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Entropy of gravitons produced in the early universe

Claus Kiefer
Fakultät für Physik, Universita¨t Freiburg, Hermann-Herder-Straße 3, D-79104 Freiburg, Germany

David Polarski
Lab. de Mathe´matiques et Physique The´orique, UPRES A 6083 CNRS, Universite´ de Tours, Parc de Grandmont,

F-37200 Tours, France
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Gravitons produced from quantum vacuum fluctuations during an inflationary stage in the early Universe
have zero entropy as far as they reflect the time evolution~squeezing! of a pure state, their large occupation
number notwithstanding. A nonzero entropy of the gravitons@classical gravitational waves~GW! after deco-
herence# can be obtained through coarse graining. The latter has to be physically justifiedand should not
contradict observational constraints. We propose two ways of coarse graining for which the fixed temporal
phase of each Fourier mode of the GW background still remains observable: one based on quantum entangle-
ment, and another one following from the presence of a secondary GW background. The proposals are shown
to be mutually consistent. They lead to the result that the entropy of the primordial GW background is
significantly smaller than it was thought earlier. The difference can be ascribed to the information about the
regular~inflationary! initial state of the Universe which is stored in this background and which reveals itself,
in particular, in the appearance of primordial peaks~acoustic peaks in the case of scalar perturbations! in the
multipole spectra of the CMB temperature anisotropy and polarization.

PACS number~s!: 98.80.Cq
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I. INTRODUCTION

What is the entropy of primordial fluctuations from whic
all inhomogeneities in our Universe are assumed to or
nate? This fundamental problem becomes especially intr
ing in the framework of the inflationary paradigm. Indeed,
that case primordial fluctuations are generated from vacu
quantum fluctuations. In this work, we shall concentrate o
primordial gravitational-wave~GW! background in inflation-
ary cosmological models, although a similar discussion
be applied to scalar perturbations in such models as we
is well known that in this case the unitary evolution of t
quantum state of the fluctuations outside the Hubble rad
leads to an effective quantum-to-classical transition of a v
specific kind: the fluctuations become indistinguishable fr
classical fluctuations with stochastic amplitude and fix
temporal phase once the so-called decaying mode of the
turbations is neglected@1#.

The approximation of simply omitting the decaying mo
and then introducing the equivalent classical stochastic fl
tuation is sufficient for calculating correctly the amplitud
of observable inhomogeneities in the Universe. It does
require any explicit account of interaction with an enviro
ment. In particular, inflationary predictions for the amp
tude, statistics and quasiclassical temporal behavior of
turbations are independent of this interaction~at least, for
sufficiently large scales!. Note that the possibility to get a
decoherence-independent prediction for observable qu
ties ~inhomogeneities! is a specific property of the ver
mechanism of generation of inhomogeneities in the inflati
0556-2821/2000/62~4!/043518~6!/$15.00 62 0435
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ary scenario of the early Universe, and does not occur
general quantum systems, as has been shown in Ref.@1# with
the help of the Wigner function and in Refs.@2,3# by a dis-
cussion of thought experiments involving slits. Also, it m
be attributed to the fact@4# that amplitudes of perturbation
constitute an~almost ideal! pointer basis in this case. Finally
this approximation fits well into the consistent-‘‘histories
framework: as the decaying mode becomes negligible, pr
abilities can be consistently assigned to classical trajecto
~‘‘histories’’ ! of perturbation modes in phase space@5#.

However, this does not mean that this approximation
sufficient for the calculation of all quantities. In the prese
paper we consider one important~though not directly mea-
surable! quantity for which it is definitely insufficient and fo
which one has to consider actual mechanisms
environment-induced decoherence—the entropy of cos
logical inhomogeneities. The entropies of an initial quantu
perturbation in a pure strongly squeezed state and of its~ap-
proximate! equivalent~a classical perturbation with a sto
chastic amplitude, but a fixed phase! are in fact both zero. It
is, however, clear that, as a result of an effective coa
graining produced by environment-induced decoherenc
pure quantum state becomes mixed, while the fixed class
phase of the classical system acquires some small stoch
part, so a nonzero entropy should arise in both quantum
effective classical descriptions of perturbations.

