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Lensing effect on polarization in the microwave background:
Extracting the convergence power spectrum
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Matter inhomogeneities along the line of sight deflect the cosmic microwave background~CMB! photons
originating at the last scattering surface at a redshiftz;1100. These distortions modify the pattern of CMB
polarization. We identify specific combinations of StokesQ andU parameters that correspond to spin 0,62
variables and can be used to reconstruct the projected matter density. We compute the expected signal-to-noise
ratio as a function of detector sensitivity and angular resolution. With the Planck satellite the detection would
be at a fews level. Several times better detector sensitivity would be needed to measure the projected dark
matter power spectrum over a wider range of scales, which could provide an independent confirmation of the
projected matter power spectrum as measured from other methods.

PACS number~s!: 98.80.Es, 95.85.Bh, 98.35.Ce, 98.70.Vc
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I. INTRODUCTION

The cosmic microwave background~CMB! is believed to
originate from the epoch when protons and electrons rec
bined into neutral hydrogen making the universe transpar
which happened around a redshift ofz;1100. Photons trav-
eling along the line of sight towards the observer were
flected by an intervening dark matter distribution via t
gravitational lensing effect. This process conserves
quantities: surface brightness and polarization. Conserva
of surface brightness implies that in the absence of any fl
tuations none can be generated by gravitational lens
However, if there are fluctuations present then gravitatio
lensing can either smooth these out on large scales@1# or
generate new fluctuations on small scales@3#. The effect of
these distortions on the CMB anisotropies has been t
oughly investigated, both on the CMB power spectrum@1,2#
as well as on the induced non-Gaussian signatures@4#. These
studies have shown that the lensing effect is small, but
tectable with future CMB experiments, and would provi
important information on the distribution of dark matter u
to z;1100. This method possibly measures clustering a
plitude at higher redshifts and larger scales than any o
method and would be especially valuable in breaking
degeneracies between cosmological parameters present
one only uses the CMB data.

Given the potential importance of measuring the d
matter power spectrum on large scales and/or high redsh
it is worth investigating other methods that can provide sim
lar information. This is particularly important because a
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such measurement will only be statistical in nature and co
be susceptible to various systematic effects. One s
method is gravitational lensing on the CMB polarization. P
larization is also conserved by gravitational lensing so t
the latter only moves the polarization tensor from one po
to another conserving its amplitude and direction in the m
ping. Since it is widely expected that CMB polarization w
be detected with the future CMB experiments it is wor
asking what kind of information can be learned from inve
tigating the lensing effect on polarization and how can it
extracted.

The effect of lensing on the power spectrum of CM
polarization has already been explored in@5#. It has been
shown there that lensing smoothes the acoustic peaksE
polarization and also generates aB-type polarization. While
this inducedB polarization is small, it provides a fundamen
tal limit to the level ofB polarization from other sources tha
can be detected on large scales. For example, it limits
detectable tensor to scalar ratios to be above 1024, although
this is not a significant limitation for the near future.

In this paper we explore in more detail the prospects
directly detecting gravitational lensing effect on the CM
polarization through its non-Gaussian signatures. We sh
that there is a combination of derivatives of polarization th
provide a local estimator of shear and convergence. Th
while noisy, can be used to provide an estimator of projec
dark matter power spectrum, which by averaging over all
sky may yield a detectable signal. We compute the expec
signal-to-noise ratio as a function of detector sensitivity a
apply it to the future satellite experiments.

II. CONVERGENCE FROM THE CMB POLARIZATION

In this section we develop a method to extract the gra
tational lensing effect on polarization in the ideal case wi
©2000 The American Physical Society17-1
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out detector noise and beam smoothing. The next sec
will deal with these complications. A radiation field can b
fully described in terms of four Stokes parameters@6# or the
specific intensity tensorI i j . For the CMB the Stokes param
eters can be chosen as the temperature anisotropyT propor-
tional to the sum of intensities along two perpendicular
rections in the sky,1 the Stokes parameterQ, defined as the
difference between the intensities along the two axes and
Stokes parameterU, defined by the difference between inte
sities along the two diagonals. The fourth Stokes param
V describes circular polarization which is not generated
the Thomson scattering believed to be the only genera
mechanism for polarization, so we will ignore it in the fo
lowing.

The Stokes parametersQ andU are two fields in the sky,
which we assume to be Gaussian random fields that are
erated from a common scalar potential~we ignore any initial
B-type polarization, which, even if present, would likely b
important only on large scales!. Because gravitational lens
ing conserves polarization their observed values in theu di-
rectionQ(u) andU(u) are related to their values at the r
combinationQ̃, Ũ, deflected by an angledu

Q~u!5Q̃~u1du!,

U~u!5Ũ~u1du!. ~1!

To extract the lensing information contained in these fie
we consider their spatial derivatives. These can be writte
the weak lensing regime as

Qa~u!5~dab1Fab!Q̃b~u1du!,

Ua~u!5~dab1Fab!Ũb~u1du!, ~2!

where Fab5]dua /]ub and a,b5x,y are the shear tenso
components describing the lensing effect.

