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Electrodynamical response of a high-energy photon flux to a gravitational wave
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The electrodynamical response of a high-energy photon flux~strong electromagnetic wave! propagating in a
static magnetic field to a standing gravitational wave~GW! is studied. The corresponding perturbation solu-
tions and resonant conditions are given. It is found that, for the electromagnetic wave with a frequencyve and
a standing GW withvg , the perturbed electromagnetic fields will contain three new components with fre-
quenciesuve6vgu and vg , respectively. The resonant response occurs in two cases ofve51/2vg ~half-
frequency resonance! and ve5vg ~synchroresonance! only. Then not only first-order axial perturbed power
fluxes, which propagate along the same and opposite directions to the background electromagnetic wave, can
be generated, but also the radial and tangential perturbed power fluxes can be produced. The latter are
perpendicular to the propagating direction of the background electromagnetic wave. This effect might provide
a new possibility for the electromagnetic detection of GWs. Moreover, the possible schemes of displaying
perturbed effects induced by the high-frequency standing GW at the level of the single photon avalanche and
in typical laboratory dimensions are reviewed.

PACS number~s!: 04.30.Nk, 04.25.Nx, 04.30.Db
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I. INTRODUCTION

In 1916 Einstein published his theory of general relativi
which expected the existence of the gravitational wa
~GW’s!. Nearly 83 years have passed, and yet no grav
tional radiation generated in the laboratory has been
tected. However, the observation of gravitational radiat
from the binary pulsar PSR 1913116 inspired greatly rel-
evant research, in spite of it providing only indirect eviden
for the existence of GW’s. Therefore, the direct detection
GW’s has become urgently necessary. In 1975 Grishc
and Sazhin~GS! @1# put forth a scheme of generating hig
frequency GW’s by a varying electromagnetic~EM! field
bound in a toroidal cavity. In the scheme the GWs are
cused at the center~focal region! of the toroidal cavity,
where they produce a standing GW and could be detecte
a detecting cavity put in the focal region. Since this is
scheme in which one hopes to realize both conversions o
EM wave ~photons! to GW ~gravitons! ~i.e., g→g) and the
contrary process (g→g), and display this effect in a com
pact structure through achievable limit values of the EM
rameters, it caused extensive interest and reviews@2–5#.

As pointed out by many authors@2–9#, whether from the
viewpoint of classical or quantum theories, the convers
rate between the GW’s~gravitons! and the EM waves~pho-
tons! is extremely low. Thus major difficulties caused by th
situation for the GS scheme~including other similar
schemes! are@1,5,9#: ~1! excessive signal accumulation tim
t'Q/v for the detecting cavity with high-quality factorQ;
~2! the influence of possible leak EM fields from the toroid
cavity ~the GW source!; ~3! giant dimensions and powe
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losses of the whole system~e.g., in order to generate a stan
ing GW with h510233, lg510 m and detect it, the corre
sponding signal accumulation time needs 105 s, the volumes
of the toroidal and detecting cavities are necessarily raise
2.53104 m3 and 10 m3 at least, respectively, and powe
losses of 108 W are required!: Although some research@9,10#
into overcoming the above difficulties has been done~e.g.,
the scheme of decreasing signal accumulation time
squeezed quantum states@9#, the model of reducing system
dimensions by composite cavity@10#, et al.,!, a large gap still
exists between the theoretical schemes and reality.

In a recent paper@11#, we proposed a new scheme
study the possibility of displaying standing GW by the res
nant response of the strong EM wave beam, and given m
conclusions in a special case. In this paper we give comp
analytic expressions for the perturbation solutions of the E
fields, discuss relative resonant conditions in detail, and
rive strict forms of first-order perturbed EM power fluxe
Our results show that if detecting system is not an EM cav
but an EM wave propagating along the symmetrical axisz of
the focal region of the toroidal cavity, where a static ma
netic field pointing along thez axis is distributed in the foca
region, then under the special resonant conditions, it is p
sible to provide a new way of simultaneously narrowing su
gaps. Namely, for the resonant states, the key parameter
not the total net increasing quantities of the EM energy~pho-
ton number! but the change of the physical behavior of t
EM fields ~photons! caused by the GW. In other words, eve
if the net increasing quantities approach zero, the pertur
effect on behavior is obviously different from that of th
background EM fields and can be generated in the local
gions. This property may be very useful to display very we
signals of the GWs.
©2000 The American Physical Society18-1
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II. ELECTRODYNAMICAL RESPONSE OF A STRONG
ELECTROMAGNETIC WAVE PROPAGATING

