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Baryon octet magnetic moments in chiral perturbation theory:
More on the importance of the decuplet
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We address the impact of treating the decuplet of spin-3
2 baryons as an explicit degree of freedom in the

chiral expansion of the magnetic moments of the octet of spin-1
2 baryons. We carry out a complete calculation

of the octet moments toO(1/Lx
3), including decuplet contributions to the chiral loops. In contrast with results

of previous analyses, we find that inclusion of the decuplet preserves the convergence behavior of the chiral
expansion implied by power counting arguments.

PACS number~s!: 14.20.Dh, 11.30.Rd, 13.40.Em
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The application of heavy baryon chiral perturbati
theory (HBxPT) to low energy baryon properties ha
yielded considerable insight. For example, baryon mas
Compton scattering amplitudes, nucleon polarizabiliti
sigma terms, axial vector couplings, and hyperon dec
have all been investigated,@1#. To a large extent, a consiste
description based on chiral symmetry has emerged. The e
tromagnetic~EM! properties of baryons have also been stu
ied, with particular emphasis on the magnetic moments
the lowest-lying baryon octet@2–4#. In contrast with the situ-
ation with other baryon properties, the success of a HBxPT
description of these moments has been debated~for methods
for the baryon magnetic moments different than HBxPT see
Ref. @11# and references therein!. The point of controversy
has been whether the chiral expansion of the octet mom
behaves as one would naively expect, based on power co
ing arguments. Specifically, ifmB is a generic octet magneti
moment, one expects its chiral expansion to go schematic
as

mb5mB
(0)1mB

(1)S p

Lx
D1mB

(2)S p

Lx
D 2

1•••, ~1!

wheremB
(0) is the tree-level magnetic moment,p is of order

the pseudoscalar meson masses,Lx54p f p'1 GeV, and
themB

(n) , n.1, represent the long-distance~loop! and short-
distance~counterterm! corrections tomB

(0) at a given order.
To the extent that themB

(n) are all of a similar order of mag
nitude, the relative size of successive terms in the expan
of Eq. ~1! should decrease by the corresponding power
(p/Lx). Taking p;mK , for example, the expansion param
eter should be of ordermK /Lx;1/2.

The degree to which this behavior holds for the magne
moments has been debated, and various remedies have
proposed for the apparent deviation of the expansion fr
this expectation. These remedies include adjusting the siz
tree-level axial vector couplings to reduce the scale of k
loop contributions@2#, inclusion of 1/MN corrections and
higher-derivative terms@3#, explicit retention of the leading
analytic~in quark mass! loop contributions@3#, and inclusion
of the decuplet@4#. To date, noO(q4) calculation has in-
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cluded both octet and decuplet loop contributions as wel
the leading 1/MN corrections and two-derivative operator
In an attempt to resolve some of the controversy, we h
performed such a calculation. We find that when decuple
included as an explicit degree of freedom—along w
the leading 1/MN corrections and two-derivative contribu
tions — the magnetic moment expansion behaves accor
to naive power counting expectations@Eq. ~1!# without in-
cluding analytic loop contributions or adjusting the size
tree-level axial vector couplings.

Before discussing our calculation in detail, we review t
history of HBxPT magnetic moment analyses. Jenkins a
Manohar@6# note that due to the strength of the decupl
octet couplingC, and the small size of the mass splittingd
~relative to the intrinsic hadronic scale!, the contributions
from the decuplet should be larger than those from hig
baryon resonances and comparable to the octet contribu
In the case of the axial vector current@7# substantial cancel-
lations occur. It is then surprising that in theO(q4) magnetic
moment calculation of Ref.@2#, inclusion of the decuplet
does not produce appreciably better agreement with the
than the case where only the octet was included. The aut
of Ref. @2# argue that there is some evidence thatxPT over-
estimates the size of the kaon loops. They propose com
sating for this effect by using the smaller one-loop correc
axial vector couplings in the calculation rather than the tr
level values.

The study of Ref.@3#, however, suggests that the calcul
tion of @2# is incomplete. In particular, it neglects the 1/MN
corrections and the contributions of certain double derivat
operators, both of which occur atO(q4). The decuplet was
not included explicitly in the analysis of Ref.@3#. Its effect
was only considered in determining its contribution to so
low energy constants~LEC!. These LEC’s appear as cou
plings to operators of the form]mf]nf, wheref denotes
the Goldstone boson field, which contribute atO(q4). The
same LEC’s also receive contributions from the vector m
sons and higher lying resonances such as the Roper octe
expanding decuplet loop amplitudes in powers of 1/d, the
authors of Ref.@3# argue that the LEC’s in question conta
©2000 The American Physical Society10-1
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the leading order decuplet contribution. They conclude t
there is no need to employ smaller values for the axial c
plings or to include the decuplet explicitly. They also co
clude from their calculation that the chiral expansion co
verges as expected. We note, however, that Ref.@3# retains
contributions analytic in the quark mass which arise fro
loop contributions atO(q4).

