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Warp drive space-time
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~Received 24 June 1999; published 14 July 2000!

In this paper the problem of the quantum stability of the two-dimensional warp drive spacetime moving with
an apparent faster than light velocity is considered. We regard as a maximum extension beyond the event
horizon of that spacetime its embedding in a three-dimensional Minkowskian space with the topology of the
corresponding Misner space. It is obtained that the interior of the spaceship bubble becomes then a multiply
connected nonchronal region with closed spacelike curves and that the most natural vacuum allows quantum
fluctuations which do not induce any divergent behavior of the renormalized stress-energy tensor, even on the
event~Cauchy! chronology horizon. In such a case, the horizon encloses closed timelike curves only at scales
close to the Planck length, so that the warp drive satisfies Ford’s negative energy-time inequality. Also found
is a connection between the superluminal two-dimensional warp drive space and two-dimensional gravitational
kinks. This connection allows us to generalize the considered Alcubierre metric to a standard, nonstatic metric
which is only describable on two different coordinate patches.

PACS number~s!: 04.20.Gz, 04.20.Cv
lu
av
, a
la
nt

r

es
n
ns
t
o
o

ne
d
th
d
c
iv

in
g

or
se
e
it

e
e
ak
ra

oint
ch

loc-
in

es
e.

is
ita-
an-
a-

ree-
e

,
in-
eo-

nal
ant
can
in

nte-
ace
e-

rre

ergy
his
ro-
rgy
-
f
ut
lly
has
I. INTRODUCTION

General relativity admits many rather unexpected so
tions, most of which represent physical situations which h
been thought to be pathological for a variety of respects
they correspond to momentum-energy tensors which vio
classical conditions and principles considered as sacrosa
physicists for many years@1#. Among these solutions you
can find Lorentzian wormholes@2#, ringholes @3#, Klein
bottle holes@4#, the Gott-Grant’s double string@5,6#, the
Politzer time machine@7#, the multiply connected de Sitte
space@8,9#, a time machine in superfluid3He @10#, etc., all
of which allow the existence of closed timelike curv
~CTC’s!, so as spacetimes where superluminal, though
into the past, travels are made possible, such as happe
the Alcubierre warp drive@11#. Most of the solutions tha
contain CTC’s are nothing but particular modifications
generalizations from Misner space which can thereby be c
sidered as the prototype of the nonchronal pathologies
general relativity@12#.

Time machines constructed from the above-mentio
spacetimes contain nonchronal regions that are generate
shortcutting the spacetime and can allow traveling into
past and future at velocities that may exceed the spee
light. A solution to Einstein equations that has also fas
nated and excited relativists is the so-called warp dr
spacetime discovered by Alcubierre@11#. What is violated in
this case is only the relativistic principle that a space-go
traveller may move with any velocity up to, but not includin
or overcoming, the speed of light. Alcubierre’s construct c
responds to a warp drive of science fiction in that it cau
spacetime to contract in front of a spaceship bubble and
pand behind, thus providing the spaceship with a veloc
that can be much greater than the speed of light relativ
distant objects, while the spaceship never locally trav
faster than light. Thus, the ultimate relativistic reason m
ing possible such a warp drive within the context of gene
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relativity is that, whereas two observers at the same p
cannot have relative velocities faster than light, when su
observers are placed at distant locations their relative ve
ity may be arbitrarily large while the observers are moving
their respective light cones.

The properties of a warp drive and those of spacetim
with CTC’s can actually be reunited in a single spacetim
Everett has in fact considered@13# the formation of CTC’s
which arise in the Alcubierre warp drive whenever it
modified so that it can contain two sources for the grav
tional disturbance which are allowed to move past one
other on parallel, noncolinear paths. The resulting time m
chine can then be regarded to somehow be a th
dimensional analogue of the two-dimensional Gott’s tim
machine@5# in which the CTC’s encircle pairs of infinite
straight, parallel cosmic strings which also move noncol
early. In the present paper we consider the physical and g
metric bases which allow us to construct a two-dimensio
single-source Alcubierre warp drive moving at a const
faster than light apparent speed, which at the same time
be viewed as a time machine for the astronaut travelling
the spaceship. This can be achieved by converting the i
rior of the spaceship bubble in a multiply connected sp
region satisfying the identification properties of thre
dimensional Misner space@14#. We shall also show how in
doing so some of the acutest problems of the Alcubie
warp drive can be solved.

