-shell vector boson components
considered bothCP-conserving andCP-violating couplings.
They are given in Appendix A and B, respectively. We ha
pointed out the new coupling forms which do not exist wh
two particles are on shell, thus making contact with the p
vious description valid only when two gauge bosons are
shell @1,8,9#.

In the Z* Z* Z* case, we have found~three transverse1
three scalar! CP-conserving and~four transverse1 ten sca-
lar! CP-violating coupling forms; which reduce in the pre
viously consideredZ* →ZZ on-shell case to~111!1~113!.
In theZ* Z* g* case we have found~312!1~415! coupling
forms. They reduce to~110!1~110! in g* →ZZ, and to
~211!1~212! in Z* →Zg. Finally in theg* g* Z* case we
found ~311!1~412! coupling forms, which reduce to~211!
1~210! in g* →Zg.

These vertex forms apply to any kind of standard or no
standard dynamics@SM, minimal supersymmetric standar
model~MSSM!, . . . ]. In general the functions which multi
ply these coupling forms depend on the three off-sh
masses (s1 ,s2 ,s3). If the NP scale inducing NAGC is very
high (L@mZ), then we have found that an effective La
grangian involving a minimal set of operators should be
equate for generating all possible vertex forms consis
with Bose symmetry and CVC. Some of these vertex for
can be generated by dim56 operators, while other ones re
quire higher~dim58, 10, 12! operators. So a hierarchy i
obtained among the various possible off-shell effects. In e
of theZ* Z* Z* , Z* Z* g* , andg* g* Z* cases, this allows us
a simple description in terms of a limited set of consta
parameters. This should constitute a useful tool for d
analysis. For that purpose we have explicitly written the v
tices with both the complete set as well as with the set
stricted to the dim56 operators. They are given in Eqs.~18!,
~21!,~25!,~29!,~33!,~36!.

As an illustration of the SM and NP contributions, w
have considered the neutral anomalous gauge couplings
erated by a fermionic triangle loop. In Appendix C we ha
given the complete analytic expression of the coupling fu
tions arising at one loop, using general gauge couplings
any fermion. The use of this is twofold. First, it allows us
make an exact computation of the SM contribution. And s
ond, it provides an illustration of what type of off-shell e
fects can appear for any kind of NP fermion generat
NAGC.

To this aim we have quantitatively discussed throu
Figs. 3–6, the dependence of the neutral anomalous
plings on the off-shell masses; as well as the relative size
the new NAGC as compared to those already existing in
on-shell case. The 1/MF

2 limit of the heavy fermion contri-
bution appears to coincide with the effective Lagrangian
scription restricted to the dim56 operators. Thus, we hav
found that the effective Lagrangian description is also va

h
n

2-18
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so long the fermion massMF is not too close toMZ or the
energy thresholdAs/2 of the process considered.

We emphasize though, that the one-loop results sho
also be very useful in analyzing possible NAGC dataclose to
the thresholdfor actually producing the new particles re
sponsible for these NAGC. In such a case the effective
grangian formalism is not applicable, and the NAGC ana
sis must be done taking into account the above one-l
predictions; thus, providing important complementary info
mation on the nature of the responsible NP particles. Fin
we have written the complete structure of the off-sh
V1* V2* V3* contribution to thee1e2→( f f̄ )1( f 8 f̄ 8) ampli-
tude, which should be used in the analysis of the eve
observable at present and futuree1e2 colliders.

As an overall conclusion we should stress that the o
shell effects in the neutral gauge boson self-interactions c
not be ignored in detail experiments such as those perfor
at LEP2, and will be performed in the future at a lineare2e1

collider. This is certainly related to the fact that these co
plings have to vanish whenever all three gauge bosons
ticipating in the vertex are on shell.
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APPENDIX A: THE CP-CONSERVING V1* V2* V3* VERTEX

The general interaction among three, possibly off-sh
neutral gauge bosons~NAGC!, is defined following the no-
tation of Fig. 1 andsi[qi

2 . Note that allqi momenta are
outgoing, so thatq11q21q350. Since a vertex involving
three neutral gauge bosons is necessarilyC violating, the
construction ofCP-conserving couplings requires the use
P-violating forms involving theemnrs tensor, conveniently
denoted as

emnrsAmBnCrDs5@ABCD#. ~A1!