Just as in the temperature case@7# we form quadratic
combinations of derivatives of the Stokes parameters
express them in terms of unlensed variables and the com
nents of the shear tensor. We wish to begin with a quan
that does not depend on the coordinate frame, which all
us to simply relate the unlensed and the lensed quanti
Such a quadratic quantity is readily available and is given
Q21U2. Then, to the lowest order, we have

SP[@Qx
21Qy

21Ux
21Uy

2#~u!

5~11Fxx1Fyy!S̃P

1~Fxx2Fyy!Q̃P12FxyŨP ,

1We work in the small scale limit which simplifies the expre
sions. Since the final results indicate that lensing on polarizatio
not detectable on very large scales this does not impose a signifi
limitation on the present work.
04351
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QP[@Qx
22Qy

21Ux
22Uy

2#~u!

5~11Fxx1Fyy!Q̃P1~Fxx2Fyy!S̃P ,

UP[@2QxQy12UxUy#~u!

5~11Fxx1Fyy!ŨP12FxyS̃P , ~3!

where subscriptsx and y stand for respective derivatives i
the real space. Equation~3! shows that the measuredSP ,
QP , andUP are products of the shear tensor and derivati
of the unlensed CMB polarization field. Thus the pow
spectrum ofSP , QP , andUP will be a convolution of the
power in the CMB and that of the projected mass dens
Convergence and unlensed fields are taken as indepen
quantities, which is a good approximation since most of
lensing power arises from low redshifts, which are not c
related with the last scattering surface. The general exp
sion for this convolution is quite involved. Here we wi
discuss it in the limit of large scales relative to the CM
correlation lengthj;0.1°, where it is not necessary to tak
the full convolution into account. In the large scale lim
patches of the sky larger than the correlation length squa
are almost independent, which simplifies the calculatio
This large scale limit is sufficient to analyze future data fro
microwave anistropy probe~MAP! and Planck satellites an
will, in any case, provide a lower limit to the attainable si
nal.

The reason we have chosenSP , QP , andUP as variables
in consideration is that they have transformation proper
similar to the Stokes parameters@6#. We wish to show that
SP , QP , andUP transform as Stokes parameters during
right-handed rotation of the spatial base (x̂,ŷ,n̂) by an angle
c around n̂ directed to the observer. Transformation
Stokes parametersQ and U under rotation are given in@8#
and their linear combinationsQ6 iU have values of spin
equal to72,

Q86 iU 85e7 i2c~Q6 iU !. ~4!

We can rewrite definitions of polarization variables@Eq. ~3!#
in the following manner:

SP5~Q1 iU !x~Q2 iU !x1~Q1 iU !y~Q2 iU !y ,

QP5~Q1 iU !x~Q2 iU !x2~Q1 iU !y~Q2 iU !y ,

UP5~Q1 iU !x~Q2 iU !y1~Q1 iU !y~Q2 iU !x .
~5!

When we use Eqs.~4! and ~5! and change variables in de
rivatives we find the final expression for transformation
our quantities,

is
ant
7-2
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S SP8

QP8

UP8
D 5S 1 0 0

0 cos 2c sin 2c

0 2sin 2c cos 2c
D S SP

QP

UP
D .

This demonstrates thatSP transforms as a scalar, whileQP
andUP transform like respective Stokes parametersQ andU.
We will show that these correspond to the familiar conv
gence and shear quantities of gravitational lensing.

In the large scale limit~compared to the correlation lengt
of the CMB polarization field! and in the absence of lensin
we can write the average over the ensemble of the C
realizations

^S̃P&CMB5sSP ,

^Q̃P&CMB50,

^ŨP&CMB50, ~6!

wheresSP is defined as

sSP5^Qx
2&CMB1^Qy

2&CMB1^Ux
2&CMB1^Uy

2&CMB . ~7!

In terms of the polarization power spectrumCl
P̃P̃ it is given

by

sSP5E ldl

2p
l 2Cl

P̃P̃ . ~8!

In the presence of lensing the average of Eq.~3! in the large
scale limit becomes

^SP&CMB5~122k!sSP ,

^QP&CMB522g1sSP ,

^UP&CMB522g2sSP , ~9!

where the shear componentsg1 and g2 and convergencek
are defined as

k52~Fxx1Fyy!/2,

g152~Fxx2Fyy!/2,

g252Fxy . ~10!

Physical interpretation of Eq.~9! is the following. Conver-
gence k stretches the images and makes the derivat
smaller, sô S&CMB is diminished by a factor proportional t
k. Similarly, shear produces anisotropy in the derivatives
the same way as in the images of distinct galaxies. To n
malize the above expressions we introduce

SP8 52
SP

sSP
11,
04351
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QP8 52
QP

sSP
,

UP8 52
UP

sSP
, ~11!

such that

^SP8 &CMB52k,

^QP8 &CMB52g1 ,

^UP8 &CMB52g2 . ~12!

In the following we will only use these variables so we dr
the primes from now on.

Instead of working with rotationally noninvariant quant
tiesQP andUP we combine them to form scalar fieldEP and
pseudoscalarBP . In the Fourier space these have the form

EP~ l!5QP~ l!cos~2f l!1UP~ l!sin~2f l !,

BP~ l!5QP~ l!sin~2f l !2UP~ l!cos~2f l !,
~13!

wheref l is the azimuthal angle of the model. In the Fourier
space convergence and shear are related to each
through the relations

g1~ l !5k~ l !cos~2f l !, g2~ l !5k~ l !sin~2f l !. ~14!