The main question, then, is as follows: what is the corr
coarse graining? Any coarse graining introduced by ha
must be justified by some concrete physical mechani
Also, it must be in agreement with present and future obs
©2000 The American Physical Society18-1
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vational constraints. Indeed, as was already emphasize
Ref. @6#, the coarse graining that one chooses for sca
~adiabatic! perturbations can be crucial with respect to t
appearance, or not, of periodic oscillations—acous
peaks—in the cosmic microwave background~CMB! anisot-
ropy multipolesCl . The same refers to the primordial GW
background where the corresponding periodic oscillati
~with a different period! are more easily seen in the CM
polarization multipolesCPl @1,7# ~in this case, it is more
appropriate to call them primordial peaks!.

In earlier papers@8# where the entropy of cosmologica
perturbations was considered, an averaging procedure
performed with respect to the squeezing anglewk of each
Fourier mode, leading to the entropySk52r k per mode,
wherer k is the squeezing parameter. Such a ‘‘high’’ entro
would, however, spoil the generic prediction of the inflatio
ary scenario about the dominance of the quasi-isotropic~or
growing, in the case of scalar perturbations! mode at the
moment of the last Hubble-radius crossing, which represe
the equivalent classical expression of the remaining co
ence between the field-mode amplitude and its moment
As was shown in Ref.@3#, the latter coherence persists lon
after the loss of quantum correlation between quasi-isotro
and decaying modes of perturbations~and may survive even
up to the present moment for sufficiently large perturbat
wavelengths!. So, in the case of cosmological perturbatio
generated during inflation, the quantum decoherence s
cient for the classical description of the perturbations occ
long before the time of complete relaxation~if this relaxation
occurs at all!.

It is just this property that leads to the appearance of
above-mentioned peaks in the CMB fluctuation spectra.
advent of high-precision cosmological observations in g
eral, and accurate measurements of the CMB fluctuation
particular, has dramatic consequences on this prob
which seemed remote only a few years ago: the existenc
peaks is incompatible withcompleterandomization of the
temporal phase of the cosmological fluctuations and seve
restricts the choice of possible coarse grainings.

Since, as is well known, the equations for small sca
~adiabatic! perturbations and GW~tensor! perturbations su-
perimposed on a Friedmann-Robertson-Walker~FRW! back-
ground can be reduced to the equation of a real minim
coupled scalar fieldf(r ,t), massless in the case of GW
while there is a mass term and a sound velocity in the cas
adiabatic perturbations, we shall further consider this au
iary field. The FRW background is assumed to be spati
flat:

ds25dt22a2~ t !dl2, ~1!

where dl2 is the three-dimensional Euclidean interval~c
5\51 is assumed throughout the paper!. The quantum field
f̂ can then be decomposed into Fourier harmonics

f̂~k!5„f~k,t !â~k!1f* ~2k,t !â†~2k!…eikr 5f̂†~2k!,
~2!
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with â(k) and â†(k) being the usual annihilation and cre
ation operators in the Fock space, respectively.

Let us take a two-mode systemf̂(k),f̂(2k). This sys-
tem exhibits a semiclassical behavior by itself soon after
first Hubble-radius crossing during an inflationary stage d
to the disappearance of the decaying mode~in the Heisen-
berg representation!, or equivalently due to large squeezin
~in the Schro¨dinger representation!. More precisely, once the
wavelength of the model5a(t)/k, k[uku is much bigger
than the Hubble radiusRH5H(t)21, H[ȧ/a, we can make
f(k,t)5f(k,t) real by a time-independent phase rotatio
Then, after the omission of the decaying mode, the quan
mode operator~2! becomes equivalent to the Gaussian s
chastic quantity@1#

f~k!5f* ~2k!5c~k!f~k,t !eikr , ~3!

wherec(k)5c* (2k) is a complex Gaussian stochastic fie
with the following nonzero correlations:

^c~k!c* ~k8!&5d~k2k8!, ^c~k!c~k8!&5d~k1k8!.
~4!

