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Axial vector current in an electromagnetic field and low-energy neutrino-photon interactions

H. Gies* and R. Shaisultanov†

Institut für Theoretische Physik, Universita¨t Tübingen, Auf der Morgenstelle 14, 72076 Tu¨bingen, Germany
~Received 15 March 2000; published 23 August 2000!

An expression for the axial vector current in a strong, slowly varying electromagnetic field is obtained. We
apply this expression to the construction of the effective action for low-energy neutrino-photon interactions.

PACS number~s!: 13.15.1g, 13.40.Gp
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The study of neutrino-photon interactions began ma
years ago when Pontecorvo@1# and Chiu and Morrison@1#

suggested that the processgg→nn̄ may be important in the
analysis of stellar cooling. These interactions are of inte
in astrophysics and cosmology.

It is well known that, in the standard model, neutrin
photon interactions appear at the one-loop level. In addi
to the heavy gauge bosons which can immediately be i
grated out at the desired scales leading to the effective f
fermion interaction, charged fermions~electrons! run in the
loop; in particular, the coupling of the photons to these f
mions is responsible for thegn interactions.

A variety of processes of physical relevance in differe
situations belong to this class ofgn interactions, for which
an effective-action description involving only neutrino cu
rents and field strength tensors has partly been found. E
Dicus and Repko@2# have recently derived an effective a
tion for interactions between two neutrinos and three s
photons, which immediately allows for the calculation of
scattering amplitudes of this type. This effective action c
be derived via the expectation value of the electromagn
vector current̂ j m&5e^C̄(x)gmC(x)&; the latter can in turn
be calculated very easily from the Heisenberg-Euler effec
Lagrangian LHE with the aid of the formula

^C̄(x)gmC(x)&52dLHE/edAm(x). In @3#, the effective ac-
tion of Dicus and Repko was reproduced by a more dir
diagrammatic approach.

Incidentally, processes with two photons, for examp
neutrino-photon scatteringgn→gn, turn out to be highly
suppressed in the standard model@4–7# because, according
to Yang’s theorem@8#, two photons cannot couple to theJ
51 state. As a result, typical cross sections are exceedi
small and suppressed by factors of 1/mW

2 ~see, e.g.,@9#!.
The presence of a medium or external electromagn

field drastically changes the situation. It induces an effec
coupling between photons and neutrinos, even enhan
processes such asn→ng. Based on the same effective actio
of Dicus and Repko@2#, it was shown in@10# that in the
presence of an external magnetic field, cross sections
neutrino-photon processes such asgg→nn̄ andng→ng are
amplified by the factor;(mW /me)

4(B/Bc)
2 for soft photon

frequencies v!me and a weak magnetic fieldB!Bc
[m2/e ~for extensions to this result, see@11# and@12#!. The
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subject of the electromagnetic properties of neutrinos in m
dia was comprehensively studied in@13# ~see also@14# for
neutrinos in magnetized media!.

In general, an effective action describing low-ener
neutrino-photon processes with an arbitrary number of p
tons and in the presence of strong external electromagn
fields appears highly desirable. In other words, we are lo
ing for the analogue of the Heisenberg-Euler effective act
which turned out to be extremely useful in QED~see, e.g.,
@15#!.

For this, we start from the effective four-fermion intera
tion Lagrangian valid at energies very much smaller than
W- andZ-boson masses:

L4 f5
GF

A2
n̄gm~11g5!nĒgm~gV1gAg5!E. ~1!

Here, E denotes the electron field,g552 ig0g1g2g3, gV
512 1

2 (124 sin2uW) and gA512 1
2 for ne , where the first

terms in gV and gA are the contributions from theW ex-
change diagram and the second terms are from theZ ex-
change diagram. Also,gV52 sin2uW21

2 and gA52 1
2 for

nm,t .
Now concentrating on soft electromagnetic degrees

freedom with energies much smaller than the electron m
we may integrate out the actual ‘‘heaviest’’ particle, i.e., t
electron, and find

Leff5
GF

A2

1

e
n̄gm~11g5!n ~gV^ j m&A1gA^ j 5

m&A!, ~2!

where the expectation values of the currents are given
terms of the Green’s function in this field: e.g.,^ j 5

m&A

5 ie tr@gmg5 G(x,xuA)#.
Obviously, in order to obtain this effective Lagrangia

one must calculate the expectation values of vector and a
vector currents in a slowly varying electromagnetic fie
background. As mentioned above, the vector current exp
tation value can be easily obtained using the well-kno
Heisenberg-Euler Lagrangian LHE: ^Ē(x)gmE(x)&
52dLHE/edAm(x). In this way, one obtains a derivativ
expansion of the vector current around a strong field.
example, the term which is third order in the field and fi
order in derivatives was used by Dicus and Repko@2# in their
study ofng→ngg and cross processes.

With regard to Eq.~2!, the derivative expansion of th
axial vector current around an arbitrarily strong field is
nally required. To our surprise, we could not find such
©2000 The American Physical Society03-1
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expression in the vast literature on derivative expansio
Therefore, its derivation remains the final task of our pres
work.

It is convenient to choose a special gauge condition
the potentialAm(x) without loss of generality: the so-calle
Fock-Schwinger gauge1

~xm2ym!Am~x!50, ~3!

which is satisfied by the series

Am~x!5
1

2
~xl2yl!Flm~y!1

1

3
~xl2yl!

