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Electromagnetic wave tails on curved spacetime and their observational implications
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We calculate the tail term of the electromagnetic potential of a pulsed source in arbitrary bounded motion in
a weak gravitational field using a higher-order Green’s function approach and demonstrate that generally the
received radiation tail arrives after a time delay which represents geometrical backscattering by the central
gravitational source. We apply the results to a compact binary system and conclude that under certain condi-
tions the tail energy can be a noticeable fraction of the direct pulse energy.

PACS number~s!: 04.20.2q, 95.30.Sf
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It is known that the presence of gravitational fields mo
fies the character of electromagnetic radiation, the two p
cipal phenomena involved being redshift and backsca
While redshift is well understood, less attention has be
paid to backscattering, the effect of which is in most situ
tions negligible. However, in certain cases backscatte
can influence observations as it weakens and disperses
initial pulses. An electromagnetic~or gravitational! radiation
pulse from a source in the vicinity of a massive body is sp
and when reaching an asymptotic observer it is gener
received as two distinct pulses: one arriving along the dir
route and the other, called the tail contribution, being eff
tively scattered off by the central body@1–3#. In our opinion,
the delay effect of the wave tails may be of great importa
for the observational detection of the wave tails. Indeed
the case of a compact binary astrophysical system in wh
the source of electromagnetic radiation is a pulsar, the in
sity and the delay of the tail significantly depend on t
relative positions of the observer, the wave source and
source of gravitation. Comparing the profiles of the puls
emitted at different phases of rotation, it is possible to d
tinguish between the direct pulse and the tail~at least in
principle if the delay effect is minute!.

Recently the wave tails have come to be recognized
factors in the planned detection of the gravitational waves
forthcoming laser interferometric detectors@4–9#. It has also
been shown that the tails play an important role in the g
eration of gravitational waves by the orbital inspiral of
compact binary system@10–12#. The close relationship be
tween the generation of the wave tails and gravitational
cusing has been demonstrated in Ref.@13#.

To investigate the electromagnetic wave tails we cons
first the vector wave equation@14# Lu5f, which in local
coordinates can be written in a coordinate invariant form
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ªgab¹a¹buc2Racua5 f c, where gab and Rac are the

components of the metric and Ricci tensors. In order to
able to complete the construction of the solutionu, we re-
strict the solutions to a causal domainV#M ~see@15,16#!.
The inhomogeneous termf in general is a distribution, i.e
fPD81(V). Let the setsD6(y) denote the respective inter
ors of future and past light conesC6(y) with vertex aty and
let J6(y)ªD6(y)øC6(y).

The process of wave propagation on a curved space
being quite complicated, usually the wave equation is sol
in the weak-field and slow-motion limit using successive a
proximations. However, we have recently developed
method@17–20# for calculating the exact and approxima
solutions of scalar and tensor wave equations whose so
terms are arbitrary order multipoles. It is worthwhile to poi
out that, as distinct from most papers concerned with w
tails in which the source of the gravitational field is regard
as a point mass, within the framework of our approa
@17,18# the extention of the source of gravitation is finit
The last circumstance enables us to avoid the occurrence
non-physical singularity, the regularizing of which ma
bring on difficulties in the interpretation of the results.

Specifically, in the paper@18# we obtained a solution de
scribing 2m-pole radiation of a vector field, i.e. we calculate
the unique retarded exact solutionum

1 of the vector wave
equationLum

a 5rm
a with a multipole source term

rm
a
ª~21!mMm

I (m) j¹A(m)@gI (m)
A(m)~x,y!gj

a~x,y!d̄~x,j!#.
~1!

Here the Greek indexm determines the multipole order o
the solution,gj

a
„x,y(t)… and gI (m)

A(m)
„x,y(t)… are the parallel

transport propagators for a vector andm-order tensor, respec
tively. The multipole momentMm(t) is a tensor field of or-
derm11 on the worldlinej of the source of electromagneti
field, and is determined through the Dixon reduc
multipole moments Qm(t) ~see @21#! by Mm

I (m) j

ª2m(m11)21Qi m i 2 . . . i m21i 1 j , m>1. The line distribution
©2000 The American Physical Society01-1
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d̄(x,j) is defined by the following relation: (rm
a ,fa)

ª*jMm
I (m) j (t)f j ;I (m)„y(t)…dt with y(t)Pj. Herein the coor-

dinates of the points of the curvej are denoted byy(t),
where the parametert is the proper time along the worldlin
j of the source of electromagnetic radiation. As mention
the exact solutionum

1a5directum
1a1V m

a ~where directum
1a rep-

resents the direct wave andV m
a the wave tail! is given in Ref.

