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Cosmological expansion in the Randall-Sundrum brane world scenario
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The cosmology of the Randall-Sundrum scenario for a positive tension brane in a 5D universe with localized
gravity has been studied previously. In the radiation-dominated universe, it was suggested that there are two
solutions for the cosmic scale factaft): the standard solutiom~t? and a solutiona~t*4 which is
incompatible with standard big bang nucleosynthesis. In this paper, we reconsider expansion of the Universe in
this scenario. We derive and solve a first order, linear differential equatidiZathe square of the expansion
rate of the Universe, as a functionafThe differences between our equation ftrand the relationship found
in standard cosmology afé there is a term proportional to density squaftadact already known which is
small when the density is small compared to the brane tension(iiaridere is a contribution which acts like
a relativistic fluid. We show that this second contribution is due to gravitational degrees of freedom in the bulk.
Thus, we find that there need not be any conflict between cosmology of the Randall-Sundrum scenario and the
standard model of cosmology. We discuss how reheating at the end of inflation leads to the correct relationship
between matter density and expansion rété—8mwGp,/3, and the conditions that must be met for the
expansion rate of the universe to be close to its standard model value around the epoch of cosmological
nucleosynthesis.

PACS numbeps): 04.50:+h, 11.25.Mj, 98.80.Cq

[. INTRODUCTION to match the known observations of the expanding Universe,
Recently Randall and Sundrujh] presented a new static at least back to the time of electron-positron annihilation and
solution to the 5D(classical Einstein equations in which nucleosynthesis, the expansion rate of the Universe should
spacetime is flat on a 3-brane with positive tension providede approximatelyH?=87Gp/3, its value in standard big
that the bulk has an appropriate negative cosmological corbang cosmology. Actually this requirement is stronger than
stant. Even if the fifth dimension is uncompactified, standardiemandinga(t) ~t% agreement with the well-established
4D gravity (specifically, Newton’s force lawis reproduced picture of light element synthesis in the early univefgg
on the brane. In contrast with the compactified d&jethis  constrains H as a function of temperaturd for T
follows because the near-brane geometry traps the masslessl00 keV—a few MeV.
graviton. In this paper, we clarify the situation with respect to the
To see if such a scenario is viable phenomenologicallycosmology of the Randall-Sundrum scenario. First, we elu-
one application to check is the evolution of the early Uni-cidate why the evolution equation that one obtains for the
verse[3,4]. It was pointed ouf5] that a 5D universe with scale factofEq. (24) below] is second order in time rather
branes may have a rather unconventional, and perhaps unaban first order in time as in standard cosmology. The reason
ceptable, cosmology. The inclusion of matter inside thes that a piece of the gravitational dynamics in the bulk is
brane is suggested naturally by the brane world picture. So oupled to the brane dynamics, and thus there is an extra free
is important to see if the standard expanding Universe can bgarameter in the cosmological equations, describing the
recovered by extending the static solution to a time-amount of effective 4D energy density due to the 5D gravi-
dependent one when matter or radiation inside the brane iational degrees of freedom. The most general bulk metric
included. As shown in Ref[6], the standardmatter  compatible with homogeneity and isotropy is a black hole
dominated expanding Universe is recovered for large enouganti—de Sitter metrid8], and the free parameter is deter-
brane tension. However, Rd6] proposedwo possible be- mined by mass parameter of this bulk solution. This conclu-
haviors for the cosmic scale factog(t), during the sion has also been reached by Kré@k
radiation-dominated universeti) a(t)~t** (first found in Second, we derive and solve fast-order differential
Ref. [5]), or (i) a(t)~tY? (found in Ref.[6]). That there equation forH? as a function of log. This equation shows
might be two different powerlaw solutions is not surprising, that the effect of bulk gravitational degrees of freedom on the
since a non-linear second order differential equation maylD dynamics is to add a new term that decays with expan-
have more than one such solution, and initial conditions willsion just like a relativistic fluidbut which may be positive or
determine the precise time evolutionaft) (which may not  negativeé. This new contribution td1? is degenerate with the
be exactly a power law, but might be close to either of thecontributions from relativistic particles such as photons and
candidate power laws at different time®©n the other hand, neutrinos in the early universe. Thus, if significant, it would
alter the relationship betwedd and temperaturd of the
early universe, even though it would still alloa(t)~t*2
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*Email address: ira@spacenet.tn.cornell.edu theory of cosmological nucleosyntheprs10], the new terms
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due to bulk gravitational degrees of freedom must be smaland
enough to preserve the concordance between theory and ob-
servation. We show that if we start with an inflationary ep-

B(y.t) _9B(ED

och[11,3,17, and follow the universe as it evolves into the Ba(t)=limy_ o+ = 7€ . (7)
radiation-dominated phase, it is possilieven likely that y £=0

the new term becomes insignificant by the time the universe

reheats at the end of inflation. Our final result fé? shows It follows that

that standard cosmology can be recovered at late times in the .

