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Entropy of gravitons produced in the early universe
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Gravitons produced from quantum vacuum fluctuations during an inflationary stage in the early Universe
have zero entropy as far as they reflect the time evoluoueezingof a pure state, their large occupation
number notwithstanding. A nonzero entropy of the gravitfaiassical gravitational wave&W) after deco-
herencé can be obtained through coarse graining. The latter has to be physically justifieshould not
contradict observational constraints. We propose two ways of coarse graining for which the fixed temporal
phase of each Fourier mode of the GW background still remains observable: one based on quantum entangle-
ment, and another one following from the presence of a secondary GW background. The proposals are shown
to be mutually consistent. They lead to the result that the entropy of the primordial GW background is
significantly smaller than it was thought earlier. The difference can be ascribed to the information about the
regular(inflationary) initial state of the Universe which is stored in this background and which reveals itself,
in particular, in the appearance of primordial pe&ksoustic peaks in the case of scalar perturbationthe
multipole spectra of the CMB temperature anisotropy and polarization.

PACS numbegs): 98.80.Cq

[. INTRODUCTION ary scenario of the early Universe, and does not occur for
general quantum systems, as has been shown if Refith

What is the entropy of primordial fluctuations from which the help of the Wigner function and in Ref2,3] by a dis-
all inhomogeneities in our Universe are assumed to origicussion of thought experiments involving slits. Also, it may
nate? This fundamental problem becomes especially intriguse attributed to the fad#] that amplitudes of perturbations
ing in the framework of the inflationary paradigm. Indeed, inconstitute arfalmost ideal pointer basis in this case. Finally,
that case primordial fluctuations are generated from vacuurthis approximation fits well into the consistent-"histories”
qguantum fluctuations. In this work, we shall concentrate on dramework: as the decaying mode becomes negligible, prob-
primordial gravitational-wavéGW) background in inflation-  abilities can be consistently assigned to classical trajectories
ary cosmological models, although a similar discussion caii“histories”) of perturbation modes in phase sp4b¢
be applied to scalar perturbations in such models as well. It However, this does not mean that this approximation is
is well known that in this case the unitary evolution of the sufficient for the calculation of all quantities. In the present
guantum state of the fluctuations outside the Hubble radiupaper we consider one importafthough not directly mea-
leads to an effective quantum-to-classical transition of a vergurablg quantity for which it is definitely insufficient and for
specific kind: the fluctuations become indistinguishable fromwhich one has to consider actual mechanisms of
classical fluctuations with stochastic amplitude and fixedenvironment-induced decoherence—the entropy of cosmo-
temporal phase once the so-called decaying mode of the pdpgical inhomogeneities. The entropies of an initial quantum
turbations is neglectefd.]. perturbation in a pure strongly squeezed state and ¢afis

The approximation of simply omitting the decaying mode proximate equivalent(a classical perturbation with a sto-
and then introducing the equivalent classical stochastic flucehastic amplitude, but a fixed phasee in fact both zero. It
tuation is sufficient for calculating correctly the amplitudesis, however, clear that, as a result of an effective coarse
of observable inhomogeneities in the Universe. It does nograining produced by environment-induced decoherence, a
require any explicit account of interaction with an environ- pure quantum state becomes mixed, while the fixed classical
ment. In particular, inflationary predictions for the ampli- phase of the classical system acquires some small stochastic
tude, statistics and quasiclassical temporal behavior of pepart, so a nonzero entropy should arise in both quantum and
turbations are independent of this interacti@t least, for effective classical descriptions of perturbations.
sufficiently large scalgs Note that the possibility to get a The main question, then, is as follows: what is the correct
decoherence-independent prediction for observable quanttoarse graining? Any coarse graining introduced by hand
ties (inhomogeneities is a specific property of the very must be justified by some concrete physical mechanism.
mechanism of generation of inhomogeneities in the inflationAlso, it must be in agreement with present and future obser-
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vational constraints. Indeed, as was already emphasized imith a(k) and a'(k) being the usual annihilation and cre-
Ref. [6], the coarse graining that one chooses for scalaation operators in the Fock space, respectively.

