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Classical Nambu-Goldstone fields
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It is shown that a Nambu-Goldstone~NG! field may be coherently produced by a large number of particles

in spite of the fact that the NG bosons do not couple to flavor conserving scalar densities such asc̄c. If a flavor
oscillation process takes place, the phases of the pseudoscalar or flavor-violating densities of different particles
do not necessarily cancel each other. The NG boson gets a macroscopic source whenever the total~spontane-
ously broken! quantum number carried by the source particles suffers a net increase or decrease in time. If the
lepton numbers are spontaneously broken such classical NG~Majoron! fields may significantly change the
neutrino oscillation processes in stars, pushing the observational capabilities of neutrino-Majoron couplings
down tomn/300 GeV.

PACS number~s!: 14.80.Mz, 14.60.Pq
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As is well known, spontaneous violation of global sym
metries leads to the appearance of massless Nam
Goldstone~NG! bosons in the particle spectrum. The N
bosons not only have zero mass but they also have no s
potential terms such asf4. Nevertheless, they do not med
ate long range forces because they only have derivative
plings@1#. This can be understood as follows. A NG bosonf
associated with a quantum numberL broken by the vacuum
transforms under U(1)L asf→f1a, a5const, and all the
other fields are made invariant in the unitary gauge. TheL
conservation law takes the form, ignoring for simplicity po
sible mixing with other NG bosons,

VL]m]mf1]mJL
m50, ~1!

which is nothing but the equation of motion of the NG b
son. VL is the scale of symmetry breaking andJL

m is the
current of the other fermion and boson particles. In ot
words, this equation reads]mJm50, where

Jm5JL
m1VL]mf ~2!

is an exactly conserved current.
The source of a scalar field is of course a scalar dens

The possible fermion bilinears are the scalar and pseu
scalar densities such asf̄ i f j and f̄ ig5f j but they have to be
derived from the divergence of some currentJL

m . The actual
current depends on the particular theory and quantum n
ber L. JL

m is determined in leading order by the quantu
numbers of the existing particles but receives also hig
order corrections with a more general flavor structure. In a
case, it suffices to apply the Dirac equation to arbitrary v
tor and axial-vector bilinears, written in terms of the fermi
mass eigenstates, to conclude, as follows from

]m f̄ ig
mg5f j5 i ~mi1mj ! f̄ ig5f j , ~3!

]m f̄ ig
m f j5 i ~mi2mj ! f̄ i f j , ~4!
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that the NG bosons couple to pseudoscalar densities~gener-
ally these can be both flavor-diagonal and nondiagonal! or to
off-diagonal scalar densities. However couplings to flav
diagonal scalar densities are not possible@2,3#. The pseudo-
scalars that are diagonal in flavor vanish for free parti
states and the flavor violating densities depend on the r
tive phase of distinct flavors. The natural conclusion h
been that these relative phases cancel each other w
summed over a large number of particles and therefore l
range ‘‘1/r ’’ NG fields are not possible. Only spin-depende
‘‘1/ r 3’’ interaction potentials can exist@2,3#.

However, there may be cases where certain quan
numbers are not conserved in a very large scale. For
ample, the total lepton number is violated if the neutrin
have Majorana masses, while the partial lepton numbersLe ,
Lm , or Lt are violated if they are also mixed~i.e., if the
nondiagonal elements of the neutrino mass matrix are n
zero in the flavor basis!. In other words, this means that i
physical processes the individual lepton numbers are viola
by the neutrino oscillation phenomena, e.g., in stars or o
astrophysical objects. If the unconserved quantum numbeL
is spontaneously broken, it implies the existence of a ma
less NG boson - a Majoron@2#.1 As it was pointed out by one
of us @4#, in this case the nonvanishing divergency]mJL

m

generates a classical field for the respective NG boson~Ma-
joron!. The prototype of such system is a flux of neutrin
undergoing a flavor oscillation process. The key idea can
phrased as follows: as far as the neutrino oscillation proc
implies a nonconservation of the currents likeJe

m5 n̄eg
mne ,

etc. associated with the partial lepton numbers, then the c
servation of the full current~2! should imply the existence o
a classical configuration of the corresponding Majoron fie

1We call such NG bosons Majoron independently of whether
quantum numberL is the total lepton numberL or a partial lepton
numberLe,m,t .
©2000 The American Physical Society03-1
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fe , etc., with nonvanishing]mfe @4#. ~Clearly, a constant
NG field does not carry much physical sense.! This seems in
contradiction with what was said about the interaction o
NG boson with fermion scalar densities. It is the aim of th
paper to show that it is not so because the phases of w
functions of different flavors are not independent from ea
other if transition processes take place between them. In
event, the wave functions of such flavors interfere constr
tively with each other and potentially form a macroscop
source of the NG boson built out of nondiagonal densit
like f̄ ig5f j or f̄ i f j , in the basis of the mass eigenstates.
see this one has to be more specific about the nature o
fermion current and equations of motion.

