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The duality symmetries of various chiral boson actions are investigated Dsi® andD =6 space-time
dimensions as examples. These actions involve the Siegel, Floreanini-Jackiw, Srivastava and Pasti-Sorokin-
Tonin formulations. We discover that the Siegel, Floreanini-Jackiw and Pasti-Sorokin-Tonin actions have
self-duality with respect to a common anti-dualization of chiral boson field342 andD=6 dimensions,
respectively, while the Srivastava action is self-dual with respect to a generalized dualization of chiral boson
fields. Moreover, the action of the Floreanini-Jackiw chiral bosons interacting with gauge fieldls-th
dimensions also has self-duality but with respect to a generalized anti-dualization of chiral boson fields.

PACS numbsds): 11.10.Kk

[. INTRODUCTION Many proposals have been suggested to construct chiral
. . : boson actions, among which are four typical ofig41,8,1Q
Chiral p-forms, sometimes called chiral b{;)S‘?”& are deye are interested in here. The first scheme, proposed by Sie-
scribed by an antisymmetrigth order tensoA™ intheD  q117] is to impose the square of the self-duality condition
fZ(p(++112 d|men5|(o)nal space-time, whose external differeny,non apth order antisymmetric tensor field through the in-
tial FP7H)(A)=dA™" satisfies the self-duality condition  troduction of an auxiliary tensor field as a Lagrange multi-
(P+1)— = (1) A\ % =(P+1) A — plier. The problem is that the Siegel action suffers from an
7 =F (A)—-*F (A)=0, @) anomaly of gauge symmetries. However, it is possileo
cancel the anomaly either by introducing a Liouville term or
by taking a system of 26 chiral bosons. The second proposal,
'by Floreanini and Jackipl1] only in D=2 dimensions, is to

where *F(PTD(A) is defined as the dual partner of
F(PT1)(A). In the space with the Lorentzian metric sighature

2 i i (p) ifo i - . LT . )
ﬂ;e S.?” (_juagté/ rleqtﬁlrelé\ to be rﬁal Igp IS even, or .Corln | offer a unitary and Poincari@variant formulation by means
plex it pis odd. In the latter case the theory can equivalentlyy o st order Lagrangian in the following three ways:a

be described by a pair of real antisymmetric tensor field$,qnocal Lagrangian in terms of a local fieldlj) a local

relate_d by a duality condition. _ Lagrangian in terms of a nonlocal field, arii) a local
Chiral bosons have attracted much attention because th%grangian in terms of a local field which is of fermionic

play an important role in many theoretical modelsDr2  character. The equivalence between itéiyy known as the
dimensional space-time, they occur as basic ingredients arloreanini-Jackiw formulation, and the Siegel formulation in
elements in the formulation of heterotic strindg and in a D=2 dimensions has been shown by Bernstein and Sonnen-
number of statistical systemg2]. In D>2 dimensional schein[13], and the intrinsic relation between iter(i$ and
space-time, they form an integral partn=6 and type IIB  (iii) has also been uncovered by Girattial. [14] from the
D =10 supergravity and M-theory five-brang%-6]. Since  point of view of chiral bosonization. In addition, the
the equation of motion of a chiral boson, i.e., the self-dualityFloreanini-Jackiw formulation has been generalizedDto
condition, is first order with respect to the derivatives of =2(p+1) dimensional space-time by Henneabal.[12].
space and time, it is a key problem to construct the correThe third proposal, suggested by Srivastf&gby following
sponding action and then to quantize the theory consistenth\Siegel's idea but adding the self-duality condition itself,
To this end, various formulations of actions have been progives rise to the so-called linear formulation of chiral bosons
posed[7—12. These actions can be classified by manifestlyin D=2 dimensions. Although it has some defects as pointed
Lorentz covariant versiong7—10 and non-manifestly Lor- out by Haradg15] and Girottiet al.[16], the linear formu-
entz covariant versiongl1,12 when one emphasizes their lation strictly describes a chiral boson from the point of view
formalism under the Lorentz transformation, or by polyno-of equations of motion at both the classical and quantum
mial versions[7—9] and non-polynomial versiofl0] when levels. Moreover, it is quite straightforward to generalize this
one focuses on auxiliary fields introduced in the actions. Informulation toD=2(p+ 1) dimensional space-tinef. Sec.
cidentally, there are no auxiliary fields introduced in the non-lvV B). The fourth scheme, recently proposed by Pasti, So-
manifestly Lorentz covariant actiof&l1,12. rokin and Tonin[10], is to construct a Lorentz covariant
formulation of chiralp-forms in D=2(p+1) dimensions
that contains a finite number of auxiliary fields in a non-

