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Large Nc , chiral approach to M h8 at finite temperature
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We study the temperature dependence of theh and h8 meson masses within the framework ofU(3)L

3U(3)R chiral perturbation theory, up to next-to-leading order in a simultaneous expansion in momenta, quark
masses and number of colors. We find that both masses decrease at low temperatures, but only very slightly.
We analyze higher order corrections and argue that largeNc suggests a discontinuous drop ofMh8 at the
critical temperature of deconfinementTc , consistent with a first order transition to a phase with approximate
U(1)A symmetry.

PACS number~s!: 11.10.Wx, 11.15.Pg, 12.39.Fe
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I. INTRODUCTION

The fate of theU(1)A symmetry of QCD at finite tem-
perature is a fascinating problem@1–3# which could also
have interesting consequences for the ongoing heavy ion
lisions program and, possibly, for cosmology@4–8#. Even a
partial restoration ofU(1)A symmetry in the vicinity of the
critical temperature of chiral symmetry breaking (Tc;200
MeV! could dramatically change the mass and mixing p
tern of the lightest neutral mesons (p0, h and h8), with
signals including enhanced strangeness production or
more speculative possibility of forming parity violating di
orientedh8 condensates in heavy ion collisions@7,9,10#.

Our aim in the present paper is rather modest: we w
study the shift of the mass of theh and h8 mesons at low
temperatures, in a regime in which the hadronic gas is mo
composed of pions. We will work in the framework o
U(3)L3U(3)R chiral perturbation theory (xPT), in a simul-
taneous expansion in momenta, quark masses, numbe
colorsNc , and temperatureT.

Our motivation for doing this investigation was threefol
First, the predictions ofxPT in a pion thermal bath, althoug
limited in scope toT&few f p , are essentially model inde
pendent~see for instance, the review of Smilga@11# and
references therein!. Given the phenomenological success
the largeNc expansion in vacuum, one might perhaps ho
that the predictions of the present work are as robust. N
we wanted to see to which extent the results derived in R
@12# could be amended. As us, the authors have comp
the shift of Mh and Mh8 at low temperatures using the D
Vecchia–Veneziano–Witten effective Lagrangian~DVW!

@13–15#, but only to leading orderDMh8
2 ;T2. However, it

was not clear to us whether the leading order DVW Lagra
ian was a good approximation for this problem. Although t
parameters of the Lagrangian can be fitted to the obse
mass and mixing pattern of theh andh8 mesons to within
10% @16,17#, the decay rates predicted forh8→hpp are off
0556-2821/2000/62~5!/056004~11!/$15.00 62 0560
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the experimental values by a factor of about 40. This iss
which is obviously relevant in order to determine the shift
Mh8 in a pion bath, is however easily cured at next-t
leading order in the largeNc expansion@18,19#. As we will
show, next-to-leading order corrections are also quite imp
tant at finite temperature, but not to the point of dramatica
changing the conclusion of Ref.@12#: at low temperatures
Mh8 stays essentially constant. Finally, we wanted to
what the largeNc expansion could teach us about the fate
the U(1)A symmetry at finite temperature. At zero temper
ture, in the confined phase of QCD, largeNc arguments pre-
dict that Mh8

2 }1/Nc . On the other hand, at very high tem
peratures, in the quark-gluon plasma phase of QCDT
@mhadr;200 MeV!, instanton calculus is reliable and pre
dicts an effective restoration ofU(1)A symmetry. Because o
screening, instanton effects are suppressed at very large
peratures}exp@28p2/g(T)2#. At largeNc , the suppression is
more important, as 1/g2→Nc /l with fixed ’t Hooft coupling
l5g2Nc , and the exponential tends to vanish exp(2Nc /l)
→0 as Nc increases. Because of asymptotic freedom,l
growths at lower temperatures and the instanton argum
breaks down. However, forNc large enough, a natural as
sumption is that the exponential suppression holds all
way down to the critical temperature of deconfinementTc
;mhadr @7#. Although we have no proof of this statemen
such behavior seems natural given the large release of
tropy }Nc

2 at Tc and is actually known to occur in models i
two dimensions@20#. With this assumption,Mh8 can be
taken as an order parameter forU(1)A symmetry restoration
at Tc . In Ref. @7#, some information on the behavior ofMh8
near Tc could be extracted assuming that thedeconfining
phase transition could be of second order at largeNc @21#.
We will argue here that largeNc favors a sharp drop ofMh8
at Tc , consistent with first order transition to the phase w
~approximate! U(1)A symmetry.

Our paper is organized as follows. In the next section,
briefly review U(3)L3U(3)R xPT, which extends the
©2000 The American Physical Society04-1
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framework of the largeNc DVW effective Lagrangian be-
yond leading order. For definitiveness, we refer to the rec
analysis of Herrera-Siklo´dy et al. @22#. We then discuss the
implications of these corrections at low temperature, in pr
ence of a pion thermal bath. Most formulas are relegate
the Appendix. In the last section, we speculate on the ef
of higher order corrections in the largeNc expansion and
draw the conclusions.