The most general Lorentz-invariantCP-conserving
V1* V2* V3* vertex involves at most six independent forms, tw
of which are linear in theqi momenta, while the rest ar
cubic. For an easy comparison with the forms written in
on-shell case@1,8,9# we choose the basis

@q12q2mab#, @q3mab#,

q3
b@q1q2ma#1q3

a@q1q2mb#,

q1
a@bq3mq2#, q2

b@aq3mq1#, q3
m@bq1aq2#. ~A2!

The last three forms in Eq.~A2! imply at least one scala
qmVm term and they are called ‘‘scalar,’’ in contrast to th
other forms called ‘‘transverse.’’

The Z* Z* Z* case. Here the additional constraint of fu
Bose symmetry among the quantum numbers (q1 ,a),
(q2 ,b), (q3 ,m), describing the three off-shellZ* should be
imposed. Writing thus
07301
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Gabm
Z* Z* Z* ~q1 ,q2 ,q3!5 i (

j 51

3

I abm
Z* Z* Z* , j f j

Z* Z* Z* ~s1 ,s2 ,s3!

1 i (
j 51

3

Jabm
Z* Z* Z* , jgj

Z* Z* Z* ~s1 ,s2 ,s3!,

~A3!

with

I abm
Z* Z* Z* ,15@q12q2mab#, I abm

Z* Z* Z* ,25@q3mab#,

I abm
Z* Z* Z* ,35q3

b@q1q2ma#1q3
a@q1q2mb#,

Jabm
Z* Z* Z* ,15q1

a@bq3mq2#, Jabm
Z* Z* Z* ,25q2

b@aq3mq1#,

Jabm
Z* Z* Z* ,35q3

m@bq1aq2#, ~A4!

we obtain thatf 3
Z* Z* Z* (s1 ,s2 ,s3) is a fully antisymmetric

function of (s1 , s2 , s3), while the other transverse and scal
functions satisfy the Bose relations

f 1
Z* Z* Z* ~s1 ,s2 ,s3!5 f 1

Z* Z* Z* ~s2 ,s1 ,s3!, ~A5!

f 2
Z* Z* Z* ~s1 ,s2 ,s3!52 f 2

Z* Z* Z* ~s2 ,s1 ,s3!,

f 1
Z* Z* Z* ~s1 ,s3 ,s2!5

1

2F2 f 1
Z* Z* Z* ~s1 ,s2 ,s3!

1 f 2
Z* Z* Z* ~s1 ,s2 ,s3!

2
s21s12s3

2
f 3

Z* Z* Z* ~s1 ,s2 ,s3!G ,
f 2

Z* Z* Z* ~s1 ,s3 ,s2!5
3

2
f 1

Z* Z* Z* ~s1 ,s2 ,s3!

1
1

2
f 2

Z* Z* Z* ~s1 ,s2 ,s3!

1
s22s323s1

4
f 3

Z* Z* Z* ~s1 ,s2 ,s3!,

g1
Z* Z* Z* ~s1 ,s2 ,s3!5g2

Z* Z* Z* ~s2 ,s1 ,s3!,

g3
Z* Z* Z* ~s1 ,s2 ,s3!5g3

Z* Z* Z* ~s2 ,s1 ,s3!,

g1
Z* Z* Z* ~s1 ,s2 ,s3!5g1

Z* Z* Z* ~s1 ,s3 ,s2!

12 f 3
Z* Z* Z* ~s1 ,s3 ,s2!,

g2
Z* Z* Z* ~s1 ,s2 ,s3!5g3

Z* Z* Z* ~s1 ,s3 ,s2!

2 f 3
Z* Z* Z* ~s1 ,s3 ,s2!,
2-19
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g3
Z* Z* Z* ~s1 ,s2 ,s3!5g2

Z* Z* Z* ~s1 ,s3 ,s2!

2 f 3
Z* Z* Z* ~s1 ,s3 ,s2!.

Note that Eq.~A5! together with the antisymmetry o

f 3
Z* Z* Z* (s1 ,s2 ,s3) imply

g3
Z* Z* Z* ~s1 ,s2 ,s3!5

1

2
@g1

Z* Z* Z* ~s3 ,s2 ,s1!