*Email address: miao@physik.uni-kl.de polynomial way. The simplest case is that only one auxiliary
"Permanent address scalar field is introduced. This formulation reduces to the
*Email address: muellerl@physik.uni-kl.de non-manifestly covariant Floreanini-Jackiw formulatidri]
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provided appropriate gauge fixing conditions are chosen. On The paper is arranged as follows. In Secs. II-V, we dis-
the other hand, it has a close relationship with the Lorentzuss the duality symmetries of the four chipaform actions
covariant McClain-Wu-Yu formulatiofi9] that contains in- one by one in the Siegel, Floreanini-Jackiw, Srivastava, and
finitely many auxiliary fields in the usual polynomial way. Pasti-Sorokin-Tonin formulations. Each section is divided
That is to say, the Pasti-Sorokin-Tonin formulation turns intointo two subsections for thB =2 andD =6 cases. Then we
the McClain-Wu-Yu formulation if one gets rid of the non- turn to the interacting theory of the Floreanini-Jackiw chiral
polynomiality and eliminates the scalar auxiliary field at thebosons and gauge fields in Sec. VI, and finally make a con-
price of introducing auxiliary g+ 1)-forms, or, vice versa, if clusion in Sec. VII.

one consistently truncates the McClain-Wu-Yu infinite tail  The metric notation we use throughout this paper is

and puts on its end the auxiliary scalar field.

Because various types of strings are related by dualities, 900~ ~9u~" "= ~"9p-10-1=1,
the duality symmetries of the Pasti-Sorokin-Tonin formula- 012 . .D-1_
tion have been studied and some interesting results have € =1 2

been obtainefi10]. The chiral boson action iB =2 dimen- . .

sions is self-dual with respect to both the dualization of theGreek letters stand for. space-time |nd|cg&,.1(,a', T

chiral boson field and the dualization of the auxiliary scalar . 0.1,...DP—1) and Latin letters are spacial indices run-

field. In theD=4 case, the action is still self-dual under the "9 from 1 toD—1.

dualization of the two real chiral 1-forms, but turns out to be

a new covariant duality-symmetric Maxwell action that con- Il. SELF-DUALITY OF THE SIEGEL ACTION

tains an auxiliary 2-form field under a duality transform of A. The D=2 case

the auxiliary scalar field. The Pasti-Sorokin-Tonin action in o ] _ ) ) )

D=6 dimensional space-time gives rise to such a dual ver- We begin with the Siegel actid7] in D=2 dimensional

sion that includes an auxiliary 4-form field and has a differ-Space-time

ent symmetry structure from that of its initial action when

one performs a duality transform of the auxiliary scalar field. S= f d2x

Incidentally, the self-duality of the action with respect to the

dualization of the chiral 2-form field in thB =6 case was 1

not explicitly verified in Ref[10]. + SN, (P p— €70, 4) (" dp— €, p)|, (3
In this paper we investigate the duality properties of the 2

four typical chiralp-form actions mentioned above by using . ) :
D=2 andD=6 dimensions as examples. We pay our mainwhere¢> is a scalar field, and ,, a symmetric and traceless
' auxiliary tensor field.

attention to these actions’ dual versions under duality trans® We i tigate the dualit W of ith ¢
forms of chiralp-form fields since we expect to extract some € investigate the duality property o E®) WIith respec
o the dualization of the fields(x) along the line of Ref.

common property from the four actions that have such bi . . . .
broperty 10]. The first step is to introduce two independent vector

differences in formulation. As to the duality under trans-.: .
forms of auxiliary fields for the first three chirgtform ac-  f1€lds,F, andG,,, and replace Eq3) by the action

tions, it is a trivial problem because of the linearity of aux-

1
E&Mcﬁ&“(ﬁ

iliary fields in the Siegel and Srivastava actiqis8] and of szf d2x 1,: (= 1)\ JFHF'+GH(F,—d,¢)|,
the non-existence of auxiliary fields in the Floreanini-Jackiw 2~ 2 goos
action [11,12. As a result, we discover that the Siegel, 4

Floreanini-Jackiw and Pasti-Sorokin-Tonin actions are self- . , . .
dual under a common anti-dual transform of 1-form “field Where ~* is gsfmed as the difference betweBft and its
strengths” inD=2 dimensional space-time and of 3-form dual partner’F,

field strengths in th&® =6 case, while the Srivastava action FREH_ GHVE )
is self-dual under a generalized dual transform of 1-form v
“field strength” in D=2 dimensions and of 3-form field Then, varying Eq(4) with respect toG*
strength inD=6 dimensions. We also find that the self- ; ; :

duality conditions of the four actions in thHe=2 andD sion for the fieldF,, in terms of¢
=6 cases, respectively, have the same transformation al- F,=d,¢, (6)
though the transforms of the field strengths are quite differ- B

ent from one another. Moreover, we extend the self-dualitytogether with which Eq(4) turns back to the original Siegel
of actions from free chiral bosons to interacting cases andction Eq.(3). This shows the classical equivalence between
choose, as an example, the action of the Floreanini-Jackivctions Eqs(3) and(4). The third step is to vary E¢4) with
chiral bosons interacting with gauge fields proposed byespect td=,,, which yields the expression &* in terms of
Harada[17]. We find that this action is also self-dual but F#