Consider a NG boson associated with the spontane
breaking of a partial lepton numberL, which could beLe ,
Lm , andLt , or any combination of these. Denoting the ne
trinos by f a, with quantum numbersLa , and restricting our-
selves to the fermion current, the equation of motion~1! of
the corresponding NG boson~Majoron! is given in leading
order by

]m]mf52
1

VL
(

a
]m~ f̄ agmLaf a!. ~5!

After applying the fermion equations of motion, the intera
tions that violate the lepton numberL emerge in the secon
term. They vary from model to model but include in gene
neutrino Majorana masses. These are the lowest dimen
terms that violateL and we confine to them here neglectin
any higher order flavor-violating gauge or Yukawa intera
tions. For simplicity, the neutrino mass matrix,m, is assumed
to be real in the weak basis. Denoting bynL

a and nL
aC the

left-handed neutrino fields and their charge conjugates,
equations of motion are of the form

i ]”nL
a5mabnL

aC1Vm
a gmnL

a . ~6!

The potentialsVm
a account for the local neutral and~Fierz-

transformed! charge current interactions with the medium@5#
and couplings to the NG boson namely,

Lnnf5
1

VL
]mf nL

a gmLa nL
a . ~7!

The result is

]m]mf5
i

VL
@nL

a~Lm!abnL
bC2nL

aC~mL!abnL
b#, ~8!

where the quantum numberL is written in matrix form. For
example, one can consider the anomaly free quantum n
ber Le2Lm , in which case the~two-flavor! matrices of lep-
tonic charge and neutrino mass have the form

L5S 1 0

0 21D , m5S M1 M

M M2
D , ~9!

respectively, whereM is a L5Le2Lm conserving entry and
M1 ,M2 are theL violating ones. The result above illustrate
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also that in scattering processes the effective coupling c
stants of neutrinos to Majorons are essentially the neut
masses divided by the scale of global symmetry break
VL . This point will be called later when discussing the o
servational implications.

In order to evaluate the source terms over a system
particles one needs to relate the field operators with the w
functions. The chiral fieldsnL andnL

C are the left and right-
handed projections of the Majorana fields

nL1nL
C5E ac1a†cC, ~10!

wherea anda† are annihilation and creation operators andc
single particle wave functions. The expectation value of
operators in Eq.~8! gives then a sum over all the existingn
particles in terms of their wave functions (g5521 for left-
handed spinors!:

]m]mf5
i

VL
(

n
ca~mL1Lm!abg5cb. ~11!

The second member contains precisely the pseudoscalar
sities present in Eq.~3!. It remains to establish thec equa-
tions of motion. They are nonlinear at the operator level d
to Majorana mass terms but the wave functions obey lin
equations as follows from Eqs.~6! and ~10!:

i ]”ca5mabc
b2Vm

a gmg5ca. ~12!

These are the equations of motion relevant for the m
common cases of neutrino propagation in matter or vacu
What is usually done is to separate the spin and flavor
grees of freedom by expressing the wave function as a p
uct of a left-handed spinorc0

a (g5c052c0), solution of the
zero mass Dirac equation

i ]”c050, ~13!

and a flavor-valued wave functionwa that obeys a well
known evolution equation as a function of the distance tr
elled by each neutrino. Here, one has to go beyond that
proximation because the pseudoscalar densities in Eq.~11!
vanish for spinors with well defined chirality. An approx
mate solution of Eq.~12! is

caa~x!>c0
awa1gab

0 mab

2E
c0

bwb, ~14!

which applies for the most common cases where only
scalar componentsV0

a exist and even for vector potentialsVW a

that are parallel to the neutrino velocityvW . The wave func-
tion wa is considered as a function of the distance travel
by the neutrino to the pointxW , s5xW•vW 2xW0•vW , while the de-
pendence on the variablet2s ~constant along the neutrin
trajectory! is totally absorbed inc0•wa obeys the familiar
evolution equation@5–7#
3-2
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i
dwa

ds
5S m2

2E
1VmvmD

ab

wb, ~15!

wherevm5pm/E is the neutrino velocity andVm
ab5dabVm

a .
Using these wave functions, the Majoron equation of m

tion ~11! reads in leading order

]m]mf5
i

VL
(

n
wa†FL,

m2

2EG
ab

wbc0
†c0 . ~16!

