
PHYSICAL REVIEW D, VOLUME 62, 034004
Quarkonium momentum distributions in photoproduction and B decay
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According to our present understanding manyJ/c production processes proceed through a coloredcc̄ state
followed by the emission of soft particles in the quarkonium rest frame. The kinematic effect of soft particle
emission is usually a higher-order effect in the non-relativistic expansion, but becomes important near the
kinematic end point of quarkonium energy~momentum! distributions. In an intermediate region a systematic
resummation of the non-relativistic expansion leads to the introduction of so-called ‘‘shape functions.’’ In this
paper we provide an implementation of the kinematic effect of soft gluon emission which is consistent with the
non-relativistic shape function formalism in the region where it is applicable and which models the extreme
end point region. We then apply the model to photoproduction ofJ/c andJ/c production inB meson decay.
A satisfactory description ofB decay data is obtained. For inelastic charmonium photoproduction we conclude
that a sensible comparison of theory with data requires a transverse momentum cut larger than the currently
used 1 GeV.

PACS number~s!: 13.85.Ni, 14.40.Gx
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I. INTRODUCTION

Inclusive charmonium production processes can be
pressed in a factorized form, combining a short-distance
pansion with the use of a non-relativistic QCD~NRQCD!
Lagrangian@1#. The short-distance expansion works best
total production cross sections, provided the expansion
rameterv2 ~of order of the typical velocity squared of th
quarks in the bound state! is small enough. It follows that
contrary to prior belief, many charmonium production pr
cesses such as production in hadron-hadron collision
large transverse momentum@2# and at fixed target@3#, and in
B meson decay@4–7#, are actually dominated by productio

of a coloredcc̄ state, followed by a long-distance transitio
to charmonium and light hadrons@8#.

The theoretical prediction of charmonium energy distrib
tions is more delicate. A long-standing problem for t
NRQCD factorization approach concerns thez distribution in
inelastic J/c photoproduction, wherez5EJ/c /Eg is the
quarkonium energy fraction in the proton rest frame. T
color octet contributions to this quantity grow rapidly ne
z51 @9,6#, in conflict with observation@10#, unless the
NRQCD matrix elements that normalize the color octet c
tribution are made rather small.1

One of the physical origins of this discrepancy is as f

1There may be other difficulties for the NRQCD factorization a
proach, which we do not discuss in this paper. For a long tim
transverse polarization ofJ/c produced in hadron-hadron collision
at large transverse momentum@11–13# has been regarded as th
crucial test of the theoretical framework. If recent indications fro
the Collider Detector at Fermilab~CDF! of no polarization@14# are
confirmed by higher statistics data, this may indicate a prob
with factorization, as suggested in@15#, or it may imply large spin-
symmetry violating corrections.
0556-2821/2000/62~3!/034004~22!/$15.00 62 0340
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lows: the fragmentation of the coloredcc̄ state intoJ/c oc-
curs via the emission of gluons with small momentum fra
tions of orderv2. Because the momentum of these gluons
small compared to the momenta involved in the hard subp

cess that creates thecc̄ state, it is neglected in leading orde
in the short-distance expansion~in v2); the fragmentation
into J/c is described by a single number~the ‘‘NRQCD
matrix element’’!. This is adequate for total production cro
sections, but it is not for distributions in the kinematic r
gion, where the charmonium carries nearly maximal ener
In this region, theJ/c energy distribution is evidently sens
tive to the energy distribution of the soft emitted gluons.
particular, we expect that theJ/c energy distribution should
fall to zero, rather than grow, near the point of maxim
energy, if theJ/c is produced via a color octet state, sin
the emission of gluons with momentum much smaller th
their typical one is rather unlikely.

The inadequacy of a leading-order treatment of the sh
distance expansion, and the necessity to account for the
nematics of soft gluon emission, is even more evident
J/c production inB meson decay. The leading order pa
tonic short-distance processb→(cc̄)q results in cc̄ pairs
with fixed ~maximal! energy, in stark contrast to the broa
energy distribution observed@16#. The broad energy distri-
bution of multi-body final states has to be attributed to s
gluon emission and to the Fermi motion of theb quark in the
B meson.

