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Infrared behavior of the gluon propagator on a large volume lattice
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The first calculation of the gluon propagator using anO(a2) improved action with the correspondingO(a2)
improved Landau gauge fixing condition is presented. The gluon propagator obtained from the improved action
and improved Landau gauge condition is compared with earlier unimproved results on similar physical lattice
volumes of 3.2336.4 fm4. We find agreement between the improved propagator calculated on a coarse lattice
with lattice spacinga50.35 fm and the unimproved propagator calculated on a fine lattice with spacinga
50.10 fm. This motivates us to calculate the gluon propagator on a coarse large-volume lattice 5.63

311.2 fm4. The infrared behavior of previous studies is confirmed in this work. The gluon propagator is
enhanced at intermediate momenta and suppressed at infrared momenta. Therefore the observed infrared
suppression of the Landau gauge gluon propagator is not a finite volume effect.

PACS number~s!: 12.38.Gc, 11.15.Ha, 12.38.Aw, 14.70.Dj
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I. INTRODUCTION
There has been considerable interest in the infrared

havior of the gluon propagator, as a probe into the mec
nism of confinement and as input for other calculations. L
tice gauge theory is an excellent means to study s
nonperturbative behavior. See, for example, Ref.@1# for a
recent survey.

The infrared part of any lattice calculation may be a
fected by the finite volume of the lattice. Larger volum
mean either more lattice points~with increased computa
tional cost! or coarser lattices~with corresponding discreti
zation errors!. The desire for larger physical volumes th
provides strong motivation for using improved actions. I
proved actions have been shown to reduce discretization
fects @2#, although some concerns have been expressed
coarse lattices may miss important instanton physics.

In this study, no change is seen in the infrared glu
propagator, even with a lattice spacing as coarse as 0.35
We find the gluon propagator to be less singular than 1/q2 in
the infrared. Our results suggest that the gluon propagat
infrared finite, although more data is needed in the far inf
red to be conclusive. This behavior is similar to that o
served in three-dimensional SU~2! studies@3#.

II. O„a2
… IMPROVEMENT

The O(a2) tadpole-improved action is defined as

SG5
5b

3 (
pl

Re Tr@12Upl~x!#2
b

12u0
2

3(
rect

Re Tr@12U rect~x!#, ~2.1!
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where the operatorsUpl(x) andU rect(x) are defined

Upl~x!5Um~x!Un~x1m̂ !Um
† ~x1 n̂ !Un

†~x! ~2.2!

and

U rect~x!5Um~x!Un~x1m̂ !Un~x1 n̂1m̂ !Um
† ~x12n̂ !

3Un
†~x1 n̂ !Un

†~x!1Um~x!Um~x1m̂ !

3Un~x12m̂ !Um
† ~x1m̂1 n̂ !Um

† ~x1 n̂ !Un
†~x!.

~2.3!

The link productU rect(x) denotes the rectangular 132 and
231 plaquettes. For the tadpole~mean-field! improvement
parameter@4# we use the plaquette measure

u05~ 1
3 Re Tr̂ Upl&!1/4. ~2.4!

Equation ~2.1! reproduces the continuum action asa→0,
provided thatb takes the standard value of 6/g2. Note that
our b56/g2 differs from that used in@2,5,6#. Multiplication
of our b in Eq. ~2.1! by a factor of 5/3 reproduces the
definition. O(g2a2) corrections to this action are estimate
to be of the order of two to three percent@2#.

Gauge configurations are generated using the Cabib
Marinari @7# pseudo-heat-bath algorithm with three diagon
SU~2! subgroups. The mean link,u0, is averaged every 10
sweeps and updated during thermalization. Representa
gauge fields are selected after 5000 thermalization swee

Gauge fixing on the lattice is achieved by maximizing
functional, the extremum of which implies the gauge fixin
condition. The usual Landau gauge fixing functional@8# is

F 1
G@$U%#5(

m,x

1

2u0
Tr $Um

G~x!1Um
G~x!†%, ~2.5!

where

Um
G~x!5G~x!Um~x!G~x1m̂ !† ~2.6!
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and

G~x!5expH 2 i(
a

va~x!TaJ . ~2.7!

A maximum of Eq.~2.5! implies that(m]mAm50 up to
O(a2). To ensure that gauge dependent quantities are
O(a2) improved, we implement the analogousO(a2) im-
proved gauge fixing functional

F Imp
G 5(

m,x

1

2u0
Tr H 4

3
Um

G~x!2
1

12u0
Um

G~x!

3Um
G~x1m̂ !1H.c.J ~2.8!

as described in@9#. We employ a conjugate gradient, Fouri
accelerated gauge fixing algorithm@10# optimally designed
for parallel machines.

III. THE LANDAU GAUGE GLUON PROPAGATOR

The gauge linksUm(x) are expressed in terms of the co
tinuum gluon fields as

Um~x!5P expS ig0E
x

x1m̂
Am~z!dzD , ~3.1!

whereP denotes path ordering. From this, the dimensionl
lattice gluon fieldAm(x) may be obtained via

Am~x1m̂/2!5
1

2ig0
@Um~x!2Um

† ~x!#2
1

6ig0

3Tr @Um~x!2Um
† ~x!#, ~3.2!

accurate toO(a2). O(a2) improved gluon field operator
have also been investigated. While the infrared behavio
unaffected by the improvement, the ultraviolet behavior s
fers due to the extended nature of an improved opera
These results will be discussed in detail elsewhere@11#.

We calculate the gluon propagator in coordinate spac

Dmn
ab~x,y![^ Am

a ~x! An
b~y! &, ~3.3!

using Eq.~3.2!. To improve statistics, we use translation
invariance and calculate

Dmn
ab~y!5

1

V K (
x

Am
a ~x!An

b~x1y! L . ~3.4!