The later analysis of Durand and Ha@4# re-examines the
analysis of Ref.@2#, and focuses mainly on the convergen
of the expansion. These authors argue that the decuplet
be included explicitly. They observe that the treatment
Ref. @3# requires the decuplet-octet mass splitting to be la
with respect to the momentum in the loop integrals, which
not the case. They conclude that since the mass splittin
approximately 300 MeV, the decuplet must be considered
‘‘light’’ and included explicitly. A similar observation ap-
pears in the work of Banerjeeet al. @8#. The authors of Ref.
@4# conclude that the chiral expansion for the magnetic m
ments of the octet is not convergent. However, they did
include all of the terms contributing atO(q4).

In what follows, we attempt to resolve this controvers
We do so by carrying out the complete analysis of the o
magnetic moment atO(q4) by including the decuplet explic
itly and the full set of 1/MN corrections. Our analysis i
similar in spirit to that of Ref.@3#, but differs in two respects
~a! the explicit inclusion of the decuplet, and~b! retention of
only non-analytic loop contributions.

To make our notation and conventions clear, we revi
some elements of the HBxPT formalism. In this formalism a
consistent chiral expansion of the baryon Lagrangian can
written in terms of the velocity-dependent octet and decu
fields:

Bv~x!5exp~ iM Bv” v•x!B~x!;
~2!

Tv
m~x!5exp~ iM Bv” v•x!Tm~x!,

hereB(x) and Tm(x) denote the baryon octet and decup
fields, respectively, andMB is the SU~3! invariant mass of
the octet. Defining the fields in this way eliminates ambig
ities in power counting that arise due to the introduction
another large mass scale in the theory, i.e., the octet mas@6#.

The leading order contributions to the magnetic mome
of the octet are calculated from tree level graphs with ve
ces from the Lagrangians~we use the notation of@5#!:

L15
e

Lx
emnrsvr

ˆb1Tr~B̄vSv
s$Q,Bv%!

1b2Tr~B̄vSv
s@Q,Bv# !‰Fmn. ~3!

Here we have introduced the covariant spin operatorSv
m

whose properties are discussed in Ref.@6#. We choose to
normalize in powers of 1/Lx (Lx54p f p'1 GeV!. In what
follows, we count in powers of 1/Lx rather than in powers o
q as is done in Ref.@3# @for instance, the conversio
O(q4)↔O(1/Lx

3) applies#.
One-loop corrections are generated using the vert

from the lowest order chiral Lagrangian for octet and d
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cuplet baryons which depends on the octet of pseudosc
mesonsP̃. Introducing the non-linear representation of t
mesons

j5ei P̃/ f p ~4!

S5j2 ~5!

and defining the vector and axial vector combinations

Vm[
1

2
~j†]mj1j]mj†! ~6!

Am[
i

2
~j†]mj2j]mj†!, ~7!

we write the lowest order Lagrangian~using the notation of
@2#!

L05 iTr~B̄vv•DBv!12DTr~B̄vSv
m$Am ,Bv%!

12FTr~B̄vSv
m@Am ,Bv# !2 i T̄v

m~v•D!Tvm

1dT̄v
mTvm1C~ T̄v

mAmBv1B̄vAmTvm!

12HT̄v
mSv

nAnTvm1
f p

2

4
Tr~]mS†]mS!. ~8!

Hered5MT2MB is the baryon octet-decuplet mass splittin
which arises due to the way we defined the velocity dep
dent fields. We useD5.75, F5.50 andC521.5 throughout
@3#. The value ofH is not needed here. Interactions due
the vector currentVm appear in the chiral covariant deriva
tives

DmB5]mB1@Vm ,B#

and

D nTi jk
m 5]nTi jk

m 1~Vn! i
lTl jk

m 1~Vn! j
l Tilk

m 1~Vn!k
l Ti j l

m

wherei , j ,k51,2,3 are SU~3! flavor indices.
The electromagnetic interaction is incorporated intoL0

via the substitutions

Vm→Vm1
1

2
ieAm~j†Qj1jQj†! ~9!

Am→Am2
1

2
eAm~j†Qj2jQj†! ~10!

and

]mS→]mS1
1

2
ieAm@Q,S#, ~11!

whereAm is the photon field. The full chiral structure of th
LagrangianL1 is given by the replacement

Q→ 1

2
~j†Qj1jQj†!. ~12!