From Eqs.~12!, ~13!, and~14! it follows that

^SP&CMB52k,

^EP&CMB52k,

^BP&CMB50. ~15!

Thus the convergencek can be reconstructed in two way
either fromSP or EP . Moreover, vanishing ofBP on average
can be helpful in indentifing the cosmological part of t
signal or removing some foregrounds or other systematic

To reconstruct the convergence power spectrumCl
kk we

form its estimators

Ĉl
WW85

1

2
@W~ l!* W8~ l8!1W8~ l8!* W~ l!#d l l 8 , ~16!

whereW or W8 stand forSP , EP , ST or ET , with the first
two obtained from polarization and the last two from tem
perature@9#. One can write the mean value of the estima
as

^Ĉl
WW8&CMB54Cl

kk1Nl
WW8 . ~17!

HereNl
WW8 is a power spectrum of the noise arising from t

intrinsic fluctuations in CMB temperature or polarization~or
both for cross correlation!. This noise arises from the random
nature of the CMB and has to be carefully examined to
7-3



u

ll
an

w

re-
me
ce

his

t
4
ales
the
e

ld
ra-
nal
for

elow

eal-

for

-
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properly subtracted from the estimated power spectr

Ĉl
WW8 to get an unbiased convergence spectrumCl

kk .
The noise power spectra can be computed analytica

First, we consider correlation functions between all the qu
tities S̃P , Q̃P , ŨP , S̃T , Q̃T and ŨT . They are all defined as
combinations of derivatives so using Eqs.~3! and~11! results
in the following expressions for the noise:

NSPSP~u![^S̃P~0!S̃P~u!&CMB

5
2

sSP
2 @~Cxx

QQ!21~Cyy
QQ!21~Cxx

UU!21~Cyy
UU!2

14~Cxy
QU!2#,

NQPQP~u![^Q̃P~0!Q̃P~u!&CMB

5
2

sSP
2 @~Cxx

QQ!21~Cyy
QQ!21~Cxx

UU!21~Cyy
UU!2

24~Cxy
QU!2#,

NUPUP~u![^ŨP~0!ŨP~u!&CMB

5
4

sSP
2 @Cxx

QQCyy
QQ1Cxx

UUCyy
UU12~Cxy

QU!2#,

NSPQP~u![^S̃P~0!Q̃P~u!&CMB

5
2

sSP
2 @~Cxx

QQ!22~Cyy
QQ!21~Cxx

UU!22~Cyy
UU!2#,

NSTSP~u![^S̃T~0!S̃P~u!&CMB

5
2

sSTsSP
@~Cxx

TQ!21~Cyy
TQ!212~Cxy

TU!2#,

NQTQP~u![^Q̃T~0!Q̃P~u!&CMB

5
2

sSTsSP
@~Cxx

TQ!21~Cyy
TQ!222~Cxy

TU!2#,

NUTUP~u![^ŨT~0!ŨP~u!&CMB

5
4

sSTsSP
@Cxx

TQCyy
TQ1~Cxy

TU!2#,

NSTQP~u![^S̃T~0!Q̃P~u!&CMB

5
2

sSTsSP
@~Cxx

TQ!22~Cyy
TQ!2#. ~18!

Those for temperature are given in@9# and will not be re-
peated here. The correlation functionsCxy

XY are given in the
Appendix. Equations~18! together with Eqs.~A2! contain all
the necessary information for noise estimate. In Fig. 1
04351
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show correlation functions for polarization and cross cor
lation between temperature and polarization. We assu
throughout that the underlying model is the concordan
model @10# with Vb50.04, Vm50.33, VL50.63, h50.65,
and ns51. As discussed in@5# other viable models give
comparable results for the signal-to-noise ratio. For t
model the correlation length for polarization isjPP;0.07°,
while for cross correlationjTP;0.1° and for temperature
jTT;0.15°. Each patch of sizej2 is roughly independen
and decreasingj by a factor of 2, therefore, increasing by
the number of independent patches. Since on large sc
CMB noise behaves roughly as a white noise this reduces
noise level by a corresponding factor. This implies that if w
could observe polarization with a perfect resolution it wou
give a significantly larger signal-to-noise ratio than tempe
ture alone. However, since polarization has a weaker sig
than temperature this advantage becomes possible only
very sensitive detectors and small beams, as discussed b
in more detail.

The noise power spectra can be obtained from the r
space correlations using the following expressions@13#:

Nl
SASB52pE uduNSASB~u!J0~ lu!,

FIG. 1. The upper panel shows autocorrelation functions
polarizationNSPSP(u), NQPQP(u), NUPUP(u), and NSPQP(u). The
lower panel shows the cross correlationsNSTSP(u), NQTQP(u),
NUTUP(u), andNSTQP(u). Both plots are for the cosmological con
cordance model~see text! and without detector noise.
7-4
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LENSING EFFECT ON POLARIZATION IN THE . . . PHYSICAL REVIEW D 62 043517
Nl
EAEB5pE udu$@NQAQB~u!

1NUAUB~u!#J0~ lu!