The stochastic field~3! has still zero entropy since it
volume in phase space is equal to zero. However, inte
tions with other fields, even tiny ones, are unavoidable. T
is a first physical process which can lead to coarse grain
It occurs on very short decoherence time scales, rende
the field-amplitude basis a classical ‘‘pointer basis’’@4,2#—
the robust basis with respect to the environment@9,10#. Once
l@RH , the dynamical influence of such environmen
fields should be negligible since causal processes are pro
ited. In particular, the quasi-isotropic mode is not affecte
However, for decoherence it is just sufficient to destroy
quantum correlation between the decaying and qu
isotropic parts of perturbations. Since the decaying mod
‘‘local’’ ~in the sense that it may be affected by local pr
cesses!, decoherence may be easily achieved by coarse gr
ing of quantum entanglement between~the decaying mode
of! perturbations and the environment. As was pointed
above, the relaxation time scale exceeds by far the deco
ence time scale~the latter being of the order ofH21 at the
first Hubble radius crossing@2#!. Since the maximum entropy
2r k is associated with the relaxation time scale, the act
entropy arising from entanglement, although nonvanishi
should be much smaller.

In the following we shall consider two different coars
grainings which are physically relevant. First, a realistic si
ation is considered where interaction with environmen
fields is efficient in the suppression of off-diagonal terms
the density matrix, but does not produce any significant b
reaction~Sec. II!. Since it appears that details of the intera
tion are not relevant, we model its effect through the int
duction of a phenomenological parameter suppressing
off-diagonal terms. Second, the entropy growth due to
loss of information about the primordial GW backgroun
which occurs as a result of the appearance of a secon
GW background after the second Hubble radius crossin
calculated in Sec. III. This effect arises because we can
distinguish one kind of gravitons from another at the pres
8-2
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epoch. So, in the first case a nonzero entropy arises bec
the primordial GW background is directly affected by
environment, while in the second case it is simply ‘‘po
luted’’ by a secondary GW background emitted by so
environment. It will be shown that both coarse grainin
yield in generalSk significantly smaller than 2r k . Section IV
contains conclusions and discussion, including the relatio
this problem to the problems of entropy growth in open s
tems and in the Universe.

II. ENTROPY DUE TO COARSE GRAINING
OF QUANTUM ENTANGLEMENT

Let us consider a squeezed vacuum state which desc
the behavior of primordial fluctuations in the absence of
teractions with the environment. It has the form

ck05S 2VR

p D 1/2

exp~2@VR1 iV I #uyku2!, ~5!

where yk is a Fourier component of the rescaled quant
field y(r ,t)5a(t)f(r ,t). Since modes with different wav
vectorsk decouple, we shall sometimes skip the indexk ~or
k! in the following. The wave function~5! can be written in
terms of the squeezing parametersr andw in the form

c05S 2k

p@cosh 2r 1cos 2w sinh 2r # D
1/2

3expS 2k
12e2iw tanhr

11e2iw tanhr
uyu2D . ~6!

Squeezing can equivalently be expressed in terms of ‘‘p
ticle creation’’ with average particle numberN(k)'e2r /4.
We are interested in the regime after the first Hubble-rad
crossing ~occurring during an inflationary stage! when
N(k)@1.

To calculate the entropy it is sufficient to consider one
the two modes contained in the complex amplitudey(k,t)
5y* (2k,t) ~in the following,y is a real function!. The en-
tropy is additive for the various modes. The density mat
corresponding to the pure state~5! is given in the field-
amplitude representation by

r0~y,y8!5A2VR

p
expS 2

VR

2
~y2y8!2

2 iV I~y2y8!~y1y8!2
VR

2
~y1y8!2D . ~7!

The coefficient in front of (y2y8)2 is a measure of quan
tum coherence~size of nondiagonal elements!, while the co-
efficient in front of (y1y8)2 is related to (Dy)2 and mea-
sures the extension in configuration space of a fictitio
ensemble described by the density matrix~details can be
found in Appendix A2.3 of@10#!. Since for large squeezin
VR becomes very small, both coherence and extensio
phase space become large. This coherence cannot be d
guished from a classical random process, see for instanc
thought experiment involving slits in Refs.@2,3,5#. Coupling
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to environmental degrees of freedom@4,2# will decrease the
coherence length iny, i.e., increase the coefficient in front o
(y2y8)2. Although details may be very complicated, a ve
good approximation is to multiplyr0 by a Gaussian facto
which suppresses off-diagonal elements but leaves diag
elements~probabilities! untouched. This corresponds to th
situation where dynamical back reaction is small~‘‘ideal
measurement’’!. Then, instead of Eq.~7!, the following den-
sity matrix is obtained:

rj~y,y8!5r0~y,y8!expS 2j

2
~y2y8!2D , ~8!

wherej@VR . For large squeezing, this condition reads

je2r

k
@1. ~9!