It was Alcubierre himself who raised@11# doubts about
whether his spacetime is a physically reasonable one. En
density is in fact negative within the spaceship bubble. T
may in principle be allowed by quantum mechanics, p
vided the amount and time duration of the negative ene
satisfy Ford like inequalities@15#. However, Ford and Pfen
ning later showed@16# that even for bubble wall thickness o
the order of only a few hundred Planck lengths, it turns o
that the integrated negative energy density is still physica
unreasonable for macroscopic warp drives. This problem
©2000 The American Physical Society05-1
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been recently alleviated, but not completely solved, by V
Den Broeck@17# who, by only slightly modifying the Alcu-
bierre spacetime, succeeded in largely reducing the am
of negative energy density of the warp. A true solution of t
problem comes only about if the warp bubble is microsco
cally small @16#, a situation which will be obtained in thi
paper when CTC’s are allowed to exist within the wa
bubble.

On the other hand, Hiscock has computed@18# for the
two-dimensional Alcubierre warp drive the stress-energy t
sor of a conformally invariant field and shown that it d
verges on the event horizon appearing when the appa
velocity exceeds the speed of light, thus rendering the w
drive instable. A similar calculation performed in this pap
for the case where the interior spacetime of the space
bubble is multiply connected yields a vanishing stress-ene
tensor even on the event horizon which becomes the
~Cauchy! chronology horizon, both for the self consiste
Li-Gott vacuum@19# and when one uses a modified thre
dimensional Misner space@20# as the embedding of the two
dimensional warp drive spacetime. It is worth noticing tha
the astronaut inside the spaceship is allowed to travel into
past, then most of the Alcubierre’s warp drive problems
rived from the fact that an observer at the center of the w
bubble is causally separated from the bubble exterior@21#
can be circumvented in such a way that the observer m
now contribute the creation of the warp bubble and con
one once it has been created, by taking advantage of
causality violation induced by the CTC’s.

We outline the rest of the paper as follows. In Sec. II
biefly review the spacetime geometry of the Alcubierre wa
drive, discussing in particular its two-dimensional met
representation and extension when the apparent velocity
ceeds the speed of light. The visualization of the tw
dimensional Alcubierre spacetime as a three-hyperbo
embedded in E3 and its connection with the three
dimensional Misner space is dealt with in Sec. III, where
also covert the two-dimensional warp drive spacetime int
multiply connected space by making its coordinates sat
the identification properties of the three-dimensional Mis
space. By replacing the Kruskal maximal extension of
geodesically incomplete warp drive space with the ab
embedding we study in Sec. IV the Euclidean continuat
of the multiply connected warp drive, identifying the perio
of the variables for two particularAnsätze of interest. We
also consider the Hadamard function and the resulting re
malized stress-energy tensor for each of theseAnsätze, com-
paring their results. Finally, we conclude in Sec. V. Throug
out the paper units so thatG5c5\51 are used.

II. ALCUBIERRE WARP DRIVE SPACETIME

The Alcubierre spacetime having the properties associ
with the warp drive can be described by a metric of the fo
@11#

ds252dt21~dx2v f ~r !dt!21dy21dz2, ~2.1!

with v5dxs(t)/dt the apparent velocity of the warp driv
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spaceship,xs(t) the trajectory of the spaceship along coord
natex, the radial coordinate being defined by

r 5$@x2xs~ t !#1y21z2%1/2, ~2.2!

and f (r ) an arbitrary function subjected to the boundary co
ditions thatf 51 at r 50 ~the location of the spaceship! and
f 50 at infinity.