Randall-Sundrum scenario in both the radiation and matter a (Y, 1) =a g |y, 1) +2a4(1) 8(y), (8

dominated eras.
together with a similar equation fgs ,, .
We now substitute the relatig®®) into the Einstein tensor

) ) ) . . componentg2)—(5), and insert into the 5D Einstein equa-
In this section we derive the equations governing the dyzi g Gap= 2T xg Where the energy momentum terfsisr
namics of matter and geometry on the brane, using a Ioca|

expansion of the metric near the brane. We consider a 5D
spacetime  with  coordinates x*=(x%x%x? x3,x%
=(t,x%,x?,x%,y), and we assume that there is a single brane
located aty=0. We assume the following form for the 5D
metricl

II. DERIVATION OF THE BRANE DYNAMICS

TAg=diad (—p,p,p,p,0) (y)exp(— B)
+(Ap, Ap, Ap,Ap,Ap)]. 9

Here p andp are the density and pressure of the matter on
the brane, and\,>0 is proportional to minus the bulk cos-
mological constart. The result is, first, two equations ob-
tained by equating the coefficients of théy) in the Gog and

G;; equations:

ds?=exd 28(y,t)J(—dt*+dy?) +exd 2a(y,t)]5;dx'dX.
1)

Thus, the metric only depends dnandy, and is flat in

ordinary 3D spacélabeled by Latin indices which run over )

1,2,3. For simplicity, we also restrict attention to the case __kp
where @ and 8 are even functions of. For this metric the “ 6 exdAOD] (10
non-zero components of the Einstein tensor, as shown by
Binétruy et al. [5], are k*(2p+3p)
1= exHA0]. 11

Goo=3[a?+aB—a"—2a'?+a’'B'], 2

Second, there are the smooth pieces of the equations. Since
we can restrict attention tp>0 for these pieces of the equa-
3 tions (by the evenness assumptipwe can drop the distinc-

tion betweena and a, and betweeré=|y| andy, so we

Gij = 5”62(&_!;)[_2&_3(.12—,‘84' 2a"+3a'2+,8"],

— _ a2 12 Y "
Cu=Gyy=3l~a-2a"+afta"+a'f], @ replace terms likea «(|y|,t) [cf. Eq. (8) abovd by
and @ ,(y,t). The resulting equations are, fgr-0,

. S 2
G04=3[,B’a+a',8—a’—aa’], (5) d2+dﬁ—a"—2a’2+a'ﬂ’=—%Abez'g, (12)
where dots denote derivatives with respect and primes
with respect toy. _ ol _ a2 % " 12 "_ .2 23
We assume that and 8 are smooth functions df/| and 2a=3a%= ft2a"+ 30 BT= 1A (13
of t, i.e., c{(y,t)=&(|)i|,t) and B(y,t)=pB(|y|,t), where the o 2
functions a(&,t) and B(&,t) are smooth in a neighborhood —a—2a’+aB+a'’+a' B = gAbezﬁ, (14)
of £=0. Then the derivativéda/dy will generically be dis-
continuous across the brane, as in R&f. We define q
an
. da(y,t) da(é) S
ay(t)=limy_ o+ = (6) Bata' B—a'—aa’=0. (15

ay ag £=0

’The representation of the brane stress-energy tensor as a

'Binétruy et al. [5] used the metric s-function iny involves the tacit assumption that the thickness of

ds’=—n?(y,h)dt?+b(y,t)dy?+a*(y,t) &;dxdX,
but did not employ the freedom to redefine the coordingtasdt
to put the metric in the simpler forrfl) used here.

the brane is smaller tha,|* or |ay| 2.
3The negative bulk cosmological constant ensures that one solu-
tion of the bulk equations is anti—de Sitter spacet{rhe