For the magnetic moments toO(1/Lx
3) at one-loop there are

further contributions. First there are insertions of the lead
order moments into the loops as well as insertions of
decuplet magnetic moment and the octet-decuplet trans
moments. The decuplet magnetic moment operator can
written
0-2
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LT52 ie
m̃cqi

Lx
T̄v i

m Tv i
n Fmn , ~13!

whereqi is the charge of thei th member of the decuplet. Th
measured value of theV2 moment determinesm̃c51.20
60.14 ~in our normalization!. The octet-decuplet transitio
operator is given by~@2# and references therein!

LBT5 ie
m̃T

Lx
~e i jkQl

i B̄m
j Sv

mTnklm1e i jkQi
l T̄lkm

m Sv
nBj

m!Fmn ,

~14!

where i , j ,k,l ,m51,2,3 are flavor indices. Measured valu
for D→gN helicity amplitudes determinem̃T524.79
60.31 ~again in our normalization!.

There is an additional set of dimension five operat
which generates the double derivative operators mentio
above. They contribute to loops atO(1/Lx

3) @3# and are
given by

LMB5
4i

Lx
emnrsvr

ˆb9Tr~B̄vSv
sAm!Tr~AnBv!

1b10Tr~B̄vSv
s@Am,An#Bv!

1b11Tr~B̄vSv
s$Am,An%Bv!‰. ~15!

The loops derived from the operators listed above gen
ate O(1/Lx

2) and O(1/Lx
3) contributions. Additional contri-

butions ofO(1/Lx
2MN) are obtained from the 1/MN expan-

sion of the lowest order Lagrangian. Only the corrections
the baryon propagators contribute and are given by@9#

L1/MN
5

1

2MN
$Tr~B̄v†v•D,@v•D,Bv#‡!

2Tr~B̄v†D
m,@Dm ,Bv#‡!

1T̄v
m~D aDa2v•Dv•D!Tvm%. ~16!

Finally, along with the above couplings, the calculation
the magnetic moments requires the introduction of coun
terms which break chiral SU~3! symmetry atO(1/Lx

3):

FIG. 1. Loop diagrams contributing to magnetic moments
O(1/Lx

2). The single internal line denotes an intermediate oc
state while the double line denotes a decuplet state.
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Lx
emnrsvrFmn

ˆb3Tr~B̄vSv
s
†@Q,B#,M‡!

1b4Tr~B̄vSv
s$@Q,B#,M%!1b5Tr~B̄vSv

s@$Q,B%,M# !

1b6Tr~B̄vSv
s$@Q,B#,M%!1b7Tr~B̄vSv

sB!Tr~MQ!‰.

~17!

Chiral SU~3!-breaking is introduced through the strang
quark mass by the matrixM5B0msdiag(0,0,1), whereB0
carries dimensions of mass and is related to the scalar q
condensate. SinceM counts as two powers of the meso
mass it appears that our normalization for these symme
breaking terms is incorrect. This is not the case. It mig
seem more natural to write the coupling and normalization

B0msb̃i

Lx
3 ~ i 5327!

with the b̃i ’s of O(1). However, we avoid taking explicit
values forB0 andms by absorbing these and two powers
Lx into our couplings, thus writing

bi5
B0msb̃i

Lx
2

so that our normalization follows. With this choice, all th

t
t

FIG. 2. Loop diagrams contributing to the magnetic moments
O(1/Lx

3). The ‘‘3’’ denotesO(1/MN) vertex.
0-3
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tree graphs appearing in the calculation of the magnetic
ment appear to be ofO(1/Lx). However, they contribute a
different orders and now the couplings for the symme
breaking terms are no longer of natural size.

Using the above conventions, we compute the EM m
se

on

e-
d

ri-
te
ou

er
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netic moments toO(1/Lx
3) as generated by the tree-lev

operators of Eqs.~3!, ~17! and the non-analytic contribution
from the one-loop graphs of Figs. 1 and 2. Following a sim
lar notation to that of@4# we write the results for the mag
netic moments as
mB5S 2MN

Lx
D H aB1

p

Lx
(

X5p,K
„bB

(X)mX1b8B
(X)F~mX ,d,m!…

1
1

Lx
2 (

X5p,K,h
F XgB

(X)2lB
(X)aB1

5

2MN
S bB

(X)1
1

6
b8B

(X)D CmX
2 ln

mX
2

m2

1~ g̃B
(X)2l̃B

(X)aB!L (3/2)1ĝB
(X)L̂ (3/2)G J , ~18!

where

pF~m,d,m!52d ln
m2

m2 15 2Am22d2S p

2
2arctanF d

Am22d2G D , m>d,

22Ad22m2lnFd1Ad22m2

m G , m,d,

L (3/2)~m,d,m!5m2ln
m2

m2 12pdF~m,d,m!