with respect to a generalized anti-dualization of the chiral

boson field, and that the transformation of the difference be- GH=—F+—(g* + ")\, F". (7)
tween the 1-form “field strength” and its dual partner is very

different from that of the free cases because of interactionsSimilar to Eq.(5), G* is defined as

gives the expres-
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Gh=GH— MG, (® 1 )
f/.LVO'(A): F,uva'(A)_ ae/,wa'pnﬁFp” (A) (15)

which, when Eq(7) is substituted, gives a relationship be-

tweenF* andG#* In order to discuss the duality of the Siegel action, we
introduce two 3-form field§ ,,,, andG,,,,, and replace Eqg.

Fh=-g~ ©® (13 by the following action:
It is necessary to point out in advance that E).is gener- 1
ally satisfied for all the four chiral boson actions discussed in S= f d®x 5FMWF’”"+ E)\MV}‘“P"}'VW

this paper(cf. Secs. lll A, IVA, and V A although the rela-
tions betweer# andG* for these actions are very different 1
from one another. With Eq9), it is easy to invert Eq(7) + 3G (F uo™ puPua) |» (16)
and obtainF* in terms of G*

whereF ,,, andG,,,,, act, at present, as independent auxil-

iary fields. To vary Eq(16) with respect toG*"” gives
We can check from Eq7) that when the self-duality condi- E —o A 17
tion is satisfied, i.e.F#=0, which is called “on the mass pyo— Opval

shﬂell” inMIV?ef. [10], F* and G* relate with an anti-duality \yhich when substituted into E€L6), yields the equivalence
Gk=—¢€""F,. Note that in Ref[10] they relate with a dual  peryeen actions Eq&l3) and(16). On the other hand, varia-

relation because of the distinct metric notation. We will S€&ion of Eq. (16) with respect tcF leads to the expression
that this type of anti-duality also appears in the Floreanini—of GH"% in terms of F#""

Jackiw and Pasti-Sorokin-Tonin actions in the=DR case

although Eqs(7), (27) and(51) are quite different from one 1

another(cf. Secs. Il A and V A, but does not in the Srivas- GHY7=—Frro—\plug vl af“w"”gke[p}"em :
tava action(cf. Sec. IV A). Substituting Eq(10) into Eq.(4), ' (18)
we get the dual version of the Siegel action

Fh=—GF+(g 7+ €' )\, G". (10

nro

Like Eqg. (15), we defineG*"? to be

1 1
Sdualzf d?x 5 GuG SN GHG ¢&MG”}. 1 )
(11) g/LVU':G/AVU'_ a6;/,1/0'p77 Gp‘”&’ (19)
Variation of Eq.(11) with respect to¢ gives 9,G*=0,  anq obtain, when Eq(18) is substituted into Eq(19), the
whose solution should be relation
GH(¢)=—€'"d,p=—e""F (¢), (12) FHVT= _ GHUVO, (20)

wherey is an arbitrary scalar field. When EQL2) is substi-  Note that this is generally satisfied for all the four actions in
tuted into Eq.(11), we obtain the dual action that is exactly ihep =6 case although relations 67" andG**“ in these
the same as the Siegel action E8) only with the replace-  gcions are quite different from one anottief. Secs. 111 B,

ment of ¢ by ¢. As analyzed abovep and ¢ coincide with /B and v B). With Eq. (20), we can invert Eq(18) quite
each other up to a constant when the self-duality condition iBasily and solvé#"7 in terms of G#"”

imposed. Therefore, the Siegel action is self-dual with re-

spect to thep(x) — ¢(x) anti-dualization expressed by Eqgs. 1
(6) and (12) FHYo= — GKVI 4 )\p[p,gpwr] + aepva’pnﬁ)\e[pg 077(3] .

(21)
B. The D=6 case
The Siegel action irD =6 space-time dimensions takes V\_/(_e can ver_ify_ from quj}[}?)_that WM?fn the i(;){lff-duality con-
the form[7] dition is satlgfled, i.e F*7=0, F ?ndG r.elate Wlth
an anti-duality G#"7= —(1/3!)e*""?"°F ,, 5. This relation
1 1 also appears in the Floreanini-Jackiw and Pasti-Sorokin-
S=J d®x gFWU(A)F“V”(A)"' E)\W}'“”‘T(A)J”’M(A)}, Tonin actions in theD =6 case, but does not in the Srivas-
(13) tava action. Now substituting Eq21) into the action Eq.
(16), we obtain the dual Siegel action in the=6 case

whereF ,,,(A) is the 3-form field strength of the real anti-

. . _ 1
symmetric tensor field\,,(»,»=0,1, .. .,5) Sdualzf dbx| — EGWGMW
FucA)=0,A,0+ A+ 0,AL=0 A0, (14 1
_ mpoov nvo
andF,,,(A) is defined as * 2)‘MVQ G pr T Aed,G ' (22
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Variation of Eq.(22) with respect toA,, gives