044039-2



COSMOLOGICAL EXPANSION IN THE RANDALL- . .. PHYSICAL REVIEW D 62 044039

A. Power series expansion for the metric near the brane Note thatt is just the conventional cosmological proper time,
Equations(10)—(15) define the coupled dynamics of the that is, the proper time as measured by comoving observers
brane and bulk degrees of freedom. In this section we deriven the brane. If we assume that=o0+p, and p=—-o
a description of the dynamics of the brane by itself, by usingt Pm, Where o represents the contribution from the brane
a power series expansion for the metric near the brane.  tension, ancp,, andp,, are the density and pressure due to

We assume that, negr=0, the matter, then this equation reduces to

1

a(y,t)=ag(t)+ ay(t)]y|+ §a2(t)y2+ e B d?aq _s dag 2: KzAb_ K402+ k' (3Pm—pm)

dt? dt 3 18 36

1 4

By, 1) =Bo(t) + B1(D]Y[+ 5 Ba(t)y*+ - - - K Pm(Pm T 3Pm)
2 + . (25

(16) 36

This assumption is compatible with our definitio® and  We shall find exact solutions of E5) below.

(7) of a4 and B;. If we insert this expansion into Einstein's  To complete the solution, note that Eq48), (19 and
equations we obtain once again the relatigi® and(11) on  (22) are algebraic equations far, and 3,. Equation(18)
the brane. Equating powers of the smooth piede&3—(15) implies that

of the equations of motion yields, first, from the piece of the

; i 0
G4 €quation(15) that isecy®, L, , K2Anexp(2Bo)
S ay=agtagfo—2at it —— 5
p+3ag(p+p)=0, (17)
2 4
and five others that follow from the remaining terms: = g+ apBo+ “ é\b K p(4:;36+3p) exp(28),
Co KA p exp(2
a(z)-l-,Boao—Zai-i- alﬁl—a2=—M (26

3 1
(18) where Eq.(11) was used to get the second expression. Using

. . . this result fora, in Eq. (19) gives
—2a0—3ag—,80+ 3a§+2a2+,82=K2Ab eXr.(Zﬁo), @2 q ( ) g

(19 )
K AbeXKZﬁo) ) .- . 2 -
. . . . . . . =5 tapt2ap+ Botal—2a181— 2B
—aztax(Bo— ag) + Bragt 51a1+/31a1_01011=0a20 3
0 =—3a2+ By+ <o KZAb) 2 2
. e K2Abexq2ﬂo) - %) EO 12 3 eXF( BO): ( 7)
—ao—2aptagfotar(artf)=———=—,
(21 where we used Eq¢11) and(21) in the last line. It is easy to
B o o o check that once we have determinegand 3,, the remain-
ax(2a1+ B1)+a1Bo— a1~ daja+ agBt Boay ing equations(20) and (22) are both satisfied identically.
Note that the functionBy(t) is not determined from this
2 0
_ 2k“ANpB1exp(280) . (22)  Ppower series expansion near the brane. Thus, it is not speci-
3 fied by physics on the brane itself. It is determined by the

. L i dynamics in the bulk, but is gauge dependent.
Equation (17) is simply the usual conservation of energy

equation, and its derivation from th&,, component of the
5D Einstein equations was already given by Bing et al. ll. AN EQUATION FOR H?

[5]. Using Eq.(11) in Eq. (21) we find We now turn to the task of solving the second order dy-

) L, KAy, k*p(p+3p) namical equationi25) for ao(t). The easiest way to do this is
—ag—2a5+ aoﬁo:( 3 T 36 exp(2Bo); to rewrite it as a first order equation fbi?= (day/dt)? as a
(23) function of ay. This rewriting may be accomplished by not-
ing that
defining a new time variable by dt=exp(8)dt, we obtain
terleale?g]ation already found by Biney et al. [5] and Csaki dzao_ d(day/db) dayg _dH 1 de. s
o G2 dag gt e 2dag’ 20
d? dag\? «2A 4p(p+3
_Qag_[dag)”_« b, K°p(p p)_ (24
dt? dt 3 36 then Eq.(25) becomes
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1 dH? . exp(—4ag) d[H?exp(4aq)]
2day 2 dayg
_K2Ab k*o?  k*o(3pm—pm)
~ 3 18" 36
K4Pm(Pm+3pm)
A TR 29
or
d[HZexp(4a0)]_ 4 k*a?  2K?Ay
dag _ OXM4a0) =5 3

n K4U(Pm_ 3pm) K4Pm(Pm+ 3Pm)
18 18 '

(30

Note that Eq(30) represents a lineafirst-order equation for
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whereK is a constant of integration, and may be positive or
negative. In the case of the Randall-Sundrum static solution
[1], we have k%?0?=6A,,, k*0c=487G, and p,,=K=0,
giving H=0 anda(t) = exf ay(t)]=const. An equation simi-

lar to Eq.(34) has been derived by Kraus using a different
approach Eq. (27) of Ref.[9]]. Also a version of the first
order equatiori34) containing only the third and fifth terms
on the right hand side was obtained in Ré&].