II. SKETCH OF U„3…LÃU„3…R CHIRAL PERTURBATION
THEORY

At low energies and temperatures, the dynamics of Q
is governed by an approximateSU(3)L3SU(3)R chiral
symmetry which is spontaneously broken to the diago
SU(3) in vacuum. If the mass of the up, down and stran
quarks were vanishing, the symmetry would become ex
and there would be eight massless Goldstone bosons.
nomenological Lagrangians, which treat the mass of
quarks as small perturbations, provide a powerful fram
work, known as chiral perturbation theory (xPT), to study
the properties of the lightp, K, andh mesons@23,24#. The
h8 meson does nota priori fit in this frame. It is substan-
tially heavier than the other eight light mesons, and,
vacuum, would stay so even in the chiral limit of zero qua
masses, because it receives most of its mass from theU(1)A
anomaly through non-perturbative instanton-like effects@25#.
The effect of the axial anomaly can however be convenie
is

e
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turned off by going to the limit of large number of colorsNc
@26–28#. At infinite Nc and in the chiral limit, the global
symmetry becomesU(3)L3U(3)R , spontaneously broken
in vacuum toU(3), with nine massless Goldstone boson
Like chiral symmetry breaking effects by finite qua
masses, 1/Nc suppressed contributions can be systematic
introduced as perturbations in an effective Lagrangian,
approach which has been quite fruitful@13,14,19,29#. A sys-
tematic analysis of next-to-leading corrections, includi
O(p4) operators, has been initiated in the recent@18,22,30#.
We refer to these latter works for more details and follo
their conventions for ease of reference. We will work
Euclidean spacetime with metricgmn[dmn and use the
imaginary time formalism to compute the thermal corre
tions.

A. Leading order

The leading order effective Lagrangian is well know
@13–15#. In the notation of@22# it is written as

LLO5
f 2

4
~v02X

21^]mU†]mU&2^U†x1x†U&!, ~1!

whereU is theU(3) matrix

U[eiA2F/ f , ~2!

with F the pseudoscalar meson matrix
F5S p0

A2
1

h8

A6
1

h0

A3
p1 K1

p2
2

p0

A2
1

h8

A6
1

h0

A3
K0

K2 K̄0 2
2h8

A6
1

h0

A3

D , ~3!
on-
it

ee

y.
and f 5 f p592.4 MeV at leading order. The mass matrix

x52 B diag~mu ,md ,ms!, ~4!

but we shall neglect isospin breaking effects (mu5md

[m). The constantB is related to the value of thêq̄q&
condensate,Mp

2 52mB[22m^q̄q&/ f p
2 at leading order. The

combination

X~x![^ logU~x!&1 iuQCD5 i A6

f
h01 iuQCD, ~5!

is invariant underU(3)L3U(3)R transformations,̂ logU&
→^log(gRUgL

†)&12i^a& anduQCD→uQCD22^a&. Because of
this, any arbitrary function ofX can a priori enter in the
construction of the effective Lagrangian, with thus little pr
 -

dictive power. This is where the largeNc expansion comes to
the rescue by limiting the number of operators that can c
tribute at each level of approximation. In the chiral lim
(m,ms→0), Eq. ~1! gives

Mh8
2

523v02, ~6!

which is the celebrated Veneziano-Witten relation for thr
massless flavors@27,28#, with v02[22t/ f 2;1/Nc , wheret
is the topological susceptibility of pure Yang-Mills theor
The rationale ofU(3)L3U(3)R xPT is to count powers of
p2, mq , and 1/Nc on the same levelO(d) @22,29#:

O~d!;p2;mq;1/Nc . ~7!
4-2



ia

i

is-
t

n

ri
t
b

t

n

ue

-

d
iate

so

nter

de-

e

it

g as

rder

red

LARGE Nc , CHIRAL APPROACH TOMh8 AT FINITE . . . PHYSICAL REVIEW D 62 056004
According to this counting rule, the leading order Lagrang
~1! is O(d0) becausef 2;O(Nc).

1

At leading order, there are four unknown parameters
the Lagrangian:f, v02, and the combinationsmB and msB
~or x[ms /m21). On the other hand, we have at our d
posal seven observables:f p , f K , the four masses of the ligh
mesons, and theh-h8 mixing angleu. Using Mh8 as input
and the formulas given for reference in the Appendix, o
obtains

f 25 f p
2 5 f K

2 ,

2mB5Mp
2 ,

x.24.1,

v02.20.22 GeV2, ~8!

which predict thatu.220° and

Mh.494.4 MeV. ~9!

Remarkably, the latter number is only 10% off the expe
mental valueMh5547.3 MeV. It is however known tha
adjusting the parameters cannot improve the prediction
cause the ratioMh

2/Mh8
2 has an upper bound2 @16#. One has

to take into account next-to-leading order corrections
reach agreement@17#.