@18#. Here we assume thatMm(t)50 for t,t0 and write
explicitly only the tail part of the solution for;x
PJ1(j)\$j%, namely

V m
a 5

1

2pEt0

t(x)

Vj ;I (m)
a

„x,y~ t !…Mm
I (m) j~ t !dt, ~2!

where the bivectorV(x,y) is the tail term of the classica
Green’s function@see Eq.~21! in @18##, the retarded time
t(x) is a solution of the equations(x,y„t(x)…)50 such that
the future light coneC1

„y(t)… is determined by the equatio
t(x)5t, ands(x,y) denotes the world function. It follows
from the symmetry properties of Dixon’s momentsQm and
the uniqueness of the retarded solution of the wave equa
that the solutionum

1 satisfies the gauge condition¹aum
1a

50. Thus the quantityum
1 can be interpreted as the exa

retarded potential of the electromagnetic field.
We assume that the gravitational field is weak. So

expand geometrical quantities into a series around their
spacetime values, retaining only the first-order terms. As
expansions of the Ricci tensor and the tail term begin w
the first-order terms, in what follows we will use the symbo
Rab andV to mean first-order small quantities in the grav
tational constant.

On the basis of Refs.@16,22# we will prove, in an ex-
tended paper, that in the first-order approximation the
term of the fundamental solution can be written as

Va
i ~x,y!5

1

4p
ga

i Pb~x,y!¹b@s21~x,y!#1Fa
i ~x,y!,

~3!

Pb~x,y!5E
S(y)

gp
b~x,z!Gpq~z!dSq~z!,

where Gpq is the Einstein tensor anddSq(z) denotes a
3-surface element of the hypersurfaceS(y)
ªC1(y)ùJ2(x). The quantityFa

i (x,y), which will not be
explicitly used below, is nonzero only if the 2-dimension
surfaceS(y)ªC1(y)ùC2(x) intersects the source of grav
tation ~see Fig. 1!.

In order to draw Fig. 1 we have suppressed the time
mension and one space dimension. Thus all the image
Fig. 1 are obtained by projecting the Minkowski spacetim
onto a hypesurfacex05const, and then cutting the 3-spa
with x1x2. We have also made the following simplifyin
assumptions which are not used in our calculations:~i! the
gravitational source is spherical and static, and~ii ! the gravi-
tational and wave sources, and the observer, do not m
with respect to each other. The plane of the figure is de
mined by locations of the wave sourcey, of the observerx
and of the center~not pointed out on the figure! of the gravi-
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tational source. The surfaceS(y), which spreads with time
is the boundary of the ellipsoid of revolutionS(y), with foci
at the locations of the observerx and of the wave sourcey.
The ellipsesS1 and S2 are the intersections of the plane
the figure with the surfaceS(y) that, respectively, corre
spond to the instants of time at which a delta-like wave pu
emitted by the wave source reaches and passes the sour
gravitation. If the surfaceS(y) has not yet reached the grav
tational source, thenV50 and there is no wave tail. If the
surfaceS(y) has passed the gravitational source, the sou
will forever remain inside the region of integrationS(y),
while P(x,y)/8p5const will be the 4-momentum of th
gravitational source andFa

i (x,y)50. The shadowed areaK,
which includes the source of gravitational field, correspon
to the region where the tail wave field is predominantly ge
erated by gravitational focusing which deforms the dire
wave fronts@13#. Thus we have the following picture. Th
wave sourcey emits an instantaneous wave pulse. The dir
pulse propagates along the direct routeyx to the observerx,
after which there occurs a blackout before the arrival of
first tail contribution. The parts of the wave front whic
travel~along the routesl 1 , l 2, etc.! to the points of the region
K, scatter off~reflect! from there and then propagate~along
l 1* , l 2* , etc.! to x appearing to the observer as the tail wav

Among the astrophysical applications of great interes
the case in which the source of gravitation is spatially is
lated, i.e. suppRab,G̃, where G̃ is the world tube of the
gravitational field source. In what follows we will presum
that the worldlinej of the source of electromagnetic wave
remains outside the isolated gravitational source, wher
y(t0) and y(t1) are points on the worldlinej of the wave
source,t0 and t1 being, respectively, the proper time valu
when the source begins and terminates the emission. T
in the structure of the tail termV m

a there appear feature
similar to the case of the tail term of the fundamen
solution V. First, we divide the spacetime do
main J1