1g2
Z* Z* Z* ~s1 ,s3 ,s2!#. ~A6!

The Z* Z* g* case. Restarting from the generalV1* V2* V3*
vertex in Eq.~A2!, with (q3 ,m) corresponding to the photo

and imposing the CVC constraintq3
mGabm

Z* Z* g* (s1 ,s2 ,s3)50
and Bose symmetry forZ* Z* , we end up with general ver
tex containing the five independent forms: namely,

Gabm
Z* Z* g* ~q1 ,q2 ,q3!5 i (

j 51

3

I abm
Z* Z* g* , j f j

Z* Z* g* ~s1 ,s2 ,s3!

1 i (
j 51,2

Jabm
Z* Z* g* , jgj

Z* Z* g* ~s1 ,s2 ,s3!,

~A7!

where

I abm
Z* Z* g* ,15@q12q2mab#1

2q3
m

s3
@q1q2ab#,

I abm
Z* Z* g* ,25@q3mab#,

I abm
Z* Z* g* ,35q3

b@q1q2ma#1q3
a@q1q2mb#,

Jabm
Z* Z* g* ,15q1

a@bq3mq2#,

Jabm
Z* Z* g* ,25q2

b@aq3mq1#. ~A8!

Bose symmetry imposes the constraints

f 1
Z* Z* g* ~s1 ,s2 ,s3!5 f 1

Z* Z* g* ~s2 ,s1 ,s3!,

f 2
Z* Z* g* ~s1 ,s2 ,s3!52 f 2

Z* Z* g* ~s2 ,s1 ,s3!

f 3
Z* Z* g* ~s1 ,s2 ,s3!52 f 3

Z* Z* g* ~s2 ,s1 ,s3!,

g1
Z* Z* g* ~s1 ,s2 ,s3!5g2

Z* Z* g* ~s2 ,s1 ,s3!.
~A9!

The g* g* Z* case. In the generalV1* V2* V3* vertex of
Eq. ~A2!, (q3 ,m) corresponds now toZ* . Imposing then

the two CVC constraints q1
a Gabm

g* g* Z* (s1 ,s2 ,s3)

5q2
bGabm

g* g* Z* (s1 ,s2 ,s3)50 and Bose symmetry forg* g* ,
we end up with the four independent vertex forms
07301
Gabm
g* g* Z* ~q1 ,q2 ,q3!5 i (

j 51

3

I abm
g* g* Z* , j f j

g* g* Z* ~s1 ,s2 ,s3!

1 iJabm
g* g* Z* ,1g1

g* g* Z* ~s1 ,s2 ,s3!,

~A10!

with

I abm
g* g* Z* ,15@q12q2mab#2

q1
a

s1
@bq3mq2#

2
q2

b

s2
~@aq3mq1# !,

I abm
g* g* Z* ,25S @q3mab#2

q1
a

s1
@bq3mq2#

1
q2

b

s2
~@aq3mq1# !,

I abm
g* g* Z* ,35q3

b@q1q2ma#1q3
a@q1q2mb#

1
s22s12s3

2s1
q1

a@bq3mq2#

2
s12s22s3

2s2
q2

b@aq3mq1#,

Jabm
g* g* Z* ,15q3

m@bq1aq2#, ~A11!

and the Bose symmetry constraints

f 1
g* g* Z* ~s1 ,s2 ,s3!5 f 1

g* g* Z* ~s2 ,s1 ,s3!,

f 2
g* g* Z* ~s1 ,s2 ,s3!52 f 2

g* g* Z* ~s2 ,s1 ,s3!,

f 3
g* g* Z* ~s1 ,s2 ,s3!52 f 3

g* g* Z* ~s2 ,s1 ,s3!,

g1
g* g* Z* ~s1 ,s2 ,s3!5g1

g* g* Z* ~s2 ,s1 ,s3!.
~A12!