At leading order, the only coupling betweenh8 and the
pions is from the quark mass term in the Lagrangian~1! and
is thus chirally suppressed. The amplitude forh8→hpp is
then

A5
Mp

2

6 f p
„2A2 cos~2u!2sin~2u!…. ~12!

The corresponding decay rates

G~h8→hp0p0!51.0 keV,

G~h8→hp1p2!51.9 keV'23G~h8→hp0p0!,
~13!

are however much smaller than the experimental ones,

1Note that the field expansion ofU brings further powers of 1/f
;1/ANc . The O(d) counting is to be understood to hold at th
operator level.

2AssumingMp50 to simplify, Eq.~1! gives

Mh
2

Mh8
2 5

32y2A912y1y2

32y1A912y1y2
, ~10!

where y[9v02/2(MK
2 2Mp

2 ). This ratio reaches a maximum aty
523 ~note thatv02,0) corresponding to

Mh

Mh8
,0.518, ~11!

to be compared with the measured ratioMh /Mh8.0.571. Taking
into accountMpÞ0 improves things, but not enough.
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Gexp~h8→hp0p0!542.064.2 keV,

Gexp~h8→hp1p2!588.967.6 keV. ~14!

We will not speculate on the reasons for this well-know
discrepancy~see Refs.@19,31# for a more recent discussion!,
but simply note that within the present framework, this iss
can also be resolved at next-to-leading order@18,19#.3

B. Next-to-leading order

In our case, at next-to-leading order,O(d), only a few
more terms can be added to the Lagrangian~1! @22#:

LNLO5LLO1
f 2

4
~2v31X^U†x2x†U&

1v40^U†]mU&^U†]mU&1 i v50̂ U†]mU&]muQCD

1v60]muQCD]muQCD!2M0 O02M3 O31L5 O5

2L8 O8 , ~15!

where theO0,3,5,8 areO(p4) operators whose coupling con
stants areO(Nc):

O05^]mU]nU†]mU]nU†&,

O35^]mU†]mU]nU†]nU&,

O55^]mU†]mU~U†x1x†U !&,

O85^x†Ux†U1U†xU†x&. ~16!

The couplingsv40, v50, andv60 are not independent an
either one of them can be set to zero by an appropr
change of variables,h0 / f→h0 / f 1k uQCD. We shall choose
v4050. Moreover,v50 andv60 will not appear in our calcu-
lations and can be discarded. AtO(d), the only coupling
related to the breaking ofU(1)A symmetry is thusv31
;O(1/Nc). Note that the corresponding operator is al
chirally suppressed}mq .

At next-to-leading order, seven unknown parameters e
in the definition of the meson mass matrix:f, v02, v31, L5,8,
together with the quark massesm andms ~see the Appendix
for details!. These can be expressed in terms of seven in
pendent observables:f p , f K , Mp , MK , Mh , Mh8 , and the
h-h8 mixing angleu @30#. At this level, largeNc xPT is thus
not predictive. The strategy adopted in Ref.@30# was to

3Note that the amplitude~12! is constant and vanishes in the lim
mu5md50, for anyms . However, general arguments@19# ~and a
fit to experimental data! indicate that formu5md50, the amplitude
should behave likeA5const3pp

(1)
•pp

(2) , wherepp
(1,2) are the mo-

menta of the outgoing pions, and where the constant is vanishin
the strange quark mass goes to zero. As shown in Ref.@19#, this
behavior can be easily accommodated by introducing higher-o
terms, an approach that is systematized by thed expansion@18#.
The smallness of the leading order contribution is then conside
as a mere accident, related to the smallness of the ratioMp

2 /MK
2 .
4-3
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FIG. 1. One-loop pion correc-
tions to Mh andMh8 at low tem-
perature. The black box represen
insertions of next-to-leading orde
operators.
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impose thatO(d) corrections are not too large so that t
large Nc expansion makes sense. For mixing angle in
range 20°,u,24°, the fit gives@30#

0.980<2mB/Mp
2 <0.988,

18.3<x<20.9,

0.214 GeV2<uv02u<0.239 GeV2,

1.3531023<L8<1.5731023,

20.164<v31<20.161, ~17!

together with f 590.8 MeV andL552.031023 which are
fixed by f p and f K . Note that if v02 does only change by
about 10%, the shift inms is quite large,;20225.