„y(t0)…\$j% into three subdomains:Eªˆxux
PJ1

„y(t0)…\$j%,S„y(t0)…ùG̃5B‰,E*ª$xuxPJ1
„y(t0)…\

$j%,C1
„y(t1)…ùG̃,S„y(t1)…,S„y(t1)…ùG̃5B% and Ẽ

ªˆxuxPJ1
„y(t0)…\$j%,x¹E,x¹E* ‰ with y(t)Pj. If x

PE, then for everytP„t0 ,t(x)… neither the hypersurface

FIG. 1. A schematic representation of the geometry of wave
generation on a spacelike planex1x2. Herey is the wave source,x
is the observer, the darker shadowed circular disk is the grav
tional source andK is the focusing region. The remaining comp
nents in the figure have been explained in the paragraph follow
the figure.
1-2
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S(y) nor the 2-surfaceS(y) intersect the world tubeG̃.
Hence it follows from Eq.~3! that Vj

a50, and consequently
V m

a 50, ;xPE. As EÞB, there exist points in space wher
the (fore)front of the wave is not simultaneously accom
nied by the wave tail, the latter appearing after some ti
delay ~see Fig. 2!.

To describe this effect in more detail, let us define t
quantity t0(x,z) as a solution of the following set o

equations:s(x,z)50, zPC2(x)ùG̃, s(z,y„t0(x,z)…)50,
y(t0)PC2(z). Further it is convenient to introduce th
maximal and minimal values of the time intervalt(x)
2t0(x,z) ~measured in the proper time of the wave sour!
for the fixed spacetime pointx, namely D1(x)ªt(x)
2max t0(x,z), D2(x)ªt(x)2min t0(x,z). The quantities
D1(x) and D2(x) can be given a simple interpretation b
taking into account that an instantaneous wave pulse em
by the wave source at maxt0(x,z) traveling at the speed o
light reaches the spacetime pointx exactly as if it would first
travel to the source of gravitation, reflect from there a
further travel to the spacetime pointx. In the case of
min t0(x,z) the reflection takes place precisely when t
above-mentioned wavepulse has passed the source of g
tation. To the domainẼ corresponds the interval„t0
1D1(x),t11D2(x)… of the retarded timet(x), and in order
to obtain the expression for the tail term in the domainẼ,
one must replace the upper limitt(x) in Eq. ~2! by
min „t(x)2D1(x),t1…. Hence, in comparison with the direc
pulse, the tail of the wave appears to the observer after a
delay D1(x). The particular caseD1(x).t12t0 is also of
interest. In it there occurs a time lapse of durationD(x)
between the end of the principal pulse„t(x)5t1… and the

FIG. 2. A diagram in Minkowski 2-spacetime: the doma

J1
„y(t0)… divided into subdomainsE, E* andẼ. The subdomainsE

and Ẽ are shadowed. The past light-coneC2( x̄) originating from

the pointx̄ is represented by the dotted lines. The bold-faced par
the future light-coneC1

„y(t0)… corresponds to the hypersurfac

S„y(t0)… with x5 x̄, and the boundary of the hyperplaneS„y(t0)…,

i.e., S„y(t0)… is seen as the two pointss. G̃ is the worldtube of the
source of gravitational field.j is the worldline of the wave sourc

which radiates during a finite proper time interval@ t0 ,t1#. j̃ is the

worldline of the observer. On the observer’s worldlinej̃ these in-
tervals are indicated in bold-face where the observer can in p
ciple see the direct pulse~the interval@a,b#) and the wave tail~the

semi-interval@c,`)). During the interval (b,c) on j̃ there occurs a
blackout between the direct pulse and the wave tail.
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appearance of the wave tail, withD(x)ªD1(x)2(t12t0).
Thus, instead of a single pulse, the observer would see
clearly separable pulses: the direct one and the wave ta.

To elucidate the introduced time intervals, let us in th
paragraph return to the example presented in Fig. 1. At
time y05t0 the wave source emits a delta-like pulse. T
evolution of the surfaceS(y) is characterized by the time
varying semi-majora and semi-minorb axes which depend
on the observer timex0 as a5(x02t0)/2 and b
5„s(x,y)…1/2/2. The ellipsesS1 ,S2 andS3 are the intersec-
tions of the plane of the figure with the surfaceS(y) at times
of observation x1

05t01uxW2yW u1D1 , x2
05t01uxW2yW u1D2

and x3
0.x2

0, respectively. HereuxW2yW u is the spatial separa
tion between the wave source and the observer. The obse
detects the direct pulse at the timex0

05t01uxW2yW u, the wave
tail begins to appear atx1

05t01 l 11 l 1* 5x0
01D1, and begin-

ning from the timex2
05t01 l 21 l 2* 5x0

01D2 the structure of
the wave tail is determined by Eq.~3! with Fa

i 50. The time

interval D15 l 11 l 1* 2uxW2yW u is evidently equal to the differ-
ence of the propagation times of two pulses from the wa
source to the observer: one arriving along the direct ro
and the other first traveling to the source of gravitation,
flecting from there and then reaching the observer.