Most of the physics in this spacetime concentrates on
two-dimensional space resulting from settingy5z50, de-
fining the axis about which a cylindrically symmetric spa
develops; thus, the two-dimensional Alcubierre space s
contains the entire world line of the spaceship. If the app
ent velocity of the spaceship is taken to be constant,v5v0,
then the metric of the two-dimensional Alcubierre space
comes@18#

ds252@12v0
2f ~r !2#dt222v0f ~r !dtdx1dx2, ~2.3!

with r now given byr 5A(x2v0t)2, which in the past of the
spaceship (x.v0t) can simply be written asr 5x2v0t. Met-
ric ~2.3! can still be represented in a more familiar for
when one chooses as coordinates (t,r ), instead of (t,x). This
can obviously be achieved by the replacementdx5dr
1v0dt, with which metric~2.3! transforms into

ds252A~r !Fdt2
v0@12 f ~r !#

A~r !
drG2

1
dr2

A~r !
, ~2.4!

where the Hiscock function@18#

A~r !512v0
2@12 f ~r !#2 ~2.5!

has been introduced. Metric~2.4! can finally be brought into
a comoving form, in terms of the proper timedt5dt
2v0@12 f (r )#dr/A(r ):

ds252A~r !dt21
dr2

A~r !
. ~2.6!

As pointed out by Hiscock@18#, this form of the metric is
manifestly static. The case of most interest correspond
apparent velocitiesv0.1 ~superluminal velocity! where the
metrics~2.4! and~2.6! turn out to be singular with a coordi
nate singularity~apparent event horizon! at a given value of
r 5r 0 such thatA(r 0)50, i.e. f (r 0)5121/v0.

We note that metric~2.4! can be regarded as the kinke
metric ~describing a gravitational topological defect@22#!
that corresponds to the static metric~2.6!. To see this, let us
first redefine the coordinatest and r asdt85A1/4dt anddr8
5A21/4dr, so that metric~2.4! can be re-written along the
real intervals 0<r 8<` ~i.e. 0<r<r 0) and 0<t8<` as

ds252AA~r !@~dt8!22~dr8!2#12v0@12 f ~r !#dt8dr8.
~2.7!

Now, metric~2.7! can be viewed as the metric describing
least a given part of a two-dimensional one-kink~gravita-
tional topological charge61) if we take sin(2a)56v0(1
2f(r)), i.e. cos(2a)5AA, so that this metric can be trans
formed into
5-2
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WARP DRIVE SPACE-TIME PHYSICAL REVIEW D62 044005
ds252cos~2a!@~dt8!22~dr8!2#62 sin~2a!dt8dr8,
~2.8!

wherea is the tilt angle of the light cones tipping over th
hypersurfaces@22,23#, and the choice of sign in the secon
term depends on whether a positive~upper sign! or negative
~lower sign! gravitational topological charge is considered

The existence of the complete one-kink is allowed wh
ever one letsa monotonously increase from 0 top, starting
with a(0)50, with the support of the kink being the regio
inside the event horizon. Then metric~2.8! converts into
metric ~2.6! if we introduce the substitution sina

5A@16AA(r )#/2 and the change of time variablet5t8
1g(r ), with dg(r )/dr85tan(2a). The region inside the
warp drive bubble supporting the kink is the only regi
which can actually be described by metric~2.8! because
sina cannot exceed unity and hence 0<r<r 0. In order to
have a comple description of the one-kink and therefore
the warp drive one needs a second coordinate patch w
the other half of thea interval, p/2<a<p, can be de-
scribed. This can be achieved by introducing a new ti
coordinate @23# t̄ 85t81h(r ), with dh(r )/dr5@v0(1
2 f (r ))2k#/A3/4, in which k561, the upper sign for the
first patch and the lower one for the second patch. T
choice is adopted for the following reason. The zeros of
denominator ofdh/dr85@sin(2a)71#/AA correspond to the
two event horizons wherer 5r 0 and f (r 0)5121/r 0, one per
patch. For the first patch, the horizon occurs ata5p/4 and
therefore the upper sign is selected so that bothdh/dr andh
remain well defined and the kink is preserved on this ho
zon. For the second patch the horizon occurs ata53p/4 and
therefore the lower sign is selected for it. The tw
dimensional metric for a~in this sense! complete warp drive
will be then @23#

ds252A~r !d t̄272kd t̄dr ~2.9!

