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Neutrino oscillations in an SO„10… supersymmetric grand unified theory
with U „2…ÃU„1…n family symmetry
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~Received 23 December 1999; published 14 July 2000!

In a previous paper we analyzed fermion masses~focusing on neutrino masses and mixing angles! in an
SO~10! SUSY GUT with U~2!3U~1!n family symmetry. The model is ‘‘natural’’ containing all operators in
the Lagrangian consistent with the states and their charges. With minimal family symmetry breaking vacuum
expectation values~VEVs! the model is also predictive giving a unique solution to atmospheric~with maximal
nm→nt mixing! and solar~with SMA MSW ne→ns mixing! neutrino oscillations. In this paper we analyze the
case of general family breaking VEVs. We now find several new solutions for three, four, and five neutrinos.
For three neutrinos we now obtain SMA MSW, LMA MSW, or vacuum oscillation solutions for solar neutri-
nos. In all three cases the atmospheric data are described by maximalnm→nt mixing. In the four and five
neutrino cases, in addition to fitting atmospheric and solar data as before, we are now able to fit LSND data.
All this is obtained with the additional parameters coming from the family symmetry breaking VEVs, provid-
ing only minor changes in the charged fermion fits.

PACS number~s!: 14.60.Pq, 12.10.Dm, 12.15.Ff, 12.60.Jv
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I. INTRODUCTION

Neutrino oscillations provide a window into new physi
beyond the standard model1 and several experiments no
provide evidence for neutrino oscillations. This includes d
on solar neutrinos@1#, atmospheric neutrinos@2#, and the
accelerator-based experiment, Liquid Scintillator Neutr
Detector ~LSND! @3#. These positive indications are con
strained by null experiments such as CHOOZ@4# and Kar-
men@5#. The data strongly suggest that neutrinos have sm
masses and nonvanishing mixing angles@6#. In the near fu-
ture, many more experiments will test the hypothesis of n
trino masses@5,7–13#. Thus there is great excitement an
anticipation in this field.

In a recent paper@14# ~hereafter paper I! we analyzed an
SO~10! supersymmetric~SUSY! grand unified theory~GUT!
with family symmetry U~2!3U~1!n. The theory was ‘‘natu-
ral’’ i.e., the Lagrangian was the most general consist
with the states and symmetries. In addition, with minim
family symmetry breaking vacuum expectation valu
~VEVs!, the number of arbitrary parameters in the effect
low energy theory, below the GUT scale, was less than
number of observables. Hence the theory was ‘‘predictiv
and testable. We analyzed the predictions for charged
mion masses and mixing angles using a globalx2 analysis

*On leave of absence from Faculty of Mathematics and Phys
Comenius Univ., Bratislava, Slovakia.

†Present address: Theory Division, CERN, CH-1211 Geneva
Switzerland.

1In the standard model, the three active neutrino species~members
of electroweak doublets! are massless. As a consequence individ
lepton number is conserved and neutrinos cannot oscillate.
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@15,14# finding excellent agreement with the data. In the ne
trino sector we obtained aunique solution to both atmo-
spheric@2# and solar@1# neutrino oscillation data. This solu
tion has three active and one sterile neutrino. It has maxi
nm→nt oscillations fitting atmospheric data and small mi
ing angle ~SMA! Mikheyev-Smirnov-Wolfenstein~MSW!
@16# ne→ns ~wheres denotes sterile! oscillations for solar
data,without fine-tuning. We were, however, unable to s
multaneously fit LSND@3#, even with four neutrinos. In ad
dition, we were unable to find a three neutrino solution
both atmospheric and solar neutrino data. It is imperative
understand if these results are robust. In particular, witho
theory of family symmetry breaking we may consider mo
general family symmetry breaking VEVs.2 In this paper we
allow for the most general family symmetry breaking VEV
introducing two new complex parametersk (1,2) . There are
now more parameters for charged fermion masses and
ing angles than there are observables. The new param
have minor consequences for charged fermions~fits to me ,
mm , and Vus , which are all known to excellent accurac
require them to remain small!, but significant consequence
for neutrinos. In fact, with the additional parameters we
now able to obtain three possible three-neutrino solution
atmospheric@2# and solar@1# neutrino data. With one or two
sterile neutrinos we can also obtain solutions to atmosph
@2#, solar@1#, and LSND@3# data.

In Sec. II, we discuss the model and family symme
breaking. The model is an SO~10! @SUSY GUT#3U~2!
3U~1!n ~family symmetry! model. It is a small variation of

s,

3,

l

2In fact, we noted in Ref.@14# that it is possible to obtain three
neutrino solutions to atmospheric and solar data if we allow
nonminimal family symmetry breaking VEVs.
©2000 The American Physical Society01-1
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the theory introduced by Barbieri, Hall, Raby, and Roman
~BHRR! @17# where the non-Abelian family symmetry wa
introduced to provide a natural solution to flavor violation
SUSY theories@18–20#. In Sec. III, we present the gener
framework for neutrino masses and mixing angles. In S
IV, we describe the three neutrino solutions and in Secs
and VI we present the four and five neutrino solutions,
spectively. Our conclusions are in Sec. VII.

II. AN SO „10…ÃU„2…ÃU„1…Ã¯ MODEL

The three families of fermions are contained in 16a , a
51,2; and 163 where a is a U~2! flavor index. @Note
U~2!5SU~2!3U~1!8 where the U~1!8 charge is11 ~21! for
each upper~lower! SU~2! index.# At the tree level, the third
family of fermions couples to a 10 of Higgs fields with co
pling l 163 10 163 in the superspace potential. The Hig
fields and 163 have zero charge under the first two U~1!’s,
while 16a has charge21 and thus does not couple to th
Higgs fields at tree level.3

Three superfields~fa, Sab5Sba, Aab52Aba) are intro-
duced to spontaneously break U~2!3U~1! and to generate
Yukawa terms giving mass to the first and second gen
tions. The fields (fa,Sab,Aab) are SO~10! singlets with U~1!
charges$0,1,2%, respectively. The most general vacuum e
pectation values are given by

^f2&Þ0.

^S22&Þ0, ^S11&5k1^S
22&, ^S12&5k2^S

22&, ~1!

^A12&Þ0,

where the constantsk1 , k2 are arbitrary. The VEVs (^f2&
;^S22&;eM0

2/^45&) break U~2!3U~1! to Ũ(1) and (A12

;e8M0) completely. In this model, second generati
masses are of ordere, while first generation masses are
order e82/e. In paper I @14# we analyzed this theory with
minimal family breaking VEVs (k15k250). In this paper
we show the effects of nonvanishingk (1.2) .

The superspace potential for the charged fermion secto
this theory, including the heavy Froggatt-Nielsen states@21#,
is given by

3There are in fact four additional U~1!’s implicit in the superspace
potential@Eq. ~2!#. These are a Peccei-Quinn symmetry in which
16s have charge11, all 16s have charge21, and 10 has charge
22; a flavon symmetry in which (fa,Sab,Aab) andM have charge
11 and x̄b has charge21; a symmetry in whichM 8, M 9 have
charge11 andx̄, x̄a have charge21 and; and anR symmetry in
which all chiral superfields have charge11. The family symmetries
of the theory may be realized as either global or local symmetr
For the purposes of this paper, it is not necessary to specify w
one. However, if it is realized locally, as might be expected fro
string theory, then not all of the U~1!’s are anomaly free. We would
then need to specify the complete set of anomaly free U~1!’s.
05500
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W.163 10 163116a 10xa

1x̄a~M xa1fa x1Sab xb1Aab 16b!

1x̄a~M 8 xa145 16a!1x̄~M 9 x145 163!, ~2!

where

M5M0~11a0 X1b0 Y!. ~3!