Because they have four derivatives, the operatorsO0 and
O3 do not contribute to the meson mass matrix in vacuu
However, they give the dominant contributions to the dec
h8→hpp @18#. This is essentially because the extra deriv
tives introduce large amplification factors,}(Mh8 /Mp)2,
with respect to the leading order amplitude.4 The observed
decay rates are well reproduced with

M0.1.231023,

M3;20.431023, ~18!

values which can be independently inferred from the kno
L1 , L2, andL3 of SU(3)3SU(3) xPT ~in the nomenclature
of Gasser and Leutwyler@24#!.5

Thus all the parameters of the next-to-leading order eff
tive Lagrangian are fixed by low-energy phenomenology

III. M h8 IN A PION THERMAL BATH

In Ref. @12#, the leading order Lagrangian~1! has been
used to study the shift ofMh andMh8 at one-loop in a pion
thermal bath. The effect they found is very tiny, as atT

4This may actually cast some doubts on the validity ofxPT for
such processes as one could expect higher-order effects to
non-negligible contributions to the decayh8→hpp. One may nev-
ertheless hope that the largeNc expansion is still reliable and tha
these corrections are 1/Nc suppressed. Whether this is true is unfo
tunately hard to check as we would evidently have too few hadro
data to completely fit the parameters of the effective Lagrangia
higher orders in thed expansion. Of course, this is precisely wh
the largeNc expansion is invoked in the first place.

5According to Ref.@18#, M05
2
3 (L11L2)1O(Nc

0) and M35L3

12M0.
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;200 MeV the relative mass shifts are onlyO(0.1%). The
reason for this is easy to understand. Theh andh8 mesons
receive most of their mass from the topological susceptibi
term }v02 and/or from the strange quark mass, while t
pion thermal corrections only modifies the tiny contributio
from the pion mass term}Mp

2 . Thermal kaons could give a
larger effect,}MK

2 , but the density of these is exponential
suppressed at low temperatures,}exp(2MK /T). One might
wonder whether next-to-leading order corrections could
rectly affect the contribution of the leading orderU(1)A
breaking termv02. As we have seen in the previous sectio
five extra operators appear at next-to-leading order in
largeNc expansion and, of these, only the one with coupli
v31 is related toU(1)A symmetry breaking. Unfortunately
this term is also chirally suppressed,}m, and its contribu-
tion is only O(v31Mp

2 T2/ f p
2 ). At temperatures of interest

this is small compared tov02, but of the same magnitude a
the leading order thermal correction. The other four ope
tors will also contribute, but in a less interesting way, as th
are invariant underU(1)A . Furthermore, their effects ar
also}Mp

2 .
We have computed the shift of the mass ofh andh8 at

one-loop, at next-to-leading order in the expansion ind. We
have not taken into account two-loop corrections from th
leading order Lagrangian. Although it is not clear wheth
this is legitimate numerically speaking, neglecting these
however consistent with the rules of largeNc chiral pertur-
bation theory. Indeed, the natural extension ofd power-
counting to finite temperature is

O~d!;p2;mq;1/Nc;T2. ~19!

At leading order,Mh8
2

5O(d);1/Nc and the one-loop ther
mal correction is}Mp

2 T2/ f 2;d3. At two-loop, using the
leading order Lagrangian, the shift is}Mp

2 T4/ f 4;d5, while
at one-loop using the next-to-leading order Lagrangian,
shift is typically v31Mp

2 T2/ f 2;d4 ~using v31;1/Nc) and
thus dominant. Consistency thus requires to neglect the t
loop contributions. This greatly simplifies the calculatio
which are a bit cumbersome, but otherwise straightforwa

The relevant diagrams are those of Fig. 1, where the lo
contain only pions. At next-to-leading order there are tw
related thermal loops:

I 1~T!5T (
n52`

` E d3kW

~2p!3

1

K21Mp
2 , ~20!

with K25k0
21kW2, wherek052pnT, with n integer, are the

Matsubara frequencies and

ive

ic
at
4-4
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I 2~T!5T (
n52`

` E d3kW

~2p!3

K2

K21Mp
2 , ~21!

with I 2(T)52Mp
2 I 1(T). As usual, we drop the ultraviole

divergent part of the pion loops as these can in principle
reabsorbed in vacuum parameters, including next-to-nex
leading order counter-terms. The sum overn can then be
readily evaluated using standard techniques@32#,

I 1~T!5E d3kW

~2p!3

1

v

1

exp~v/T!21
5

MpT

2p2 (
n50

`
1

n
K1S nMp

T D ,

~22!

wherev25kW21Mp
2 . For instance, forT*Mp

I 1~T!'
T2

12
. ~23!

In the sequel we simply compute Eq.~22! numerically. As
the relevant formula are not particularly transparent, we h
relegated them to the Appendix. Figures 2 and 3 show
shift of Mh8 andMh at low temperature both at leading an

FIG. 2. Leading order~solid line! and next-to-leading orde
~dashed line! contributions toMh(T). Both curves are normalized
to Mh(0).

FIG. 3. Leading order~solid line! and next-to-leading orde
~dashed line! contributions toMh8(T). Both curves are normalized
to Mh8(0).
05600
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next-to-leading order. To be definite we have chosen the
of parameters corresponding tou.220°. The net thermal
effects are not dramatic: both masses decrease, but
slightly. As expected, the shift of the massMh8 is more pro-
nounced at next-to-leading order, but the effect is not v
significant. Again, this is because, both at leading and ne
to-leading orders, the thermal corrections are chirally s
pressed,}Mp

2 T2/ f p
2 . For completeness, we have also plott

in Fig. 4 the shift of the mixing angle at low temperature. A
both theh and h8 masses diminish, the angle is not ve
much affected. It decreases a bit~toward ideal mixing?!, con-
sistent with the relatively larger shift ofMh8 .