In the following, it is referred to as thedecoherence condi
tion.

To study correlations that might be present betweeny and
~the Fourier transform of! the momentump, it is preferable
to calculate the Wigner function. This is found to be

Wj~y,p!5
1

p
expS 22

~p1V Iy!2

~VR1j!
22VRy2D . ~10!

The variancesDy and D(p2pcl) can be found from the
extension of the corresponding contour ellipse which
scribes the extension of the~apparent! ensemble. This ellipse
becomes a circle in the vacuum case~r 50, j50!, if we use
the axesp/k, y. It will be convenient to introduce the vari
ablesỹ[2Aky, p̃[(2/Ak)p, and we denote the major ha
axis of the Wigner ellipse in theỹ, p̃ plane bya and the
minor half axis byb. In the absence of environment (j
50), one hasa05er , b05e2r @1#. For jÞ0 one generally
finds rather complicated expressions, from which simple
pressions are recovered in the limit of large squeezing. O
finds, fore2r→`,

a'er , b'Aj/k@b0 . ~11!

While the size of the major half axis remains the same,
size of the minor half axis becomes much bigger than bef
due to decoherence.

To preserve a correlation betweeny and p one has to
demand thata remains much bigger thanb, or

j

ke2r !1. ~12!

We shall refer to~12! as thecorrelation condition. The sur-
face of the ellipse~divided byp! is A5ab5erAj/k. Thus,
one would expect the following relation between entropy a
volume in phase space:

S' ln A'~1/2!ln~e2rj/k!. ~13!

This is what we shall demonstrate in the following.
8-3
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KIEFER, POLARSKI, AND STAROBINSKY PHYSICAL REVIEW D62 043518
The von Neumann entropy connected with the den
matrix ~8! is given by

S52Tr~rj ln rj!. ~14!

It was calculated in Ref.@11# for an arbitrary Gaussian den
sity matrix, see also Appendix A2.3 in Ref.@10#. The result
is

S52 ln p02
q

p0
ln q, ~15!

where

p05
2AVR

AVR1j1AVR

, q5
AVR1j2AVR

AVR1j1AVR

. ~16!

Using er→` andj@VR , one finds

S'12 ln 21
1

2
ln

e2rj

k
511

1

2
ln

Nj

k
, ~17!

in accordance with the expectationsS' ln A. Applying the
decoherence condition~9!, one finds

S@12 ln 2'0.31, ~18!

where@ holds here in a logarithmic sense~it directly holds
for the number of stateseS!. Note that this lower bound on
the entropy corresponds to the loss of less than one b
information. This is consistent with previously known resu
on decoherence in quantum mechanics. For example, in
cent quantum-optical experiments@12#, decoherence starts i
on average, one photon is lost. Thus, it may be expected
a minimal entropySmin'ln 2 per mode would be sufficient t
guarantee decoherence in the present case, too.

Applying the correlation condition~12!, we get

S!2r , ~19!

where again! holds in a logarithmic sense. It is evident th
the entropy must be much smaller than the maximum va
2r which is found by integrating over the squeezing an
@8# ~and which would just meana5b'er for the Wigner
ellipse!.

Note that, though our initial formulaS5 ln A ~also pro-
posed earlier in Ref.@6#! is the same as the one introduced
Rothman and Anninos@13#, our final result~19! is drastically
different from the conclusion of the recent paper by Rothm
@14# that this formula for the entropy leads to results iden
cal to those obtained in Ref.@8#. The reason for this differ-
ence is evidently the fact that in Refs.@13,14#, the total
phase-space volume of a state with a given energy was
culated. This does not properly account for the squeezed
ture of the Wigner ellipse in our case.

Although details aboutj may be complicated, it is natura
to expect that the coherence lengthj21/2 is not smaller than
the width of the ground state forr 50, at least during the
inflationary stage, so that the quantum state really rem
squeezed in some direction as compared to the gro
04351
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vacuum state. This means thatj,k and consequentlyS
,r . Therefore, pure decoherence~without dynamical influ-
ence! can never totally smear out the Wigner ellipse
achieve S'Smax52r. For complete randomization, on
would thus have to invoke, for example, a thermal bath a
sufficiently high temperature. Such a model was discusse
Ref. @15#, and their results seem to be consistent with o
general treatment. Conditions similar to Eqs.~9! and ~12!
have been frequently discussed in quantum mechanics,
e.g., Eqs.~6.32!–~6.36! in Ref. @16#.