Just as in standard cosmology based on 4D general rela-
tivity, the evolution of the Universe can be reduced to the
solution of an equation foH? and an equation for energy
conservation. However, the equation tdf has a different
structure than in standard cosmology for three reasons. First,
there are two terms that result from the brane tension and the
negative cosmological constant in the bulk; in the Randall-
Sundrum scenario, these terms may be chosen to cancel ex-
actly. Second, in addition to the normal term proportional to
the matter density,,, there is a term that is proportional to
pzm. This high-density “correction” term, which is reminis-
cent of the small-scale deviation from Newton’s law found in

H2, if we regard the right hand side as a source term that ighig scenario, becomes unimportant opge< o. Third, there

(implicitly) a function ofag. Implicit in our change of vari-

is the termK exp(—4ay) that arises purely from initial con-

ables fromt to ag is th_e restriction to phases of the evolution ditions. This is a qualitatively new feature of the Randall-
of the Universe in which the two variables are related to onesyngrum scenario. In cosmology based on 4D general rela-
another monotonically. For oscillating Universes, or Uni-ijyity, H2 is completely determined by the energy density of

verses in which the scale facta(t) = ex ag(t)] may have a

the Universe(presuming a spatially flat model, as was done

contracting phase as well as one or more expanding ones, W ove. But in the reduction from five dimensions to four

can derive Eq(30) for each of these phases separately.

To solve Eq.(30) generally, let us first rewrite the equa-

tion of energy conservation, EQL7), as

dpm .
d—ao+3(Pm+ Pm)=0; (3D
this equation implies
L dom 32

me—Pm—ng(o-

Substituting this result fop,, into equation Eq(30) yields

d[H? exp4a k*a? 2k°A, Ko
dtteaa)) et 2N, do
dag 9 3 18
dpm K4 2 dpzm
X 4pm+d_a0 +3—6 4pm d_ao

B 4 kto?  K?A,

= Jag| 40| 357~ 5
iap K*p2
8 "3 | (33

we can easily read off the solution

2
k*o?  K’A, Kiopp k*p
= — +

m
%6 6 18 36 K& —4a),
(34

H2

dimensions done here, we find the® can be specified
freely at some initial time. The additional term that results
decays exactly as any relativistic matter density woiald
though it need not be positiye

The physical interpretation of th€ exp(—4ay) is as fol-
lows. The most general solution of the bulk equations of
motion (12)—(15) is the black hole solutioh9]

ds?=—w(r)dt2+w(r)"*dr2+r2g;dxdx, (35

where

1 ,, m
W(r)ngbr +r—2. (36)

The parameteK is determined by the mass paramatepf
the solution(35); see Eq(27) of Ref.[9]. PositiveK corre-
sponds tom>0 and negativék to m<0. Although the so-
lution (35) is static, the motion of the brane through the bulk

need not respect thetime translation symmetry, and thus
there is a contribution to the effective 4D energy density
which varies with brane proper tinj@].

In specific cosmological scenarios, the additional term can
be important or negligible, depending on the magnitudk.of
More concretely, let us imagine that the Universe begins
with an early, inflationary phase of expansion, during which
the energy density and pressure are dominated by an inflaton
field, and that once the inflaton approaches its potential mini-
mum, its energy dissipates into relativistic particles. For ex-
ample, in one model for inflation and reheatifeyg.[12]),
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2 hardly rolls at all until the universe expands enough that
+V(¢)+pr, K exp(—4a,) becomes comparable tor& V,/3; the subse-
guent evolution is identical to what would transpire if we had
1/dg)2 p started withH2~87GV,/3. This scenario can be thought of
Pm= _<_A) —V(¢)+ = (37 as including a pre-inflation, “radiation” dominated era, fol-
2\ d 3 lowed by conventional inflation and reheating. If the initial
value ofH is well below its standard value initially, which

d¢

dt

Pm: 2

where the inflaton field obeys the equation means thaK <0 (but not so small thatl><0), then the total
a2 dé  dV(e) number of e-foldings during inflation is diminished, but can
— +(BH+T y)—+——=0, (38  still be large enough that exp(—4ap) becomes unimportant
dt? dt do by the time reheating occurs. Excluding negatit#?