IV. LESSONS FROM LARGE Nc?

As we have seen in the previous section, the mass ofh8 is
almost not affected at low temperatures in a pion bath. T
is because, at this order, the pion thermal corrections
chirally suppressed, smaller thanMp

2 .0.02 GeV2, and thus
essentially negligible compared to the contribution from t
U(1)A symmetry breaking termv02.0.22 GeV2. In par-
ticular, in the chiral limit,Mp50, all the corrections vanish
and Mh8 is temperature independent up to next-to-lead
order in xPT. In the chiral limit, the leading contribution
from pions to the shift ofMh8 presumably arise fromO(p4)
operators like6

6The O(p2) operator

L; f 2
X2

Nc
2 ^]mU†]mU&, ~24!

can contribute at one-loop if and only ifMp
2 Þ0. It could contribute

at two-loop order in the chiral limit}T4, but does not because pio
interactions are too soft. This is a well-known feature of pion th
mal corrections which is for instance manifest in the absence oT6

terms in the free energy of a pion gas in the chiral limit@33#, or in
the fact that massless thermal pions move at the speed of ligh
orderT2 @34#.

FIG. 4. Leading order~solid line! and next-to-leading orde
~dashed line! contributions to tan 2u(T). Both curves are normal-
ized to tan 2u(0).
4-5



th
r

f t

y

n-
t
ra
t t

e

lo

r
o

om
,

e

n
nt.

ary

of

hey
t

q.

In
tions

m-

ns
ure

n-

at

that
e

ith

x-

er

ing

been
.

R. ESCRIBANO, F. S. LING, AND M. H. G. TYTGAT PHYSICAL REVIEW D62 056004
L;
1

Nc
X2 ^]mU]nU†]mU]nU†&. ~25!

The coupling isO(1/Nc) because there is a factor of 1/Nc
2

coming with X2 and one ofNc from the coupling of the
O(p4) operator. The best way to see this is to replace
coupling M0;Nc ~or M3) from the next-to-leading orde
Lagrangian by a function ofX, M0→M0(X) and expand to
second order inX, which brings down a factor of 1/Nc

2 .
Because there are at least four pions in the expansion o
operator~25!, the leading pion thermal correction toMh8 in
the chiral limit is a two-loop effect,

dMh8
2

~T!;
1

Nc

T8

f 6;
1

Nc
4

T8

mhadr
6

. ~26!

We have made the largeNc dependence of the pion deca
constantf 2 manifest by definingf 2;Ncmhadr. Of course, the
sign of the correction is not known andMh8 could go up or
down. Also, if we compare withMh8

2 (0);mhadr
2 /Nc , we in-

fer thatMh8 is quasi-constant for temperatures

T!T* ;Nc
3/8mhadr. ~27!

In the largeNc framework, the natural scale for deco
finement is Tc;mhadr, which is also the temperature a
which the pions from the hadronic gas overlap. It is natu
to assume that chiral symmetry restoration takes place a
same temperature, driven by the release ofO(Nc

2) gluon de-
grees of freedom@11,35#. The estimate in Eq.~27! then
seems to imply thatMh8 is essentially constant up to th
temperature of deconfinement, sinceT* @Tc;mhadr for Nc
large. This conclusion is however premature because the
momentum expansion breaks down nearTc and we must
take into account the contribution of operators with arbitra
number of derivatives. We claim that the dominant operat
at largeNc are of the form

L;
1

Nc mhadr
2k24

X2

3^]m1
U]m2

U† . . . ]mk
U]m1

U†]m2
U . . . ]mk

U†&.

~28!

These operators are irrelevant at low energies but bec
marginal for];Tc . A six-derivative operator, for instance
first contribute at three loopsdMh8

2 }T12/(Nc
5mhadr

10 ). For
comparison, the contribution of a three-loop diagram with
four-derivatives~NLO! and a two-derivatives vertices~LO!
is }1/Nc T10/ f 8;1/Nc

5 T10/mhadr
8 and is subdominant at larg

Nc . For generick, the operators of Eq.~28! give dMh8
2

;T4k/(Nc
k12mhadr

4k22). The ratio of two consecutive termsk
andk11 becomesO(1) atT8;Nc

1/4mhadr, independent ofk.
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At large Nc , Tc!T8!T* and the perturbative expansio
still breaks down above the temperature of deconfineme

Another set of operators could be relevant at largeNc

because theh8 is then rather light,Mh8;mhadr/Nc
1/2,Tc .