3~xs2ys!]sFlm~y!1•••. ~4!

Abbreviating the first term on the right-hand side withAcm
and the second term witham , we may perform a perturbatio
expansion for the Green’s function with respect to the
rivative termam :

G~x,x8uA!5Gc~x,x8uAc!1E d4w Gc~x,wuAc! eam~w!

3gmGc~w,x8uAc!1•••, ~5!

whereGc(x,x8uAc) is the Green’s function of the electron i
the constant field produced byAc . Inserting the expansion
~5! into the definition of^ j 5

m&A, we obtain, to first order in
derivatives,

^ j 5
m&A5

1

3
]sFab

]2

]ks]ka
@P5

bm~2k!#uk50 , ~6!

where we encounter the vector–axial-vector~VA ! amplitude
P5

bm , i.e., the axial analogue of the polarization tensor. T
VA amplitude has been calculated very recently by one
the authors in@18#; an independent confirmation can b
found in @19#.

Inserting the presentation of@18# into Eq. ~6!, we finally
arrive at the first-order gradient expansion of the axial vec
current for arbitrarily strong electromagnetic fields valid f
slowly varying fields

^ j 5
m&A5 i e tr @gmg5 G~x,xuA!#

5 i
e2

24p2
]sFlnE

0

`ds

s
e2 ism2 ~eas!~ebs!

sin~ebs!sinh~eas!

3$@Cnl~C2!ms1Cns~C2!ml#N1

1@Bnl~B2!ms1Bns~B2!ml#N2

2@3F* nmgls1F* nlgms1F* nsgml#N3%, ~7!

where theNi are simple functions of the field strength:

1Especially for gradient expansions of the heat kernel or
Heisenberg-Euler Lagrangian, this gauge has proved extremely
ful; see, e.g.,@16,17#.
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N15
2 sin~ebs!

sinh2~eas!
Fcosh~eas!2

sinh~eas!

eas G12ebs N3

N25
2 sinh~eas!

sin2~ebs!
F2cos~ebs!1

sin~ebs!

ebs G12eas N3

N35
1

eas ebs~a21b2!
Fa2

sin~ebs!

sinh~eas!
2b2

sinh~eas!

sin~ebs! G .
For the analysis, we employed a decomposition of the fi
strength tensor in linearly independent subspaces of ele
and magnetic parts:

Cmnª
1

a21b2
~aFmn1bFmn* !,

Bmnª
1

a21b2
~bFmn2aFmn* ! , ~8!

where the invariantsa andb are defined by

a,b5A~F 21G 2!1/26F, F52
1

4
FmnFmn,

G52
1

4
Fmn* Fmn. ~9!

As a consequence, we find2

~C2!mn5
1

a21b2
~Fmn

2 1b2gmn!,

~B2!mn5
1

a21b2
~Fmn

2 2a2gmn!. ~10!

Concerning our central result for the axial current in Eq.~7!,
we observe its linearity in the derivative ofFmn ~by construc-
tion! which is multiplied by a finite proper-time integral con
taining the complete dependence on the strength of the fie
We would like to point out that our method of performin
the derivative expansion in momentum space@cf. Eq. ~6!# is
much in the spirit of Ref.@20# with the essential difference
that we expand around an arbitrary value of field strengt

Our representation of̂j 5
m& in terms of theCmn and Bmn

tensors is very convenient for performing a weak-field e
pansion; to second order in 1/m2, it finally reads

e
se-

2We always use the metricg5diag(1222).
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^ j 5
m&A5

e3

24p2m2
@]mG1~]aFab!F* bm#1

e5

90p2m6

3]sFab$G~Fbagms1Fbsgma!

1@F* ba~F2!ms1F* bs~F2!ma#

2F~3F* mbgas1F* bagms1F* bsgma!%. ~11!

As a cross-check, one can indeed prove@21# that the first
term can immediately be obtained from the order 1/m2 term
of the famous triangle graph. As a side remark, it should
mentioned that the axial vector anomaly is not present in
result, since we computed the 1/m2-expansion of ^ j 5

m&,
whereas the anomaly is mass independent.

Returning to the quest for the general effective action,
can easily insert Eq.~7! into Eq.~2! and a similar expression
for the vector current̂ j m&. The well-known latter expressio
can be derived via the Heisenberg-Euler Lagrangian as m
tioned above or, alternatively, via the same method as h
.
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proposed for the axial vector current; for this, we would li
to stress that Eq.~6! also holds for the vector current with th
VA amplitudeP5

mn replaced by the polarization tensorPmn.
This tensor in the presence of an arbitrarily constant elec
magnetic field was first calculated in@22# ~an appropriate
representation can be found in@23#!. Details will be pre-
sented elsewhere. We observe that the axial vector curre
of even order in the field, while the vector current is of o
order; this is a direct consequence of the Dirac algebra~Fur-
ry’s theorem!.

To conclude, we have completed the search for a lo
energy effective action for neutrino interactions with an
bitrary number of soft photons with wavelengths larger th
the Compton wavelength. From a different perspective,
have found the generalization of the Heisenberg-Euler ac
to the case involving an axial vector coupling.
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