Technically speaking, the velocity expansion of the sho
distance process breaks down near the kinematic endpoi
maximal charmonium energy@17,18#, because higher-orde
terms in the small parameterv2 are compensated by invers
powers of small kinematic invariants. Such a breakdown
the short-distance expansion is not specific to quarkon
production in the NRQCD approach, but occurs quite gen
ally for inclusive processes, for example in deep-inelas
scattering as Bjorkenx→1 or in semi-leptonic or radiativeB

-
,
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decays@19#. When the quarkonium carries a fraction (
2e) of its maximal energy, wheree is small, the inclusive-
ness of the process is restricted by the small phase spac
for the emission of further particles. The process is then a
sensitive to the fact that the physical phase space is lim
by hadron kinematics, while the calculation of short-distan
coefficients is carried out in terms of partons. The sho
distance expansion reacts to this non-inclusiveness by ex
iting terms of order (v2/e)k. In some cases one can sum t
leading terms inv2/e to all orders and express the quark
nium production cross section as a convolution of a n
perturbative ‘‘shape function’’ with a partonic cross sectio
The shape function leads to a smearing of the energy s
trum. The shape function formalism is analogous to a lead
twist approximation, and is appropriate fore;v2. In this
intermediate region the framework of the NRQCD factoriz
tion approach is still valid, reorganized by a partial resu
mation of the velocity expansion. However, in the extre
endpoint region,e!v2, the twist expansion also break
down.

The leading twist expressions for several energy distri
tions have been derived in@18#. But since the shape functio
is non-perturbative and essentially unknown, no quantita
analysis has been performed. It is the aim of this pape
explore the kinematic effect of soft gluons in the fragmen
tion of a coloredcc̄ pair quantitatively. In particular, we wil
be interested in the question whether folding the sh
distance cross section with a shape function can indeed
count for the observedz distribution inJ/c photoproduction.
The emission of soft gluons with energy of ordermcv

2 in the
quarkonium rest frame cannot be computed perturbativ
and we have to model it. Our ansatz for the soft gluon rad
tion function will be guided by simplicity. The importan
feature of the model is that it incorporates the kinematics
soft gluon radiation together with reasonable assumption
the typical energy scales involved. The ansatz bears s
similarities with Fermi motion smearing@20# and, in
particular, the Altarelli-Cabibbo-Corbo-Maiani-Martinel
~ACCMM! model @21# for semileptonicB decays. Since the
precise form of the energy distribution near the end po
depends on the ansatz for the shape function, our result
not constitute theoretical predictions. However, as we s
see, a satisfactory description ofB decay data can indeed b
obtained with a reasonable ansatz for the shape functio
further cross check is provided by applying the same sh
function to theJ/c energy distribution in photoproduction
This, however, turns out to be more problematic.

The paper is divided as follows: Section II is ‘‘theore
cal.’’ We define the model and derive the equation that
scribes the convolution of the short-distance process with
shape function for a general production process. We a
show that the model is equivalent to a specific form of
NRQCD shape function in the region where a leading tw
approximation is valid. To illustrate the formalism, we co
sider the limitmcv

2@LQCD, in which charmonium is a Cou
lomb bound state. We rederive NRQCD factorization for t
specific case and compute the shape function in this lim

The ansatz for the non-perturbative shape function
pends on a few model parameters. In Sec. III we apply
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model to theJ/c momentum distribution inB→J/c1X and
tune the parameters of the model to the observed momen
distribution. In Sec. IV the more complicated~and more in-
teresting! case of inelastic photoproduction is considered.