X,Yare SO~10! breaking VEVS in the adjoint representatio
with X corresponding to the U~1! in SO~10! which preserves
SU~5!, Y is standard weak hypercharge anda0 ,b0 are arbi-
trary parameters. The field 45 is assumed to obtain a VEV
the B-L direction. Note, this theory differs from BHRR@17#
only in that the fieldsfa and Sab are now SO~10! singlets
@rather than SO~10! adjoints# and the SO~10! adjoint quan-
tum numbers of these fields, necessary for acceptable ma
and mixing angles, has been made explicit in the field
with U~1! charge 1.4 This theory thus requires much fewe
SO~10! adjoints. Moreover our neutrino mass solution d
pends heavily on this change.

The effective mass parametersM0 , M 8, M 9 are SO~10!
invariants.5 The scales are assumed to satisfyM0;M 8
;M 9@^f2&;^S22&@^A12& whereM0 may be of the order
of the GUT scale. In the effective theory belowM0 , the
Froggatt-Nielsen states$x,x̄,xa,x̄a ,xa ,x̄a% may be inte-
grated out, resulting in the effective Yukawa matrices for
quarks, down quarks, charged leptons, and the Dirac neut
Yukawa matrix given by6 ~see Fig. 1!

Yu5S k1er ~e81k2e!r 0

2~e82k2e!r er erTū

0 erTQ 1
D l,

l

s.
h

4This change~see BHRR@17#! is the reason for the additiona
U~1!’s.

5The effective mass parameters represent VEVS of SO~10! singlet
chiral superfields.

6Note, we use the notation of BHRR@17#. The parameterr van-
ishes in the limitb050 @see Eqs.~3!, ~4!#. This is a consequence o
theB-L VEV in the 2-2 entry or the antisymmetry of the coupling
Aab in the 1-2 element which is in conflict with the SU~5! invari-
ance ofM in this limit which only allows for symmetricu– ū cou-
plings.

FIG. 1. Diagrams generating the Yukawa matrices.
1-2
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Yd5S k1e e81k2e 0

2~e82k2e! e ersTd̄

0 erTQ 1
D l,

Ye5S 3k1e 2~e823k2e! 0

e813k2e 3e erTē

0 ersTL 1
D l,

Yn5S 3k1ev 2~e823k2e!v 0

~e813k2e!v 3ev
1

2
ervTn̄

0 ersTL 1

D l,

~4!

with

v5
2s

2s21
~5!

and

Tf5~baryon No.2lepton No.! ~6!

for f 5$Q,ū,d̄,L,ē,n̄%. In our notation, fermion doublets ar
on the left and singlets are on the right. Note, we have
sumed that the Higgs doublets of the minimal supersymm
ric standard model~MSSM! are contained in a single 10
dimensional SO~10! multiplet. Hence all the fits have larg
values of tanb.7

Results for charged fermion masses and mixing ang.
We have performed a globalx2 analysis, incorporating two
~one! loop renormalization group~RG! running of dimen-
sionless~dimensionful! parameters fromMG to MZ in the
MSSM, one loop radiative threshold corrections atMZ , and
three loop QCD~one loop QED! RG running belowMZ .
Electroweak symmetry breaking is obtained self-consiste
from the effective potential at one loop, with all one loo
threshold corrections included. This analysis is perform
using the code of Blazeket al. @15#.8 In this paper, we just
present the results for one set of soft SUSY breaking par
etersm0 ,M1/2 with all other parameters varied to obtain th
best fit solution. In the first two columns of Table I we giv
the 20 observables which enter thex2 function, their experi-
mental values, and the uncertaintys ~in parentheses!. In

7Note, we could obtain small values of tanb in SO~10! at the cost
of one new parameter. If the 10 which couples to fermions mi
with other states then the Higgs field coupling to up and do
quarks may have different effective couplings to matter, i.e., s
that l10.lHu1jHd . We could then consider two limits—cas
~1! l5j ~no Higgs mixing! with large tanb, and case~2! l@j or
small tanb. In paper I, we also considered case~2! and found no
significant improvements in the fit.

8We assume universal scalar massm0 for squarks and sleptons a
MG . We have not considered the flavor-violating effects of U~2!
breaking scalar masses in this paper.
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most casess is determined by the 1 standard deviation e
perimental uncertainty, however, in some cases the theo
cal uncertainty ~;0.1%! inherent in our renormalization
group running and one loop threshold corrections domina
Lastly, in contrast to paper I we include a 1999 upda
value @22# of rnew, the measure of SU~2! violation beyond
the standard model. This change substantially improves
global charged fermion fits.

There are eight real Yukawa parameters and five comp
phases. We take the complex phases to beFr , Fe , Fs ,
Fk1

, andFk2
. With 13 fermion mass observables~charged

fermion masses and mixing angles@B̂K replacingeK as a
‘‘measure ofCP violation’’ 9#! we have enough parameters

s
n
h

9The Jarlskog parameterJ5Im(VudVub* VcbVcd* ) is a measure of
CP violation. We testJ by a comparison to the experimental valu
extracted from the well-knownK0-K0 mixing observableeK

5(2.2660.02)31023. The largest uncertainty in such a compa

son, however, comes in the value of the QCD bag constantB̂K . We

thus exchange the Jarlskog parameterJ for B̂K in the list of low-

energy data we are fitting. Our theoretical value ofB̂K is defined as
that value needed to agree witheK for a set of fermion masses an

TABLE I. Charged fermion masses and mixing angles. Init
parameters:k15k250, (1/aG ,MG ,e3)5(24.52,3.0331016 GeV,
24.06%), (l,r ,s,e,r,e8)5(0.79,12.4,0.84,0.011,0.043,0.0031
(Fs , Fe , Fr)5(0.73, 21.21, 3.72) rad,@m0 ,M1/2,A0 ,m(MZ)#
5(1000,300, 21431, 110) GeV,@(mHd /m0)2,(mHu

/m0)2,tanb#

5(2.23,1.66,53.7).

Observable Data~s! Theory
~masses in GeV!

MZ 91.187~0.091! 91.17

MW 80.388~0.080! 80.39

Gm3105 1.1664~0.0012! 1.166

aEM
21 137.04~0.14! 137.0

as(MZ) 0.1190~0.003! 0.1174

rnew3103 20.20 ~1.1! 10.314

Mt 173.8~5.0! 174.9

mb(Mb) 4.260~0.11! 4.331

Mb2Mc 3.400~0.2! 3.426

ms 0.180~0.050! 0.147

md /ms 0.050~0.015! 0.0589

Q22 0.00203~0.00020! 0.00201

M t 1.777~0.0018! 1.777

Mm 0.10566~0.00011! 0.1057

Me3103 0.5110~0.00051! 0.5110

Vus 0.2205~0.0026! 0.2205

Vcb 0.03920~0.0030! 0.0403

Vub/Vcb 0.0800~0.02! 0.0691

B̂K 0.860~0.08! 0.870

B(b→sg)3104 3.000~0.47! 2.992

Total x2 2.26
1-3
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fit the data. In Table I we also show the fits obtained w
k15k250 as a benchmark for the cases with nonzerok1,2
which follow. From Table I it is clear that this theory fits th
low-energy data quite well.10

Finally, the squark, slepton, Higgs and gaugino spectr
of our theory is consistent with all available data. The lig
est chargino and neutralino are Higgsino-like with t
masses close to their respective experimental limits. As
example of the additional predictions of this theory consi
theCP violating mixing angles which may soon be observ
at B factories. For the selected fit withk15k250 we find

~sin 2a,sin 2b,sing!5~0.74,0.54,0.99! ~7!

or equivalently the Wolfenstein parameters

~r,h!5~20.04,0.31!. ~8!