or, in terms of the (t̄ ,x) coordinates in the four-dimensiona
manifold,

ds252@A~r !72kv0#d t̄272kd t̄dx1dy21dz2,
~2.10!

with r as defined by Eq.~2.2!.
Having shown the existence of a connection betwe

warp drive spacetime and topological gravitational kinks a
hence extended the warp drive metric to that described
Eq. ~2.10!, we now return to analyze metric~2.6! by noting
that the geodesic incompleteness of this metric atr 5r 0 can,
as usual, be avoided by maximally extending it according
the Kruskal technique. For this to be achieved we need
define first the quantityr * 5* dr/A(r ). Using for f (r ) the
function suggested by Alcubierre,

f ~r !5
tanh@s~r 1R!#2tanh@s~r 2R!#

2 tanh~sR!
, ~2.11!

whereR ands are positive arbitrary constants, we obtain
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~112v0!r

12v0
2

1
~312v02v0

2!v0
2

s~12v0
2!2A3v0

212v021

3 lnF2v0~11v0!tanh~sr !2A3v0
212v021

2v0~11v0!tanh~sr !1A3v0
212v021

G
2

v0~113v0!

4s~11v0!A2v0~11v0!

3 lnF11v02A2v0~11v0!tanh~sr !

11v01A2v0~11v0!tanh~sr !
G

1
v0

2s~11v0!
tanh~sr !, ~2.12!

where we have specialized to the allowed particular case
which sinh2(sR)5v0. Introducing then the usual coordinate
V5t1r * andW5t2r * , so that

ds252F12
v0

2 sinh4~sr !

~cosh2~sr !1v0!2GdVdW, ~2.13!

and hence the new coordinates

tanhV85expS sV

4 sinh21Av011

v021
D

tanhW852expS 2sW

4 sinh21Av011

v021
D ,

we finally obtain the maximally extended, geodesically co
plete metric

ds25
64

s2 F12
v0

2 sinh4~sr !

~cosh2~sr !1v0!2G
3

S sinh21Av011

v021D 2

dV8dW8

sin~2V8!sin~2W8!
, ~2.14!

wherer is implicitly defined by

tanV8 tanW852expS sr *

2 sinh21Av011

v021
D . ~2.15!

The maximal extension of metric~2.6! is thus obtained by
taking expression~2.14! as the metric of the largest manifol
which metrics given only either in terms ofV or in terms of
W can be isometrically embedded. There will be then a ma
mal manifold on which metric~2.14! is C2 @24#.
5-3
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III. WARP DRIVE WITH INTERNAL CTC

In this section we investigate a property of the tw
dimensional Alcubierre spacetime which will allow us
avoid the complicatedness of Kruskal extension in orde
study its Euclidean continuation and hence its stabi
against quantum vacuum fluctuations. Thus, taking adv
tage from the similarity between metric~2.6! and the de Sit-
ter metric in two dimensions, we can visualize the dime
sionally reduced Alcubierre spacetime as a three-hyperbo
defined by

2v21w21x25v0
22 , ~3.1!

wherev0.1. This hyperboloid is embedded inE3 and the
most general expression for the two-dimensional metric
Alcubierre space forv0.1 is then that which is induced in
this embedding, i.e.

ds252dv21dw21dx2, ~3.2!

which has topologyR3S2 and invariance groupSO(2,1).
Metric ~3.2! can in fact be conveniently exhibited in stat

coordinatestP(2`,`) and r P(0,r 0), defined by

v5v0
21AA~r ! sinh~v0t!

w5v0
21AA~r ! cosh~v0t! ~3.3!

x5F~r !,

where

@F~r !8#252F ~dr/dr !224v0
2

4v0
2~11r!

G , ~3.4!

the prime denoting a derivative with respect to the rad
coordinater, with

r[r~r !52v0@12 f ~r !#2 ~3.5!

and

A511r~r !. ~3.6!