IN A STATIC MAGNETIC FIELD
TO A STANDING GRAVITATIONAL WAVE

In order to make the whole system have an accepta
size, we study the electrodynamical response to the h
frequency standing GW withn5108– 109 Hz. For the EM
detection of the high-frequency GW’s, we can adopt the s
chronous gauge reference used in Refs.@1,12# ~this has been
reviewed in Refs.@1,12,13# and we shall not repeat it here!.
In the focal region of the toroidal cavity, the form of th
standing GW in the synchronous gauge reference~and using
standard cylindrical polar coordinates expressions! is @1,10#

hrr 52A
J1~kgr !

kgr
cos~vgt1d!,

hff52Ar2FJ0~kgr !2
J1~kgr !

kgr Gcos~vgt1d!,

hzz5AJ0~kgr !cos~vgt1d!, ~1!

where A is the amplitude of the standing GW,J0 , J1 are
Bessel functions,vg , kg are the angular frequency and th
wave vector of the GW, respectively,d is a retarded phas
factor. Letting (x0,x1,x2,x3)5(ct,r ,f,z), from Eq. ~1!, we
get

g0051, g115grr 5211hrr , g225gff52r 21hff ,

g335gzz5211hzz,

g0051, g115grr 5212hrr ,

g225gff52
1

r 2 S 11
hff

r 2 D ,

g335gzz5212hzz. ~2!

The electrodynamical response to the GW can be
scribed by the Maxwell equations in curved space-time~we
use MKS units!, i.e.,

1

A2g

]

]xn ~A2ggmagnbFab!5m0 j m, ~3!

F @mn,a#50, ~4!

where Fmn , j m indicate the EM field tensor and four
dimensional electric current density, respectively. For
electrodynamical response in the vacuum, because it has
ther the real four-dimensional electric current nor the equi
lent electric current caused by the energy dissipation, suc
Ohmic losses in the cavity walls or the dielectric losses~e.g.,
see, Ref.@1#!, so thatj m50 in Eq. ~3!. For the effect of the
weak GW field,Fmn can always be written asFmn5Fmn

(0)

1Fmn
(1) , and uFmn

(1)u!uFmn
(0)u for the nonvanishingFmn

(0) and
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Fmn
(1) . HereFmn

(0) represents the background field,Fmn
(1) is the

first-order perturbation toFmn
(0) in the presence of the GW.

Unlike the cavity electrodynamical response to the G
@1,12#, our detecting system is an EM wave propagating i
static magnetic field distributed in the focal region, i.e.,

B~0!5Bz
~0!5const, Ex

~0!5a cos~kez2vet !,

By
~0!5

a

c
cos~kez2vet !.

In the cylindrical polar coordinates they can be written as

B~0!5Bz
~0!5const, ~5!

Er
~0!5a cosf cos~kez2vet !,

Ef
~0!52a sinf cos~kez2vet !,

Br
~0!5

a

c
sinf cos~kez2vet !,

Bf
~0!5

a

c
cosf cos~kez2vet !. ~6!

For simplifying calculations, we give complete perturbati
solutions by two steps.

A. The first-order perturbation to the static magnetic field

First, we assume that the detecting EM field is only
static magnetic field, Eq.~5!, then the components ofFmn in
the cylindrical polar coordinates are

F015F01
~1!5

Er
~1!

c
, F025F02

~1!5
rEf

~1!

c
, F035F03

~1!5
Ez

~1!

c
,

F125F12
~0!1F12

~1!52r ~Bz
~0!1Bz

~1!!, F135F13
~1!5Bf

~1! ,

F235F23
~1!52rBr

~1! . ~7!

Introducing Eqs.~1!, ~2!, and ~7!, into Eqs.~3! and ~4!, ne-
glecting high-order infinite small quantities, we obtain fo
lowing first-order perturbation equations:

~hE~1!!f5Ef,rr
~1! 1

1

r
Ef,r

~1! 1
1

r 2 Ef,ff
~1! 1Ef,zz

~1! 2
1

r 2 Ef
~1!

1
2

r 2 Er ,f
~1! 2

1

c2 Ef,tt
~1!

52AcBz
~0!kg

2J1~kgr !sin~vgt1d!, ~8!

~hB~1!!z5Bz,rr
~1! 1

1

r
Bz,r

~1!1
1

r 2 Bz,ff
~1! 1Bz,zz

~1! 2
1

c2 Bz,tt
~1!