~19!

L̂ (3/2)~m,d,m!5m2ln
m2

m2 1
2p

3d
G~m,d,m!

pG~m,d,m!52d3ln
m2

m2 1pm325 2~m22d2!3/2S p

2
2arctanF d

Am22d2G D , m>d,

2~d22m2!3/2lnFd1Ad22m2

m G , m,d.
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n-
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Here m is the scale of dimensional regularization who
value we take as 1 GeV in the following. The coefficientsaB

are the tree level contributions which are linear combinati
of the coupling constants appearing in Eq.~3! and Eq.~17!;
bB

(X) and b8B
(X) are the contributions from the meson on

loop graphs in Figs. 1~a! containing intermediate octet an

decuplet states, respectively;gB
(X) , g̃B

(X) andĝB
(X) are the con-

tributions from the graphs in Figs. 1~b!,~c!,~d!, respectively;

lB
(X) and l̃B

(X) are the wave function renormalization cont
butions, again with octet and decuplet intermediate sta
respectively. Because of our choice of normalizations,
coefficients appear different from those given in@2#, @3# and
@4# so we list them all in the Appendix. They are, howev
s

s,
r

,

in complete agreement with those references including
corrections noted in@4# and the Erratum to@2#.

We turn now to a determination of the low-energy co
stantsb6 , andbi , i 53, . . . ,7. It isinstructive to consider
the evolution of these constants as the chiral expansio
carried out to successively higher orders and as decuple
termediate states are included. For the magnetic momen
O(1/Lx) and O(1/Lx

2), we perform an unweighted leas
squares fit of the leading order constantsb6 using the seven
well-measured octet magnetic moments~we exclude the
mS0). At O(1/Lx

3), there appear the five additional symmet
breaking constants plus the unknown constantsb92b11.
Since there exist more unknown constants at this order t
measured octet magnetic moments, it is not possible to fi
0-4
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of the constants to data. Some model input is required
order to reduce the number of fit parameters. We there
follow the same procedure as Ref.@3# by using resonance
saturation to determineb92b11. The details can be found in
that reference. We note, however, that in the cases wher
add the decuplet as an explicit degree of freedom, we do
include its contribution to these couplings. We chose to le
the symmetry breaking constants as fit parameters and
the seven well-measured moments to obtainb6 , b3 . . . b7.
The values of thebi are given in Table I, for two scenarios
~O!—only the octet loop corrections included at a given
der, and~O1D!—both octet and decuplet loop effects i
cluded. A measure of the quality of the fits is given in Tab
II, where the magnetic moments predicted at a given or
are compared with the experimental values~final two col-
umns!. At O(1/Lx

3) only theS02L transition moment is a
prediction.

As observed in previous analyses, atO(1/Lx
2) the fit with-

out the decuplet (x250.377) is better than the one where
is included (x250.651). Evidently, truncation of the chira
expansion atO(1/Lx

2) is not sufficient in this case. A
O(1/Lx

3), the fits are exact~modulo the model for
b9 . . . b11) and it is difficult to see the effect of the decuple
To gain some insight we examine the contribution from ea
order individually. As an example we consider the magne

TABLE I. Couplings for leading order and symmetry breakin
magnetic moment counterterms at each order, with and with
including the decuplet intermediate states in loops. ‘‘O’’ and ‘‘D
denote octet and decuplet respectively.

O(1/Lx) O(1/Lx
2) O(1/Lx

3)
CT O O1D O O1D

b1 1.490 2.999 3.606 1.994 2.989
b2 1.098 2.194 2.194 1.368 1.924
b3 2 2 2 20.297 20.327
b4 2 2 2 0.277 20.159
b5 2 2 2 20.086 0.124
b6 2 2 2 0.576 0.171
b7 2 2 2 20.952 21.166

TABLE II. Calculated values of the magnetic moments using
values of the counterterm couplings.‘‘O’’ and ‘‘D’’ denote oct
and decuplet respectively.