Using coordinates~3.3! in metric ~3.2! we re-derive then
metric~2.6!. Thus, the two-dimensional Alcubierre space c
be embedded in Minkowski space in three dimensions. S
Minkowski metric ~3.2! and the identifications

~v,w,x!↔„v cosh~nb!1w sinh~nb!,v sinh~nb!

1w cosh~nb!,x…, ~3.7!

whereb is a dimensionless arbitrary boosting quantity andn
is any integer number, make the universal covering@24# of
the Misner space in three dimensions, one can covert
two-dimensional Alcubierre space into a multiply connec
space if we add the corresponding identifications

~t,r !↔S t1
nb

v0
,r D ~3.8!
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in the original warp drive coordinates. The boost transform
tion in the (v,w) plane implied by identifications~3.7! will
induce therefore the boost transformation~3.8! in the two-
dimensional Alcubierre space. Hence, since the boost gr
in Alcubierre space must be a subgroup of the invaria
group of the two-dimensional Alcubierre embedding, t
static metric ~2.6! can also be invariant under symmet
~3.7!. Thus, for coordinates defined by Eqs.~3.3! leading to
the static metric with an apparent horizon as metric~2.6!, the
symmetry~3.7! can be satisfied in the region covered by su
a metric, i.e. the regionw.uvu, where there are CTC’s, with
the boundaries atw56v, and x25v0

22 being the Cauchy
horizons that limit the onset of the nonchronal region fro
the Alcubierre causal exterior. Such boundaries are situa
at r 0, defined byf (r 0)512v0

21, and become then appropr
ate chronology horizons@12# for the so-obtained multiply
connected two-dimensional Alcubierre space withv0.1.

We have in this way succeeded in coverting a tw
dimensional warp drive with a constant, faster than light a
parent velocity in a multiply connected warp drive wi
CTC’s only inside the spaceship and its event horizon ar 0
in a chronology horizon. This is a totally different way o
transforming warp drives into time machines of the mec
nism envisaged by Everett@13# for generating causal loop
using two sources of gravitational disturbance which mo
past one another. In our case, even though the astrona
the center of the warp bubble is still causally separated fr
the external space, he can always travel into the past to
create the warp drive on demand or set up the initial con
tions for the control of one once it has been created.

IV. QUANTUM STABILITY OF MULTIPLY CONNECTED
WARP DRIVE

In this section we shall show that the two-dimension
multiply connected warp drive spacetime is perfectly sta
to the vacuum quantum fluctuations if either a self-consist
Rindle vacuum is introduced or for microscopic wa
bubbles. We have already shown that the two-dimensio
warp drive spacetime can be embedded in the Minkowsk
covering of the three-dimensional Misner space when
symmetries of this space implied by identifications~3.7!
@which lead to identifications~3.8! in Alcubierre coordinates#
are imposed to hold also in the two-dimensional Alcubie
spacetime withv0.1. Since the embedding can be taken
play an analogous role to that of a maximal Kruskal exte
sion, it follows that showing stability against vacuum qua
tum fluctuations in three-dimensional Misner space wo
imply that the two-dimensional multiply connected wa
drive space withv0.1 is also stable to the same fluctu
tions. This conclusion is in sharp contrast with some rec
result obtained by Hiscock who has shown@18# that the
stress-energy tensor for a conformally invariant scalar fi
propagating in simply connected two-dimensional Alcubie
space diverges on the event horizon if the apparent velo
of the spaceship exceeds the speed of light. He obtaine
observed energy density near the horizon proportional to@ f
2(12v0

21)#22, which in fact diverges asr→r 0.
Metric ~3.2! can be transformed into the metric of a thre
5-4
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WARP DRIVE SPACE-TIME PHYSICAL REVIEW D62 044005
dimensional Misner space explicitly by using the coodin
re-definitions

v5u coshx1

w5u sinhx1 ~4.1!

x5x2.