APPENDIX B: THE CP-VIOLATING FORMS
FOR THE V1* V2* V3* VERTEX

These vertices areP-conserving andC-violating, and can
most generally be expressed in terms of the following
independent Lorentz invariant forms~indicesi, j, k run from
1 to 3!: three terms similar to (Vi .Vj )@Vk .(qi2qj )#; three
terms similar to (Vi .Vj )(Vk .qk); eight terms similar to
@Vk .(qi2qj ) or Vk .qk] •@Vj .(qk2qi) or Vj .qj ] •@Vi .(qj
2qk) or Vi .qi ]. Four of these terms are ‘‘transverse,’’ whil
the other 10 contain at least one ‘‘scalar’’qV coefficient.

The Z* Z* Z* case. Applying full Bose symmetry among
the threeZ* , we obtain the structure
2-20
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Gabm
Z* Z* Z* ~q1 ,q2 ,q3!5 i (

j 51

4

Ĩ abm
Z* Z* Z* , j f̃ j

Z* Z* Z* ~s1 ,s2 ,s3!

1 i (
j 51

10

J̃abm
Z* Z* Z* , j g̃ j

Z* Z* Z* ~s1 ,s2 ,s3!,

~B1!

where the transverse forms are

Ĩ abm
Z* Z* Z* ,15gab~q12q2!m, Ĩ abm

Z* Z* Z* ,25gbm~q32q2!a,

Ĩ abm
Z* Z* Z* ,35gam~q12q3!b,

Ĩ abm
Z* Z* Z* ,45~q22q3!a~q12q3!b~q12q2!m, ~B2!

while the scalar ones are

J̃abm
Z* Z* Z* ,15gabq3

m , J̃abm
Z* Z* Z* ,25gbmq1

a ,

J̃abm
Z* Z* Z* ,35gamq2

b ,

J̃abm
Z* Z* Z* ,45q1

a~q12q3!b~q12q2!m,

J̃abm
Z* Z* Z* ,55q2

b~q22q3!a~q22q1!m,

J̃abm
Z* Z* Z* ,65q3

m~q32q1!b~q32q2!a,

J̃abm
Z* Z* Z* ,75q1

aq2
b~q12q2!m,

J̃abm
Z* Z* Z* ,85q3

mq2
b~q32q2!a,

J̃abm
Z* Z* Z* ,95q1

aq3
m~q12q3!b,

J̃abm
Z* Z* Z* ,105q1

aq2
bq3

m . ~B3!

The Bose relations obtained from them for the transve
forms are

f̃ 1
Z* Z* Z* ~s1 ,s2 ,s3!52 f̃ 1

Z* Z* Z* ~s2 ,s1 ,s3!

5 f̃ 2
Z* Z* Z* ~s3 ,s2 ,s1!

52 f̃ 2
Z* Z* Z* ~s3 ,s1 ,s2!

5 f̃ 3
Z* Z* Z* ~s1 ,s3 ,s2!

52 f̃ 3
Z* Z* Z* ~s2 ,s3 ,s1!,
07301
e

f̃ 4
Z* Z* Z* ~s1 ,s2 ,s3!52 f̃ 4

Z* Z* Z* ~s2 ,s1 ,s3!

52 f̃ 4
Z* Z* Z* ~s1 ,s3 ,s2!

5 f̃ 4
Z* Z* Z* ~s3 ,s2 ,s1!, ~B4!

while for the scalar ones we get

g̃1
Z* Z* Z* ~s1 ,s2 ,s3!5g̃1

Z* Z* Z* ~s2 ,s1 ,s3!

5g̃2
Z* Z* Z* ~s3 ,s2 ,s1!

5g̃2
Z* Z* Z* ~s3 ,s1 ,s2!

5g̃3
Z* Z* Z* ~s1 ,s3 ,s2!

5g̃3
Z* Z* Z* ~s2 ,s3 ,s1!,

g̃6
Z* Z* Z* ~s1 ,s2 ,s3!5g̃6

Z* Z* Z* ~s2 ,s1 ,s3!

5g̃4
Z* Z* Z* ~s3 ,s2 ,s1!

5g̃4
Z* Z* Z* ~s3 ,s1 ,s2!

5g̃5
Z* Z* Z* ~s1 ,s3 ,s2!

5g̃5
Z* Z* Z* ~s2 ,s3 ,s1!,

g̃7
Z* Z* Z* ~s1 ,s2 ,s3!52g̃7

Z* Z* Z* ~s2 ,s1 ,s3!