O(1/Lx) O(1/Lx
2) O(1/Lx

3)
mFit O O1D O O1D

p 2.564 2.890 3.051 2.793 2.793
n 21.597 22.360 22.437 21.913 21.913
J2 20.967 20.585 20.547 20.651 20.651
J0 21.597 20.933 20.887 21.250 21.250
S1 2.564 2.287 2.141 2.458 2.458
S2 20.967 21.298 21.321 21.160 21.160
L 20.799 20.494 20.410 20.613 20.613
S0L 1.383 1.617 1.6827 1.520 1.491
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moment of the proton. In the case where only intermedi
octet states are considered the magnetic moment br
down as follows:

mp53.268~12.6871.541!52.791. ~20!

Here we have normalized to the tree level moment, wh
arises atO(1/Lx). The second and third terms in parenthes
correspond to theO(1/Lx

2) andO(1/Lx
3) corrections, respec

tively. We see that the contribution from theO(1/Lx
3) terms

are as large as those contributing atO(1/Lx
2). In the case

where the decuplet is included we obtain

mp54.695~12.5131.108!52.793. ~21!

Here we see the effect of the decuplet. Naively, one wo
expect the corrections to scale as (p/Lx) and (p/Lx)2, re-
spectively, relative to the tree-level contribution. Takingp
5mK , then one expects the various orders to contribute
1:1/2:1/4 or as 1:1/3:1/9 usingp5d. Clearly, this pattern
does not obtain in the case of the octet only calculation,
does in the octet1decuplet case. We find a similar conclu
sion for each octet magnetic moment:

mp54.695~12.5131.108!52.793

mn523.204~12.4461.043!521.913

mJ2521.491~12.7031.141!520.653

mJ0523.204~12.9291.319!521.250

mS154.695~12.7071.230!52.450

mS2521.491~12.1842.039!521.160

mL521.601~12.9501.332!520.613

mS0L52.775~12.6001.138!521.491.

Apart from a few exceptions (mL ,mJ0 at O(1/Lx
2), the chi-

ral expansion seems to converge as expected when
O(1/MB) corrections and the decuplet are included exp
itly. The result in Eq.~21! should be compared to that of Re
@3#:

mp54.48~12.491.11!52.79. ~22!

Equations~21! and ~22! are essentially identical, so w
must make some comment on how they differ. Equation~20!
is the result of a calculation similar to the one made in R
@3# to obtain Eq.~22!. They are different only in that we
include only the non-analytic contributions from loops.
Ref. @3# some of the loops appearing atO(1/Lx

3) have the
analytic structure

const3S mX
2 ln

mX
2

m2 2mX
2 D

ut

t

0-5
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whereX5p,K. Evidently, the inclusion of the analytic piec
cancels a significant portion of the non-analytic one. To
specific, for the pions the cancellation is about 25% and
kaons it is greater than 70%. Since the analytic piece o
loop ~or any portion of it! can be absorbed into the counte
terms, the prescription for retaining it explicitly is ambig
ous. It is satisfying to see that we can obtain the expec
behavior of the expansion without resorting to this pro
dure.

To exhibit the importance of including the 1/MN correc-
tions and the contribution from the double derivative ter
we compare Eq.~21! to the result of Ref.@4#

mp53.668~12.6511.412!52.791. ~23!

Here again the contribution from theO(1/Lx
3) terms is a

larger fraction of those fromO(1/Lx
2) than expected.

In summary we have re-examined the calculation of
magnetic moments for the octet of spin-1

2 baryons to
O(1/Lx

3) in HBxPT. We have included all terms which con
tribute to this order. The decuplet of spin-3

2 was included as
an explicit degree of freedom and its contribution to the oc
magnetic moments evaluated. Our analysis indicates tha
cluding the decuplet is necessary to insure the correct siz
the contributions from succeeding orders in the chiral exp
sion. Only the non-analytic contributions of loops were
tained so we avoid the ambiguities involved in including a
analytic pieces. We also find no need to take smaller va
for the axial couplings. Thus, it appears that a well-behav
consistent chiral expansion of the octet baryon magnetic
ments is attainable atO(q4).1 This result should put the
baryon magnetic moments on the same chiral footing
other low-energy baryon properties.

We would like to thank Martin Savage and Thomas He
mert for useful discussions. We would also like to thank
Institute for Nuclear Theory for their hospitality. This wor
was supported in part under U.S. Department of Energy c
tract No. DE-FG06-90ER40561 and DE-AC05-84ER401
and the National Science Foundation Young Investiga
program.

APPENDIX

Here we tabulate the coeffcients appearing in the exp
sions for the magnetic moments.

1In this respect we also mention here the analysis of Ref.@10#.
The authors of that Ref.@10# develop a regularization scheme
which a momentum cutoff is introduced to suppress short-dista
contributions to the Feynman integrals. It appears that this pro
dure may improve the convergence of the chiral expansion for
magnetic moments while respecting the chiral symmetry.
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