In what follows we will examine the radiative part of th
electromagnetic wave tails for the case in which the sou
of gravitation is spatially isolated and the distance of t
source of waves from the source of gravitation is bound
On the assumption that the local partAa(x,t) of a wave
observable at infinity~or its zeroth-order radiative part! can
be approximated with sufficient accuracy by the superpo
tion of a finite number of multipole waves, it follows from
Eq. ~2! that the corresponding nonlocal radiative wav
propagation correctionEa(x,t) has the following form:

Ea~x,t!5E
t0

t(x)

cgb
i Ab~x,t !Vi

adt, ~4!

wherec(x,t)ª2ds„x,y(t)…/dt.
If Ab(x,t) is non-zero only during a finite time interva

t0,t,t1 and the worldline of the source of radiation lie
outside the world-tube of the source of gravitation, then
above-mentioned principal properties of the tail termV m

a of a
multipole solution are also valid for the radiative part of t
tail term Ea. Thus, for example, ift(x)<t01D1(x), then
Ea(x,t)50; and if t(x)>t11D2(x), then

Ea~x,t!5
1

4pEt0

t1s ;b„x,y~ t !…Pb

s„x,y~ t !…

d

dt
Aa~x,t !dt. ~5!

Let us emphasize that applicability of Eqs.~4!, ~5! does not
depend on whether the source of radiation actually emits
the pulsed mode or pulses of radiation are present at
location of an observer due to the kinematics of the radiat
system~e.g. the rotation of the directed radiation cone o
pulsar!.

For a source radiating in the pulsed mode the last form
enables us to predict, comparatively simply~on the basis of
the parameters of a recorded direct pulse and a presum

f

n-
1-3
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model of an astrophysical object!, the physical parameters o
the radiation tail and evaluate the possibilities of obser
tional detection of the tail. A matter of particular interest
the situation in whichD1(x).(t12t0), as in this case there
is a blackout during the time intervalD(x)5D1(x)2(t1
2t0) between the end of the direct pulse and the appeara
of the wave tail. This considerably simplifies the observat
methods for distinguishing the profile of the direct pul
from the general relativistic radiation tail originating fro
compact astrophysical binary systems. The relative inten
of the direct pulse and the wave tail, and the time de
~blackout! between them can yield essential additional inf
mation, independently of other methods, about the phys
characteristics of a binary~the distance between the compa
objects, the mass of the source of gravitation, the orienta
of the plane of the orbit with respect to the observer, etc!.

From Eq. ~5! it follows that the wave tail effect of the
astrophysical systems radiating in the pulsed mode is
dominantly caused by the low-frequency modes„v
&2p/(t12t0)… of the direct pulse.~Here the angular fre-
quency v is measured in the proper time of the wa
source.! The high-frequency waves reflecting from the spa
time curvature interfere and prevalently attenuate each o
in the expression of the tail. Also important, from the po
of view of observational detection, is the fact ensuing fro
Eq. ~4! that the intensity and the time delay of the tail
radiation from a pulsed source moving in a circular or
depend substantially on the position of the observer w
respect to the sources of waves and gravitation. By com
ing the profiles of the pulses emitted at different points of
orbit, one can distinguish in principle the contributions of t
direct pulse and the tail even if there is no considerable t
delay between the tail and the principal pulse. This circu
stance is significant because in the case of most astrop
cally realistic models the physical conditions necessary
the occurrence of a blackout between the direct pulse and
wave tail will considerably decrease the intensity of the t

Let us now turn to the magnitude of electromagnetic
diative energy arriving after the direct pulse has pass
t(x).t11D2(x). The tail term being a first-order sma
quantity, we can regard the spacetime as flat and
Minkowskian coordinates whose origin lies inside the wo
tube of the source of gravitation. We denote the distance
the observer from the origin of the coordinates byr, and the
position vectors of the pointsx andy in 3-space byxW andyW ,
respectively. The power radiated into the solid angledV can
be calculated as follows:

I ~t![
dP

dV
52

r 2

4p
E,0

a ~x,t!Ea,0~x,t!. ~6!

In the proper reference frame of the source of gravitatio
field we have

E,0
a 522ME

u(t0)

u(t1)@A,0
a
„x,t~x!…#t5t(u)

„u~t!2u…2
du, ~7!
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whereu(t)ªy0(t)2nW •yW (t), nWªxW /uxW u andM is the mass of
the source of gravitational field.