5g̃8
Z* Z* Z* ~s3 ,s2 ,s1!

52g̃8
Z* Z* Z* ~s3 ,s1 ,s2!

5g̃9
Z* Z* Z* ~s1 ,s3 ,s2!

52g̃9
Z* Z* Z* ~s2 ,s3 ,s1!,

g̃10
Z* Z* Z* ~s1 ,s2 ,s3!5g̃10

Z* Z* Z* ~s2 ,s1 ,s3!

5g̃10
Z* Z* Z* ~s3 ,s2 ,s1!

5g̃10
Z* Z* Z* ~s1 ,s3 ,s2!. ~B5!

The Z* Z* g* case. Restarting from the initial list of
CP-violating V1* V2* V3* forms, with (q3 ,m) corresponding to
the photon, and imposing the CVC constrai

q3
m Gabm

Z* Z* g* (s1 ,s2 ,s3)50 and Bose symmetry forZ* Z* ,
we get

Gabm
Z* Z* g* ~q1 ,q2 ,q3!5 i (

j 51

4

Ĩ abm
Z* Z* g* , j f̃ j

Z* Z* g* ~s1 ,s2 ,s3!

1 i (
j 51

5

J̃abm
Z* Z* g* , j g̃ j

Z* Z* g* ~s1 ,s2 ,s3!,

~B6!

involving four transverse and five scalar forms. These ar
2-21
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Ĩ abm
Z* Z* g* ,15gabS ~q12q2!m2

~s22s1!

s3
q3

mD ,

Ĩ abm
Z* Z* g* ,25gmb~q32q2!a1gma~q32q1!b2

q3
m~q32q1!b~q32q2!a

s3

1
q3

m

2s3
@q2

b~q32q2!a1q1
a~q32q1!b#,

Ĩ abm
Z* Z* g* ,35gmb~q32q2!a2gma~q32q1!b1

q3
m

2s3
@q2

b~q32q2!a2q1
a~q32q1!b#,

Ĩ abm
Z* Z* g* ,45~q22q3!a~q12q3!b~q12q2!m2

s22s1

s3
q3

m~q32q1!b~q32q2!a,

J̃abm
Z* Z* g* ,15gmbq1

a1gmaq2
b2

q3
m

2s3
@q1

a~q32q1!b1q2
b~q32q2!b#1

q1
aq2

bq3
m

s3
,

J̃abm
Z* Z* g* ,25gmbq1

a2gmaq2
b2

q3
m

2s3
@q1

a~q32q1!b2q2
b~q32q2!a#,

J̃abm
Z* Z* g* ,35q1

a~q12q3!b~q12q2!m1q2
b~q22q3!a~q22q1!m

1
s22s1

s3
q3

m@q1
a~q32q1!b2q2

b~q32q2!a#,

J̃abm
Z* Z* g* ,45q1

a~q12q3!b~q12q2!m2q2
b~q22q3!a~q22q1!m

1
s22s1

s3
q3

m@q1
a~q32q1!b1q2

b~q32q2!a#,

J̃abm
Z* Z* g* ,55q1

aq2
b~q12q2!m2

s22s1

s3
q1

aq2
bq3

m , ~B7!

implying the Bose relations

f̃ 1
Z* Z* g* ~s1 ,s2 ,s3!52 f̃ 1

Z* Z* g* ~s2 ,s1 ,s3!, f̃ 2
Z* Z* g* ~s1 ,s2 ,s3!5 f̃ 2

Z* Z* g* ~s2 ,s1 ,s3!,

f̃ 3
Z* Z* g* ~s1 ,s2 ,s3!52 f̃ 3

Z* Z* g* ~s2 ,s1 ,s3!, f̃ 4
Z* Z* g* ~s1 ,s2 ,s3!52 f̃ 4

Z* Z* g* ~s2 ,s1 ,s3!,

g̃1
Z* Z* g* ~s1 ,s2 ,s3!5g̃1

Z* Z* g* ~s2 ,s1 ,s3!, g̃2
Z* Z* g* ~s1 ,s2 ,s3!52g̃2

Z* Z* g* ~s2 ,s1 ,s3!,

g̃3
Z* Z* g* ~s1 ,s2 ,s3!5g̃3

Z* Z* g* ~s2 ,s1 ,s3!, g̃4
Z* Z* g* ~s1 ,s2 ,s3!52g̃4

Z* Z* g* ~s2 ,s1 ,s3!,

g̃5
Z* Z* g* ~s1 ,s2 ,s3!52g̃5

Z* Z* g* ~s2 ,s1 ,s3!. ~B8!