It is now clear that no flavor conserving terms contribute
the Majoron source either in the weak basis whereL is di-
agonal or in the mass eigenstate basis wherem is a diagonal
matrix. The existence of a Majoron source relies on the
terference between different flavor components of the n
trino wave functions. But that simply means the existence
neutrino oscillations. Another necessary condition is that
flavor dynamics Hamiltonian does not conserve the quan
numberL. Here, as a result of our particular specification
the neutrino interactions,L is only violated by the mass
matrix. In general there could be also some additional n
standard neutrino flavor-violating interactions with mat
constituents whose effects can be comprised in the pote
Vm in Eq. ~15!. The remarkable feature is the absence
cancellation due to the arbitrariness of the wave funct
initial phases: each neutrino contributes with a term that o
depends on the phase invariantsc0

†c0 andwa†wb. This cru-
cial fact permits that in certain circumstances the contri
tions from a large number of particles add to each other w
a definite sign making so a source of macroscopic dim
sions. The precise understanding of the nature of those
cumstances is the subject of next discussion.

Making use of Eq.~15! one can write the last equation a

]m]mf52
1

VL
(

n
c0

†c0

d

ds
wa†Lawa. ~17!

Again, the second member does not depend on the in
phases of the individual particles. It rather depends
whether there is a net increase or decrease of theL number
carried by the neutrinos. Take the example of a large sys
where only ne are produced out of electrons captured
nuclear reactions. The oscillationsne→nm necessarily lead
to a total decrease of the partial lepton numberL5Le2Lm
that was initially carried by electrons. IfL is a spontaneously
broken quantum number, then the equation of motion of
corresponding NG bosonfL is ~we ignore a possible mixing
with other NG bosons@4#!:

]m]mfL52
1

VL
(

n
c†c

d~Pne
2Pnm

!

ds

52
2

VL
(

n
c†c

dPne

ds
, ~18!

where for simplicity we have assumed that onlyne↔nm
takes place and thusPne

1Pnm
51. Therefore, the shape o

the Majoron fieldfL is determined in terms of the probabi
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ity Pne
(s)5we†we/w†w of observing thene flavor. Since in

the presence of oscillations this probability is essentia
smaller thanPne

(0)51, the totalfL source charge is posi

tive. The consequence is a long rangefL classical field that
propagates at the velocity of light. ThefL sources exist
whereLe2Lm is either created or destroyed and the size
these regions is determined by the neutrino oscillat
length, or resonance length in the case of resonant osc
tions in a medium.

An explicit example is the well known case of two-flavo
oscillations in vacuum@5#. With a mixing angleu andDm2

mass difference thene flavor probability is

Pne
~s!512sin2 2u sin2S Dm2

4E
sD , ~19!

as a function of the distances travelled by the neutrino from
its production point. The equation of motion of the NG fie
becomes

]m]mfL5
2

Ve
(

n
c†c sin2 2u

Dm2

4E
sinS Dm2

4E
sD . ~20!

The source term changes sign as a function ofs, but the scale
of spatial variation is the flavor oscillation wavelengt
4E/Dm2, not any scale related to the number density or l
ear momentum of the particles. The neutrinos produced
far away give a vanishing contribution because the cohere
is lost, but the ones produced within a sphere of the scal
the oscillation wavelength give a nonzero source term.
sign depends on the distance to the point where eachne was
produced, but if one integrates over all neutrinos, the resu
finite as shown in the following example. If the reactor
star producesne neutrinos in a stationary basis, the NG fie
obeys a Poisson equation and the total ‘‘charge’’, the volu
integral of the second member, is positive. This can be s
from Eqs.~18! and ~19!: the volume integration is trivial if
one considers neutrinos propagating in plane waves and
average value of the probabilityPne

over the neutrino spec

trum converges to 12sin2 2u/2 at distances much larger tha
the oscillation length. For a totaln luminosity equal toṄn ,
the total ‘‘charge’’ is 2/VL times the number of neutrino
that undergo the transitionne→nm per unity of time,

2

VL

dN

dt
~ne→nm!5

2

VL
Ṅn~12^Pne

~`!&!5
1

VL
Ṅn sin2 2u.

~21!

This quantity has a definite sign, regardless of the size of
reactor, the only assumption is the nuclear reactions feed
system withne at a constant rate in time. That means that
NG field is just like the electrostatic potential due to an ele
tric charge distribution: it exits at distances much larger th
the size of the source~the place where neutrinos oscillate!
with a Coulombian ‘‘1/r ’’ shape. What is really different is
the nature of the charge. The ‘‘charge’’ of this NG field
the time rate of decreasing of the totalLe2Lm number car-
ried by leptons.
3-3
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In the case of neutrino propagation in the medium,
neutrino oscillation is typically suppressed by the effects
the coherent interaction with the matter constituents. Ho
ever, there can be a resonant neutrino conversion, so c
MSW ~Mikheyev-Smirnov-Wolfenstein! oscillation @6,7#,
where almost completene→nm conversion takes plac
within the length of the resonance area. Then, the sourc
the NG field lies in the resonance shell, spheric in the cas
a star, and the total NG charge is finite~provided that the
ne→nm conversions are not compensated by an exa
equal number ofn̄e→ n̄m or nm→ne conversions, which
might happen ifn̄e or nm are also produced in the reactor
star!. Consequently, a Coulombian field is produced with

fL5
2

VL

1

4pr

dN

dt
~ne→nm! ~22!

at radiusr larger than the radius of the resonance shell. T
field is constant in the region inside that shell.