52ABz
~0!kg

2J0~kgr !cos~vgt1d!, ~9!

~hE~1!!r5~hE~1!!z50,~hB~1!!r5~hB~1!!f50,
~10!
8-2
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whereh expresses the d’Alembertian in the cylindrical po
coordinates, and the commas denote partial derivati
Solving Eqs.~8!–~10!, and considering cylindrical symmetr
of the fields in the focal region, we get following perturb
tion solutions:

Ef
~1!5

1

2
AcBz

~0!kgrJ0~kgr !sin~vgt1d!,

Bz
~1!5ABz

~0!FJ0~kgr !2
1

2
kgrJ1~kgr !Gcos~vgt1d!,

Er
~1!5Ez

~1!5Br
~1!5Bf

~1!50. ~11!

B. The first-order perturbation to the electromagnetic wave

Second, we assume that detecting EM field is only
EM wave, Eq.~6!, then the components ofFmn are

F015F01
~0!1F̃01

~1!5
Er

~0!1Ẽr
~1!

c
,

04401
s.

e

F025F02
~0!1F̃02

~1!5
r ~Ef

~0!1Ẽf
~1!!

c
,

F035F̃03
~1!5

Ẽz
~1!

c
, F125F̃12

~1!52rB̃z
~1! ,

F135F13
~0!1F̃13

~1!5Bf
~0!1B̃f

~1! ,

F235F23
~0!1F̃23

~1!52r ~Br
~0!1B̃r

~1!!.
~12!

where F̃mn
(1) represents the first-order perturbation produc

by the direct interaction of the standing GW with the bac
ground EM wave. Introducing Eqs.~1!, ~2!, and ~12! into
Eqs.~3! and ~4!, neglecting high-order infinite small quant
ties, in the same way, one finds first-order perturbation eq
tions as follows:
f Bessel
hod,
~hẼ~1!!r5Ẽr ,rr
~1! 1

1

r
Ẽr ,r

~1!1
1

r 2 Ẽr ,ff
~1! 1Ẽr ,zz

~1! 2
1

r 2 Ẽr
~1!2

2

r 2 Ẽf,f
~1! 2

1

c2 Ẽr ,tt
~1!

5
1

2
AacF ~ke

21kekg!J0~kgr !1
1

r
~kg1ke!J1~kgr !1

1

r 2 J0~kgr !2
1

ker
3 J1~kgr !Gcosf cos@~vg1ve!t2kez1d#

1
1

2
AacF ~ke

22kekg!J0~kgr !1
1

r
~kg2ke!J1~kgr !1

1

r 2 J0~kgr !2
1

ker
3 J1~kgr !G

3cosf cos@~vg2ve!t1kez1d#, ~13!

~hẼ~1!!f5Ẽf,rr
~1! 1

1

r
Ẽf,r

~1! 1
1

r 2 Ẽf,ff
~1! 1Ẽf,zz

~1! 2
1

r 2 Ẽf
~1!1

2

r 2 Ẽr ,f
~1! 2

1

c2 Ẽf,tt
~1!

5
1

2
AacF2~ke1kg!2J0~kgr !1

1

r
~kg1ke!J1~kgr !Gsinf cos@~vg1ve!t2kez1d#1

1

2
AacF2~ke

2kg!2J0~kgr !1
1

r
~kg2ke!J1~kgr !Gsinf cos@~vg2ve!t1kez1d#, ~14!

~hẼ~1!!z5Ẽz,rr
~1! 1

1

r
Ẽz,r

~1!1
1

r 2 Ẽz,ff
~1! 1Ẽz,zz

~1! 2
1

c2 Ẽz,tt
~1!

5
1

2
AacF2~kg

21kekg!J1~kgr !2
2ke

r
J0~kgr !1

4ke

kgr 2 J1~kgr !Gcosf sin@~vg1ve!t2kez1d#

1
1

2
AacF2~kg

22kekg!J1~kgr !1
2ke

r
J0~kgr !2

4ke

kgr 2 J1~kgr !Gcosf sin@~vg2ve!t1kez1d#. ~15!