Then,

ds252du21u2~dx1!21~dx2!2, ~4.2!

which is the three-dimensional Misner metric for coordina
0,u,`, 0<x1<2p and 0<x2<`. This metric is singular
at u50 and, such as happens in its four-dimensional ext
sion, it has CTC’s in the regionu,0. Note that one can als
obtain the line element~4.2! directly from the two-
dimensional Alcubierre metric withv0.1 by introducing the
coordinate transformations

u5
iAA~r !

v0
~4.3!

x152 i arcsin@cosh~v0t!# ~4.4!

and

x25F~r !, ~4.5!

with F(r ) as defined by Eq.~3.4!. Let us now consider the
Euclidean continuation from which metric~4.2! becomes
positive definite. This is accomplished if we rotate both c
ordinatesu andx1 simultaneously, so that

u5 ih, x15 ix, ~4.6!

whereh andx can be expressed in terms of the Alcubie
coordinatesr and t by means of transformations~4.3! and
~4.4!. The covering space of the resulting metric preser
however the Lorentzian signature. This might be an artif
coming from the singular character of metric~4.2!, so it ap-
pears most appropriate to extend first this metric beyonu
50 in order to get the Euclidean sector of the thre
dimensional Misner metric and, hence, investigate the sta
ity of the superluminal, multiply connected two-dimension
warp drive spacetime against vacuum quantum fluctuatio
The extension beyondu50 of metric~4.2! is conventionally
made by using the new coordinates@24# T5u2, V5 ln u
1x1 andx25x2, so that

ds252dTdV1TdV21~dx2!2, ~4.7!

or by re-definingV5Y1Z andT2*TdV5Y2Z:

ds252dY21dZ21~dx2!2 ~4.8!

and

Y22Z25VS T2E TdVD ,
Y2Z

Y1Z
5

t2E TdV

V
.

~4.9!
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Metric ~4.8! becomes positive definite when continuing t
new coordinateY so thatY5 i z. By using this continuation
together with rotations~4.6! in expressions~4.9!, we can
deduce that the section on whichz andZ are both real cor-
responds to the region defined byu>e1/2, x1>1/2, and that
there exist two possibleAnsätzeaccording to which the con
tinuation can be performed. One can first set

exp~ i z!5 iexpS z22Z2

Z Dh expF22xS x1
p

2 D Gexp~ ix!,

~4.10!

where only the coordinatex turns out to be periodic on the
Euclidean sector, with a periodb̄52p. Rotating back to the
Lorentzian region, we then haveb52p. Ansatz ~4.10!
should be associated with the self-consistent Rindler vacu
considered by Li and Gott for four-dimensional Misner spa
@19#, instead of the Minkowski vacuum with multiple image
originally used by Hiscock and Konkowski@25#. Introducing
then Rindler coordinates defined byv5j sinhv and v
5j coshv in the three-dimensional covering metric~3.2!, so
that it becomes

ds252j2dv21dj21dx2,

we can compute the Hadamard function for a conforma
invariant scalar field in Rindler vacuum to be

G(1)~X,X8!5
1

2p2

g

jj8sinhg@2~v2v8!21g2#
,

~4.11!

with X5(v,j,x), X85(v8,j8,x8), and

coshg5
j21j821~x2x8!2

2jj8
. ~4.12!

Using the method of images@25# and the usual definitions o
the regularized Hadamard function and hence the renorm
ized stress-energy tensor@18#, we finally get for the latter
quantity an expression which is proportional to

1

j3 F S 2p

b D 3

21G ,
which, if we takeb52p according to the aboveAnsatz,
obviously vanishes everywhere, even on the~Cauchy! chro-
nology horizon atj50.

Although in spite of the Ford-Pfenning requirement@16#,
this allows the existence of stable superluminal, multip
connected warp drives of any size, this choice for t
vacuum has two further problems. First of all, previous wo
by Kay, Radzikowski and Wald@26# and by Cassidy@27#
casts compelling doubts on the meaning of the Cauchy h
ibzon and, hence, on the validity of the conclusion that
stress-energy tensor is zero also on such a horizon. On
other hand, having an Euclidean section on which time is
periodic~which implies the nonexistence of any backgrou
thermal radiation! while the spacetime has an event horiz
5-5
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appears to be rather contradictory. It is for these reasons
we tend to favor the second possibleAnsatzimplementing
the Euclidean continuation of the three-dimensional Mis
covering, which appears to be less problematic. It reads

expS i j

Z D5expS z 22Z2

2Z2 D hh22

3expF2
2x~x1 p/2!

h2 GexpF i S x1p/2

h2 D G ,

~4.13!

where both the Euclidean timeh and the Euclidean coordi
nate are now periodic, with respective dimensionless per
Ph51/2 andPx52ph2. The physical time period in two
dimensional Alcubierre space at faster than light appa
velocity, PAl , can be related to periodPh by means of the
expression

v0PAl54pPhAgAl
rr dr

dh
ur 5r 0

.