3,G*"7=0, (23

whose solution should be

1 vopnd
3_614 POE  A(B),

nro 1 uvopnd —
G (B):_aé &[meﬂ:_ |
(24)

where B, is an arbitrary 2-form field. When Ed24) is
substituted into the dual action ER2), we get the result
that the dual action is the same as the Siegel actioE).
only with the replacement &% ,, by B, . Consequently, the
Siegel action is self-dual D=6 dimensional space-time
with respect to théd ,,—B,,, anti-dualization given by Egs.
(17) and (24).

I1l. SELF-DUALITY OF THE FLOREANINI-JACKIW
ACTION
A. The D=2 case

The Floreanini-Jackiw action iD =2 dimensions has the
form [11]

S= J d*x[dopd1d— (1)1, (29

in which no auxiliary fields are introduced. It is a non-

manifestly Lorentz covariant action, but has Poindaeri-
ance from the point of view of Hamiltonian analyses.

As in Sec. IIA, we introduce two independent auxiliary Introducing two auxiliary 3-form$

vector fieldsF# and G#, and replace Eq25) by the action

szf d?X[FoF1—(F1)?+GHF,—d,$)].  (26)

Variation of this action with respect to the Lagrange multi-

plier G* gives rise to the same result as Eg), which leads
to the equivalence between E@25) and(26). On the other
hand, variation of Eq(26) with respect toF,, gives the ex-
pression ofG* in terms ofF,

G%=—Fy,
Gl=-F,+2F,, (27
whose inversion is
Fo=—2G°-G?,
F,=—G°. (29

If we defineF# andG* as in Eqs(5) and(8), respectively,
we discover that they still satisfy the relation E@) as
pointed out in Sec. Il A. MoreoveFR# andG* have an anti-
dual relationG*=—e*"F,, if the self-duality condition in
theD=2 caseF*=0 is imposed into Eq(27). Substituting
Eq. (28) into Eq.(26), we obtain the dual Floreanini-Jackiw
action

PHYSICAL REVIEW D62 045014

SduaI:f d’x[— (Go)?+GoG1+ $3,G*]. (29

The remaining procedure is the same as that in Sec. Il A. As
a result, the Floreanini-Jackiw action =2 dimensional
space-time is self-dual with respect to thé€x) — »(x) anti-
duality as shown in Eqg6) and(12).

B. The D=6 case

The non-manifestly Lorentz covariant formulation of Flo-
reanini and Jackiw was generalized to chpgbrms in Ref.
[12]. The action for a chiral 2-form iiD =6 dimensions is

1
S=j d®x

2

- _i N kim,
FOI](A) 3!60|]kImF (A)

: (30

1
X aeoijnqunpq(A)

whereF ,,,(A) is the field strength oA, , as stated in Eq.
(14), and Latin letters stand for spatial indicesj( . ..
=1,...,5).Note that no auxiliary fields appear in E@0).
In the following, we utilize the simplier form of Eq30)

1
S= J d®x

1—2€OijklmF0ij (A)Fm(A) —

1
gme(A)me(A)}
(31

We begin with the duality property of the action E§1)
under the dualization of the antisymmetric tensor figld, .
uve @NdG we con-

struct a new action to replace E@1)

Mmoo
— OilkimE -

1
S:f d®x 12 iFrim— 6FkIkaIm

1
+ EG”VU(FMVO'_ a[/.LAVCr]) ’

(32

whereF ,,, andG,,,,, are treated as independent fields. For
the sake of convenience in the calculation, we rewrite Eq.
(32) to be

1
S:f d6X 1_2€0|Jk|mFOiij|m_

6FkIkaIm

1 0 1 im
+§G (Foij = dpoAijp + EG (Fim= 9pAimp) |-
(33

Variation of Eq.(33) with respect to the Lagrange multiplier
G*" gives Eq.(17), which shows the equivalence between
Egs. (31) and (33). Moreover, variation of Eq(33) with
respect toF ,,, gives the expression d&*”” in terms of

F

Mmoo

.. 1 .
GOl = — gfo"nqunpq,
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lem: _ %GOnkamFOnp_ ZFklm,

(34)
from whichF ,,, can be calculated
FOij_ 2G0ij 1 Oijnqu
- t6€ npg
kim 1 onpkl
FAM= 7€ "Gonp - (35

If we defineF#"" andG#"“ as in Eqs(15) and(19), respec-
tively, we find that they still satisfy Eq20) although Egs.
(18) and (34), i.e., the relations of#"? and G*"? for the