1@NQAQB~u!2NUAUB~u!#J4~ lu!%,

Nl
BABB5pE udu$@NQAQB~u!

1NUAUB~u!#J0~ lu!

2@NQAQB~u!2NUAUB~u!#J4~ lu!%,

Nl
SAEB52pE uduNSAQB~u!J2~ lu!, ~19!

whereA and B stand forT or P. From this one obtains the
CMB noise power spectra

Nl
SPSP5

p

2sSP
2 E udu$2~C0

P̃P̃!213~C2
P̃P̃!212~C4

P̃P̃!2

1~C6
P̃P̃!2%J0~ lu!,

Nl
EPEP5

p

sSP
2 E udu$~C0

P̃P̃!21~C4
P̃P̃!2%J0~ lu!

1$~C2
P̃P̃!212C2

P̃P̃C6
P̃P̃%J4~ lu!,

Nl
BPBP5

p

sSP
2 E udu$~C0

P̃P̃!21~C4
P̃P̃!2%J0~ lu!

2$~C2
P̃P̃!212C2

P̃P̃C6
P̃P̃%J4~ lu!,

Nl
SPEP52

p

sSP
2 E udu$2C0

P̃P̃C2
P̃P̃1C2

P̃P̃C4
P̃P̃

1C4
P̃P̃C6

P̃P̃%J2~ lu!,

Nl
STSP5

p

sSTsSP
E udu$~C0

T̃P̃!212~C2
T̃P̃!2

14~C4
T̃P̃!2%J0~ lu!,

Nl
ETEP5

2p

sSTsSP
E udu$~C2

T̃P̃!2J0~ lu!

1C0
T̃P̃C4

T̃P̃J4~ lu!%,

Nl
BTBP5

2p

sSTsSP
E udu$~C2

T̃P̃!2J0~ lu!

2C0
T̃P̃C4

T̃P̃J4~ lu!%,

Nl
STEP52

2p

sSTsSP
E udu$C0

T̃P̃1C4
T̃P̃%C2

T̃P̃J2~ lu!.

~20!
04351
We do not need to consider spectra containingBT or BP as
these pseudoscalar quantities do not correlate with sca
Figure 2 shows noise power spectra for polarization a
cross correlation. The most visible feature is the white no
behavior on large scales, which confirms that derivatives
temperature and Stokes parameters are almost uncorre
on scales above a fraction of a degree.

Let us consider now the power spectra in the limit of lo
l. Utilizing the Bessel function properties in this limit an
their orthonormality relations we obtain from Eq.~20! the
following limits:

lim
l→0

Nl
SPSP54p

E l 5dl~Cl
P̃P̃!2

S E l 3dlCl
P̃P̃D 2 ,

lim
l→0

Nl
EPEP5 lim

l→0
Nl

BPBP5
1

2
lim
l→0

Nl
SPSP ,

lim
l→0

Nl
SPEP50, ~21!

FIG. 2. In the upper panel there are noise power spectra
polarizationNl

SPSP , Nl
EPEP , Nl

BPBP , and Nl
SPEP , yet in the lower

panel for the cross correlationNl
STSP , Nl

ETEP , Nl
BTBP , and Nl

STEP .
They are coupled with correlation functions presented in Fig. 1
Eqs.~19!.
7-5
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lim
l→0

Nl
STSP54p

E l 5dl~Cl
T̃P̃!2

E l 3dlCl
T̃T̃E l 3dlCl

P̃P̃
,

lim
l→0

Nl
ETEP5 lim

l→0
Nl

BTBP5
1

2
lim
l→0

Nl
STSP ,

lim
l→0

Nl
STEP50. ~22!

The power spectra presented in Fig. 2 confirm this la
scale behavior. It is worth noting that the noise forS vari-
ables is two times higher than forE andB, although normal-
ized variances ofS̃P , Q̃P , and ŨP are all the same. This is
because of the spin nature ofQ̃P andŨP . The implication of
this is that the reconstructed convergence power spec
will have the noise amplitude two times lower when we u
EP instead ofSP .

When we have quantified the intrinsic CMB noise we c
use Eq.~17! to obtain the best estimate forĈl

kk from obser-
vations. In addition, we also need to determine the error

the estimated power spectrumĈl
WW8 . To proceed analyti-

cally we make an additional assumption that Fourier tra
forms of quantitiesSP , EP , ST , andET are Gaussian distrib
uted. From simulations presented in@9# this seems to be a
good approximation on large scales, where a single lo
wavelength mode receives contribution from many alm
independent structures in real space and the central
theorem makes them almost Gaussian. In general, fromST ,
ET , SP , and EP we can construct ten estimators ofCl

kk ,
three for the temperature field, three for polarization, a
four for cross correlation. Under these assumptions we
tain the elements of the covariance matrices of the polar
tion and cross-correlation estimators:

Var~Ĉl
SASB!5

1

2l 11
@~4Cl

kk1Nl
SASB!21~4Cl

kk1Nl
SASA!

3~4Cl
kk1Nl

SBSB!#, ~23!

Var~Ĉl
EAEB!5

1

2l 11
@~4Cl

kk1Nl
EAEB!21~4Cl

kk1Nl
EAEA!

3~4Cl
kk1Nl

EBEB!#, ~24!