The fermions interact with the long range NG fie
through its gradient. As shown in Eq.~7!, ]mfL acts as a
vector potential on the neutrinos~and charged leptons!. In
the case illustrated above a radially moving neutrino ‘‘feel
a potential energy equal to

VNG57
1

VL
vW n•¹W fL56

2

VL
2

1

4pr 2

dN

dt
~ne→nm!, ~23!

where the upper sign is forne , n̄m and the lower sign fornm ,
n̄e . The derivative nature of the NG boson couplings giv
an effectivennf coupling constant equal toVL

21 over the
distance to thefL source. This is typically an extremel
small number. However neutrino oscillations are sensitive
very tiny external potentials. In addition the NG boson co
plings depend on the particle quantum numbers and su
nonuniversality makes them potentially important for t
neutrino oscillations themselves@see Eq. ~15!#. Because
these are long-range fields one can conceive that a NG
generated in some region of a star may affect the propaga
of other neutrinos or flavors outside that region or even
of the star.

Some possible effects can be devised concerning the
pernova neutrinos@4#. The NG potentials are proportional t
then luminosity over (rVL)2. In the case of supernovas th
number is comparable to the values ofDm2/2E that are in-
teresting for the solarn solutions for scalesVL as large as
the weak breaking scale. It was shown@4# that the NG fields
may then have a significant role in resonantn oscillations. A
special feature is the dependence of the effects on the a
lute magnitude of then fluxes. The signature is a surpris
i.e., oscillation patterns of supernova neutrinos that are
contradiction with the solar, atmospheric, and laborat
neutrino observations and/or that turn off as then fluxes
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decay after the first instants of supernovan emission. This
may be observed with detectors capable of detecting su
nova neutrinos and measuring their energy spectra or t
evolution. Then, one could go beyond present experime
and astrophysical limits on the Majoron effective couplin
to neutrinos@8# @these are typically of the order of the ne
trino masses over the scaleVL , see Eq.~8!#, provided that
the scale of symmetry breaking is under 1 TeV@9#. The NG
field could have some impact on solar neutrinos too if
scaleVL is below KeV. Though such a situation is not ve
plausible, there exist some models@10# in which VL can be
very low and thus the effective Majoron-neutrino couplin
constants rather large, up to order 1022–1023, still evading
the present limits.

The following remark is in order. The physical features
generating the classical Majoron field due to neutrino os
lation is very much different from the mechanism of M
joron production due to neutrino coherent scattering on
matter components of a medium—the so called matter
duced neutrino decay with Majoron emission@11#. In the
latter case Majorons are produced as particles since the
dium provides an energy splitting between the neutrino a

antineutrino states and so the transitions eithern→ n̄1f or
n̄→n1f are possible, depending on the neutrino flavor a
on the chemical content of the medium~i.e., which of two
states becomes ‘‘heavier’’ in the matter background!. Very
low-momentum Majorons could also be produced as a re
of ~stimulated! neutrino decays in the early Universe@12#,
forming a sort of Bose condensate with large occupat
numbers in the low momemtum part of the spectrum, but s
made of individual Majoron particles. On the opposite, t
production of the classical Majoron field rather resembles
situation with classical electromagnetic field produced by
electric current.

Concluding, we have shown that if a process of flav
oscillation takes place a pseudoscalar density like the on
Eq. ~11! may give rise to a long-range NG field as a result
the constructive interference between the wave functions
different mass eigenstates. Furthermore, the source of
NG boson is the time rate of decreasing of the quant
number associated with it, which is nothing but the te
2]mJL

m in Eq. ~1! @4#. If the lepton numbers are spontan
ously broken at the Fermi energy scale or below, and t
means effective neutrino-Majoron coupling constants as
as mn/300 GeV, the associated Majoron fields are still s
nificant enough for neutrino oscillations in supernovas wh
spectra may then show evidence of their existence bey
the limits @8# that can be reached from laboratory or ast
physical scattering processes.
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sions. L.B. acknowledges the support of FCT under the gr
PESO/P/PRO/1250/98.
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