In this paper we focus on the scalar part of the propagat

D~y!5
1

Nd21 (
m

1

Nc
221 (

a
Dmm

aa ~y!, ~3.5!

whereNd54 andNc53 are the number of dimensions an
colors. This is then Fourier transformed into momentu
space
05150
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,

D~q!5(
y

eiq̂•yD~y!, ~3.6!

where the available momentum values,q̂, are given by

q̂m5
2pnm

aLm
, nmPS 2

Lm

2
,
Lm

2 G , ~3.7!

and Lm is the length of the box in them direction. In the
continuum, the scalar functionD(q2) is related to the Lan-
dau gauge gluon propagator via

Dmn
ab~q!5S dmn2

qmqn

q2 D dabD~q2!. ~3.8!

The bare, dimensionless lattice gluon propagator,D(qa), is
related to the renormalized continuum propagator,DR(q;m)
via

a2D~qa!5Z3~m,a!DR~q;m!, ~3.9!

FIG. 1. Gluon propagator from 75 standard, Wilson configu
tions, on a 323364 lattice with spacinga50.10 fm.

FIG. 2. Gluon propagator from 75 tree-level improved config
rations on a 103320 lattice with spacinga50.35 fm, and a physica
volume of 3.5337 fm4.
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where the renormalization constant,Z3(m,a) is determined
by imposing a renormalization condition at some chos
renormalization scale,m, e.g.,

DR~q!uq25m25
1

m2 . ~3.10!

This means that there is an undetermined multiplicat
renormalization factor,Z3(a), on each of our propagators
Since our purpose is to compare our two improved, coa
lattices with the unimproved, finer one, it is sufficient
consider only their relative renormalizations. We ha
slightly rescaled the improved propagators so as to provid
reasonable match with the old one. The relevant quantity

Z3~0.10!/Z3~0.35!51.02. ~3.11!

IV. ANALYSIS OF LATTICE ARTIFACTS

To emphasize the nonperturbative behavior of the glu
propagator, we divide the propagator by the tree-level re
of lattice perturbation theory. Hence Figs. 1, 2, and 3
plotted with q2D(q2) on the y axis, which is expected to
approach a constant up to logarithmic corrections asq2→`.
Here

qm[
2

a
sin

q̂ma

2
. ~4.1!

To reduce ultraviolet noise resulting from the lattice d
cretization, the available momenta are cut half way into
Brillouin zone, that is

qmax5
p

2a
. ~4.2!

All figures have a cylinder cut imposed upon them, i.e.,
momenta must lie within a cylinder of radius two spat
momentum units centered about the lattice diagonal.
propagators are plotted in physical units, which we obt
from the string tension@12# with As5440 MeV.

FIG. 3. Gluon propagator from 75 tree-level improved config
rations, on a 163332 lattice with spacinga50.35 fm, and a physi-
cal volume of 5.63311.2 fm4.
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Figure 1 is reproduced from Ref.@13#, where the standard
Wilson action is used. The propagator is calculated on
323364 lattice atb56.0, which corresponds to a lattic
spacing of 0.1 fm. This propagator produces the corr
asymptotic behavior and a detailed analysis shows that
anisotropic finite volume errors are small. However, it w
impossible to rule out isotropic finite volume artifacts.

We use the improved action described above to calcu
the gluon propagator on a small (103320), coarse (a
50.35 fm! lattice, which is shown in Fig. 2. Despite th
coarse lattice spacing we see that it reproduces the infr
behavior of Fig. 1.

Finally, we calculate the propagator on a 163332 lattice,
at the sameb providing a50.35 fm. This corresponds to
very large physical volume of 5.63311.2 fm4. Figure 3 il-
lustrates the results. These results largely agree with the
vious two calculations of the propagators. The behavior
the gluon propagator is not changed by changing the volu

In Fig. 4 we have superimposed the gluon propagators
all three lattices. Here we plotD(q2) on they axis to allow
an alternative examination of the most infrared momen
The points at*350 MeV are very robust with respect t
volume. Only the very lowest momenta points show signs
finite volume effects. With more volumes it should be po
sible to extrapolate to the infinite volume limit. We see th
the propagator, at the very lowest momentum points,
creases as the volume increases. This strongly sugges
infrared finite propagator.

V. CONCLUSIONS

The gluon propagator has been calculated on a co
lattice with anO(a2) improved action, in theO(a2) im-
proved Landau gauge. The infrared behavior of this pro
gator is consistent with that of a previous study on a fin
lattice with an unimproved action, but comparable volum
The propagator was then calculated on another improved
tice with the same spacing, but larger volume. The incre
in volume left the propagator largely unchanged. In partic
lar, it has been shown that the turnover observed in@13# is
not a finite volume effect.

-
FIG. 4. Comparison of the gluon propagator on the three diff

ent lattices. The volumes are 3.2336.4 fm4, 3.5337.0 fm4, and
5.63311.2 fm4.
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With more lattices it may be possible to extrapolate
infinite volume, but from this study we can only make te
tative conclusions. We have ruled out theq24 behavior
popular in Dyson-Schwinger studies, and any infrared sin
larity appears to be unlikely. An infrared finite propagator
most plausible. The gluon propagator would need to d
rapidly for momenta below;350 MeV in order to vanish as
suggested by Zwanziger@14# and others. Even larger volum
lattices will be needed to study this possibility. The possi
05150
-

-

p

e

effects of lattice Gribov copies remains a very interest
question and we plan to study this in the near future.
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