Siegel and Floreanini-Jackiw formulations of chiral 2-forms,

PHYSICAL REVIEW D62 045014

whereF , andG* are independent of the other fields. When
varying Eq.(38) with respect taG*, we haveF ,=d, ¢, i.e.,
Eq. (6), and with it we can prove that the new action E3g)

is equivalent to the original one E(B7). On the other hand,

when varying Eq.(38) with respect toF,, we getG* in
terms ofF ,
GH=—FH—(\F+er'),), (39
or, vice versaF, in terms ofG*
Fr=—G*—(N*+€e'"\,). (40

If 7# andG* are defined as in Eq&) and(8), respectively,
they again satisfy the relation E¢Q) although EQq.(39) is
quite different from Eq(7) and Eq.(27). However,F# and
G* no longer relate with any anti-duality when the self-
duality condition7#=0 is imposed into Eq(39). This hap-

are quite different. In addition, when imposing the self- hens because the self-duality condition with a Lagrange mul-

duality condition in theD=6 case, i.e.,F*#"?=0, into Eq.
(34), we still derive the anti-duality betweeR*"? and
GHY, G"V”=—(1/3!)e“””P’75Fp,75. Substituting Eq.(35)
into Eq. (33), we obtain the dual formulation of the
Floreanini-Jackiw chiral 2-form in thB =6 case

1 . 1 -
- EGO”GOij + 1_250ijkImGO”lem

Squal= f d®x

1 nro
+5A,:9,G

5 . (36)

The following steps are straightforward. Variation of Eq.
(36) with respect toA,,, givesd,,G*"?=0, whose solution is
Eq. (24) in which an antisymmetric tensor fiel,, is intro-
duced. With Eq(24), the dual action Eq.36) is the same as
the action Eq.(31), only with the replacement oA ,, by

tiplier is introduced linearly in the action E¢37). We may
say that this anti-duality betweétt* andG* is not necessary
when one considers the duality property of actions because
the self-duality condition can not be directly imposed into
actions. Substituting Eq40) into Eqg. (38), we obtain the
dual version of the Srivastava action

1
~ GG\, (G —€"G,) + ¢(9NG#}.
(41)

Sdual= f d*x

When varying Eq(41) with respect top, we getd,G*=0
and then solve

GH(h)=€""d,=€e""F (§),

wherey is an arbitrary scalar field. When E@L2) is substi-
tuted into Eq(41), we find that the dual action is the same as

(42

B... Therefore, we verify that the Floreanini-Jackiw action the original one Eq(37) only with the replacement ab by

for a chiral 2-form inD =6 dimensions is self-dual under the
A,,—B,, anti-duality transform of Eqg17) and (24).

z

IV. SELF-DUALITY OF THE SRIVASTAVA ACTION
A. The D=2 case

We write the linear formulation of chiral bosons sug-
gested by Srivastai#)]

f d?x

where ¢ is a scalar field and. , an auxiliary vector field.

1
5 0u SN (= e, d) ], (37)

. Consequently, the Srivastava action in the=2 case is
self-dual under the generalized dualization Eg). Here the
word “generalized” means thab(x) does not coincide with
¥(x) even if the self-duality condition is considered.

B. The D=6 case

We can easily generalize tH2=2 Srivastava action to
theD=6 case

1
S= f d®x

1
g F[LVO’(A)FMVU(A) + §)\Mvo‘7:#wr(A)} ’
(43)

This action has some defects as pointed out by othergnereF (A) and F#*7(A) are defined as Eq$14) and
mro

[15,16, but it “synthesizes” the manifest Lorentz covari-
ance and self-duality constraint.

Let us introduce two auxiliary vector fields, and G*,
and construct a new action to replace E3jy)

1
S= f d?x

SFUF LN (FI—€F )+ GH(F,— am)},
(38

(15), respectively, and\ ,,, is an auxiliary antisymmetric
tensor field. Variation of this action with respect Xg,,,
gives the self-duality conditiotF#"?(A)=0 that is in fact
the equation of motion oA ,,. Therefore, Eq(43) indeed
describes a chiral 2-form field iD =6 dimensional space-
time. As to its canonical Hamiltonian analysis, it can be
achieved straightforwardly by following the procedure
shown in Ref[8]. Here we omit it.
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We introduce two auxiliary 3-form field¥,,, and V. SELF-DUALITY OF THE PASTI-SOROKIN-TONIN
G, and construct a new action to replace Ep) ACTION

1 1 A. The D=2 case

S=f d®x EFMWF“”"Jr §)\MW}'"”" The self-duality of the Pasti-Sorokin-Tonin action in the
D=2 case has been explicitly shown in Rf0]. In order to

1 make our paper complete, we briefly repeat the main proce-
+ 3G (F uvo= uPer) | (44 dure by means of our metric notation that is different from
that used in Ref{10].