As an aside, we have also computed the SUSY contr
tion to the muon anomalous magnetic moment. Our pre
tion for the selected SUSY point11 gives values foram

SUSY

'40310210, in good agreement with the latest prelimina
data from the ongoing BNL experiment@25#.

In Tables II–VI we give results for nonzerok1 ,k2 . These
results have been obtained with a slightly different proced
than previously. We have followed a multistep iterative p
cedure for finding ‘‘good’’ fits to both charged fermion an
neutrino data. This is in lieu of combining the neutrino a
charged fermion sectors into a singlex2 function and mini-
mizing the totalx2 with respect to variations of all the pa
rameters. Let us now describe this procedure in more de

In each case we select a pair of nonzero values fork1 and
k2 and keep these two parameters fixed while we repeat
charged fermion analysis. If we obtain a good fit, we u
these as initial values for the analysis of the neutrino se
~discussed in the next section!. Then in the neutrino analysi
we only vary those parameters not already included in
charged fermion analysis. If the resulting neutrino fit is n
acceptable, we make a step in the (k1 ,k2) parameter space
and start again with the charged fermion analysis. We a
found that we can improve the neutrino fit for fixedk1 and
k2 if we return to the charged fermion analysis and carefu
move one or more parameters entering the Yukawa matr
slightly away from their best fit value~watching so as not to
incur large changes in the charged fermion contributions
x2). Thus our Tables II–VI do not show the absolute ‘‘bes

mixing angles derived from the GUT scale. We test this theoret

value against the ‘‘experimental’’ value ofB̂K . This value, together
with its error estimate, is obtained from recent lattice calculatio
@23#.

10Note, the strange quark massms(1 GeV);150 MeV is small,
consistent with recent lattice results.

11Although this result does depend on the particular point
SUSY parameter space we have selected, it is independent o
particular neutrino solution. In addition, we have assumed unive
masses for squarks and sleptons at the GUT scale. Nonuniv
slepton masses can affect our result.
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fits for fixed k1 andk2 . Following this procedure we focu
independently on different neutrino solutions as indicated
the table captions. Thus although the data in Tables II–VI
not seem much different, they do, however, represent sig
cant changes in the neutrino sector; discussed in the
section.

Before we conclude this section, let us consider one
~in the charged fermion sector! which may be able to distin-
guish among these different neutrino cases. The unita
angles~sin 2a, sin 2b, sing) or equivalently the Wolfenstein
parameters~r, h! in some cases have significant correctio
depending on the neutrino solution~see Table VII!. In par-
ticular, for larger values ofk1 ,k2 we obtain significantly
larger negative values ofr; in particular considerr
520.24 for the 3n LMA MSW solution. This may be se-
verely constrained byB-B̄ mixing data. However, in order to
determine whether this is consistent with present data
must first extend our numerical analysis to include this p
cess. We will look at this in a future paper@24#.

III. NEUTRINO MASSES AND MIXING ANGLES

The parameters in the Dirac Yukawa matrix for neutrin
@Eq. ~4!# mixing n – n̄ are now fixed. Of course, neutrin

l

s

the
al
sal

TABLE II. Charged fermion masses and mixing angle
3 neutrino SMA MSW. Initial parameters:k15k2

2, uk2u
50.028, (1/aG , MG , e3)5(24.52, 3.0531016 GeV, 24.07%!,
(l,r ,s,e,r,e8)5(0.79, 12.3, 20.96, 0.010, 0.042, 0.0031)
(Fs , Fe , Fr , Fk1

, Fk2
)5(3.84, 0.0032,5.02,2 1.70, 0.85) rad,

@m0 , M1/2, A0, m(MZ)] 5(1000, 300,21438, 110) GeV,
@(mHd

/m0)2, (mHu
/m0)2, tanb]5(2.22, 1.66,53.7).

Observable Data~s! Theory
~masses in GeV!

MZ 91.187~0.091! 91.18
MW 80.388~0.080! 80.40
Gm3105 1.1664~0.0012! 1.166
aEM

21 137.04~0.14! 137.0
as(MZ) 0.1190~0.003! 0.1174
rnew3103 20.20 ~1.1! 10.322
Mt 173.8~5.0! 175.0
mb(Mb) 4.260~0.11! 4.326
Mb2Mc 3.400~0.2! 3.432
ms 0.180~0.050! 0.146
md /ms 0.050~0.015! 0.0585
Q22 0.00203~0.00020! 0.00201
M t 1.777~0.0018! 1.776
Mm 0.10566~0.00011! 0.1057
Me3103 0.5110~0.00051! 0.5110
Vus 0.2205~0.0026! 0.2206
Vcb 0.03920~0.0030! 0.0402
Vub/Vcb 0.0800~0.02! 0.0702

B̂K 0.860~0.08! 0.8691

B(b→sg)3104 3.000~0.47! 2.958
Total x2 2.48
1-4
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masses are much too large and we need to invoke the G
@26# see-saw mechanism.

Since the 16 of SO~10! contains the ‘‘right-handed’’ neu
trinos n̄, one possibility is to obtainn̄ – n̄ Majorana masses
via higher dimension operators of the form12

1

M
16 163 16 163 ,

1

M2 16 163 16 16afa,

1

M2 1616a1616bSab. ~9!

The second possibility, which we follow, is to introduc
SO~10! singlet fieldsN and obtain effective mass termsn̄ –N
andN–N using only dimension four operators in the sup
space potential. To do this, we add three new SO~10! singlets
$Na ,a51,2;N3% with U~1! charges$21/2,11/2%. These
then contribute to the superspace potential

12This possibility has been considered in the paper by Carone
Hall @27#.

TABLE III. Charged fermion masses and mixing angles: 3 ne
trino LMA MSW. Initial parameters: uk1u50.055, uk2u
50.31, (1/aG , MG , e3)5(24.52, 3.0531016 GeV, 24.08%),
(l, r , s, e, r, e8)5(0.79, 14.3,21.13, 0.009, 0.045, 0.0028)
(Fs , Fe , Fr , Fk1

, Fk2
)5(3.82,20.69, 4.83,4.07,21.14) rad,

@m0 , M1/2, A0 , m(MZ)] 5(1000, 300, 21444, 110) GeV,
@(mHd

/m0)2, (mHu
/m0)2, tanb]5(2.22, 1.66, 53.7).

Observable Data~s! Theory
~masses in GeV!

MZ 91.187~0.091! 91.18
MW 80.388~0.080! 80.40
Gm3105 1.1664~0.0012! 1.166
aEM

21 137.04~0.14! 137.0
as(MZ) 0.1190~0.003! 0.1174
rnew3103 20.20 ~1.1! 10.322
Mt 173.8~5.0! 174.9
mb(Mb) 4.260~0.11! 4.323
Mb2Mc 3.400~0.2! 3.433
ms 0.180~0.050! 0.138
md /ms 0.050~0.015! 0.0664
Q22 0.00203~0.00020! 0.00202
M t 1.777~0.0018! 1.776
Mm 0.10566~0.00011! 0.1057
Me3103 0.5110~0.00051! 0.5110
Vus 0.2205~0.0026! 0.2204
Vcb 0.03920~0.0030! 0.0409
Vub/Vcb 0.0800~0.02! 0.0782

B̂K 0.860~0.08! 0.8682

B(b→sg)3104 3.000~0.47! 2.999
Total x2 3.99
05500
Y

-

W.16~Naxa1N3163!1
1

2
NaNbSab1NaN3fa, ~10!

where the field16 with U~1! charge21/2 is assumed to ge
a VEV in the ‘‘right-handed’’ neutrino direction. Note, thi
VEV is also needed to break the rank of SO~10!.

Finally we allow for the possibility of adding a U~2! dou-
blet of SO~10! singletsN̄a or a U~2! singlet N̄3. They enter
the superspace potential as follows:

W.m8NaN̄a1m3N3N̄3. ~11!