It can be shown that the first-order perturbed magnetic field satisfies the similar equations. Eqs.~13!–~15! consist of group of
the inhomogeneous hyperbolic-type equations, and the right side of the equations group contains the product o
functions with factors 1/r , 1/r 2, and 1/r 3, solving directly these equations is very difficult. Fortunately, using series met
after a length calculation, we get corresponding solutions for Eqs.~13!–~15! together with Eq.~4! as follows:
8-3
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Ẽr
~1!5A1~r !cosf cos@~vg1ve!t2kez1d#1A2~r !cosf cos@~vg2ve!t1kez1d#,

Ẽf
~1!5B1~r !sinf cos@~vg1ve!t2kez1d#1B2~r !sinf cos@~vg2ve!t1kez1d#,

Ẽz
~1!5C1~r !cosf sin@~vg1ve!t2kez1d#1C2~r !cosf sin@~vg2ve!t1kez1d#,

B̃r
~1!5

1

c~kg1ke!
FkeB1~r !1

C1~r !

r Gsinf$cos~kez2d!2cos@~vg1ve!t2kez1d#%2
1

c~kg2ke!

3FkeB2~r !2
C2~r !

r Gsinf$cos~kez1d!2cos@~vg2ve!t1kez1d#%,

B̃f
~1!5

21

c~kg1ke!
FkeA1~r !2

dB1~r !

dr Gcosf$cos~kez2d!2cos@~vg1ve!t2kez1d#%1
1

c~kg2ke!

3FkeA2~r !1
dB2~r !

dr Gcosf$cos~kez1d!2cos@~vg2ve!t1kez1d#%,

B̃z
~1!5

21

c~kg1ke!
FA1~r !1B1~r !

r
1

dB1~r !

dr Gsinf$sin~kez2d!2sin@~vg1ve!t2kez1d#%1
1

c~kg2ke!

3FA2~r !1B2~r !

r
1

dB2~r !

dr Gsinf$sin~kez1d!2sin@~vg2ve!t1kez1d#%, ~16!
h
om

ol
s

he

th

k

whereA1 , A2 , B1 , B2 , C1 , andC2 are functions ofr, ke ,
andkg , their concrete forms are presented in Appendix@see,
Eqs.~A1!–~A8!#.

Obviously, when both the static magnetic field and t
background EM wave are simultaneously present, the c
plete perturbation solutions should be Eq.~11! plus Eq.~16!,
i.e., Ẽr

(1) , Ef
(1)1Ẽf

(1) , Ẽz
(1) , B̃r

(1) , B̃f
(1) , andBz

(1)1B̃z
(1) . In

passing, we note that the above forms of the analytic s
tions are quite complicated, but as we show under the re
nant conditions~especially the synchroresonance!, the first-
order perturbed EM power fluxes will be reduced to t
simpler forms@e.g., see, Eqs.~24! and ~26!#.

C. The electrodynamical response
to the standing gravitational wave

The expression of the energy-momentum tensor of
EM fields in the GW field is given by

Tmn5
1

m0
S 2Fm

aFna1
1

4
gmnFabFabD . ~17!

Due to Fmn5Fmn
(0)

1Fmn
(1)

and uFmn
(1)u!uFmn

(0)u for the nonvan-
ishing Fmn

(0) andFmn
(1), Tmn can be disintegrated into

Tmn5Tmn
~0!

1Tmn
~1!

1Tmn
~2!

, ~18!

where Tmn
(0)

is the energy-momentum tensor of the bac

ground EM fields, andTmn
(1)

and Tmn
(2)

represent first- and
04401
e
-

u-
o-

e

-

second-order perturbations toTmn
(0)

in the presence of the GW

respectively. For the nonvanishingTmn
(0)

, Tmn
(1)

, and Tmn
(2)

, we
have

uTmn
~0!

u@uTmn
~1!

u@uTmn
~2!

u'O~h2!. ~19!

Therefore, for the effect of the GW, we are interested inTmn
(1)

but not inTmn
(0)

andTmn
(2)

. From Eqs.~5!–~7!, ~11!, ~12!, ~16!,
and ~17!, we obtain

FIG. 1. Rating curve between the functionf (r ), Eq. ~25!, and
the radial coordinater, here le52lg50.2 m. In fact, when the
summation in Eq.~25! reachedp523, f (r ) already approached a
stable value for any definiter andke .
8-4
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T00
~1!

5«0FEr
~0!Ẽr

~1!1Ef
~0!~Ef

~1!1Ẽf
~1!!1

1

2
hrr ~Er

~0!!21
1

2

hff

r 2 ~Ef
~0!!2G1

1

m0
FBr

~0!B̃r
~1!1Bf

~0!B̃f
~1!1Bz

~0!(Bz
~1!1B̃z

~1))

1
1

2S hzz1
hff

r 2 D ~Br
~0!!21

1

2
~hrr 1hzz!~Bf

~0!!21
1

2S hrr 1
hff

r 2 D ~Bz
~0!!2G , ~20!
he
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e

Sr
~1!