The non-polynomial formulation of chiral bosons pro-
posed by Pasti, Sorokin and Torjih0] takes the form

whereF ,,, andG*"” are treated as independent fields, and
FHrroI=Fr—(1/31)e*"7P7°F 5. By varying Eq. (44)
with respect taG*"?, we getF ,,,= d;,A,, and then verify 1
the equivalence between Eq¥.3) and (44). On the other szf dzx[—a#¢aﬂ¢
hand, by varying Eq(44) with respect td~,,,,,, we have the 2
expression ofc#"” in terms ofF ,,,
+———[0*a(d,p—€,,0°P)1%}, (49
S RO B r e A e DT (49
= aé )\pn5 , (45)

where ¢(x) is a scalar field, an&(x) an auxiliary scalar
field introduced in a non-polynomial way. Note that we have

or, vice versa, that off in terms ofG . v ;
wra mra adopted our metric notation in the action E49).

1 By introducing two auxiliary vector fields , andG*, we
FAVT— _ GHYT ( NAVO 4 yfﬂwpﬁs}\pnﬁ)- (46)  construct a new action to replace E49):
- F) — 2 1 2

As usual, we defing*#"7=G#*""—(1/3!)e*"7""°G,,, 5 and S—f d*% 5 FuFit+ ——————("aF,)
obtain, using Eq(45), F#"?=—G#*?, This relation is gen- 2(d,a)(d"a)
erally correct for all the four formulations of chiral 2-forms
although Eqs.(18), (34), (45) and (56) are quite different +GHF,—d,)|, (50)
from one another. But, similar to the=2 caseF*”’ and

G*"? do not relate with any anti-duality in the Srivastava

action even if the self-duality conditiaA*”“=0 is imposed whereF , and G* are dealt with as independent fields, and
to Eq. (45). The reason remains the linearity of the self-#,=F,—€,,F". Variation of Eq.(50) with respect to the
duality condition in the action Eq43). This situation does Lagrange multiplieiG* givesF =4, ¢, i.e., EqQ.(6), which

not occur in the Siegel, Floreanini-Jackiw and Pasti-SorokinYields the equivalence between the Pasti-Sorokin-Tonin ac-
Tonin actions. Substituting E@46) into Eq.(44), we get the tion and the new action E¢50). Moreover, variation of Eq.

dual action (50) with respect toF, leads to the expression @* in
terms ofF
1
SduaI:J' d°%| — =G,,,,G*"* J*a+ e’d,a
° Gh=—Fh- ———"=(§'aF,), (51)
L (9,2)(9"a)
_ /.LV(T+ Vo . ) )
3)\““’g AveuG “7) In order to easily solvé, in terms of G* from the above

equation, we define, like Eq8), G#=G*—¢€*"G,. When
Variation of Eq.(47) with respect t&A,,, givesd,G#**=0,  Eqg. (51) is substituted intog*, we get the relationr*=
and the solution should be —G*, which also exists in the first three formulations of
chiral bosons discussed in Secs. Il A, lllA, and IVA. By
1 1 using F#=—G*, we therefore solvé&* from Eq. (51):
G,uVO'(B) :ae,uvopﬂﬁ(?[an&] = aE,u,Vo’p‘)y&I:pn[){B),
(48) Fhe _Gh4 ta+ e“p&pa

(d"ag,). (52)
(d,2)(3%)

whereB,,, is an arbitrary 2-form field. Substituting EG48)

into Eq. (47), we recover the Srivastava formulation with We can see thaF* and G* satisfy an anti-dualityG* =

B,, as the argument. This shows the self-duality of the—e*”F, on the mass shell. Note that in Rg10] their rela-

Srivastava action in th® =6 case with respect to the gen- tion is dual because of the distinct metric notation. We have

eralized duality transform Eq48). Here we add the word known that this type of anti-duality also appears in the Siegel

“generalized” becausé ,, no longer coincides witl,, on  and Floreanini-Jackiw actions in the=2 case although

the mass shell. Egs.(7), (27) and(51) are quite different from one another,
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but does not in the Srivastava action. Now substituting EqWhen we define;;f”"zGf‘”"—(ll3!)ef‘”"9”‘9Gp,75, we ob-

(52) into Eq. (50), we obtain the dual action

1 "
~5G,G

SduaI:J' d*x

(9#agG,)*+ ¢d,G*|. (53

+ e —
2(d,a)(d"a)

Exactly following the discussions below E{l1l), we can
conclude that the Pasti-Sorokin-Tonin actiorDirs 2 dimen-
sional space-time is self-dual with respect to th€x)
— (x) anti-dualization given by Eq$6) and(12).

B. The D=6 case

Since the self-duality of the Pasti-Sorokin-Tonin action

with respect to the dualization of chiral 2-form fields n

=6 dimensional space-time was not explicitly verified in
Ref.[10], we add the verification here in terms of our metric

notation.