The dimensionful parametersm8, m3 are assumed to be o
order the weak scale. The notation is suggestive of the s
larity between these terms and them term in the Higgs sec-
tor. In both cases, we are adding supersymmetric mass te
and in both cases, we need some mechanism to keep t
dimensionful parameters small compared to the Planck sc

We define the 333 matrix

m̃5S m8 0 0

0 m8 0

0 0 m3

D . ~12!
nd

- TABLE IV. Charged fermion masses and mixing angle
3 neutrino vacuum. Initial parameters:uk1u50.004, uk2u50.25,
(1/aG , MG , e3)5(24.52, 3.0531016 GeV,24.16%), (l, r , s, e,
r, e8)5(0.80, 15.6,20.35,0.013, 0.041, 0.0035), (Fs , Fe , Fr ,
Fk1

, Fk2
)5(3.00, 20.65, 4.41, 3.74,20.052) rad,@m0 , M1/2,

A0 , m(MZ)] 5(1000, 300, 21433, 110) GeV,@(mHd
/m0)2,

(mHu
/m0)2, tanb]5(2.22,1.66, 53.7).

Observable Data~s! Theory
~masses in GeV!

MZ 91.187~0.091! 91.18
MW 80.388~0.080! 80.40
Gm3105 1.1664~0.0012! 1.166
aEM

21 137.04~0.14! 137.0
as(MZ) 0.1190~0.003! 0.1171
rnew3103 20.20 ~1.1! 10.322
Mt 173.8~5.0! 175.0
mb(Mb) 4.260~0.11! 4.324
Mb2Mc 3.400~0.2! 3.405
ms 0.180~0.050! 0.170
md /ms 0.050~0.015! 0.0548
Q22 0.00203~0.00020! 0.00202
M t 1.777~0.0018! 1.776
Mm 0.10566~0.00011! 0.1057
Me3103 0.5110~0.00051! 0.5110
Vus 0.2205~0.0026! 0.2205
Vcb 0.03920~0.0030! 0.0392
Vub/Vcb 0.0800~0.02! 0.0758

B̂K 0.860~0.08! 0.8604

B(b→sg)3104 3.000~0.47! 2.938
Total x2 1.47
1-5
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The matrixm̃ determines the number ofcoupledsterile neu-
trinos, i.e., there are four cases labeled by the numbe
neutrinos (Nn53,4,5,6):

~Nn53! 3 active ~m85m350!;

~Nn54! 3 active11 sterile ~m850;m3Þ0!;

~Nn55! 3 active12 sterile ~m8Þ0;m350!;

~Nn56! 3 active13 sterile ~m8Þ0;m3Þ0!.

In this paper we consider the casesNn53, 4, and 5.
The generalized neutrino mass matrix is then given by13

~n N̄ n̄ N!,

13This is similar to the double see-saw mechanism suggeste
Mohapatra and Valle@28#.

TABLE V. Charged fermion masses and mixing angle
4 neutrino SMA MSW1LSND. Initial parameters:uk1u50.0001,
uk2u50.002, (1/aG ,MG ,e3)5(24.50,3.0731016 GeV,24.14%),
(l, r , s, e, r, e8)5(0.75, 12.4,20.76, 0.011, 0.044, 0.0032),
(Fs , Fe , Fr , Fk1

, Fk2
)5(3.87, 20.95, 3.97, 4.81, 1.13) rad

@m0 , M1/2, A0 , m(MZ)] 5(1000, 300, 21459,110) GeV,
@(mHd

/m0)2, (mHu
/m0)2, tanb]5(2.19, 1.65, 53.0).

Observable Data~s! Theory
~masses in GeV!

MZ 91.187~0.091! 91.18
MW 80.388~0.080! 80.40
Gm3105 1.1664~0.0012! 1.166
aEM

21 137.04~0.14! 137.0
as(MZ) 0.1190~0.003! 0.1173
rnew3103 20.20 ~1.1! 10.318
Mt 173.8~5.0! 173.5
mb(Mb) 4.260~0.11! 4.341
Mb2Mc 3.400~0.2! 3.422
ms 0.180~0.050! 0.148
md /ms 0.050~0.015! 0.0591
Q22 0.00203~0.00020! 0.00201
M t 1.777~0.0018! 1.776
Mm 0.10566~0.00011! 0.1057
Me3103 0.5110~0.00051! 0.5110
Vus 0.2205~0.0026! 0.2205
Vcb 0.03920~0.0030! 0.0402
Vub/Vcb 0.0800~0.02! 0.0699

B̂K 0.860~0.08! 0.8696

B(b→sg)3104 3.000~0.47! 3.007
Total x2 2.94
05500
of S 0 0 m 0

0 0 0 m̃T

mT 0 0 V

0 m̃ VT MN

D , ~13!

where

m5Yn^Hu
0&5Yn

v

&
sinb ~14!

and

V5S 3k1eV16 ~e813k2e!V16 0

2~e823k2e!V16 3eV16 0

0 r e~12s!Tn̄V16 V168
D ,

MN5S k1S k2S 0

k2S S f

0 f 0
D . ~15!by

: TABLE VI. Charged fermion masses and mixing angle
5 neutrino SMA MSW1LSND. Initial parameters: uk1u
5uk2u2, uk2u50.032, (1/aG , MG , e3)5(24.52, 3.0631016 GeV,
24.09%), (l, r , s, e, r, e8)5(0.79, 12.2,20.94, 0.011,0.042,
0.0031), (Fs , Fe , Fr , Fk1

, Fk2
)5(3.84, 0.07, 5.03,22.49,

21.19) rad, @m0 , M1/2, A0 , m(MZ)] 5(1000, 300, 21438,
110) GeV,@(mHd

/m0)2, (mHu
/m0)2, tanb]5(2.22, 1.66, 53.7).

Observable Data~s! Theory
~masses in GeV!

MZ 91.187~0.091! 91.17
MW 80.388~0.080! 80.40
Gm3105 1.1664~0.0012! 1.166
aEM

21 137.04~0.14! 137.0
as(MZ) 0.1190~0.003! 0.1174
rnew3103 20.20 ~1.1! 10.322
Mt 173.8~5.0! 175.0
mb(Mb) 4.260~0.11! 4.328
Mb2Mc 3.400~0.2! 3.426
ms 0.180~0.050! 0.148
md /ms 0.050~0.015! 0.0588
Q22 0.00203~0.00020! 0.00201
M t 1.777~0.0018! 1.777
Mm 0.10566~0.00011! 0.1057
Me3103 0.5110~0.00051! 0.5110
Vus 0.2205~0.0026! 0.2205
Vcb 0.03920~0.0030! 0.0401
Vub/Vcb 0.0800~0.02! 0.0701

B̂K 0.860~0.08! 0.8686

B(b→sg)3104 3.000~0.47! 2.983
Total x2 2.12
1-6
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TABLE VII. Unitarity triangle angles and Wolfenstein parameters for the different neutrino fits
nonzerok1 ,k2 .

Neutrino fit Values ofk1 ,k2 (sin 2a, sin 2b, sing) ~r, h!

3n SMA MSW k15k2
2, uk2u50.028 ~0.92, 0.50, 0.95! ~20.10, 0.30!

n LMA MSW uk1u50.055,uk2u50.31 ~0.94, 0.39, 0.73! ~20.24, 0.26!
3n Vacuum uk1u50.004,uk2u50.025 ~0.86, 0.56, 0.97! ~20.08, 0.33!
4n SMA MSW1LSND uk1u50.0001,uk2u50.002 ~0.75, 0.54, 0.99! ~20.04, 0.31!
5n SMA MSW1LSND uk1u5uk2u2, uk2u50.032 ~0.88, 0.51, 0.96! ~20.09, 0.31!
e
gy

i

ed

a

r

la

5

-
o

V16, V168 are proportional to the VEV of16 ~with different
implicit Yukawa couplings! andS, f are up to couplings the
VEVS of S22,f2, respectively.