To get an idea of the magnitudes involved we construct
artificial example in which

A,0
a
„x,t~x!…ut5t(u)5

1

r
f a~q,w!Q„u2u~ t0!…Q„u~ t1!2u….

Here Q is the Heaviside distribution,q,w are the polar
angles of the observer’s position, andf a is an arbitrary vec-
tor function. From Eqs.~6!, ~7! we obtain an estimate of th
ratio of the intensity of the wave tailI „t11D2(x)… to the
intensity of the direct pulseI 0, namely

I „t11D2~x!…

I 0
5F 2M

D̃2~x!
G 2F T

T1D̃2~x!
G 2

, ~8!

whereTªu„t1…2u(t0) is the duration of the direct pulse i
the observer time, andD̃2ªu„t11D2(x)…2u(t1). We see
that if D̃2(x) is sufficiently small, i.e. of the order of 2M , the
intensity of the tail can be comparable with that of the dire
pulse. Evidently in this case we cannot confine ourselve
the first approximation but must instead go to higher a
proximations.

To illustrate the above estimate~8!, let us consider a wave
source rotating in a circular orbit~of radius r 0) around a
spherical source~of radiusr s) of gravitational field. The ori-
gin of the spatial coordinates is taken to coinci
with the center of the source of gravitation. Under t
conditions nW •yW (t1),0 and r 0@d1r s , where d

ªr 0A12„nW •yW (t1)/r 0…
2, it follows that D̃2(x)5(d

1r s)
2/2r 01O(M ). Hence, if r 0.r s

2/4M , then in case the
wave pulse is emitted in the region of the geometric shad
of the source of gravitation or in its vicinity, we hav
D̃2(x);2M , and according to the estimate~8! the intensity
of the tail can be of the same magnitude as the intensity
the primary pulse.

For the model under discussion it is also easy to find
ratio of the energyE transferred by the tail term@beginning
from the timet11D2(x)] to the energyE0 of the direct term,
namely

E
E0

5F 2M

D̃2~x!
G 2

FS D̃2~x!

T
D ,

F~r!ªr1
r2

r11
22r2ln

r11

r
.

It is interesting to note that the functionF(r) has a maxi-
mum at r'0.638. Therefore, for the given model, th
amount of energy transferred by the tail after the timet1
1D2(x) is maximal if the duration of the direct pulse isT
'1.57D̃2(x), and it is equal toE'0.119E0(2M )2/D̃2

2(x).
As the quantityF does not explicitly depend on the ma

of the gravitational source, then its value for any particu
case~as 0.119 for the present example! is primarily deter-
mined by the profile of the direct pulse and the spatial c
1-4
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figuration of the system consisting of the wave source, gra
tational source and the observer. Somewhat unexpecte
the outcome that the magnitude of the factor (2M /D̃2)2,
which characterizes the influence of the gravitational sou
can be of the order 1, even if the potential of the gravi
tional source is low everywhere, i.e. 2M!r s . This conclu-
sion can be understood on the basis of Ref.@13# where it is
shown that the tail field is predominantly generated by
direct field in those regions where gravitational focusing h
deformed the geometry of the direct wave fronts~see the
shadowed region in Fig. 1!. The deformation is characterize
by the focusing functiona( z̄,y). If the pointsz̄ andy lie on
a geodesic line which does not cross the gravitational sou
thena( z̄,y)50. If the distancer 0 of the wave source from
the gravitational source is much larger than the extensior s
of the latter, then for the rays originating in the wave sou
and passing through the gravitational source it is valida
;Mr 0 /r s

2 . In the case of our example the conditio

2M /D̃2'1 corresponds toa;1. Let us note that the las
effect is not revealed by the traditional methods based on
ra

le
in
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expansion in terms of spherical functions, as in this case
natural to choose the effective location of the wave sou
within the source of gravitation. Thus,D̃2'r s and a
;M /r s , that is, the intensity of the tail is proportional to th
square of the potential of the gravitational field on the s
face of the source of gravitation.

To sum up, we emphasize that in the case of comp
binary astrophysical objects the time interval~blackout! be-
tween the direct pulse and the tail caused by delay of the
may be observable, providing, independently of other me
ods, in terms of the relative intensity of the tail, essen
information about the characteristics of the physical syste
The intensity of the electromagnetic wave pulse emana
from the wave source within a compact binary in the vicin
of the geometric shadow of the source of gravitation can
of the same magnitude as the intensity of the direct pu
and the energy carried away by the tail can amount to 1
of the energy of the low-frequency modes of the direct pul
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