5cT01
~1!

5
1

m0
~Ef

~0!Bz
~1!1Ef

~0!B̃z
~1!2Ẽz

~1!Bf
~0!1Ef

~1!Bz
~0!

1Ẽf
~1!Bz

~0!!, ~21!

Sf
~1!

5cT02
~1!

5
1

m0
~Ẽz

~1!Br
~0!2Er

~0!Bz
~1!2Er

~0!B̃z
~1!2Ẽr

~1!Bz
~0!!,

~22!

Sz
~1!

5cT03
~1!

5
1

m0
~Er

~0!B̃f
~1!1Ẽr

~1!Bf
~0!2Ef

~0!B̃r
~1!2Ef

~1!Br
~0!

2Ẽf
~1!Br

~0!!, ~23!

whereT
(1)

00 is the first-order perturbed energy density of t

EM fields, whileSr
(1)

, Sf
(1)

, andSz
(1)

represent first-order radia
tangential, and axial perturbed power fluxes, respectively
must be pointed out that for the high-frequency perturb
power flux, only nonvanishing average terms of it with r
spect to time have observable effect. It is easily seen fr
Eqs.~11!, ~16!, and~21!–~23!, that the average values of th
perturbed power fluxes, Eqs.~21!–~23!, vanish in whole fre-
quency ranges ofveÞvg and veÞ1/2vg . In other words,
only under the condition ofve51/2vg ~half-frequency reso-

nance! or ve5vg ~synchrorenance!, do Sr
(1)

, Sf
(1)

, andSz
(1)

~in-

cluding T00
(1)

) have nonvanishing average values with resp
to time. In the following we study only the tangential pe

turbed power flux̂ Sf
(1)

&, here the angular brackets denote t

FIG. 2. Distribution of̂ S
(1)

f&ve51/2vg
at the planez5lg/4. It has

maximum atf5p/4, 3p/4, 5p/4, and 7p/4, while it vanishes at
f50, p/2, p, and 3p/2, herer 50.2 m.
04401
It
d
-
m

t

average value with respect to time. Introducing Eqs.~5!, ~6!,
~11!, ~16!, and~A1!–~A8! into Eq.~22!, and settingd5p ~it
is always possible!, we have

^Sf
~1!

&ve51/2vg
5

1

m0
^Ẽz

~1!Br
~0!2Er

~0!B̃z
~1!&ve51/2vg

5
Aa2

8m0c
f ~r !sin 2f sin~kgz!, ~24!

where

f ~r !5 (
p50

`

~21!p11H F 2p218p17

@~2p14!224#~p11!! ~p12!!

2
2p16

@~2p13!221#p! ~p12!! Gke
2p13r 2p13

1
ke

2p11r 2p11

4~p11!! ~p12!! J . ~25!

Figure 1 gives the rating curve between the functionf (r ) and
the radial coordinater, and relative parameters are chosen
le52lg50.2 m. Figures 2 and 3 give distributions o

^Sf
(1)

&ve51/2vg
at the planesz56lg/4, respectively.

Using Eqs.~5!, ~6!, ~11!, ~16!, and~22!, in the same way,
one finds

FIG. 3. Distribution of^ S
(1)

f&ve51/2vg
at the planez52lg/4. It

has maximum atf5p/4, 3p/4, 5p/4, and 7p/4, while it vanishes at
f50, p/2, p, and 3p/2, but the directions are contrary to that at th
planez5lg/4, herer 50.2 m.
8-5
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^Sf
~1!

&ve5vg
52

1

m0
^Er

~0!Bz
~1!&ve5vg

5
AaBz

~0!

4m0
@2J0~kgr !

2kgrJ1~kgr !#cosf cos~kgz!. ~26!

We see that̂Sf
(1)

&ve5vg
contains no contribution ofF̃mn

(1) .
Figure 4 gives the rating curve between the radial coo

nate r and the functionf (r )52J0(kgr )2kgrJ1(kgr ), rela-
tive parameters are chosen asle5lg50.1 m. Figures 5 and

6 give distributions of̂ Sf
(1)

&ve5vg
at the planesz50 andz

5le/2, respectively.