(adiabati¢ perturbations can be crucial with respect to the | et ys take a two-mode systed(k),d(—k). This sys-
appearance, or not, of periodic oscillations—acoustiqem exhibits a semiclassical behavior by itself soon after the
peaks—in the cosmic microwave backgrou@MB) anisot-  first Hubble-radius crossing during an inflationary stage due
ropy mUltipOleSC| . The same refers to the primordial GW to the disappearance of the decaying mwethe Heisen-
background where the corresponding periodic oscillationsberg representationor equivalently due to large squeezing
(with a different periogi are more easily seen in the CMB (in the Schidinger representationMore precisely, once the
polarization multipolesCp [1,7] (in this case, it is more wavelength of the moda =a(t)/k, k=|k| is much bigger
appropriate to call them primordial peaks than the Hubble radiuR,=H(t) !, H=a/a, we can make
In earlier paperg8] where the entropy of cosmological #(k,t)= ¢(k,t) real by a time-independent phase rotation.
perturbations was considered, an averaging procedure Wahen, after the omission of the decaying mode, the quantum
performed with respect to the squeezing angleof each  mode operatof2) becomes equivalent to the Gaussian sto-
Fourier mode, leading to the entroff=2r, per mode, chastic quantity1]
wherer is the squeezing parameter. Such a “high” entropy ,
would, however, spoil the generic prediction of the inflation- d(k)=p* (—k)=c(k) p(k,t)e', 3
ary scenario about the dominance of the quasi-isotramic ) ) o
growing, in the case of scalar perturbatipmsode at the Wherec(k)=c*(—k) is a complex Gaussian stochastic field
moment of the last Hubble-radius crossing, which represent&ith the following nonzero correlations:
the equivalent classical expression of the remaining coher- I , Iy ,
ence between the field-mode amplitude and its momentum. (c(ke* (k")) =a(k=k'), {c(kje(k))=a(k+k"). )
As was shown in Ref[.3], the latter coherence persists long
after the loss of quantum correlation between quasi-isotropic The stochastic field3) has still zero entropy since its
and decaying modes of perturbatio@sid may survive even yolume in phase space is equal to zero. However, interac-
up to the present moment for sufficiently large perturbationtions with other fields, even tiny ones, are unavoidable. This
wavelengths So, in the case of cosmological perturbationsis a first physical process which can lead to coarse graining.
generated during inflation, the quantum decoherence suffit occurs on very short decoherence time scales, rendering
cient for the classical description of the perturbations occurgne field-amplitude basis a classical “pointer basjg:2}—
long before the time of complete relaxati@fthis relaxation  the robust basis with respect to the environniént0]. Once
occurs at ajl. _ A>Ry, the dynamical influence of such environmental
It is just this property that leads to the appearance of theie|ds should be negligible since causal processes are prohib-
above-mentioned peaks in the CMB fluctuation spectra. Th@ted. In particular, the quasi-isotropic mode is not affected.
advent of high-precision cosmological observations in genyjowever, for decoherence it is just sufficient to destroy the
eral, and accurate measurements of the CMB fluctuations i§uantum correlation between the decaying and quasi-
particular, has dramatic consequences on this problemsotropic parts of perturbations. Since the decaying mode is
which seemed remote only a few years ago: the existence ofpcal” (in the sense that it may be affected by local pro-
peaks is incompatible witlitompleterandomization of the  cessef decoherence may be easily achieved by coarse grain-
temporal phase of the cosmological fluctuations and severely,g of quantum entanglement betweéhe decaying mode
restricts the choice of possible coarse grainings. of) perturbations and the environment. As was pointed out
Since, as is well known, the equations for small scalapoye, the relaxation time scale exceeds by far the decoher-
(adiabati¢ perturbations and G\Wtensoy perturbations su-  ence time scaléthe latter being of the order df ~* at the
perimposed on a Friedmann-Robertson-Wall&W) back- first Hubble radius crossir@]). Since the maximum entropy
ground can be reduced to the equation of a real minimallyy, is associated with the relaxation time scale, the actual

coupled scalar fieldp(r,t), massless in the case of GW, entropy arising from entanglement, although nonvanishing,
while there is a mass term and a sound velocity in the case @hould be much smaller.