Using then the Euclidean continuation of Eq.~4.3!, one can
obtainPAl54p/A(r 0)8, which corresponds to a backgroun
temperature,TAl5A(r 0)8/4p, which is the same as tha
which is associated with the event horizon of the spaces
and was first derived by Hiscock@18#. Rotating back to the
Lorentzian section we see that timeu becomes again no
longer periodic, butx1 keeps still a periodic character wit
period b52pu2. If we adhere toAnsatz~4.13!, this would
mean that the Misner space itself should be modified in s
a way that its spatial volume would vanish as timeu ap-
proaches zero@20#. When calculating then the regularize
Hadamard function, one should use a method of ima
which ought also to be modified accordingly with the fa
that the period of the closed spatial direction is time dep
dent. If we use a most general automorphic field and imp
constancy for the frequency of the general solution of
wave equation@20#, one is led@20# to a time quantization
that unavoidably implies an also strictly zero value for t
renormalized stress-energy tensor, everywhere in the w
two-dimensional, superluminal Alcubierre space. The pr
to be paid@20# for this quantum stability is that the CTC’
developing inside the warp bubble and actually the w
bubble itself should never exceed a submicroscopic size
the Planck scale, thus avoiding not just the unwanted H
cock instability, but also any violation of negative energ
time Ford like@15,16# inequality and hence any unphysic
nature of the warp drive. A possible remaining question
whether the CTC’s within the bubble might produce ne
divergences, at least if Hawking’s chronology protecti
tt

04400
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conjecture@28# is correct. However, the semiclassical inst
bilities leading to chronology protection are actually of t
kind which are precisely prevented in our above model.

V. SUMMARY AND CONCLUSIONS

Among the achronal pathologies which are present in g
eral relativity and which can be associated with the symm
tries of Misner space, we consider in this paper the tw
dimensional warp drive with an apparent velocity which
faster than light and whose spaceship interior is multi
connected and therefore nonchronal. After reviewing
geometrical properties of the Alcubierre-Hiscock tw
dimensional model, it has been proved that there exis
close connection between warp drives and gravitatio
kinky topological defects, at least in two dimensions. Gen
alizing to the standard Finkenstein kinked metric to allow
complete description of the one-kinks, we also generalize
Alcubierre metric in such a way that it can no longer
described in just one coordinate patch.

The geodesic incompleteness of the Alcubierre-Hisco
space at the event horizon for superluminal warp bubbles
been eliminated by first extending the metric beyond the
rizon according to the Kruskal procedure and then by
embedding in a three-dimensional Minkowski space. It h
been also shown that, if the latter space is provided w
topological identifications that correspond to the univer
covering of three-dimensional Misner space, then one
convert the interior of the warp spaceship into a multip
connected space with closed timelike curves which is abl
behave like a time machine.

The problem of the quantum stability of the two
dimensional, multiply connected warp drive spacetime h
been finally considered. Using the three-dimensional Mis
embedding as the maximal extension of the two-dimensio
warp drive space, it has also been shown that the diverge
encountered by Hiscock on the event horizon for the sim
connected case is smoothed out, while the apparent hor
becomes a regularized~Cauchy! chronology horizon. We ar-
gued as well that the unphysical violation of the negat
energy-time inequalities can at the same time be circu
vented because the most consistent quantum treatmen
dealing with vacuum fluctuations in the multiply connect
case leads also to the result that the size of the space
bubble and its closed timelike curves must necessarily
placed at scales close to the Planck length.
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