Figures 1–6 and Eqs.~24!–~26! indicate that̂ Sf
(1)

& is often
a function of the space coordinatesr, f, z, and there are

corresponding ‘‘equivalent emission sources.’’ Therefore,Sf
(1)

is essentially a power flux~photon flux! fluctuation superim-
posed on the background EM fields. From the viewpoint
quantum theory, the above-mentioned properties expres
tually the change of the physical behavior of the photo
~e.g., propagating directions and distributions in the lo
regions!. This change is caused by the scattering of the gra
tons to a large amount of the photons. If there are no
increasing photons in the first-order perturbation, then
process should be the elastic scattering of the gravitons to

FIG. 4. Rating curve between the radial coordinatesr and the
function f (r )52J0(kgr )2kgrJ1(kgr ), herele5lg50.1 m.

FIG. 5. Distribution of ^ S
(1)

f&ve5vg
at the planez50. It has

maximum atf50, p, while it vanishes atf56p/2, herer 5le

5lg50.1 m.
04401
i-

f
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photons, not their resonant conversion, the latter correspo
only to the second-order perturbation to the ener
momentum tensor of the background EM fields at class
level.

Integration of Eq.~26! over the planef50 (0<r<Rc ,
2lg/4<z<lg/4) gives the total power flux passing throug
the plane as follows:

^uf
~1!

&ve5vg ,f505E
0

RcE
2lg/4

lg/4

^Sf
~1!

&ve5vg ,f50drdz

5
ABz

~0!a

2m0kg
E

0

Rc
@2J0~kgr !2kgrJ1~kgr !#dr.

~27!

Figure 7 gives the rating curve between the functionF(Rc)
5*0

Rc@2J0(kgr)2kgrJ1(kgr)#dr andRc , and the relative param
eters are chosen asle5lg50.1 m. We see that the secon
maximum of the resonance response occurs in the cas
Rc'1.2lg50.12 m and thenF(Rc)'0.05 m. This means
that the effective perturbed power flux can be concentra
on the region with magnitude of a wavelengthlg near the
axis.

According to Eqs.~5!–~7!, ~11!, ~16!, ~17!, ~20!, ~21!,
~23!, and ~A1!–~A8!, in the same way, one can give th

FIG. 6. Distribution of^ S
(1)

f&ve5vg
at the planez5lg/2. It has

maximum atf50, p, while it vanishes atf56p/2, but the direc-
tions are contrary to that at the planez50, here r 5le5lg

50.1 m.

FIG. 7. Rating curve between the functionF(Rc)
5*0

Rc@2J0(kgr )2kgrJ1(kgr )#dr and Rc . The relative parameters
are chosen asle5lg50.1 m.
8-6
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average values:̂ T00
(1)

&ve51/2vg
, ^T00

(1)

&ve5vg
, ^Sr

(1)

&ve51/2vg
,

^Sr
(1)

&ve5vg
, ^Sz

(1)

&ve51/2vg
, and^Sz

(1)

&ve5vg
. One can also show

that even the total net increasing quantities of the EM ene
~photon number! approach zero in the whole resonant regio

i.e., *^T00
(1)

&ve5vg
d3x→0 or *^T00

(1)

&ve51/2vg
d3x→0, the per-

turbed effect~i.e., nonvanishing first-order perturbed pow
flux! can be generated in the local regions. Its behavior
viously is different from that of the background EM fields

III. NUMERICAL ESTIMATIONS

For the standing GW distributed in the focal region of t
toroidal cavity, the amplitude magnitude is given by@1#

A'
GWe

c4R
'

GweV

c4R
, ~28!

whereWe andwe are the total energy and the average ene
density of the EM field stored in the toroidal cavity, respe
tively, V is the volume of the cavity, andR is its inner radius.
In order to reduce the length of this paper, we consider o

^uf
(1)

&ve5vg
. Then the corresponding tangential perturb

photon flux of^uf
(1)

&ve5vg
can be written as

n5
^uf

~1!

&ve5vg

\ve
, ~29!

where\ is Planck constant. Therefore, the perturbed pho

number caused bŷuf
(1)

&ve5vg
in the durationDt is

N5nDt5
ABz

~0!aDt

2m0kg\ve
E

0

Rc
@2J0~kgr !2kgrJ1~kgr !#dr.

~30!