Var~Ĉl
BABB!5

1

2l 11
@~Nl

BABB!21Nl
BABANl

BBBB#, ~25!

Var~Ĉl
SAEB!5

1

2l 11
@~4Cl

kk1Nl
SAEB!21~4Cl

kk1Nl
SASA!

3~4Cl
kk1Nl

EBEB!#, ~26!
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Var~Ĉl
EASB!5

1

2l 11
@~4Cl

kk1Nl
EASB!21~4Cl

kk1Nl
EAEA!

3~4Cl
kk1Nl

SBSB!#, ~27!

Cov~Ĉl
SASB ,Ĉl

EAEB!5
1

2l 11
@~4Cl

kk1Nl
SAEB!2

1~4Cl
kk1Nl

SAEA!~4Cl
kk1Nl

SBEB!#,

~28!

Cov~Ĉl
SASB ,Ĉl

SAEB!5
1

2l 11
@~4Cl

kk1Nl
SASB!~4Cl

kk1Nl
SAEB!

1~4Cl
kk1Nl

SASA!~4Cl
kk1Nl

SBEB!#,

~29!

Cov~Ĉl
EAEB ,Ĉl

SAEB!5
1

2l 11
@~4Cl

kk1Nl
EAEB!~4Cl

kk1Nl
SAEB!

1~4Cl
kk1Nl

SAEA!~4Cl
kk1Nl

EBEB!#,

~30!

Cov~Ĉl
EASB ,Ĉl

SAEB!5
1

2l 11
@~4Cl

kk1Nl
EAEB!~4Cl

kk1Nl
SASB!

1~4Cl
kk1Nl

SAEA!~4Cl
kk1Nl

SBEB!#,

~31!

Cov~Ĉl
EASB ,Ĉl

SASB!5
1

2l 11
@~4Cl

kk1Nl
EASA!~4Cl

kk1Nl
SBSB!

1~4Cl
kk1Nl

EASB!~4Cl
kk1Nl

SASB!#,

~32!

Cov~Ĉl
EASB ,Ĉl

EAEB!5
1

2l 11
@~4Cl

kk1Nl
EAEB!~4Cl

kk1Nl
SBEA!

1~4Cl
kk1Nl

EAEA!~4Cl
kk1Nl

SBEB!#,

~33!

whereA andB stand forT or P again.
To assess the variance of the overall estimatorĈl

kk that is
a combination of three estimators in the case of polariza
and four in the case of cross correlation@Eq. ~17!# we treat
our variablesST , SP , ET , and EP as Gaussian. Using th
Fisher information matrix we can derive the desired va
ances@11#:

Fi j 5
1

2
TrFCov21~W,W8!

] Cov~W,W8!

]si

3Cov21~W,W8!
] Cov~W,W8!

]sj
G . ~34!
7-6
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The inverse of the Fisher matrix gives the covariance mat
The Fisher matrix is one dimensional and relevant deri
tives are taken with respect toCl

kk . We find the following

expression for variance of theĈl
kk estimator when we take

into account only polarization information
rg
c

re
om
oi
m
m
on
ro
-
r

al
an
m
on

i

04351
x.
-Var~Ĉl

kk!PP5
1

8~2l 11!

@Cl
SPSPCl

EPEP2~Cl
SPEP!2#2

@Cl
SPSP1Cl

EPEP22Cl
SPEP#2

. ~35!

Similarly, using the cross-correlation variables only the va
ance is
Var~Ĉl
kk!TP5

1

8~2l 11!

@Cl
STSTCl

ETET2~Cl
STET!2#@Cl

SPSPCl
EPEP2~Cl

SPEP!2#

@Cl
STST1Cl

ETET22Cl
STET#2@Cl

SPSP1Cl
EPEP22Cl

SPEP#2
, ~36!
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where we have dropped the cross-correlation termsCWTWP

which are much smaller than the diagonal terms in the la
scale limit. For an experiment such as the MAP or Plan
satellite we will haveNSPS P@NSTS T@NSTSP and the same
for other combinations ofST , ET , SP , EP , as can be seen
from the noise spectra in Fig. 4. Only for a significantly mo
sensitive detector will the three noise spectra become c
parable, in which case, as argued above, polarization n
power spectrum will become smaller than that of the te
perature. For this reason we provide separately the infor
tion from polarization and from temperature polarizati
cross correlation. In addition, the cosmic variance term p
portional to 4Cl

kk is also much smaller than the CMB intrin
sic noise contribution and can be dropped. The main sou
of errors is then the intrinsic CMB noise. In the large sc
limit NSPEP is more than an order of magnitude less th
NSPSP, NEPEP, or NBPBP that implies we can neglect that ter
in the covariances. These approximations lead to a diag
form of covariance matrices that can be written as

Var~Ĉl
kk!PP58~2l 11!F 1

~Cl
STST!2

1
1

~Cl
ETET!2

1
2

Cl
STSTCl

ETETG
~37!

Var~Ĉl
kk!TP58~2l 11!F 1

Cl
STSTCl

SPSP
1

1

Cl
ETETCl

EPEP

1
1

Cl
STSTCl

EPEP
1

1

Cl
ETETCl

SPSPG . ~38!