Since bothV and MN are of order the GUT scale, th
statesn̄, N may be integrated out of the effective low-ener
theory. In this case, the effective neutrino mass matrix
given ~at MG) by14 @the matrix is written in the (n,N̄) flavor
basis where charged lepton masses are diagonal#

mn5Ũe
TS m~VT!21MNV21mT 2m~VT!21m̃

2m̃TV21mT 0 D Ũe

~16!

with

Ũe5S Ue 0

0 1D . ~17!

e05Uee; n05Uen

Ue is the 333 unitary matrix for left-handed leptons need
to diagonalizeYe @Eq. ~4!# and e0 , n0 (e,n) represent the
three families of left-handed leptons in the charged-we
~-mass! eigenstate basis.

The neutrino mass matrix is diagonalized by a unita
matrix U5Ua i :

mn
diag5UTmnU, ~18!

wherea5$ne ,nm ,nt ,ns1
,ns2

,ns3
% is the flavor index andi

5$1, . . . ,6% is the neutrino mass eigenstate index.Ua i is
observable in neutrino oscillation experiments. In particu
the probability for the flavor statena with energyE to oscil-
late intonb after traveling a distanceL is given by

P~na→nb!5dab24(
k, j

UakUbk* Ua j* Ub j sin2 D jk ,

~19!

whereD jk5dmjk
2 L/4E anddmjk

2 5mj
22mk

2.

14In fact, at the GUT scaleMG we define an effective dimension-
supersymmetric neutrino mass operator where the Higgs VEV
replaced by the Higgs doubletHu coupled to the entire lepton dou
blet. This effective operator is then renormalized using one-lo
renormalization group equations toMZ . It is only then thatHu is
replaced by its VEV.
05500
s

k

y

r,

For Nn<4 we have

mn5m8Ũe
TS k1vz k2vz

k1ee8rs

ē2 z 0

k2vz b C23 2uc

k1ee8rs

ē2 z C23 C33 2 f c

0 2uc 2 f c 0

D Ũe ,

~20!

where

z5S SV168

fV16
D , ~21!

b5vz12sr e,

ē25~e8!219~k12k2
2!e2,

C235S 11
3

2

k1e3r 2s~324s!

ē2 D
2

3~k12k2
2!e22k2ee8

ē2 rsz,

C3352
6k1e2rs

ē2v S 11
3k1e3r 2s~12s!

ē2 D
1

k1e2r 2s2

ē2v
z,

u5rse,

c5
m3V16

vmtf
,

f 511
3e3k1r 2s~12s!

ē2 ,

and

m85
l2v2 sin2 bvf

2V16V168
'

mt
2vf

V16V168
, ~22!

where in the approximation form8 we use

is

p

1-7
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mt~[mtop!'l
v

&
sinb, ~23!

valid at the weak scale.
In addition, forNv55 the off-diagonal piece of the mas

matrix in Eq.~16! reads

2m̃TV21mT52m8dS 1 0 ~u2r e/2!g

0 1 ~u2r e/2!h
D , ~24!

with

d5
m8V168

mtf
, ~25!

g5~3ek21e8!/ ē2, ~26!

h523ek1 / ē2. ~27!

Three neutrinos. Before we discuss the case with nonze
k (1,2) , let us recall the problem whenk (1,2)50. For three
active neutrinos with minimal family breaking VEVs,^f2&,
^S22&, ^A12&Þ0, and k15k250, we find ~at MG) in the
(ne ,nm ,nt) basis

mn5m8Ue
TS 0 0 0

0 b 1

0 1 0
D Ue . ~28!

mn is given in terms of two independent paramete
$m8,b% @see Eqs.~21!, ~22!#. Note, this theory in principle
solves two problems associated with neutrino masses
naturally has small mixing betweenne–nm since the mixing
angle comes purely from diagonalizing the charged lep
mass matrix which, like quarks, has small mixing angl
While, for b<1, nm –nt mixing is large without fine-tuning.
Also note, in this theory one neutrino~predominantlyne) is
massless.

We have checked that in this theory it is possible to
multaneously fit both atmospheric and LSND data. We, ho
ever, cannot simultaneously fit both solar and atmosph
neutrino data. As discussed in paper I@14# this problem can
be solved at the expense of adding a new family symm
breaking VEV15

^f1&5k^f2&. ~29!

In this paper we consider the most general family symm
try breaking VEVs, given in Eq.~1!, introducing two new
complex parametersk1 ,k2 . This allows us to obtain a sma
mass difference between the first and second mass eige
ues which was unattainable before in the large mixing lim
for nm –nt . Hence good fits to both solar and atmosphe
neutrino data can now be found. In addition, in the previo

15This additional VEV was necessary in the analysis of Caro
and Hall @27#.
05500
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section we showed that small values ofk1,2 are consistent
with good fits for charged fermion masses and mixi
angles. In the next section we discuss these new solutio

IV. NEUTRINO OSCILLATIONS †3 ACTIVE ONLY ‡

In this section we consider the solutions to atmosphe
and solar neutrino oscillations with three neutrinos. The m
matrix is given in Eq.~20! with the parameterc50. There
are three possible solutions to the solar neutrino data defi
as small mixing angle~SMA! MSW, large mixing angle
~LMA ! MSW or ‘‘just so’’ vacuum oscillations@6#. In all
three cases atmospheric neutrino data are predominantly
scribed bynm→nt oscillations.

Instead of fitting the data directly, we compare our mod
with existing 2 neutrino oscillation fits to the data@6#. We
use the latest two neutrino fits to the most recent Sup
Kamiokande data for atmospheric neutrino oscillations a
the best fits to solar neutrino data including the possibility
‘‘just so’’ vacuum oscillations or both large and small ang
MSW oscillations@2,1,6#.

For atmospheric neutrino oscillations we have evalua
e

FIG. 2. ~a! ProbabilityP(nm→nm) for atmospheric neutrinos@3
n SMA MSW#. For this analysis, we neglect the matter effects.~b!
ProbabilitiesP(nm→nx) ~x5e, t, ands! for atmospheric neutrinos
@3 n SMA MSW#.
1-8
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the probabilities@P(nm→nm),P(nm→nx) with x5$e,t,s%]
as a function of x[ log@(L/km)/(E/GeV)#. In order to
smooth out the oscillations we have averaged the result
a bin sizeDx50.5. In Figs. 2~a! and 4~a! we see that our
results are in good agreement with the values ofdmatm

2 and
sin2 2uatm as given.

For solar neutrinos we plot, in Figs. 3~a!, 3~b! and 5~a!,
5~b!, the probabilities @P(ne→ne),P(ne→nx) with x
5$m,t,s%] for neutrinos produced at the center of the sun
propagate to the surface~and then without change to earth!,

FIG. 3. ~a! ProbabilityP(ne→ne) for solar neutrinos@3 n SMA
MSW#. ~b! ProbabilitiesP(ne→nx) ~x5m, t, ands! for solar neu-
trinos @3 n SMA MSW#.

TABLE VIII. Fit to atmospheric and solar neutrino oscillation
@3 n SMA MSW#. Initial parameters: (k15k2

2, uk2u50.028)
m853.3531023 eV, b515.0,Fb53.30 rad.

Observable Computed value

dmatm
2 3.531023 eV2

sin2 2uatm 0.99
dmsol

2 6.331026 eV2

sin2 2usol 5.231023
05500
er

as a function of the neutrino energyEn ~MeV!.16 We then
compare our model to a 2 neutrino oscillation model with th
given parameters.