For finding a reasonable scheme, we choose follow
parameters:~1! a533105 V m21, a/c51023 T, the ampli-
tude of the background EM wave. If the cross section of
background EM wave is limited in the region of radiusRc
5le5lg50.1 m ~namely, the EM wave beam!, then the
corresponding power is about 106 W. This is equivalent to
photon fluxn(0) of 1030s21 roughly for the background EM
wave ofle50.1 m. Modern klystrons or free-electron lase
can, in principle, generate such a power@6#. Strictly speak-
ing, the background EM wave expressed by Eq.~6! is only
an ideal form, because any realized EM wave beams
static magnetic fields need corresponding boundary co
tions, and it is necessary to consider the energy contribu
at the boundary. However, the Gauss light~EM wave! beam
@14# is just one of the realized EM wave beams, and it
always possible to construct an abrupt boundary with Ga
ian distribution ~generating an approximate uniform sta
magnetic field in a finite region is also always possibl!.
Although this wave beam is different from the backgrou
04401
y
,

-

y
-

ly

d

n

g

e

nd
i-
n

s
s-

EM wave, some features~such as the propagating direction
distributions, and strengths! of the first-order perturbed
power fluxes produced by the standing GW are quite simi
and the energy contribution to the perturbed power fluxe
the boundary is negligible. We will give further argument
these questions in a later paper.~2! Bz

(0)530 T, the strength
of the background static magnetic field~this is achievable
strength of a stationary magnetic field in present exp
ments, while a pulse magnetic field may reach up
102– 103 T @15#!. Notice that although this is a very stron
field, one requires only that this static field be localized
the focal region withRc50.1 m (Rc!R) near the axis.~3!
Rc50.1 m, the radius of the focal region;R53 m, the inner
radius of the toroidal cavity.~4! Q51013, we5109 J m23,
the typical parameters used in Refs.@1#, @2#, @9# and@16#. ~In
fact, the Q value of a superconducting microwave cavi
may reach up to 1015– 1016 @9,17#!. ~5! The power losses o
the cavity can be estimated asP'Weve /Q @18#.

According to Eqs.~27!–~30! and the above parameter
and settingDt5103 s, we get the following results~see
Table I!.

We can see from the results that for scheme~a!, although
A510233, N5103, constructing a superconducting toroid
cavity with V543102 m3 will be unrealistic under the
present experimental conditions. Nevertheless, in this c
the volume of the toroidal cavity is almost two orders
magnitude less than that of the GS scheme, thus a large
between theoretical schemes and reality would be effectiv
narrowed. The alternative method is to use strong laser p
as the background EM wave beam. For example, for the l
laser pulse, the instantaneous power ofP51011W is well
within the current technology in short time, less than 1026 s,
but extension to the duration of 1022– 1021 s will be a for-
midable challenge@6#. For the ultrashort laser pulse, the in
stantaneous power can reach up to 1018– 1021 W @19–21#,
but the duration is limited in 10211s or less. It is unclear ye
that whether and how to expand the duration to a lon
time. For scheme~c!, A510235, n51022 s21, N510, V
54 m3, then ration/n(0)'10232, this is a very small value
and even under this situation the requirements on som
the relative EM parameters are already limited values of
present experimental possibilities. However, it is remarka
that ~1! Because the propagating directions of the tangen
perturbed power fluxes are perpendicular to that of the ba
ground EM wave, and they have different distributions~un-
like usual parametric converters!, it provides a new possibil-
ity to resolve and display the effect of the GWs at the le
of the single photon avalanche effect and in the spe

TABLE I. The perturbed photon numberN and corresponding
relevant parameters.

^ u
(1)

f&ve5vg ,f50(W) n ~s21! N A V ~m3! P(W)

~a! 10224 1 103 10233 43102 108

~b! 10225 1021 102 10234 4310 107

~c! 10226 1022 10 10235 4 106
8-7
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directions inside of the typical laboratory dimensions.~2!
Since the effective perturbed power flux and resonance
be concentrated in the region near the axis, the dimension
the whole systems~including toroidal cavity! can be greatly
reduced. For the standing GW oflg50.1 m, the radius of
the focal region can be reduced to the same order of ma
tude@see Figs. 1, 7, and Eq.~27!#. The requirements of othe
parameters can also be further relaxed.~3! For this region
near the axis, adopting a ‘‘crystal shield’’ to possible le
EM fields from the toroidal cavity has no principle difficult
@some crystals can completely absorb EM waves~photons!,
but they are transparent to GWs~gravitons!#. ~4! The reso-
nant response occurring in the vacuum has neither diele
dissipation nor the Ohmic losses of the cavity electrodyna
cal response. Thus the peak values of the perturbed po
fluxes can be almost ‘‘instantaneously’’ achieved, althoug
has no energy accumulation effect of the cavity electro
namical response.