III. ENTROPY DUE TO A SECONDARY
GW BACKGROUND

Let us consider now a different coarse graining due to
presence of a secondary GW background which is gener
by different matter sources in a causal way after a giv
mode of the fluctuations has re-entered the Hubble rad
@17,18#. For primordial GW, as shown in Ref.@3#, the coher-
ence with respect to the squeezing angle is maintained f
considerable time even after the second Hubble-radius cr
ing. On the other hand, the secondary GW background
expected to have a uniformly distributed phase. It is natu
and rather general, to assume that ak-mode of this secondary
background is described by a density matrixrs(k) which is
diagonal in the occupation number basis,rs5Snwnun&^nu
~here the argumentk is omitted, andn50,1,...!. This means
in particular complete randomization of the temporal pha
or the absence of a preferred direction in phase space
gravitons of the primary~squeezed! background areindistin-
guishable from those belonging to the secondary bac
ground, we expect some information loss when both ba
grounds are mixed. The mean occupation number

n~k!5 (
n50

`

nwn , ~20!

though expected to be significantly lower than that of t
primary backgroundN(k), may nevertheless be large, to
We shall show that, loosely speaking,rs corresponds to Eq
~8! with

j.
16

e2 kn~k!. ~21!

Let us estimate the corresponding entropy. We cons
the typical volumeG in ~half of! phase space occupied by th
system. For the isolated primary background, this volumeG0
is the minimal one which corresponds to zero entropy. T
secondary background occupies a much larger volume w
corresponds to circles in phase space with the approxim
radiusA^ys ys†&, where

k^ys ys†&5n~k!1 1
2 . ~22!

Here the averaging process involves also time averagin
addition to quantum average. Therefore at any time,
width of G in the squeezed direction of the primary bac
ground will be given by the radius of the secondary ba
ground, while the elongated direction of the primary bac
8-4



nd
te

th

ed

e

m

n
k-

y

ca

w
a-

z
e

o

the
for
n

sig-

th
ial
he

by
nd

ro-

e

atic
h,

e
en-
r
ion
en
as
dic

en
sys-
or-
be-

W
ount

k-

ed
ith

of
in-

rge
n-
ller

py
re-

g

ENTROPY OF GRAVITONS PRODUCED IN THE EARLY . . . PHYSICAL REVIEW D62 043518
ground remains dominated by the primary backgrou
However, since the vacuum part 1/2 should not be coun
twice ~it has been already counted and ‘‘squeezed’’ in
primordial part of the mode!, only newly created gravitons
n(k) produce an additional noise in the initially squeez
direction in phase space. IfN(k)n(k)@1, thenG, the volume
in phase space occupied by the whole system, can be
mated as follows:

G2.
1

4
a0

2n~k!5N~k!n~k!@G0
25

1

16
, ~23!

where G0 is the phase-space volume of the initial vacuu
state. The corresponding entropyS(k) can be estimated as

S~k!5 ln
G

G0
5r k1 ln 21

1

2
ln n~k!

5r k1 ln 2p2
1

2
ln

v4

ec
1

1

2
ln Vs, ~24!

where we have used the physical quantityVs(v)
[v/ecdes/dv5v4nv /p2ec (v5k/a0) which describes the
secondary stochastic background, whileec denotes the criti-
cal density. Comparing Eq.~24! with Eq. ~17!, the factor
16/e2 is found in Eq. ~21!. It follows that the condition
N(k)n(k)@1 used above corresponds to the decohere
condition ~9!, while the condition that the secondary bac
ground is much smaller than the primordial one,N(k)
@n(k), corresponds to the correlation condition~12!.

We see from Eq.~24! that S(k),2r k as long asn(k)
!N(k), and alsoS(k)@Ss' ln n(k) @for n(k)@1#. On large
cosmological scales, we haveN(k);10100, r k;115, and we
have approximately for most modelsN(k)}k24 for 10216

Hz!n5v/2p!1010Hz. We expect that very little entrop
is produced by this mechanism on large scales, henceS(k)
!2r k for these scales.

Several possibilities can be distinguished now.
~1! n(k)!1.
This case, certainly plausible on very large cosmologi

scales, yieldsS(k)!r k .
~2! n(k)'1.
Now we have

S~k!'r k5 1
2 Smax. ~25!