Thus one should include operators that involve arbitr
powers of theh8 field, like

L; f 2FS X

Nc
D ^]mU†]mU&

5S h0
2

m2Nc
2 1

h0
4

m4Nc
5 1••• D ~]mh0!21pion terms, ~29!

which contributes to the wave-function renormalization
h8,

dZh8;T2/~Nc
2mhadr

2 !1T4/~Nc
5mhadr

4 !1•••, ~30!

or terms of the form

L;Nc
2mhadr

4 GS X

Nc
D;

mhadr
2

Nc
h0

21#1

1

Nc
4 h0

4

1#2

1

mhadr
2 Nc

7
h0

61 . . . . ~31!

However, a common feature of these operators is that t
are very suppressed at largeNc . They become importan
only for T;Nc

3/2mhadr, much higher thanT8 so that their
contribution is subleading compared to operators like in E
~28!.

Can we conclude anything from these considerations?
all the cases discussed above, the leading thermal correc
to Mh8 , in the chiral limit and forNc large, become impor-
tant for temperature which are higher than the critical te
perature of deconfinementTc;mhadr by a factor ofNc

g . Al-
though the value ofg is hard to guess, as various correctio
can get mixed up, we believe it is reasonable to conject
that g is strictly positive. This implies that just belowTc ,
Mh8(T)5Mh8(0) to a very good approximation. The sta
dard lore is that the deconfining phase transition atTc is of
first order for Nc large @35#.7 Because the temperature
which hadronic interactions can affectMh8 is ~very much!
larger than the temperature of deconfinement, we expect
changes inMh8 will be instead triggered by the release of th
large number of gluons and will thus dropdiscontinuouslyat
Tc , i.e., that there is a first order transition to a phase w
~approximate! U(1)A symmetry.

This behavior is not inconsistent with various other e
pectations. For three light quark flavors,Nf>3, the transi-
tion to the chirally symmetric phase is probably first ord

7Various arguments, including recent developments in str
theory ~see Sec. 6.2.2 in Ref.@36#! and lattice simulations ofNc

54 pure Yang-Mills theory@37#, favor a first order deconfining
phase transition. A case for a second order phase transition has
made in Ref.@21#, in light of the structure of the Columbia diagram
4-6
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while for Nf52, the phase transition is supposed to be
second order, in the universality class ofO(4) @2#. It has
been argued by Smilga that the latter behavior is not inc
sistent with a first order deconfining phase transition at la
Nc @11#. The reason is that, unlike forMh8 , there is an
infinite subset of thermal corrections that contribute to
same orderin Nc to the shift of the quark condensateS
[^q̄q&,

S~T!5S X12#
T2

Nc
2mhadr

2
FS T

mhadr
D C. ~32!

Even though thermal corrections are suppressed like 1/Nc
2 ,

the ~unknown! function F(x) may be singular near, but be
low Tc;mhadr. If, for instance,F has a simple pole atT
5T0,Tc , F;mhadr

2 /(T22T0
2) and the chiral phase trans

tion is second order with a critical region nearTc , that is of
order

FIG. 5. Plot of thep andd (a0) near the critical temperature fo
Nc53 ~continuous lines! and possible changes forNc@3 ~dashed
lines!.
05600
f
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e

DT

Tc
;

1

Nc
2 . ~33!

Alternatively, if U(1)A symmetry is effectively restored a
Tc , the largeNc behavior~32! is also consistent with a fluc-
tuation induced first order phase transition. ForNf51 fi-
nally, chiral symmetry is broken by the anomaly at all tem
perature and there is no chiral phase transition. However
instanton transitions are strongly suppressed just aboveTc ,
chiral symmetry can be effectively restored and the pha
transition is presumably first order.

V. CONCLUSIONS

We have studied the behavior of the mass of theh8 pseu-
doscalar meson at finite temperature using constraints fr
chiral symmetry and largeNc power counting. The main
conclusion to be drawn from this work is thatMh8 is essen-
tially unchanged at low temperatures. A tentative analysis
the effect of leading higher order corrections at largeNc
suggeststhat Mh8 changes discontinuously at the temper
ture of deconfinement. The implications of these consid
ations for the real world,i.e. Nc53, are not quite clear as we
would expect the suppression of instanton effects only
asymptotically high temperatures. It is however striking th
recent lattice simulations, withNf52 staggered@38# and do-
main wall @39# fermions, both show a strong suppression
U(1)A breaking effects at low temperaturesT;1.2Tc . Be-
cause this temperature is outside the critical region, the or
of the chiral phase transition is probably not affected.
could be of interest to consider doing simulations withNc
.3, although this would probably be time consuming,
maybe with one flavor and variousNc . Consider for ex-
ample a plot of thep andd susceptibilities near the critica
temperature as computed on the lattice@38#. LargeNc argu-
ments suggest that the curves of the susceptibilities would
flatter belowTc —because the confined phase is colder
and that splitting betweenp and d ~a.k.a. a0) should be
narrower aboveTc —becauseU(1)A breaking is more sup-
pressed, maybe as in Fig. 5. The Columbia diagram co
change accordingly: the critical line around the region
small Mu5Md masses would move as in Fig. 6.
-
FIG. 6. Columbia phase dia
gram as function of Mu5Md

~horizontal axis! and Ms ~vertical
axes! for Nc53 ~left, the blue dot
is where QCD stands! and how it
could evolve at largeNc ~right!.
4-7
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APPENDIX

1. Useful formulas

a. Leading order

2mB5Mp
2 , ~A1!

x52
MK

2

Mp
2

22, ~A2!

f 5 f p , ~A3!