The minimum variance combination of these estimators
the large scale limit is for polarization

^4Ĉl
kk&5

1

9
~^Ĉl

SPSP&2Nl
SPSP!1

4

9
~^Ĉl

EPEP&2Nl
EPEP!

1
4

9
~^Ĉl

SPEP&2Nl
SPEP! ~39!

and for cross correlation
e
k

-
se
-
a-

-

ce
e

al

n

^4Ĉl
kk&5

1

9
~^Ĉl

STSP&2Nl
STSP!1

4

9
~^Ĉl

ETEP&2Nl
ETEP!

1
2

9
~^Ĉl

STEP&2Nl
STEP!1

2

9
~^Ĉl

ETSP&2Nl
ETSP!.

~40!

In the limit l→0 variances of these overall estimators can
written as

Var~4Ĉl
kk!PP5

2

9~2l 11!
~Nl

SPSP!2, ~41!

Var~4Ĉl
kk!TP5

1

9~2l 11!
Nl

STSTNl
SPSP .

~42!

These expressions show that ifNl
STST!Nl

SPSP then it will be
the cross correlation that will add most of the polarizati
information toCl

kk . This information increase will be sma
compared to the information obtained from the temperat
alone, but may still provide important independent confirm
tion. If Nl

STST;Nl
SPSP polarization provides as much infor

mation toCl
kk as temperature. In further considerations w

will use the complete expressions for respective varian
without the above approximations.

Another consequence of the intrinsic CMB fluctuations
that we cannot recover the convergence from the individ
structures, because the coherence length of CMB is too la
We will show that it is still possible to measure the conve
gence in a statistical sense, by averaging over many Fou
modes to extract the power spectrum. We will determine
signal-to-noise ratio for various detector sensitivities in t
following section.

III. CONVERGENCE FROM OBSERVATIONS

Before computing the expected signal-to-noise ratio
future missions we need to include the effect of detec
noise and angular resolution on extracting the converge
power spectrum. Both of these have been discussed in@9#
and the expressions derived there can be applied to pola
tion as well.

To quantify the influence of the detector beam on m
7-7
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sured Stokes parameters one introduces a filter func
F(u), which describes the detector beam filtering of the da
The Stokes parameters are convolved with this function

Xa~u!5E F~u2u8!Xa~u8!d2u8, ~43!

whereX stands for Stokes parametersQ or U. Using Eq.~2!
and Fourier decomposition Eq.~43! becomes

Xa~u!5
1

~2p!2E d2lF ~ l !Xa~ l!eil •u1
1

~2p!4

3E d2l E d2qF~ u l 1qu!Xb~ l !Fab~q!ei ( l 1q)•u.

~44!

In the presence of filterF(u) it follows from Eqs.~3! and
~44!

^SP~u!&CMB5
1

~2p!2E d2lF2~ l !l 2Cl
P̃P̃

3F12
1

~2p!2E d2q2k~q!WP~q!eiq•uG .

~45!

We introduced the window functionWP(q) to describe the
effect of the detector beam on the convergence. It has
form

WP~q!5

E d2lF~ l!F~ u l1qu!l 2Cl
P̃P̃

E d2lF 2~ l !l 2Cl
P̃P̃

. ~46!

We see thatWP(q)→1 for q→0 independently of the ex
plicit form of the filter. Thus for large scales we reconstru
the convergence power spectrum without beam degrada
More generally, the relation between the observables
underlying convergence is

^SP~ l!&CMB5^EP~ l!&CMB52k~ l!WP~ l !. ~47!

The window for Planck satellite in the case of polarizati
and temperature is shown in Fig. 3~a!. Just like in the case o
temperature@9# we remove small scale modes withl . l cut
where detector noise exceeds the primary signal~see below!.
At l;300 the beam already reduces the sensitivity by 50
Ten times more sensitive detectors would significantly
tend the range of sensitivity and would be able to meas
polarization spectrum up to approximatelyl'2000. The
window for such a detector is also shown in Fig. 3~a!.

In the presence of the beam smoothing, Eq.~17! is rewrit-
ten for polarization in the form

^Ĉl
WW8&CMB54WP

2 ~ l !Cl
kk1Nl

WW8 , ~48!
04351
n
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while for cross correlation its form is

^Ĉl
WW8&CMB54WT~ l !WP~ l !Cl

kk1Nl
WW8 . ~49!

Note that to assess the noise power spectrum we nee
measure the CMB polarization, temperature, and cross
relation spectrum first.

Detector noise affects the results through the increas
the CMB correlation length. The detector noise spectr
wP

21 is taken as a white noise in the considered range an
related to the pixel noise and its solid angle size throu
wP

215spixel
2 Vpixel and similarly for temperature. The Planc

satellite, for example, is expected to have the resolution
sFWHM50.12° and the noisewP

215(0.02)2 (mK)2. Indi-
vidual structures on small scales are dominated by noise
cannot be observed, hence cannot be used to reconstruct
vergence so it is best to remove them. We remove them
filtering the data on scale corresponding to the scale wh
noise and signal power spectra are equal, which in Fou
space defines some value forl cut . In fact, for the white noise
approximation the spectra have the form presented in
~21! which for polarization gives

FIG. 3. In the upper panel square of the window, the funct
for a few detector configurations using the optimall cut is shown. In
the lower panelNl

EPEP is shown as a function ofl cut using the white
noise approximation. Detector~A! is for the current Planck satellite
proposal. Increasing the detector sensitivity by another orde
magnitude, as could be achieved by a post-Planck generatio
CMB satellites, would bring the noise level close to the ideal ca
7-8
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Nl
EPEP52p

E
0

l cut
l 5dl~Cl

P̃P̃1wP
21el 2sb

2
!2

S E l 3dlCl
P̃P̃D 2 . ~50!