First we write the Pasti-Sorokin-Tonin action for a chiral

2-form fieldA,,,

1
S= J d®x

6 F,U,VO'(A)FMVU(A)

I*aF,,(A)FP(A)d,al, (54

+ e —
2(dya)(d a)

whereF ,,,(A) andF,,,(A) are defined as in Eqél4) and
(15), respectively, ana@(x) is an auxiliary scalar field intro-
duced in a non-polynomial way.

By introducing two auxiliary 3-form fields~,,, and
G-, We construct a new action to replace Es¢):

1
S= f d%| =F o F*"7+ ———————d"aF,,,.F"""d,a
6~ 2(g\a)(dra) " g
1 Vo
+ §G (F,LLV(T_&[/LAVO']) ’ (55)

whereF ,,, andG,,,, are dealt with as independent fields,
and FrrI=F#"7—(1/31)e*"7P7°F 5. Variation of Eq.
(55 with respect to the Lagrange multipligd””? gives
Fuve=01,Av0, 1-€., EQ.(17), which yields the equivalence
between Eqs(54) and (55). On the other hand, variation of
Eqg. (55 with respect toF ,,, leads to the expression of
G, e in terms ofF,,,

nvo

pvo _

GHVo= — R
(6\a) (5 a)

JraFrilrg a

. (56)

+i ,u.vo’pmsa f 56
3!6 (b8 55100 @

tain F#77=—G#*"? once again. As we have pointed out in
Sec. VA, this relation is generally correct for all the four
chiral 2-form actions inD=6 dimensions although Egs.
(18), (34), (45) and(56) are quite different from one another.
Considering the general relation, we can solve from (&)
F~"7 in terms of G#"

FHro— — GHYI 4

A

1 uvaopnd 4
+ 56 é’[pag,,(;] 93 a

. (57

As discussed in Secs. 11 B and 11l B, we can prove tG&t”
relates to F#”” by an anti-duality G*"7=
—(1/3!)€MVUP77§FP7]5 on the mass shell, that is, under the
condition #*?=0. The anti-dual relation is satisfied in the
Siegel, Floreanini-Jackiw and Pasti-Sorokin-Tonin actions,
but not in the Srivastava action. Now substituting Egj7)

into Eq. (55), we get the dual action in terms &*"“

1 nro
~ 5GuneG

Sdualzf d®x

T g#ag,,.G""Pd a+A,,d,G .
2(d,a)(5a) a P a

(58)

We do not repeat the subsequent steps which are equally the
same as below E@22). As a result, the Pasti-Sorokin-Tonin
action has self-duality under the,,—B,,, anti-dual trans-
form Eqgs.(17) and (24).

VI. SELF-DUALITY OF THE GAUGED
FLOREANINI-JACKIW CHIRAL BOSON ACTION

We extend the discussion of self-duality of chipaform
actions from free theories to interacting cases, and choose the
action of Floreanini-Jackiw chiral bosons interacting with
gauge field§17] as our example.

We first write the action of this interacting theory

S= f d?x

—EZA—A 2+}2AA“—
58 (Ag— A"+ 5e%ah,

dopd1p—(91)*+2ed1p(Ag—Ay)

1
aFwf

, (59
where ¢ is a scalar fieldA, a gauge field an& ,, its field
strength; e is the electric charge and a real parameter
caused by ambiguity in bosonization. It is a non-manifestly
Lorentz covariant action but indeed has Lorentz invariance
[17]. In the following discussion, the interacting term, i.e.,
the third term in Eq(59), is important, while the last three
terms that relate only to gauge fields have nothing to do with
the duality property of the action.
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By introducing two auxiliary vector fields , andG*, we

construct a new action to replace E§9)

S= f d?x

1, . 1
+§e aA,A _ZF’”

"

2 1, 2
FoF1—(F1) +26F1(A0—A1)—§e (Ag—A1)

FA’+GH(F,—d,d) |, (60)

PHYSICAL REVIEW D62 045014

It has the same formulation as the original action Exf)
only with the replacement o by «. Note that because of
interactions,¢(x) no longer coincides with/(x) up to a
constant on the mass shell, which is different from that of the
free theory case. This means that E8p) shows a general-
ized anti-dualization of~, and G, . Therefore, we prove
that the action of gauged Floreanini-Jackiw chiral bosons has
self-duality with respect to the generalized anti-dualization

of “field strength” expressed by Ed65). Incidentally, if we

whereF , andG* are treated as independent fields. Variationchose the solutios*( ) = e**d, ¢ instead of Eq(65), the

of Eg. (60) with respect to the Lagrange multipli&* gives

dual action would have a minus sign in the third term. That is

F,.=d,¢, which yields the equivalence between the two ac+o say, the dual action derived in this way would be different

tions Egs.(59) and (60). Furthermore, variation of Eq60)
with respect td- , leads to the expression & in terms of

Fu

G’=—F,,
Gl=—F+2F;—2e(Ay—A,). (61)
It is easy to solve foF, from the above equation
Fo=—2G%-G!'-2e(As—Ay),
F,=—G°. (62

If we definef,=F,—e¢,,F"andG,=G,—¢€,,G", we find
that they satisfy the relation

Fo=—G,—2e(g,,— €,,)A, (63)

from the action Eq(59) in formulation. However, the physi-
cal spectrum is the same whether the third term of(Ef). is
positive or negative.