adiabatic perturbations, we shall further consider this auxil- |5 the following we shall consider two different coarse

iary field. The FRW background is assumed to be spatiallyyrainings which are physically relevant. First, a realistic situ-
flat: ation is considered where interaction with environmental
fields is efficient in the suppression of off-diagonal terms in
d=dt?—a2(t)dI?, (1) the density matrix, but does not produce any significant back
reaction(Sec. I). Since it appears that details of the interac-
tion are not relevant, we model its effect through the intro-
where dI? is the three-dimensional Euclidean intera  duction of a phenomenological parameter suppressing the
=#f=1 is assumed throughout the papédthe quantum field off-diagonal terms. Second, the entropy growth due to the
& can then be decomposed into Fourier harmonics loss of information about the primordial GW background
which occurs as a result of the appearance of a secondary
GW background after the second Hubble radius crossing is
d(K)=(p(k,1)a(k) + ¢* (—k,t)aT(—k))e = pT(—k), calculated in Sec. lll. This effect arises because we cannot
(2 distinguish one kind of gravitons from another at the present
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epoch. So, in the first case a nonzero entropy arises becauseenvironmental degrees of freeddm2] will decrease the

the primordial GW background is directly affected by ancoherence length i, i.e., increase the coefficient in front of
environment, while in the second case it is simply “pol- (y—y’)2. Although details may be very complicated, a very
luted” by a secondary GW background emitted by somegood approximation is to multiply, by a Gaussian factor
environment. It will be shown that both coarse grainingswhich suppresses off-diagonal elements but leaves diagonal
yield in generalS, significantly smaller thani,. Section IV elements(probabilities untouched. This corresponds to the
contains conclusions and discussion, including the relation afituation where dynamical back reaction is sm@ideal

this problem to the problems of entropy growth in open sys-measurement). Then, instead of E(7), the following den-
tems and in the Universe. sity matrix is obtained:

Il. ENTROPY DUE TO COARSE GRAINING Yy = po(y.y'ex —_5( g1y ®
OF QUANTUM ENTANGLEMENT PEY.Y)=PolY.Y 2 WY

Let us consider a squeezed vacuum state which describggere e ). For large squeezing, this condition reads
the behavior of primordial fluctuations in the absence of in-

teractions with the environment. It has the form £e?’
>1. 9
ZQR 1/2 . , k
do=|—| exp—[Qr+iQ ][y, 5 S _
m In the following, it is referred to as théecoherence condi-

; ; tion.
wherey, is a Fourier component of the rescaled quantum . .
Yk b q To study correlations that might be present betwgand

field y(r,t)=a(t) ¢(r,t). Since modes with different wave X .
. . : (the Fourier transform ¢fthe momentunp, it is preferable
vectorsk decouple, we shall sometimes skip the indetor to calculate the Wigner function. This is found to be

k) in the following. The wave functioii5) can be written in

terms of the squeezing parameterand ¢ in the form 1 (p+Q,)2
- o T
0~ | Z[cosh Z + cos 2 sinh
m 'Z‘P ] The variancesAy and A(p—p¢) can be found from the
1—e?¢tanhr ) extension of the corresponding contour ellipse which de-
xexp —k 1+eZ®tanhr yl*]- 6 scribes the extension of tiapparentensemble. This ellipse

becomes a circle in the vacuum cdse-0, £=0), if we use
Squeezing can equivalently be expressed in terms of “parthe axesp/k, y. It will be convenient to introduce the vari-
ticle creation” with average particle numbét(k)~e?'/4. ablesy=2ky, p=(2/Vk)p, and we denote the major half
We are interested in the regime after the first Hubble-radiusixis of the Wigner ellipse in thg§, P plane bya and the
crossing (occurring during an inflationary stagewhen  minor half axis by 3. In the absence of environment (
N(k)>1. =0), one hasxg=¢€", Bp=e"" [1]. For £#0 one generally

To calculate the entropy it is sufficient to consider one offinds rather complicated expressions, from which simple ex-

the two modes contained in the complex amplitydé,t) pressions are recovered in the limit of large squeezing. One
=y*(—k,t) (in the following,y is a real function The en-  finds, fore? —,
tropy is additive for the various modes. The density matrix
corresponding to the pure sta() is given in the field- a~¢e', B~@>ﬁo. (11
amplitude representation by