Finally, it should be pointed out that if the power an
duration of the background EM wave cannot be further i
proved upon, and one hopes to increase better the pertu
power fluxes, it would be necessary to raise the strengt
the background static magnetic field in the focal region. T
is very difficult by the traditional methods. However, it ha
04401
an
of

i-

ric
i-
er

it
-

-
ed

of
s

pens that the very strong electrostatic fields can be gener
in special regions, called crystal channels@22# where the
electrostatic fields can be as large as 1012V m21, and this is
equivalent to a magnetic-field strength ofB;104 T. If this
effect can be used for such an electrodynamical respons
key breakthrough could be achieved.~Although it is unclear
yet how to adopt this effect for the electrodynamical r
sponse of the GW’s, relative research might become imp
tant in the future. For example, see a review on the rela
problems in Refs.@22# and @23#, including the possibility of
an analogy of the relevant phenomena of 10210s after the
Big Bang in modern high-energy colliders by the effec!
More research into this subject remains to be done.
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APPENDIX

We present here the concrete expressions of the functionsA1 , A2 , B1 , B2 , C1 , andC2 in solutions~16!, which were used
in Sec. II:

A1~r ,ke ,kg!5
1

2 (
p50

`

~d2p
1 r 2p142g2p

1 r 2p12!, ~A1!

A2~r ,ke ,kg!5
1

2 (
p50

`

~d2p
2 r 2p142g2p

2 r 2p12!, ~A2!

B1~r ,ke ,kg!5
1

2 (
p50

`

~d2p
1 r 2p141g2p

1 r 2p12!, ~A3!

B2~r ,ke ,kg!5
1

2 (
p50

`

~d2p
2 r 2p141g2p

2 r 2p12!, ~A4!

C1~r ,ke ,kg!5 (
p50

`

b2p
1 r 2p13,C2~r ,ke ,kg!5 (

p50

`

b2p
2 r 2p13, ~A5!

where

d2p
6 5~21!pAaH 1

@~2p14!224# S kg

2 D 2p13F kg

4~p11!! ~p13!!
6

~ke6kg!

p! ~p12!! G
1

~kg
262kekg!

@~2p14!224#@~2p12!224# S kg

2 D 2p11F kg

4p! ~p12!!
6

~ke6kg!

~p21!! ~p11!! G
1

~kg
262kekg!2

@~2p14!224#@~2p12!224#@2p224# S kg

2 D 2p21F kg

4~p21!! ~p11!!
6

~ke6kg!

~p22!! p! G1¯

1
~kg

262kekg!p

@~2p14!224#@~2p12!224#¯60332312S kg

2 D 3F kg

24
6

~ke6kg!

2 G J , ~A6!
8-8



od

ELECTRODYNAMICAL RESPONSE OF A HIGH-ENERGY . . . PHYSICAL REVIEW D62 044018
g2p
6 5~21!p

Aa

2 H 1

~2p12!2 S kg

2 D 2pF kg
2

4p! ~p12!!
2

~2ke
263kekg1kg

2!

~p! !2 G
1

~kg
262kekg!

~2p12!2~2p!2 S kg

2 D 2p22F kg
2

4~p21!! ~p11!!
2

~2ke
263kekg1kg

2!

@~p21!! #2 G
1

~kg
262kekg!2

~2p12!2~2p!2~2p22!2 S kg

2 D 2p24F kg
2

4~p22!! p!
2

~2ke
263kekg1kg

2!

@~p22!! #2 G1¯

1
~kg

262kekg!p

~2p12!2~2p!2
¯3631634 Fkg

2

8
2~2ke

263kekg1kg
2!G J , ~A7!

b2p
6 5~21!p

Aa

2 H 61

@~2p13!221# S kg

2 D 2p12F ke

p! ~p12!!
2

~ke6kg!

p! ~p11!! G
6

~kg
262kekg!

@~2p13!221#@~2p11!221# S kg

2 D 2pF ke

~p21!! ~p11!!
2

~ke6kg!

~p21!! p! G
6

~kg
262kekg!2

@~2p13!221#@~2p11!221#@~2p21!221# S kg

2 D 2p22F ke

~p22!! p!
2

~ke6kg!

~p22!! ~p21!! G6¯¯

6
~kg

262kekg!p

@~2p13!221#@~2p11!221#¯4832438 S kg
2

4 D F2ke

2
6kgG J . ~A8!

It can be shown that the functions~i.e., the infinite series!, (A1) – (A5), have an infinite convergence radius and go
convergence behavior forr with any finite values.
n
,

n
-

c.

to
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