VIlI. CONCLUSION

By following the procedure of duality analyses illustrated
by Pasti, Sorokin and Tonifl0], we have proved that the
Siegel, Floreanini-Jackiw and Pasti-Sorokin-Tonin actions
are self-dual with respect to a common anti-dualization of
1-form “field strengths” given by Eq(12) in D=2 dimen-
sional space-time, and that they are self-dual with respect to
another common anti-dualization of 3-form field strengths
given by Eq.(24) in D=6 dimensional space-time. For the
Srivastava action, we have verified that it has self-duality
under a generalized dual transform of 1-form “field
strength” expressed by E42) in theD =2 case, and that it
has self-duality under another generalized dual transform of

which is different from that of the free Floreanini-Jackiw 3-form field strength expressed by E48) in theD =6 case.
case because of interactions. In other words, if the interactiohlere the word “generalized” means th@t‘(y) andF*(¢)

did not exist, i.e.e=0, Eq. (63) would reduce to the free

theory casef,=—G, . Substituting Eq(62) into Eq. (60),
we obtain the dual action in terms &f*

—(G%2-GG'-2eG(A;—A))

SduaI:J' d?x
1 1
2 2 2
—5€ (Ag—A+ >€ aA, A*

1
— ZF, F*"+ $a,G*

7 - (64

Variation of Eq.(64) with respect to¢ gives d,G*=0,
whose solution should be
GH(¢)=—€*"d,p=—e""F (¥), (65)

where(x) is an arbitrary scalar field. Substituting E5)
into Eq. (64), we get the dual action in terms @f

dodrh—(I18)+2ed; P(Ag—Ay)

Sdualzf d?x

1 2 2 1 2 s 1 nv
~ 5€%(Ag— A+ S ePaA, AN~ TF, FHY).

(66)

do not relate with an anti-dualits# ()= — e*"F ,(¢) on
the mass shellF#(¢)=0 in D=2 dimensions, and that
G**?(B) and F#"?(A) do not relate with another anti-
duality G*"7(B)=—(1/3!)e**7P7°F, s(A) on the mass
shell ##*?(A)=0 in D=6 dimensions. The reason is the
linearity of the self-duality condition introduced with an aux-
iliary field in the Srivastava action. We emphasize that this
type of anti-duality is not necessary for self-duality of ac-
tions because the self-duality condition, i.e., the mass shell
condition, cannot directly be imposed on actions. Moreover,
we have found a generally satisfied relation for all the four
actions discussed in this paper, that is, E9). for the D
=2 case and Eq20) for theD =6 case. This relation means
that the self-duality condition remains unchanged although
the transforms of field strengths are quite different from one
action to another. Incidentally, we do not mention in our
paper the duality property of actions under transforms of
auxiliary fields because on one hand it is a trivial problem for
the first three chirap-form actions, and on the other hand it
has been studied in detail for the Pasti-Sorokin-Tonin action
[10]. The triviality is caused by the linearity of auxiliary
fields in the Siegel and Srivastava actidiis8] and by the
non-existence of auxiliary fields in the Floreanini-Jackiw ac-
tion[11,12.

We have tried to extend the self-duality of actions from
free theories to interacting ones and chosen, as our example,
the action of the Floreanini-Jackiw chiral bosons interacting
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with gauge fields. By utilizing the concept of the generalized Note added The Kavalov-Mkrtchyan formulatiorj20]
dualization extracted from the self-duality of the Srivastavacan be proved to be self-dual with respect to an anti-
action, we obtain that the action of the interacting theory isdualization of chiral 2-form fields along the line of this pa-
self-dual with respect to a generalized anti-dualization of theyer. We thank Dr. R. Manvelyan for pointing this out.
1-form “field strength” of chiral scalars.

As stated in Ref[10] that the self-duality of the Pasti-
Sorokin-Tonin action remains iD=2(p+1) dimensions,
we can conclude that the Siegel, Floreanini-Jackiw and
Srivastava actions are also self-dualDr=2(p+1) dimen-

sional space-time. Finally, we point out that the self-duality Y.-G. Miao is indebted to the Alexander von Humboldt

also exists in a wider context of theoretical models that relat oundatlon for financial support. Heis alsp support'ed In part
to chiral p-forms, such as the generalized chiral Schwinger®” the National Natural Science Foundation of China under

model (GCSM) [18], whose self-duality corresponds to the 9"ant No. 19705007 and by the Ministry of Education of
vector and axial vector current duality. This work is arrangedChin@ under the special project for scholars returned from
in a separate pap¢t9]. abroad.
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