This can be used to determinel cut which minimizes the
noise, at least on large scales where the approximatio
valid. In Fig. 3~b! are shown a few examples of the detec
configurations as a function ofl cut . For nonzero detecto
noise the curves have minima inl cut above which noise in-
creases rapidly as expected. Smalll cut filters out real CMB
structure and increase the correlation length, thus increa
the level of noise. Oncel cut becomes too large the filterin
scale is too small and small scale power is dominated
noise. This does not have any information on the lens
signal and increases the overall noise level again. The o
mal value forl cut is found in between these two regimes a
agrees well with the value defined where the noise and si
power spectra in CMB are equal.

Figure 4 gives the expected temperature, polarization
cross-correlation noise spectra for the Planck satellite as
as the expected convergence power spectrum. The noi
always several times larger than the expected signal so
traction of Cl

kk is possible only in the statistical sense,
averaging over many mulipoles. In case of polarization
noise is about two orders of magnitude larger than the sig
This means that for the Planck satellite one would need
average over 23104 modes to obtainS/N;1. This is further
reduced by the effect of the window. A more accurate e
mate of expected signal-to-noise ratio can be obtained
combining the information from all multipoles and from th
optimal estimator@7#. This gives

S S

ND
AB

5S f sky(
l

WA
2~ l !WB

2~ l !^Ĉl
kk&2

Var~Ĉl
kk!

D 1/2

, ~51!

wheref sky is the fraction of the sky covered, here taken to
0.7. Results are shown in Fig. 5. For the Planck satellite
signal-to-noise ratio for polarization reaches only (S/N)PP
;1 when we take into account about 400 multipoles a
does not increase beyond that. So the detection of the
vergence by Planck satellite from the polarization measu
ments is not really possible, unless the signal in converge
is significantly higher than assumed here. The case of
cross correlation is more promising because of lower nois
temperature. Here we find it is possible to get (S/N)TP;5
from l ,400. More promising numbers are found if we i
crease the detector sensitivity by a factor of several, wh
could only be achieved from the next generation of CM
satellites dedicated to polarization. Improving the sensitiv
by a factor of 10 makesS/N from polarization comparable to
the one from temperature, while the cross correlationS/N
exceeds both and would provide most of the information

IV. CONCLUSIONS

We have analyzed the prospects of measuring the
jected dark matter power spectrum up toz;1100 from the
04351
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distortions induced in the CMB polarization. Any such me
surement would be extremely difficult both from the tem
perature and polarization because of the statistical natur
such a detection. On the other hand, it would provide a dir
detection of dark matter clustering on very large scales
high redshifts, possibly not attainable by any other meth
For this reason it is important that any such detection fr
temperature fluctuations, described in@9#, is independently
confirmed. Such a confirmation is possible with polarizatio
with which one would be provided in total with 10 powe
spectra of convergence, all of which have to agree w
each other.

FIG. 4. Noise power spectra for temperature~upper panel!, po-
larization ~middle panel!, and cross-correlation~lower panel! mea-
surements. All contain additional noise introduced by the Pla
detector.
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Because polarization is an order of magnitude sma
than temperature fluctuations its detection will be rather l
ited with the planned CMB experiments including Planc
The expected signal-to-noise ratio for convergence po
spectrum for the Planck satellite is around unity using po
ization information only, compared to 15–25 from tempe
ture. Cross correlation could be more promising and co
provideS/N;5 or a factor of 2 larger or smaller dependin
on the actual amount of power in convergence. The r
promise of this method lies in the contemplated post-Pla
experiments dedicated to polarization. Such an experim
would need to cover a significant fraction of the sky to me
sure the projected power spectrum on large scales. If
sensitivity of detectors is reduced by another order of m
nitude over the Planck satellite then measurement of the
matter power spectrum with polarization becomes very s
nificant and would extend the amount of information fro
temperature alone. It would also allow for many cross che
of the results to reduce the possible systematics.
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APPENDIX: CORRELATION FUNCTIONS FORMULAS

Here we present correlation functions of derivatives of
CMB temperature and polarization fields. Due to the ro

FIG. 5. The signal-to-noise ratio as a function of the maxim
multipole taken into account for temperature autocorrelation (T-T),
polarization autocorrelation (P-P), and cross correlation (T-P).
The detector configurations are the same as in Fig. 3. ForT-T we
usewT

2150.002m K and sFWHM50.12°.
04351
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tional invariance of the variablesST , SP , ET , EP , it is
enough to consider correlations between two directions se
rated byu along thex direction. During derivation of the
correlation functions we make use of the integral represe
tion of Bessel functions and the CMB spectra defined in@12#.
Weighted spectraCi(u) are defined as

Ci
ÃB̃5E l 3dl

2p
Cl

ÃB̃Ji~ lu!, ~A1!

whereÃ andB̃ stand forT̃ or P̃. Some calculations yield the
following correlation functions:

Cxx
QQ~u![^Q̃x~0!Q̃x~u!&CMB

5~2p!22E d2leil •u cosf l l 2cos2f lCl
P̃P̃cos22f l

5E ldl

2p
l 2Cl

P̃P̃ 1

4
@J0~ lu!23/2J2~ lu!1J4~ lu!