The g* g* Z* case. Imposing on the generalV1* V2* V3* vertex the two CVC constraints and Bose symmetry for the t
photons leaves six invariant forms

Gabm
g* g* Z* ~q1 ,q2 ,q3!5 i(

i 51

4

Ĩ abm
g* g* Z* ,i f̃ i

g* g* Z* ~s1 ,s2 ,s3!1 i (
i 51,2

J̃abm
g* g* Z* ,i g̃i

g* g* Z* ~s1 ,s2 ,s3!, ~B9!

where (q3 ,m) correspond toZ* and
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Ĩ abm
g* g* Z* ,15gab~q12q2!m2

q1
a

2s1
~q12q3!b~q12q2!m

1
q2

b

2s2
~q22q3!a~q22q1!m1

s3

2s1s2
q1

aq2
b~q12q2!m,

Ĩ abm
g* g* Z* ,25gmb~q32q2!a1gma~q32q1!b2

s22s3

s1
q1

agmb2
s12s3

s2
q2

bgma

1
q2

b

2s2
~q22q3!a~q22q1!m1

q1
a

2s1
~q12q3!b~q12q2!m1

s12s2

2s1s2
q1

aq2
b~q12q2!m

1
q3

m

2s2
q2

b~q32q2!a1
q3

m

2s1
q1

a~q32q1!b1
2s32s12s2

2s1s2
q1

aq2
bq3

m,

Ĩ abm
g* g* Z* ,35gmb~q32q2!a2gma~q32q1!b2

s22s3

s1
q1

agmb1
s12s3

s2
q2

bgma

1
q2

b

2s2
~q22q3!a~q22q1!m2

q1
a

2s1
~q12q3!b~q12q2!m1

s12s2

2s1s2
q1

aq2
bq3

m

1
q3

m

2s2
q2

b~q32q2!a2
q3

m

2s1
q1

a~q32q1!b1
2s32s12s2

2s1s2
q1

aq2
b~q12q2!m,

Ĩ abm
g* g* Z* ,45~q22q3!a~q12q3!b~q12q2!m2

s32s2

s1
q1

a~q12q3!b~q12q2!m

1
s32s1

s2
q2

b~q22q3!a~q22q1!m1
~s32s2!~s32s1!

s1s2
q1

aq2
b~q12q2!m,

J̃abm
g* g* Z* ,15gabq3

m1
q3

m

2s2
q2

b~q32q2!a1
q3

m

2s1
q1

a~q32q1!b1
s3

2s1s2
q1

aq2
bq3

m,

J̃abm
g* g* Z* ,25q3

m~q32q1!b~q32q2!a2
s12s3

s2
q3

mq2
b~q32q2!a

2
s22s3

s1
q3

mq1
a~q32q1!b1

~s22s3!~s12s3!

s1s2
q1

aq2
bq3

m, ~B10!

with the Bose relations

f̃ 1
g* g* Z* ~s1 ,s2 ,s3!52 f̃ 1

g* g* Z* ~s2 ,s1 ,s3!, f̃ 2
g* g* Z* ~s1 ,s2 ,s3!5 f̃ 2

g* g* Z* ~s2 ,s1 ,s3!,

f̃ 3
g* g* Z* ~s1 ,s2 ,s3!52 f̃ 3

g* g* Z* ~s2 ,s1 ,s3!, f̃ 4
g* g* Z* ~s1 ,s2 ,s3!52 f̃ 4

g* g* Z* ~s2 ,s1 ,s3!,

g̃1
g* g* Z* ~s1 ,s2 ,s3!5g̃1

g* g* Z* ~s2 ,s1 ,s3!, g̃2
g* g* Z* ~s1 ,s2 ,s3!5g̃2

g* g* Z* ~s2 ,s1 ,s3!. ~B11!