23v025Mh8
2

2
2MK

2 1Mp
2

3
1

2A2

3
~MK

2 2Mp
2 !tanu.

~A4!

b. Next-to-leading order

Some definitions.DM , DN are defined as

DM[
8

f 2
~MK

2 2Mp
2 !~2L82L5!, ~A5!

DN[3v31212
L5

f 2
v02. ~A6!

Next-to-leading order parameters.The next-to-leading or-
der parameters can be expressed in terms of observa
through

2mB5Mp
2 S 12

Mp
2

MK
2 2Mp

2
DM D , ~A7!

x52
MK

2

Mp
2 ~12DM !22, ~A8!

f 5 f pS 124
L5

f 2
Mp

2 D , ~A9!

23v025Mh8
2

2
2MK

2 1Mp
2

3
1

2A2

3
~MK

2 2Mp
2 !

3~11DM2DN!tanu

2
2

3
@~MK

2 2Mp
2 !DM2~2MK

2 1Mp
2 !DN#,

~A10!
05600
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L5

f 2
5

1

4~MK
2 2Mp

2 !
DP , ~A11!

where

DM5
Mp

2 13Mh
224MK

2 13~Mh8
2

2Mh
2 !sin2u

4~MK
2 2Mp

2 !
,

~A12!

DN511
3

4A2

~Mh8
2

2Mh
2 !sin 2u

MK
2 2Mp

2
1DM , ~A13!

DP5
f K

f p
21. ~A14!

2. Results atTÄ0

a. Leading order

Mass matrix:

m88
2 5

1

3
~4MK

2 2Mp
2 !, ~A15!

m80
2 52

2A2

3
~MK

2 2Mp
2 !, ~A16!

m00
2 5

1

3
~2MK

2 1Mp
2 !23v02

5
1

3
~2MK

2 1Mp
2 !2

2

3
y~MK

2 2Mp
2 !, ~A17!

where

y[
9v02

2~MK
2 2Mp

2 !
. ~A18!

Mixing angle:

tan 2u[
2m80

2

m00
2 2m88

2
5

2A2

11y
. ~A19!

Physical masses:

Mh
25MK

2 2
MK

2 2Mp
2

3
~y1A912y1y2!, ~A20!

Mh8
2

5MK
2 2

MK
2 2Mp

2

3
~y2A912y1y2!, ~A21!

with
4-8
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Mh
21Mh8

2 [m88
2 1m00

2 52MK
2 2

2

3
y~MK

2 2Mp
2 !.

~A22!

b. Next-to-leading order

Mass matrix:

m88
2 5

1

3
~4MK

2 2Mp
2 !1

4

3
~MK

2 2Mp
2 !DM , ~A23!

m80
2 52

2A2

3
~MK

2 2Mp
2 !~11DM2DN!, ~A24!

m00
2 5

1

3
~2MK

2 1Mp
2 !23v021

2

3
~MK

2 2Mp
2 !DM

2
2

3
~2MK

2 1Mp
2 !DN

5
1

3
~2MK

2 1Mp
2 !~122DN!1

2

3
~MK

2 2Mp
2 !DM

2
2

3
y~MK

2 2Mp
2 !. ~A25!

Mixing angle:

tan 2u5
2A2

11y
X11

y

11y
DM

2S 11
1

11y

2MK
2 1Mp

2

MK
2 2Mp

2 D DNC. ~A26!

Physical masses:

Mh
25MK

2 2
MK

2 2Mp
2

3
~y1A912y1y2!

1S 12
91y

3A912y1y2D ~MK
2 2Mp

2 !DM2
1

3 S 2MK
2

1Mp
2 2

3~2MK
2 23Mp

2 !2y~2MK
2 1Mp

2 !

A912y1y2 D DN,

~A27!
05600
Mh8
2

5MK
2 2

MK
2 2Mp

2

3
~y2A912y1y2!

1S 11
91y

3A912y1y2D ~MK
2 2Mp

2 !DM

2
1

3 S 2MK
2 1Mp

2

1
3~2MK

2 23Mp
2 !2y~2MK

2 1Mp
2 !

A912y1y2 D DN,

~A28!

with

Mh
21Mh8

2
52MK

2 2
2

3
y~MK

2 2Mp
2 !12~MK

2 2Mp
2 !DM

2
2

3
~2MK

2 1Mp
2 !DN . ~A29!