A. 3 n SMA MSW solution

In Tables VIII and IX we give the parameters for the
corresponding to Figs. 2~a!, 2~b! and 3~a!, 3~b!. This model
is indistinguishable from the results of the given paramet
for 2 neutrino oscillationsnm –nt for atmospheric data and
ne–nactive for solar data.

In order to obtain a SMA MSW solution we need
choosek15k2

2 to high accuracy. Note this value ofk (1,2)

corresponds to the only solution obtained previously~in pa-
per I! with nonzerok defined by^f1&5k^f2&. In fact, an
SU~2! rotation of this case to zerôf1& gives nonzerôS11&,
^S12& satisfying the relationk15k2

2.
The parameterm8 is determined by the high see-sa

scale. Given m8 @Eq. ~22! and Table VIII# we find
V16V168 /f51.3331016GeV which is consistent with the
GUT scale. The large value ofb @Eq. ~21!# results fromS
;10f which is needed in order to have one large and t
small eigenvalues.

B. 3 n LMA MSW solution

In Figs. 4~a!, 4~b! and 5~a!, 5~b! we present the compari
son to a two neutrino oscillation model for atmosphe
and solar neutrino data~see also Tables X and XI!.
For atmospheric data the fit is good for values
log@(L/km)/(E/GeV)#<4 @see Figs. 4~a!, 4~b!#, where the
oscillations are predominantly given bynm2nt . For larger
x>4 the probability P(nm→nm) is significantly smaller
~;30%! in our model than in a two neutrino model. This
due to the onset of significantnm→ne oscillations. These
larger values ofx may be accessible in atmospheric oscil
tions. The maximum distanceL for neutrinos of order 13 000
km, for upward going neutrinos, and the minimum detecta
energy of order 0.1 GeV, corresponds to a value ofxmax
;5. On the other hand, it would require a much more d
tailed analysis to determine whether our model is consis
with the data for fully contained events in the sub-Ge
~,1.33 GeV! regime. We also note that this effect has be
considered, in a recent analysis by Peres and Smirnov@29#,

16For this calculation use an analytic approximation necessar
account for both large and small oscillation scales. For the det
see the Appendix.

TABLE IX. Neutrino masses and mixings@3 n SMA MSW#.
Mass eigenvalues@eV#: 0.000001, 0.0025, 0.059. Magnitude o
neutrino mixing matrixUa i : i 51, . . . ,3 labels mass eigenstate
a5$e,m,t% labels flavor eigenstates.

0.997 0.0360 0.0599
0.0677 0.672 0.738
0.0172 0.740 0.673
1-9
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as a possible tool to distinguish the LMA MSW solutio
from the other solutions to the solar neutrino problem.

A large mixing angle oscillation solution is obtained b
tuning the lightest two neutrinos to be approximately deg
erate with a near bimaximal mixing matrix~see Tables X and
XI !, where the bimaximal mixing matrix is given by@30#

uUa i u5F 0.71 0.71 0.0

0.5 0.5 0.71

0.5 0.5 0.71
G . ~30!

Note, a major difference in our case is the nonzero value
Une3;0.049. However, the constraintUne350 chosen to sat-
isfy CHOOZ @4# is much too strong. It is easy to see that o
model is consistent with the null results of CHOOZ, i.e.,

P~ne→ne!5124uUne3u2~12uUne3u2!sin2

3S 1.27dmatm
2 ~eV2!L~km!

En~GeV!
D .0.98.

~31!

FIG. 4. ~a! ProbabilityP(nm→nm) for atmospheric neutrinos@3
n LMA MSW #. For this analysis, we neglect the matter effects.~b!
ProbabilitiesP(nm→nx) ~x5e, t, ands! for atmospheric neutrinos
@3 n LMA MSW #.
05500
-

r

r

for values ofuUne3u<0.16 @31#. Finally the parameterb;1

requires no fine tuning and givenm8 we find the high see-
saw scaleV16V168 /f58.7831014GeV.

C. 3 n ‘‘just so’’ vacuum solution

A vacuum solution is obtained by tuning the lightest tw
neutrinos to be even more degenerate than in the prev
LMA MSW case. Our results are given in Tables XII an
XIII. We have not given any figures since the results a
standard vacuum oscillations. Once again we obtain a n
bimaximal mixing matrix@30# with, however,Une3;0.049.
Nevertheless this model is consistent with CHOOZ data@4#
~see the discussion of this in the LMA MSW case!. Finally
given the overall scalem8 we determine the high energ
scale to beV16V168 /f52.2731015GeV andb;1. In the next
section we discuss a four neutrino solution to atmosphe
solar, and LSND neutrino data in the theory withk (1,2)Þ0.

V. NEUTRINO OSCILLATIONS †3 ACTIVE ¿1 STERILE ‡

In the four neutrino case the mass matrix~at MG) is given
by Eq. ~20! with cÞ0. As in the previous case of three ne
trinos, we compare our model with two-neutrino oscillatio

FIG. 5. ~a! ProbabilityP(ne→ne) for solar neutrinos@3 n LMA
MSW#. ~b! ProbabilitiesP(ne→nx) ~x5m, t, ands! for solar neu-
trinos @3 n LMA MSW #.
1-10
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models which have already been fit to the data@1,2,6#. The
results for our best fit are found in Tables XIV and XV an
Figs. 6~a!, 6~b!, 7~a!, 7~b!, and 8.

In Fig. 6~a! we evaluateP(nm→nm) where we also in-
clude a multiplicative fudge factora. This is justified by the
theoretical uncertainty in the normalization of the incide
nm flux. Recall the observed number of muon neutrinos
given by

N~nm!5N0~nm!P~nm→nm!, ~32!

FIG. 6. ~a! Probability P(nm→nm) for atmospheric neutrinos
multiplied bya, a fudge factor introduced to account for the unc
tainty in the normalization of the incidentnm flux. For this analysis,
we neglect matter effects.~b! ProbabilitiesP(nm→nx) ~x5e, t,
ands! for atmospheric neutrinos.

TABLE X. Fit to atmospheric and solar neutrino oscillations@3
n LMA MSW #. Initial parameters: (uk1u50.055, uk2u50.31),
m854.9331022 eV, b50.84,Fb520.41 rad.

Observable Computed value

dmatm
2 3.731023 eV2

sin2 2uatm 0.99
dmsol

2 2.331025 eV2

sin2 2usol 0.77
05500
t
s

-

TABLE XI. Neutrino masses and mixings@3 n LMA MSW #.
Mass eigenvalues@eV#: 0.002, 0.005, 0.061. Magnitude of neutrin
mixing matrix Ua i . i 51, . . . ,3 labels mass eigenstates.a
5$e,m,t% labels flavor eigenstates.

0.857 0.513 0.049
0.368 0.563 0.740
0.362 0.648 0.671

TABLE XII. Fit to atmospheric and solar neutrino oscillation
@3 n vacuum#. Initial parameters: (uk1u50.004, uk2u50.025).
m852.9231022 eV, b51.73,Fb520.33 rad.

Observable Computed value

dmatm
2 3.531023 eV2

sin2 2uatm 0.99
dmsol

2 7.9310211 eV2

sin2 2usol 0.97

TABLE XIII. Neutrino masses and mixings@3 n vacuum#. Mass
eigenvalues@eV#: 0.00106037, 0.00106041, 0.059. Magnitude
neutrino mixing matrixUa i . i 51, . . . ,3 labels mass eigenstate
a5$e,m,t% labels flavor eigenstates.

0.759 0.649 0.049
0.429 0.513 0.744
0.489 0.563 0.667

TABLE XIV. Fit to atmospheric, solar, and LSND neutrino os
cillations @4 neutrinos SMA MSW1LSND]. Initial parameters:
uk1u50.0001, uk2u50.002, m850.979 eV, b520.054, c50.101,
Fb55.59 rad.