APPENDIX C: FERMIONIC TRIANGLE ONE-LOOP CONTRIBUTIONS TO THE OFF-SHELL
V1* V2* V3* COUPLINGS

The basic triangle diagram is depicted in Fig. 2. For simplicity we only consider the case that a single fermion is r
along the loop with the couplings defined in Eq.~42!.10 Only a restricted set ofCP-conserving NAGC are generated by th

10In models such as SUSY we could also have fermion loops, where two different charginos mix through theirZ couplings, while running
along the loop. Such contributions were calculated in Ref.@9# in the case that only one of the neutral gauge bosons were off shell, and
were found to be rather small. Here they are neglected.
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triangle loop~no CP-violating coupling appear!. They are explicitly given below in terms of the Passarino-Veltman one-l
functions11 @18#.

Application to Z* Z* Z* :

f 1
Z* Z* Z* ~s1 ,s2 ,s3!52

e2gaF

32p2sW
3 cW

3 $~3gvF
2 1gaF

2 !G1~s1 ,s2 ,s3!2~gaF
2 2gvF

2 !G3~s1 ,s2 ,s3!%,

f 2
Z* Z* Z* ~s1 ,s2 ,s3!5

e2gaF

32p2sW
3 cW

3 $~3gvF
2 1gaF

2 !G2~s1 ,s2 ,s3!2~gaF
2 2gvF

2 !G4~s1 ,s2 ,s3!%,

f 3
Z* Z* Z* ~s1 ,s2 ,s3!50,

gj
Z* Z* Z* ~s1 ,s2 ,s3!5

e2

8p2sW
3 cW

3 gaF~3gvF
2 1gaF

2 !Gj8~s1 ,s2 ,s3!, ~C1!

where

G1~s1 ,s2 ,s3!5
1

l2H C0~s1 ,s2 ,s3!@s3~2s32s12s2!2~s12s2!2#~lMF
212s1s2s3!

2
1

2
@B0~s1!2B0~s2!#~s12s2!@l~2MF

21s3!112s1s2s3#

2
s3

2
@B0~s1!1B0~s2!22B0~s3!#@2lMF

21s3
2~s11s2!22s3~s1

21s2
224s1s2!

1~s11s2!~s12s2!2#J 1
2s3

22s3~s11s2!2~s12s2!2

3l
, ~C2!

G2~s1 ,s2 ,s3!52
~s12s2!~s32s12s2!

l

1
1

l2 H 23~s12s2!~s32s12s2!~lMF
212s1s2s3!C0~s1 ,s2 ,s3!

2
1

2
@B0~s1!2B0~s2!#@2lMF

2~s322s122s2!2s3~s11s2!~s3
21s1

21s2
2114s1s2!

12s3
2~s1

21s2
216s1s2!24s1s2~s12s2!2#

1
1

2
@B0~s1!1B0~s2!22B0~s3!#~s12s2!~2lMF

21ls3112s1s2s3!J , ~C3!

G3~s1 ,s2 ,s3!5
MF

2

l
$2@2s3

22s3~s11s2!2~s12s2!2#C0~s1 ,s2 ,s3!13~s12s2!@B0~s1!2B0~s2!#

13s3@B0~s1!1B0~s2!22B0~s3!#%, ~C4!

11We follow the same notation as in the last paper in Ref.@18#, but we omit the common fermion massMF from the arguments of the
one-loopB0 andC0 functions. We also note that in this caseC0(s1 ,s2 ,s3) is a fully symmetric function ofs1 ,s2 ,s3 .
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G4~s1 ,s2 ,s3!5
3MF

2

l
$~s12s2!@~s32s12s2!C0~s1 ,s2 ,s3!2B0~s1!2B0~s2!12B0~s3!#

1~s322s122s2!@B0~s1!2B0~s2!#%, ~C5!

while the scalar functions are determined through

G18~s1 ,s2 ,s3!5
1

l2 H 2C0~s3 ,s2 ,s1!$lMF
2~s12s32s2!1s3s2@2s1

22s1~s31s2!2~s32s2!2#%

1
1

2
@B0~s3!2B0~s1!#s3@s1

212s1~2s22s3!1s3
214s3s225s2

2#

1
1

2
@B0~s2!2B0~s1!#s2@s1

212s1~2s32s2!1s2
214s3s225s3

2#

2
l

2
~s12s32s2!J ~C6!

and the Bose result

G38~s1 ,s2 ,s3!5G38~s2 ,s1 ,s3!5G28~s1 ,s3 ,s2!5G28~s2 ,s3 ,s1!5G18~s3 ,s2 ,s1!5G38~s3 ,s1 ,s2!, ~C7!

derived from Eq.~A5! and f 3
Z* Z* Z* 50. In all cases we define

l5s3
21s1

21s2
222s1s222s3~s11s2!. ~C8!