amounts to limiting —K=|K| to values smaller than
k*Vo(o+V/2)/18 initially (at some small but nonzero start-
2 ing value ofa(t); spatially flat models wittK<<0 have no
d—’ir+4Hp,=F¢ d_‘f) _ (39) big bang. This might not be unnatural, as we might expect
Vo~o~|K|/ k%o
The nonlinear term in Eq(34) can be important itV
Herel', is a decay rate that leads to the production of rela==¢. In that case, the Universe expands faster than in stan-
tivistic particles, primarily from oscillations of the inflaton dard cosmology, buH is still time-independent whilep is
field about its minimum. It is straightforward to set up androlling down the flat part oW (¢), so much of the standard
solve these equations along with E@5) numerically, and  picture of inflation can be carried over intact. In particular, as
we have done so. To begin the integration, we must specifdiscussed in the previous paragraph, it is possible that the
not only initial values of¢, d¢/dt and p,, but also the Universe expands enough during inflation to render
starting value oH. Our (limited) exploratiort of numerical K exp(—4ag) negligible before reheating. The number of
solutions shows that, as expected, B34) is satisfiedto the  e-foldings ofa(t) between the time when the presently ob-
accuracy of our numerical integrationduring both the in-  servable portion of the Universe crossed the horizon and the
flationary epoch and the radiation-dominated era that followsnd of inflation iSNHNHTO/VémHOi whereT, andH, are
reheating, even though our solutions were based onZ=).  the present temperature and Hubble parameter. Siige
(with independent variable, instead oft), not Eq.(34). «H, largerH means more e-foldings, and, generically, larger
Using Eq.(34) along with Egs.(37), (38) and (39), we  primordial density fluctuations, which could be problematic.
can gain insight into how inflation might be affected by the\when reheating is complete, it is still possible tpat- o for
new features of our relationship fét>. We assume that the awhile, until expansion can reverse the inequality. During
Randall-Sundrum conditionx®0?/6A,=1, holds. Let US  the phase in whicki?~ x*p2/36, the scale factor behaves as
first consider the effect of choosing the initial valuelf  5(t) = exf ay(t)]~t¥* as found in Refs[5,6], but onceH?
which translates(with suitable definition ofao=0) into 45, /18 the scale factor behavesas)~tY2 As long
choosing a value df. To keep matters as simple as possible a5 is large compared with- (MeV)*#, the nonlinear term in
let us assume thal, the value ofV(4) in its flat portion  gq_ (34) has no effect on cosmological nucleosynthesis.
(where we presume the inflaton stasts smaller tharw, so In the scenario outlined above, inflation plays a central
we can neglect the nonlinear term in E84) for H2. Thenif  role in guaranteeing that the evolution of the universe tends
the initial value ofK is positive and~87GV,/3, the starting  toward the standard cosmological model by the nucleosyn-
value ofH? in inflation theory based on 4D general relativ- thesis epoch, af~ 100 keV—a few MeV. It is not sufficient
ity, deviations inH? from its standard cosmological value tq require thata(t)—t2 at late times to obtain agreement
will damp away exponentially as the inflaton rolls toward its yith standard model predictions for the synthesis of the light
minimum. Given enough expansiok,exp(—4ag) becomes  elements, since this solution is obtained o0, even if
negligible compared with 8GV,/3 by the end of inflation, K exp(~4ag)>«*0V/18, and H2~K exp(-4ay). The out-
and reheating results in a radiation density that dominates thesme of cosmological nucleosynthesis depends on the com-
K exp(-4ag) term in Eq.(34) thereafter. If the initial value petition betweerH and various particle reaction rates, such
of H is far larger than in standard cosmology, the inflatonas those that create and destroy protons and neutrons; these
reaction rates can be computed as functionsl aind the
baryon density of the Univerg&,10]. The comparison of the
“We chosed/di=0 andp,=0 initially in all of our numerical obse_rved light elgment abundances with the theoretical cal-
integrations, and also focussed on cases where the Randafulations constrains the ratio @f_m to its Standard_mo_del
Sundrum conditionx®0?/6A,=1 is satisfied. A simple effective Value atT~100 keV—1 MeV, which includes contributions
potential of the formV(e)=V,[exp(—e)—exp(—ye2+¢2/¢2)]  from photons, three neutrino flavors, and,Tat m, elec-
was assumed, witle chosen to be small but nonzero to guard frons and positrons to be very close to ¢a8]. Thus, there
against pathologies idV(¢)/d¢ near¢=0. AlthoughV,/o is a IS little room for additional relativistic species, such as
parameter that can be chosen arbitrarily, so far we have considerd§l exp(—4«p) for positive K. If K>0, it is crucial that
Volo<1. K/(a(t)T)* become negligible well before nucleosynthesis