Observable Computed value

dmatm
2 3.531023 eV2

sin2 2uatm 1.0
dmsol

2 5.031026 eV2

sin2 2usol 3.031023

dmLSND
2 0.53

sin2 2uLSND 0.018

TABLE XV. Neutrino masses and mixings@4 neutrinos SMA
MSW1LSND]. Mass eigenvalues@eV#: 0.00002, 0.0022, 0.7248
0.7272. Magnitude of neutrino mixing matrixUa i . i 51, . . . ,4 la-
bels mass eigenstates.a5$e,m,t,s% labels flavor eigenstates.

0.997 0.0254 0.0480 0.0482
0.0703 0.1079 0.7022 0.7003

0.27331023 0.0292 0.7053 0.7083
0.0181 0.9934 0.0852 0.0745
1-11



o

x

a

no
en

d.
to
all
this
m.

to

is

fit

u-
ith

sult

or

for
We

ral

t

ce
l to
ale

to

.

T. BLAŽEK, S. RABY, AND K. TOBE PHYSICAL REVIEW D62 055001
whereN0(nm) is the theoretically expected incident neutrin
flux which has an uncertainty of order 20%. We letN0(nm)
5Nfita where Nfit is the value used for the neutrino flu
when fitting the data.

We see that our result is in good agreement with the v
ues of dmatm

2 53.531023 eV2 and sin2 2uatm51.0 with a
51.04. In Fig. 6~b! we see that the atmospheric neutri
deficit is predominantly due to the maximal mixing betwe
nm-nt , as in the case withk15k250. However, in the case

FIG. 7. ~a! ProbabilityP(ne→ne) for solar neutrinos.~b! Prob-
abilities P(ne→nx) ~x5m, t, ands! for solar neutrinos.

FIG. 8. ProbabilityP(nm→ne) for LSND energies.
05500
l-

with k15k250 there is also a significant~;10% effect!
oscillation ofnm –ns . In this case, that effect has vanishe
This also means that sterile neutrinos will not come in
thermal equilibrium in the early universe, due to the sm
mixing angle. Hence, at the nucleosynthesis epoch
model has only three neutrino species in thermal equilibriu

For solar neutrinos we see in Fig. 7~a! that our model
reproduces the neutrino results fordmsol

2 5dm12
2 55

31026 eV2 and a 2 neutrino mixing angle sin2 2usol53
31023. The solar neutrino deficit is predominantly due
the small mixing angle MSW solution forne-ns oscillations.
The results are summarized in Tables XIV and XV.

A naive definition of the effective solar mixing angle
given by

sin2 2u12[4iUe1i2iUe2i2. ~33!

We note that the naive definition of sin2 2u12 underestimates
the value of the effective 2 neutrino mixing angle. The
value corresponds to sin2 2u1252.631023.

In Fig. 7~b! we see that oscillations into any active ne
trino is substantially suppressed. This is unlike the case w
k15k250 where there is also a significant~;8%! probabil-
ity for ne→nm .

Finally with nonvanishingk1,2 we are now able to simul-
taneously fit atmospheric, solar, and LSND data. This re
is shown in Fig. 8 where we plot the probabilityP(nm
→ne) as a function of neutrino energy relevant for LSND f
our model compared to a two neutrino model with sin2 2u
50.018 anddm250.53 eV2 in the LSND allowed region
@3#.17 This is in contrast to the casek1,250 ~paper I! where
this was not possible.

We now consider whether the parameters necessary
the fit make sense. We have three arbitrary parameters.
have takenb and c complex, while any phase form8 is
unobservable. A large mixing angle fornm-nt oscillations is
obtained withubu;0.05 ~Table XIV!. This does not require
any fine tuning; it is consistent withSV168 /fV16;0.17 which,
taking into account Yukawa couplings, is perfectly natu
@see Eq.~21!#. The parameterc @Eq. ~20! and Table XIV#
'0.10'm3V16/vmtf implies m3;26(f/V16) GeV. Con-
sidering that the standardm parameter~see the parameter lis
in the captions to Table V! with valuem5110 GeV andm3
@Eq. ~11!# may have similar origins, both generated on
SUSY is spontaneously broken, we feel that it is natura
have a light sterile neutrino. Lastly consider the overall sc
of symmetry breaking, i.e., the see-saw scale. We havem8
50.979 eV ~Table XIV! 'mt

2vf/V16V168 . Thus we find
V16V168 /f;mt

2v/m8;4.6631013GeV. This is admittedly
somewhat small but perfectly reasonable for^16&;^f2&
;MG once the implicit Yukawa couplings are taken in
account.

17Note, the probability fornW m→nW e oscillations is almost identical
1-12
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VI. NEUTRINO OSCILLATIONS †3 ACTIVE ¿2 STERILE ‡

In this case we havem8Þ0, m350 @see Eq.~12!#, where
m8 sets the scale for the terms (mn)4a , (mn)5a for a
5$e,m,t% @Eq. ~24!#. We are able to find a good solution t
atmospheric neutrino oscillations with maximalnm→nt mix-
ing, a solution to solar neutrino oscillations in the SM
MSW region and a fit to LSND. The fit is presented
Tables XVI and XVII and in Figs. 9~a!, 9~b!, 10~a!, 10~b!,
and 11.

Note, the parameterd @Table XVI and Eq. ~24!#
5m8V168 /mtf. Thus m85mtd(f/V168 )50.28(f/V168 ) GeV.
In addition, we have m850.838 eV @Table XVI#
'mt

2vf/V16V168 . Thus we find V16;(mt
2v/m8)f/V168

;5.331013(f/V168 ) GeV. In order to obtain this solution
without fine-tuning we must assume that the ratiof/V168
;100. As in the previous four neutrino case, this may
attributable to ratios of Yukawa couplings.

VII. DISCUSSION

In this paper we analyze the predictions for both charg
fermionandneutrino masses and mixing angles in an SO~10!
SUSY GUT with U(2)3U(1)n family symmetry. We find
that, if we allow for the most general family symmet
breaking VEVS, the model can accommodate three differ
three-neutrino oscillation solutions to atmospheric and s
neutrino data, one four and one five neutrino solution to
mospheric, solar, and LSND data. We also find a three n
trino solution to atmospheric and LSND data alone. In sp
of all this freedom in the neutrino sector, the fits for charg
fermion masses and mixing angles are relatively unaffec

In all cases we find atmospheric neutrino data descri

TABLE XVI. Fit to atmospheric, solar and LSND neutrino o
cillations @5 neutrinos SMA MSW1LSND]. Initial parameters:
uk1u5uk2u2, uk2u50.032, m850.8380 eV,b50.9015,d50.0016,
Fb523.18 rad,Fd524.83 rad.

Observable Computed value

dmatm
2 3.731023 eV2

sin2 2uatm 0.99
dmsol

2 5.731026 eV2

sin2 2usol 4.031023

dmLSND
2 0.36

sin2 2uLSND 0.026

TABLE XVII. Neutrino masses and mixings@5 neutrinos SMA
MSW1LSND]. Mass eigenvalues@eV#: 0.8831027, 0.0007,
0.0025, 0.6013, 0.6043. Magnitude of neutrino mixing matrixUa i ,
i 51, . . . ,5 labels mass eigenstates,a5$e,m,t,s1 ,s2% labels flavor
eigenstates.