While the size of the major half axis remains the same, the

) 2Q0g Qg o size of the minor half axis becomes much bigger than before
poly,y') =\ ——exp — 5 (y=y') due to decoherence.
To preserve a correlation betwegnand p one has to

Q demand thatr remains much bigger tha#, or

—i(y-y )Y+ ) - )] @) gger thas
&

The coefficient in front of y—y’)? is a measure of quan- @<1' (12)
tum coherencésize of nondiagonal elementsvhile the co-
efficient in front of (y+y’)? is related to Ay)? and mea- We shall refer to(12) as thecorrelation condition The sur-
sures the extension in configuration space of a fictitiougace of the ellipsédivided by ) is Aza,g:efm_ Thus,
ensemble described by the density matfibetails can be one would expect the following relation between entropy and
found in Appendix A2.3 0f10]). Since for large squeezing volume in phase space:
Qr becomes very small, both coherence and extension in
phase space become large. This coherence cannot be distin- S~InA~(1/2)In(e* &/k). (13
guished from a classical random process, see for instance the
thought experiment involving slits in Ref2,3,5. Coupling  This is what we shall demonstrate in the following.
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The von Neumann entropy connected with the densitwacuum state. This means th&tk and consequenths

matrix (8) is given by <r. Therefore, pure decoherenggithout dynamical influ-
ence can never totally smear out the Wigner ellipse to
S=—Tr(péInpé). (14 achieve S~S,,=2r. For complete randomization, one

would thus have to invoke, for example, a thermal bath at a
sufficiently high temperature. Such a model was discussed in
Ref. [15], and their results seem to be consistent with our

It was calculated in Ref.11] for an arbitrary Gaussian den-
sity matrix, see also Appendix A2.3 in R¢fl0]. The result

IS general treatment. Conditions similar to E@8) and (12)
q have been frequently discussed in quantum mechanics, see,
S=—Inpy— p—ln d, (15 e.g., Eqs(6.32—(6.36 in Ref.[16].
0
where Ill. ENTROPY DUE TO A SECONDARY
GW BACKGROUND
_ 2\0r _ Vet é- 0k (16) Let us consider now a different coarse graining due to the
Po JOR+E+ \/Q_R’ q VOR+E+ QR' presence of a secondary GW background which is generated
by different matter sources in a causal way after a given
Using e’ —«~ and &g, one finds mode of the fluctuations has re-entered the Hubble radius
[17,18. For primordial GW, as shown in R€f3], the coher-
e”'é 1 N¢ ence with respect to the squeezing angle is maintained for a
S~1-In2+ ElnT =1+ ElnT' (17 considerable time even after the second Hubble-radius cross-

ing. On the other hand, the secondary GW background is
in accordance with the expectatiofs=In A. Applying the  expected to have a uniformly distributed phase. It is natural,

decoherence conditiof®), one finds and rather general, to assume th&taode of this secondary
background is described by a density mapiXk) which is
S$>1-In2~0.31, (18)  diagonal in the occupation number basi§=3 ,w,|n)(n|

. _ o (here the argumerk is omitted, anch=0,1,..). This means
where> holds here in a logarithmic sené directly holds —j particular complete randomization of the temporal phase,
for the number of states™). Note that this lower bound on o the absence of a preferred direction in phase space. As
the entropy corresponds to the loss of less than one bit qf4yitons of the primarysqueezepbackground aréndistin-
information. This is consistent with previously known resunsguishable from those belonging to the secondary back-

on decoherence in quantum mechanics. For example, in regound, we expect some information loss when both back-
cent quantum-optical experiments?], decoherence starts if, grounds are mixed. The mean occupation number
on average, one photon is lost. Thus, it may be expected that

a minimal entropy5,,,~In 2 per mode would be sufficient to *
guarantee decoherence in the present case, too. n(k)= 2 nwy, (20)
Applying the correlation conditiof12), we get n=0

though expected to be significantly lower than that of the
primary background\N(k), may nevertheless be large, too.
where again< holds in a logarithmic sense. It is evident that W€ shall show that, loosely speaking;, corresponds to Eg.
the entropy must be much smaller than the maximum valuéd) with
2r which is found by integrating over the squeezing angle 16
[8] (and which would just meaa:=B~¢€" for the Wigner =—kn(k). (21)
ellipse. e