Note, however, thatn(k)!N(k) and we still have a signifi-
cant squeezing in phase space. Therefore, the standing-
behavior of the primordial GW still has definite observ
tional consequences.

~3! 1!n(k)!N(k).
In that case we haver k,S(k),2r k . However, like for

the preceding case, the system remains highly squee
Therefore, with respect to observations, this case is v
similar to the preceding ones.

~4! n(k)>N(k).
Now, the squeezing of the primordial background is n

apparent anymore in observations. Whenn(k)@N(k), the
squeezing is completely ‘‘washed out.’’
04351
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So, we have here another concrete coarse graining of
primordial GW stochastic background. For all cases
which 1!n(k)!N(k), which is a reasonable assumption o
large cosmological scales, the resulting entropy is thus
nificantly smaller than 2r k . The crucial point is that a value
r k,S(k),2r k is still fundamentally different fromS(k)
5Smax52rk . In the first case, the composite system of bo
backgrounds can still reflect the squeezing of the primord
GW background, while it does not in the second case. T
peaks in the B-mode polarization of the CMB produced
the total GW background would be absent in the seco
case.

IV. CONCLUSIONS AND DISCUSSION

We have shown that both methods of coarse graining p
posed yield for the entropy per mode the resultS(k)!2r k
~in the logarithmic sense!, which differs strongly from the
results obtained earlier@8#. The reason is that our coars
grainings do not destroy the classical correlation~the almost
deterministic temporal phase of the GW and of the adiab
perturbations! remaining after quantum decoherence, whic
as physical estimates show@3#, persists for a rather long time
~very long in the case of GW! after the perturbations hav
reentered the Hubble radius. Thus, though the maximal
tropy per modeS(k)52r k might eventually be reached afte
complete relaxation, it is not reached at the recombinat
time for sufficiently long-wave scalar perturbations and ev
at the present time for sufficiently long-wave GW. As w
mentioned above, this leads to observable effects: perio
peaks in the multipole power spectra of theDT/T anisotropy
and polarization of the CMB. Since the difference betwe
entropies arising after two coarse grainings of the same
tem may be interpreted as the difference of amount of inf
mation loss due to these coarse grainings, the difference
tween previous results for the entropy of primordial G
background and our result may be interpreted as the am
of information contained in primordial peaks~acoustic peaks
in the case of scalar perturbations!.

Note that the energy density of the primordial GW bac
ground calculated either with the quantum operators~2! or
by the use of equivalent classical stochastic fields~3! is one
half of the energy density of the GW background describ
by a density matrix which is isotropic in phase space, w
the same average number of gravitons given byn(k) ~this, of
course, was taken into account in all correct calculations
the energy density of GW produced during inflation, beg
ning with @19#!. Now for the entropy,S5Smax/2 is also a
distinguished, ‘‘average’’ case. However, we see that la
deviations fromSmax/2 on both sides are possible; the e
tropy per mode can be both much larger or much sma
than r k ~in the logarithmic sense!.

Let us finally discuss the temporal growth of the entro
of cosmological perturbations, which is at least partly
sponsible for the arrow of time in the Universe@20#. After
the perturbations re-enter the Hubble radius,N(k) remains
constant~neglecting very small graviton–graviton scatterin
events and graviton absorption by matter!, so the growth of
entropy is mainly due to the growth ofn(k,t) due to irre-
8-5
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versible emission of gravitons by matter. Due to the exp
sion of the Universe,n(k,t) typically grows only as a powe
of time, soṠ(k,t)}t21. The same refers to the earlier perio
for l@RH , but after the end of inflation.~In inflation, one
has for long wavelengthsṠ'H' constantand thereforeS
}t!. Then, there is no secondary GW background and
may use Eq.~17! only. Under any reasonable assumptio
about the time dependence ofj, S(k,t) grows logarithmi-
cally, so Ṡ(k,t)}t21, too. Comparing this behavior with
those considered in the interesting discussion@21# of the pa-
per @22#, we see that the case of a two-mode subsystem
cosmological perturbations is in some sense intermediate
tween the two different cases discussed in Ref.@21# ~deco-
herence due to a chaotic behavior of the subsystem itse
decoherence caused by the environment!. Though our sub-
ky
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ss
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of
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system is not chaotic but only classically unstable, the l
for Ṡ(k,t) is the same as for chaotic dynamical systems.
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