and the radiation energy densijty is determined from
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occurs, as it iqvirtually) unaffected by expansion alone. If flation can drive the expansion rate of the Universe toward
K exp(—4ag)<O0, it would have to be balanced nearly exactly its standard cosmological valué{’=87Gp,,/3, after re-

by additional particles that are relativistic during the nucleo-heating under a variety of conditions. Thus, the Randall-
synthesis era. While one cannot rule out such a perversgundrum scenario is compatible with standard cosmology.
conspiracya priori, it would require fine tuning that seems A recent paper by Shiromizu, Maeda and Sa$akj de-
rather unlikely, so even for negativeit seems that, generi- rives effective Einstein equations on the brane for a general
cally, K/(a(t)T)* must be negligible atT~100 keV—1 bulk metric. Their independent analysis is compatible with
MeV. Inflation and reheating provide a natural mechanismour results; they find corrections to the Einstein equation that
for decreasing</(a(t)T)* to an acceptable level. Indeed, scale as density squared, and also a correction Egypdue

one might say that, if the Randall-Sundrum brane world sceboth to bulk gravitational waves and to non-radiative bulk
nario proves correct, inflation is required to preserve the sucdegrees of freedom. Bulk gravitational waves do not arise in
cess of the standard big bang cosmology in accounting foour analysis because of the symmetries we assumed in the

the abundances of the light chemical elements. starting metric (1). On the other hand, our term
K exd —4ay(t)] in Eq. (34) corresponds to the non-radiative
IV. CONCLUSIONS AND REMARKS piece of the tensoE,,, of Eq. (17) of Ref.[13].

) ) ] Finally, we remark that to solve the hierarchy problem, it

We have re-examined the evolution of homogeneous, isayas suggesteflL4] that we live in a probe bran@r “TeV”
tropic cosmologies in the Randall-Sundrum brane world sceprang, which is at a distancg, away from the Planck brane,
nario, building on the earlier work of Bitrely et al.[S]and  \here the graviton is trapped. In this case, the tension of the
Csakiet al. [6]. We derived the explicit form of the equa- “Tev prane is substantially smaller than that of the Planck
tions that governed the dynamics of both the bulk and brangrane. In the cosmological setting, depending on the details
degrees of freedoniEgs. (10), (11), (17) and (12)=(15) e pZ, term contribution toH? may no longer be negligible
abovel. We derived a generalizatiditq. (34) abovd of the o the “Tey” prane, and the standard cosmology will be
standard relation between the Hubble parametend en- |, jifiaq accordingly. It will be interesting to see if cosmo-
ergy densityp,. This equation contains a terf@n effective oqica| constraints can be consistent with this solution to the
4D energy densitythat acts like a free, relativistic species, hierarchy problem.
and is the only effect of the 5D gravitational degrees of free-
dom on the bulk dynamics.

The cosmological equation we find fét contains extra
terms compared to 4D general relativigyterm proportional We thank Gary Shiu for helpful discussions. We are
to density squared and the term due to 5D gravitational degrateful to P. Kraus for pointing out an error in interpretation
grees of freedombut, generically, these become unimpor- in an earlier version of this paper.FE was supported in part
tant at late times. In particular, we analyzed how reheating dby NSF grant PHY 9722189 and by the Alfred P. Sloan
the end of inflation smoothly matches onto the standard befoundation. The research of S.-H.H.T. is partially supported
havior a(t)=tY2 of the radiation dominated epoch, and notby the National Science Foundation. I.W. gratefully ac-
the behaviora(t) =t found in Ref.[5]. We show that in- knowledges support from NASA.
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