21/2J6~ lu!#[
1

4
@C0

P̃P̃~u!23/2C2
P̃P̃~u!1C4

P̃P̃~u!

21/2C6
P̃P̃~u!#, ~A2!

Cyy
QQ~u![^Q̃y~0!Q̃y~u!&CMB

5~2p!22E d2leil •u cosf l l 2sin2f lCl
P̃P̃cos22f l

5E ldl

2p
l 2Cl

P̃P̃ 1

4
@J0~ lu!13/2J2~ lu!1J4~ lu!

11/2J6~ lu!#

5
1

4
@C0

P̃P̃~u!13/2C2
P̃P̃~u!1C4

P̃P̃~u!11/2C6
P̃P̃~u!#,

Cxy
QQ~u![^Q̃x~0!Q̃y~u!&CMB

5~2p!22E d2leil •u cosf l l 2sinf lcosf lCl
P̃P̃cos22f l

50,

Cxx
UU~u![^Ũx~0!Ũx~u!&CMB

5~2p!22E d2leil •u cosf l l 2cos2f lCl
P̃P̃sin22f l

5E ldl

2p
l 2Cl

P̃P̃ 1

4
@J0~ lu!21/2J2~ lu!2J4~ lu!

11/2J6~ lu!#

5
1

4
@C0

P̃P̃~u!21/2C2
P̃P̃~u!2C4

P̃P̃~u!11/2C6
P̃P̃~u!#,
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Cyy
UU~u![^Ũy~0!Ũy~u!&CMB

5~2p!22E d2leil •u cosf l l 2sin2f lCl
P̃P̃sin22f l

5E ldl

2p
l 2Cl

P̃P̃ 1

4
@J0~ lu!11/2J2~ lu!2J4~ lu!

21/2J6~ lu!#

5
1

4
@C0

P̃P̃~u!11/2C2
P̃P̃~u!2C4

P̃P̃~u!21/2C6
P̃P̃~u!#,

Cxy
UU~u![^Ũx~0!Ũy~u!&CMB

5~2p!22E d2leil •u cosf l l 2sinf lcosf lCl
P̃P̃sin22f l

50,

Cxx
TQ~u![^T̃x~0!Q̃x~u!&CMB

5~2p!22E d2leil •u cosf l l 2cos2f lCl
T̃P̃cos 2f l

5E ldl

2p
l 2Cl

T̃P̃ 1

4
@J0~ lu!22J2~ lu!1J4~ lu!#

5
1

4
@C0

T̃P̃~u!22C2
T̃P̃~u!1C4

T̃P̃~u!#,

Cyy
TQ~u![^T̃y~0!Q̃y~u!&CMB

5~2p!22E d2leil •u cosf l l 2sin2f lCl
T̃P̃cos 2f l

52E ldl

2p
l 2Cl

T̃P̃1

4
@J0~ lu!12J2~ lu!1J4~ lu!#

52
1

4
@C0

T̃P̃~u!12C2
T̃P̃~u!1C4

T̃P̃~u!#,

Cxy
TQ~u![^T̃x~0!Q̃yu!&CMB

5~2p!22E d2leil •u cosf l l 2sinf lcosf lCl
T̃P̃cos 2f l

50,

Cxx
TU~u![^T̃x~0!Ũx~u!&CMB

5~2p!22E d2leil •u cosf l l 2cos2f lCl
T̃P̃sin 2f l

50,
04351
Cyy
TU~u![^T̃y~0!Ũy~u!&CMB

5~2p!22E d2leil •u cosf l l 2sin2f lCl
T̃P̃sin 2f l

50,

Cxy
TU~u![^T̃x~0!Ũy~u!&CMB

5~2p!22E d2leil •u cosf l l 2sinf lcosf lCl
T̃P̃sin 2f l

5E ldl

2p
l 2Cl

T̃P̃1

4
@J0~ lu!2J4~ lu!#

5
1

4
@C0

T̃P̃~u!2C4
T̃P̃~u!#,

Cxx
QU~u![^Q̃x~0!Ũx~u!&CMB

5~2p!22E d2leil •u cosf l l 2cos2f lCl
P̃P̃sin 2f l

3cos 2f l

50,

Cyy
QU~u![^Q̃y~0!Ũy~u!&CMB

5~2p!22E d2leil •u cosf l l 2sin2f lCl
P̃P̃sin 2f l

3cos 2f l

50,

Cxy
QU~u![^Q̃x~0!Ũy~u!&CMB

5~2p!22E d2leil •u cosf l l 2sinf lcosf lCl
P̃P̃sin 2f l

3cos 2f l

52E ldl

2p
l 2Cl

P̃P̃1

8
@J2~ lu!2J6~ lu!#

52
1

8
@C2

P̃P̃~u!2C6
P̃P̃~u!#.
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