Application to Z* Z* g* :

f 1
Z* Z* g* ~s1 ,s2 ,s3!52

e2QFgaFgvF

8p2sW
2 cW

2 @G1~s1 ,s2 ,s3!1G5~s1 ,s2 ,s3!#,

f 2
Z* Z* g* ~s1 ,s2 ,s3!5

e2QFgaFgvF

8p2sW
2 cW

2 FG2~s1 ,s2 ,s3!1
1

3
G4~s1 ,s2 ,s3!G ,

g1
Z* Z* g* ~s1 ,s2 ,s3!5g2

Z* Z* g* ~s2 ,s1 ,s3!5
e2QFgaFgvF

2p2sW
2 cW

2
G18~s1 ,s2 ,s3!, ~C9!

where the only new function not already appearing in theZ* Z* Z* case is

G5~s1 ,s2 ,s3!5
MF

2

l
$2@s3~s11s2!2~s12s2!2#C0~s1 ,s2 ,s3!1@B0~s1!2B0~s2!#

3~s12s2!1s3@B0~s1!1B0~s2!22B0~s3!#%1
1

3
. ~C10!

Application tog* g* Z* :

f 1
g* g* Z* ~s1 ,s2 ,s3!52

e2QF
2gaF

8p2sWcW

@G6~s1 ,s2 ,s3!1G7~s1 ,s2 ,s3!#,

f 2
g* g* Z* ~s1 ,s2 ,s3!52

e2QF
2gaF

8p2sWcW

@G6~s1 ,s2 ,s3!2G7~s1 ,s2 ,s3!#,
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g1
g* g* Z* ~s1 ,s2 ,s3!5

e2QF
2gaF

2p2sWcW

G18~s3 ,s2 ,s1!, ~C11!

G6~s1 ,s2 ,s3!5
1

l2H 22s1C0~s3 ,s2 ,s1!@lMF
2~s12s32s2!2s3

3s21s3
2s2~2s22s1!1s3s2~2s1

22s1s22s2
2!#

2
s1

2
@B0~s1!2B0~s2!#@s3

322s3
2~s113s2!1s3~s1

2112s1s213s2
2!

12s2~s12s2!2#2
s3s1

2
@B0~s1!1B0~s2!22B0~s3!#@s3

212s3~2s22s1!

1s1
214s1s225s2

2#J 2
s1~s12s32s2!

l
, ~C12!

G7~s1 ,s2 ,s3!5
1

l2 H 22s2C0~s3 ,s2 ,s1!@lMF
2~s22s32s1!2s3

3s11s3
2s1~2s12s2!2s3s1~s1

21s1s222s2
2!#

1
s2

2
@B0~s1!2B0~s2!#@s3

322s3
2~s213s1!1s3~s2

2112s1s213s1
2!12s1~s12s2!2#

2
s2s3

2
@B0~s1!1B0~s2!22B0~s3!#@s3

212s3~2s12s2!1s2
214s1s225s1

2#J
2

s2~s22s32s1!

l
. ~C13!

In principle the triangular graph in Fig. 2~with a single fermion of massMF running along it!, could also include
ambiguous axial anomaly contributions. Such contributions do not have the structure of a self-interaction among thre
gauge bosons, and they are presumably cancelled by other~possibly extremely heavy! fermions. The cancellation of thes
anomalous contributions is easily imposed by requiring that allGj andGj8 functions defined above vanish in the limit (MF

2

@us1u, us2u, us3u). Thus, for cancelling the anomaly in the actual calculation of the functions above, we occasionally n
to subtract an appropriateMF-independent term.
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