Note that, though our initial formul&=InA (also pro-
posed earlier in Ref6]) is the same as the one introduced by,[h
Rothman and Anninoil3], our final resul{19) is drastically
different from the conclusion of the recent paper by Rothma
[14] that this formula for the entropy leads to results identi

S<2r, (19

Let us estimate the corresponding entropy. We consider
e typical volumd™ in (half of) phase space occupied by the
system. For the isolated primary background, this vollipe
s the minimal one which corresponds to zero entropy. The
“secondary background occupies a much larger volume which

cal to those obtained in R€f8]. The reason for this differ- . ; ; :
. . . corresponds to circles in phase space with the approximate
ence is evidently the fact that in Refgl3,14], the total radius \(ySy*), where

phase-space volume of a state with a given energy was cal-
culated. This does not properly account for the squeezed na- k(ySyshy=n(k)+ 3. (22)
ture of the Wigner ellipse in our case.

Although details abouf may be complicated, it is natural Here the averaging process involves also time averaging in
to expect that the coherence length'/? is not smaller than addition to quantum average. Therefore at any time, the
the width of the ground state far=0, at least during the width of I' in the squeezed direction of the primary back-
inflationary stage, so that the quantum state really remainground will be given by the radius of the secondary back-
squeezed in some direction as compared to the grounground, while the elongated direction of the primary back-
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ground remains dominated by the primary background. So, we have here another concrete coarse graining of the
However, since the vacuum part 1/2 should not be countegrimordial GW stochastic background. For all cases for
twice (it has been already counted and “squeezed” in thewhich 1<n(k)<N(k), which is a reasonable assumption on
primordial part of the mode only newly created gravitons large cosmological scales, the resulting entropy is thus sig-
n(k) produce an additional noise in the initially squeezednificantly smaller than &,. The crucial point is that a value
direction in phase space.N(k)n(k)>1, thenI’, the volume  r,<S(k)<2r, is still fundamentally different fromS(k)

in phase space occupied by the whole system, can be est=S,,,=2r,. In the first case, the composite system of both
mated as follows: backgrounds can still reflect the squeezing of the primordial
GW background, while it does not in the second case. The
peaks in the B-mode polarization of the CMB produced by
the total GW background would be absent in the second
case.
wherel’ is the phase-space volume of the initial vacuum
state. The corresponding entrof{k) can be estimated as

2 1 2 2 1
2= 7 agn(k) =N(k)n(k)>T5=1g, (23

IV. CONCLUSIONS AND DISCUSSION

We have shown that both methods of coarse graining pro-
posed yield for the entropy per mode the ress(k)<2r,
(in the logarithmic sengewhich differs strongly from the
(24) results obtained earlid8]. The reason is that our coarse
grainings do not destroy the classical correlatithie almost
deterministic temporal phase of the GW and of the adiabatic
where we have used the physical quanti®’(w) perturbationsremaining after quantum decoherence, which,
=wledeSldo=w*n, /%€ (w=k/ay) which describes the as physical estimates shd@], persists for a rather long time
secondary stochastic background, whiledenotes the criti- (very long in the case of GWafter the perturbations have
cal density. Comparing Eq24) with Eq. (17), the factor reentered the Hubble radius. Thus, though the maximal en-
16/? is found in Eq.(21). It follows that the condition tropy per modeS(k) = 2r, might eventually be reached after
N(k)n(k)>1 used above corresponds to the decoherenceomplete relaxation, it is not reached at the recombination
condition (9), while the condition that the secondary back- time for sufficiently long-wave scalar perturbations and even
ground is much smaller than the primordial ong(k) at the present time for sufficiently long-wave GW. As was
>n(k), corresponds to the correlation conditi¢i?). mentioned above, this leads to observable effects: periodic
We see from Eq(24) that S(k)<2r, as long asn(k) peaks in the multipole power spectra of th&/T anisotropy
<N(k), and alscS(k)>S*~Inn(k) [for n(k)>1]. Onlarge  and polarization of the CMB. Since the difference between
cosmological scales, we hatk)~10'% r,~115, and we entropies arising after two coarse grainings of the same sys-
have approximately for most model(k)ok~# for 10716  tem may be interpreted as the difference of amount of infor-
Hz<v= w/27<10'"°Hz. We expect that very little entropy mation loss due to these coarse grainings, the difference be-
is produced by this mechanism on large scales, h&gkg  tween previous results for the entropy of primordial GW