0.0586 0.9940 0.0297 0.0763 0.0430
0.0033 0.0802 0.0182 0.6998 0.7096
0.0018 0.0356 0.0617 0.7091 0.7015
0.0036 0.0291 0.9975 0.0401 0.0507
0.9983 0.0585 0.0053 0.0014 0.0015
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by maximalnm→nt mixing.18 Super-Kamiokande is able t
distinguishnm→nx for nx5nt or ns ~see talks by Scholberg
and Mann@2#!. There are two proposed methods. The fi
uses the measured zenith angle dependence, since there
MSW effect in the earth forns but not for nt . This effect
suppressesnm→ns oscillations for high-energy neutrino
coming from below. Recent data does not show such an
fect; thus favoringnx5nt . The second method uses the ra
of neutral current~NC! to charged current~CC! processes
which can distinguish between the two. Here there is p
liminary data favoringnx5nt . This ratio satisfies

R~NC/CC!,1 for nx5ns ,

51 for nx5nt . ~34!

Using Super-Kamiokande data forp0 events produced by
neutral current neutrino scattering in the detector one m
sures

18We have not searched for solutions with maximalvm→vs

mixing, since this is not favored by the latest Super-Kamiokan
data@2#.

FIG. 9. ~a! Probability P(nm→nm) for atmospheric neutrinos
For this analysis, we neglect matter effects.~b! ProbabilitiesP(nm

→nx) ~x5e, t, s1 , ands2) for atmospheric neutrinos.
1-13
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R~NC/CC![
~p0/e!data

~p0/e!Monte Carlo
~35!

51.1160.006~data stat!60.02~MC stat!60.26~sys!.

FIG. 10. ~a! ProbabilityP(ne→ne) for solar neutrinos.~b! Prob-
abilities P(ne→nx) ~x5m, t, s1 , ands2) for solar neutrinos.

FIG. 11. ProbabilityP(nm→ne) for LSND energies.
05500
The oscillationsnm→nt may also be visible at long base
line neutrino experiments. Both K2K@10# and MINOS@11#
are designed to test fornm disappearance. For example,
K2K @10#, the mean neutrino energyE51.4 GeV and dis-
tanceL5250 km corresponds to a value ofx52.3 @see Figs.
2~a!, 4~a!, 6~a!, and 9~a!# and henceP(nm→nm);0.45.

Results on solar neutrino oscillations or LSND will, o
the other hand, be able to narrow down the acceptable
gions of parameter space, but cannot test this class of m
els. Finally, the plethora of solutions presented in this pa
is in stark contrast to the unique solution obtained assum
the minimal family symmetry breaking VEVs studied prev
ously in paper I@14#. In the latter case we cannot find an
three family solutions to both atmospheric and solar data
we find a unique four neutrino solution to atmospheric a
solar data butnot LSND. Thus it is clear that the neutrin
sector is in general much less constrained than charged
mions. Nevertheless, it is pleasing to find a simple SU
GUT which can accommodate all of this low-energy data
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APPENDIX: SOLAR NEUTRINO ANALYSIS

In this appendix we describe in detail the approximati
which we used in the numerical analysis of solar neutr
oscillations. The Schro¨dinger equation for solar neutrinos
given by

i
d

dt
Cn

a~ t !5HabCn
b~ t !, ~A1!

Hab5
~mn

†mn!ab

2E
1Va~ t !dab . ~A2!

Here Cn
a is a state vector for neutrinos with flavora ~a

5e, m, t, ands for four neutrino model19!, H is the Hamil-
tonian for solar neutrinos, andE is the neutrino energy. The
mass matrixmn in the flavor basis is given by@see Eq.~18!#

mn
diag5UTmnU, ~A3!

where U is the mixing matrix for neutrinos~na
flavor

5Ua in i
mass, where i 5124 for four neutrino model! and

mn
diag is the diagonal mass matrix in the mass eigenstate

sis. Va(t) is a time-dependent potential for neutrinos wi
flavor a as follows:

Ve~ t !5&GFH ne~ t !2
1

2
nn~ t !J ,

19Here we present our method of solar neutrino analysis in a f
neutrino model. The method can be easily extended to a three
trino model or a model with more neutrinos.
1-14
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Vm~ t !5Vt~ t !52&GF

1

2
nn~ t !,

Vs~ t !50, ~A4!

whereGF is the Fermi coupling constant. Here we assu
that electron (ne) and neutron (nn) number densities at a
distancer 5ct from the center of the sun are given by

ne54.631011expS 210.5
r

RDeV3, ~A5!

nn52.231011expS 210.5
r

RDeV3, ~A6!

whereR is a solar radius.
Mass scales for the atmospheric and LSND neutrino pr

lems ~dmatm
2 .1023 eV2, dmLSND

2 .1 eV2) are much larger
than that for the solar neutrino problem (dmsolar

2

<1025 eV2!. When we include the mass scales for atm
spheric and/or LSND neutrinos and solve the Schro¨dinger
equation for the solar neutrino problem, it is almost impo
sible to solve it numerically because of these larger m
scales and the rapid fluctuations they produce. Thus, in o
to solve the Schro¨dinger equation numerically, we use th
following approximation.

We divide the mass termmn
†mn into two parts:

mn
†5U~mn

diag!†mn
diagU†,

5UmL
2U†1UmH

2 U†, ~A7!

wheremL
2(mH

2 ) is a ‘‘light’’ ~‘‘heavy’’ ! part,

mL
25S m1

2

m2
2

0

0

D , ~A8!

mH
2 5S 0

0

m3
2

m4
2

D , ~A9!

and we assume thatdm21
2 5m2

22m1
2 is the scale for solar

neutrino problem andm1
2,m2

2!m3
2,m4

2. Then the Hamil-
tonianH is given as
05500
e

-

-

-
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H5HH1HL ,

HH5U
mH

2

2E
U†, ~A10!

HL5U
mL

2

2E
U†1Va~ t !dab . ~A11!

The state vector is also divided into two parts as follow

Cn
a~ t !5Aab~ t !Fn

b~ t !, ~A12!

where we defineA to satisfy the equation

i
d

dt
A~ t !5HHA~ t !,

A~ t50!5I , ~A13!

whereI is a unit matrix. We can easily solve Eq.~A13! and
the solution is given by

A~ t !5exp~2 iH Ht !,

5U expS 2 i
mH

2

2E
t DU†.

~A14!

ThenFn satisfies

i
d

dt
Fn~ t !5UFmL

2

2E
1expS i

mH
2

2E
t DU†V~ t !U

3expS 2 i
mH

2

2E
t D GU†Fn~ t !. ~A15!

Since the mass scalesm3,4 included in the matrixmH
2 are

too large for MSW effects, the exponential term
exp@6i(m3,4

2 /2E)t# oscillate rapidly. Therefore we replac
them by their time-averaged values

expS 6 i
m3,4

2

2E
t D→0. ~A16!

Then Eq.~A15! has the following approximate form:

i
d

dt
Fn

a~ t !.FUa i S mLi
2

2E
d i j 1Uig

† Vg~ t !Ug j DU j b
†

1Ua i 12Ui 12 g
† Vg~ t !Ug i 12Ui 12 b

† GFn
b~ t !,

~A17!
1-15
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where the indicesa, b, g run from 1 to 4, on the other hand
the indicesi, j from 1 to 2. We then solve Eq.~A17! with the
initial condition

Fn~ t50!5~1,0,0,0! or Cn~ t50!5~1,0,0,0!.
~A18!

Finally, the oscillation probabilityP(ne→na) ~a5e, m,
t, or s! at time t is given by
ve

ys
pi

-

da

y

al
le
re
nd
ity

D
a-

nt
M

t.
ll,

a

05500
P~ne→na!5uCn
a~ t !u25uAab~ t !Fn

b~ t !u2

.U (
i 51,2,b5124

Ua iUib
† Fn

bU2

1 (
i 53,4

U (
b5124

Ua iUib
† Fn

bU2

, ~A19!

where the. in the last line@Eq. ~A19!# refers to the fact that
the time average of exp@6i(m3,4

2 /2E)t# was used.
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