3. Results atTÅ0

a. Leading order

Mass matrix:

m88
2 ~T!5m88

2 ~0!2
Mp

2

2 f p
2

I ~T!, ~A30!

m80
2 ~T!5m80

2 ~0!2
Mp

2

A2 f p
2

I ~T!, ~A31!

m00
2 ~T!5m00

2 ~0!2
Mp

2

f p
2

I ~T!, ~A32!

where

I ~T![E d3kW

~2p!3

1

v

1

ebv21
; v5AkW21Mp

2 , b5
1

T

5
MpT

2p2 (
n51

`
1

n
K1S nMp

T D ——→
Mp→0 T2

12
. ~A33!

Mixing angle:

tan 2u~T!5tan 2u~0!1
2A2

11y

y

11y

3

4

Mp
2

MK
2 2Mp

2

1

f p
2

I ~T!.

~A34!

Physical masses:
4-9
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Mh
2~T!5Mh

2~0!2
3

4

Mp
2

f p
2

I ~T!S 11
91y

3A912y1y2D , ~A35!

Mh8
2

~T!5Mh8
2

~0!2
3

4

Mp
2

f p
2

I ~T!S 12
91y

3A912y1y2D , ~A36!

with

Mh
2~T!1Mh8

2
~T!5Mh

2~0!1Mh8
2

~0!2
3

2

Mp
2

f p
2

I ~T!. ~A37!

b. Next-to-leading order

Mass matrix:

m88
2 ~T!5m88

2 ~0!2
Mp

2

2 f p
2

I ~T!X11
2Mp

2

MK
2 2Mp

2 S DP1
3

2
DM D124

Mp
2

f p
2 ~M01M3!C, ~A38!

m80
2 ~T!5m80

2 ~0!2
Mp

2

A2 f p
2

I ~T!X11
2Mp

2

MK
2 2Mp

2 S DP1
3

2
DM D22DN124

Mp
2

f p
2 ~M01M3!S 12

y

3

MK
2 2Mp

2

Mp
2 D C.

~A39!

m00
2 ~T!5m00

2 ~0!2
Mp

2

f p
2

I ~T!X11
2Mp

2

MK
2 2Mp

2 S DP1
3

2
DM D2DN124

Mp
2

f p
2 ~M01M3!S 12

2y

3

MK
2 2Mp

2

Mp
2 D C.

~A40!

Mixing angle:

tan 2u~T!5tan 2u~0!1
2A2

11y

y

11y

3

4

Mp
2

MK
2 2Mp

2

1

f p
2

I ~T!X11
2Mp

2

MK
2 2Mp

2 S DP1
3

2
DM D2

2

11y
DM1

12y

11y
DN

1
3

~11y!y

2MK
2 2~11y!Mp

2

MK
2 2Mp

2
DN124

Mp
2

f p
2 ~M01M3!S MK

2 2
y

3
~MK

2 2Mp
2 !

Mp
2

D C. ~A41!

Physical masses:

Mh
2~T!5Mh

2~0!2
3

4

Mp
2

f p
2

I ~T!X11
91y

3A912y1y2
1

2Mp
2

MK
2 2Mp

2
F S 11

91y

3A912y1y2D DP1
3

2
S 11

27~31y!1~91y!y2

3~912y1y2!3/2

1

2

3
y2

3~912y1y2!3/2

4MK
2 2Mp

2

Mp
2

D DMG2
4

3 S 11
~31y!@~91y!1~31y!y#

~912y1y2!3/2
1

6y

~912y1y2!3/2

Mp
2

MK
2 2Mp

2 D DN

124
Mp

2

f p
2 ~M01M3!F11

91y

3A912y1y2
2

4

9
yS 11

31y

A912y1y2D MK
2 2Mp

2

Mp
2 GC, ~A42!
056004-10
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Mh8
2

~T!5Mh8
2

~0!2
3

4

Mp
2

f p
2

I ~T!X12
91y

3A912y1y2
1

2Mp
2

MK
2 2Mp

2
F S 12

91y

3A912y1y2D DP1
3

2
S 12

27~31y!1~91y!y2

3~912y1y2!3/2

2

2

3
y2

3~912y1y2!3/2

4MK
2 2Mp

2

Mp
2

D DMG2
4

3 S 12
~31y!@~91y!1~31y!y#

~912y1y2!3/2
2

6y

~912y1y2!3/2

Mp
2

MK
2 2Mp

2 D DN

124
Mp

2

f p
2 ~M01M3!F12

91y

3A912y1y2
2

4

9
yS 12

31y

A912y1y2D MK
2 2Mp

2

Mp
2 GC, ~A43!

with

Mh
2~T!1Mh8

2
~T!5Mh

2~0!1Mh8
2

~0!2
3

2

Mp
2

f p
2

I ~T!F11
2Mp

2

MK
2 2Mp

2 S DP1
3

2
DM D2

4

3
DN

124
Mp

2

f p
2 ~M01M3!S 12

4

9
y

MK
2 2Mp

2

Mp
2 D G . ~A44!
tt

tt.

v.

no

cl.

ys.
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