r 1
S(k)=|nr—o=rk+ln 2+ Eln n(k)
4

otz s tnas
=TIk nw—zne—c En s

<2r, for these scales. background and our result may be interpreted as the amount
Several possibilities can be distinguished now. of information contained in primordial peakacoustic peaks
(1) n(k)<1. in the case of scalar perturbations
This case, certainly plausible on very large cosmological Note that the energy density of the primordial GW back-
scales, yieldsS(k)<r,. ground calculated either with the quantum operat@jsor
(2) n(k)~1. by the use of equivalent classical stochastic fi€Rjss one
Now we have half of the energy density of the GW background described
by a density matrix which is isotropic in phase space, with
S(K)~T=3Smax- (25  the same average number of gravitons givem{) (this, of

course, was taken into account in all correct calculations of

Note, however, tham(k)<N(k) and we still have a signifi- the energy density of GW produced during inflation, begin-
cant squeezing in phase space. Therefore, the standing-waming with [19]). Now for the entropy,S=S,,,/2 is also a
behavior of the primordial GW still has definite observa-distinguished, “average” case. However, we see that large
tional consequences. deviations fromS,,,/2 on both sides are possible; the en-

(3) 1<n(k)<N(k). tropy per mode can be both much larger or much smaller

In that case we have,<S(k)<2r,. However, like for thanr, (in the logarithmic senge
the preceding case, the system remains highly squeezed. Let us finally discuss the temporal growth of the entropy
Therefore, with respect to observations, this case is verpf cosmological perturbations, which is at least partly re-
similar to the preceding ones. sponsible for the arrow of time in the Univerg20]. After

(4) n(k)=N(k). the perturbations re-enter the Hubble radibgk) remains

Now, the squeezing of the primordial background is notconstant(neglecting very small graviton—graviton scattering
apparent anymore in observations. Wheik)>N(k), the  events and graviton absorption by makteso the growth of
squeezing is completely “washed out.” entropy is mainly due to the growth of(k,t) due to irre-
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versible emission of gravitons by matter. Due to the expansystem is not chaotic but only classically unstable, the law
sion of the Universen(k,t) typically grows only as a power for S(k,t) is the same as for chaotic dynamical systems.

of time, soS(k,t)ct 1. The same refers to the earlier period
for A>Ry, but after the end of inflation(In inflation, one
has for long wavelengthS~H~ constantand thereforeS
xt). Then, there is no secondary GW background and we A S. was partially supported by the Russian Foundation
may use Eq(17) only. Under any reasonable assumptionsfor Basic Research, Grant No. 99-02-16224, and by the Ger-
about the time dependence &f S(k,t) grows logarithmi-  man Science Foundatig®FG) through Grant No. 436 RUS
cally, so S(k,t)=xt™ !, too. Comparing this behavior with 113/333/5. A part of this paper was made during his stay at
those considered in the interesting discus$@il] of the pa- the Institute of Theoretical Physics, ETH, ih. A.S.
per[22], we see that the case of a two-mode subsystem dhanks Professor Ch. Schmid for hospitality there. C.K. is
cosmological perturbations is in some sense intermediate bgrateful to the Institute of Advanced Study Berlin, and the
tween the two different cases discussed in R21] (deco- Isaac Newton Institute, Cambridge, for their kind hospitality
herence due to a chaotic behavior of the subsystem itself avhile part of this work has been done. D.P. acknowledges
decoherence caused by the environmefhough our sub- C.K. for kind hospitality at the University of Freiburg.
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