II. SHAPE FUNCTION MODEL

In this section we derive the general expression for
smeared quarkonium energy distributions on which the
plications toB decay and photoproduction will be based. T
motivate our approach and to make more explicit cont
with the formalism of@1,18#, we begin by considering the
production amplitude for quarkonium in the Coulomb lim
and with emission of a single soft gluon, before generaliz
the expressions to the case of interest. In the last subse
we return to the Coulomb limit and compute the shape fu
tion in this limit. This provides us with an idea of the form o
the shape function in a controlled, although unrealistic lim

A. Factorization and the shape function in the Coulomb limit

Inclusive charmonium production proceeds in two stag
@1#: first a pair of nearly on-shell and co-moving char
quarks is created in a hard process in which typical mome
are of order 2mc ~or larger, if there is another hard scale! in
the charmonium rest frame. The nearly on-shellcc̄ state then
fragments into charmonium via emission of soft partic
with energy and momentum of ordermcv

2 in the charmo-
nium rest frame.2 Schematically, the differential cross se
tion is expressed in the factorized form

~2p!32pR
0 ds

d3pR

5flux3E dPS@pi ,kj #~2p!4

3dS pR1(
j

kj1(
i

pi2PinD
3H~Pin ,P,l 1 ,l 2 ,pi !S~pR ,P,l 1 ,l 2 ,kj !,

~2.1!

wheredPS@pi ,kj # denotes the phase space measure for
sets of hard (pi) and soft (kj ) particle momenta andH andS
refer to the hard and soft parts of the amplitude squar
respectively. See Fig. 1 for a graphical representation
further explanation of notation.3

To define the hard and soft parts in Eq.~2.1! accurately,
we use the amplitude for the processgg→J/cgg, relevant

2The energy scale for these particles is set by the small velociv
that characterizes the non-relativistic charmonium bound state

the typical virtuality (mcv)2 of the nearly on-shellc and c̄ quark.
See also the discussion below.

3In an abuse of notation, in the figureH andSrefer to the hard and
soft part of the amplitude, rather than the amplitude squared.
nearly on-shell heavy quark propagators that connect the hard
soft part in the figure should be considered as part ofS. See below.
4-2
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to inelastic photoproduction, as an example. It is also instr
tive to take the limitmcv

2@LQCD, wherev is now of order
as(mcv) and LQCD is the strong interaction scale. We ca
this the Coulomb limit, because the charmonium bound s
is perturbatively calculable in this limit and the domina
binding is through the Coulomb force. The Coulomb limit
much stronger than the non-relativistic limit. While charm
nium and bottomonium are non-relativistic (v2!1), they are
not Coulombic (mcv

2;LQCD) in reality. In particular, the
NRQCD matrix elements, which are usually taken as n
perturbative parameters, can be perturbatively calculate
the Coulomb limit, up to corrections suppressed by pow
of LQCD/(mcv

2).
A particular contribution to thegg→J/cgg amplitude is

shown in Fig. 2. The corresponding squared amplitude is
sum of terms where both gluons are hard or both gluons
soft or one of them is hard and the other is soft. The hard-
term is the most interesting one for inelastic photoproduct
through the color octet mechanism and we focus on it fi
The other two terms will be briefly discussed later.

Suppose the gluon with momentumpX in Fig. 2 is hard
and the gluon with momentumk is soft. On-shell soft gluons
in NRQCD can have energy of ordermcv and mcv

2 @22#
~called ‘‘soft’’ and ‘‘ultrasoft,’’ respectively, in@22#!. How-
ever, gluons with energy of ordermcv cannot be radiated
over the time scale 1/(mcv

2) and do not appear as final sta
particles in the scattering amplitude.4 Consequently, the scal
of k is mcv

2. This is important, because this will set the sca
for the energy of soft gluon emission in our model para
etrization later.

In Fig. 2 we included~dashed lines! the instantaneous
exchange of~Coulomb! gluons with energy of ordermcv

2

and momentum of ordermcv. If this exchange occurs be
tween nearly on-shell heavy quark propagators with o
shellness of ordermcv

2, it is not suppressed by the sma

4More technically, because the interaction with a gluon with e
ergy of ordermcv sends the heavy quark propagator off shell
subgraph with energy and momentum of ordermcv in the ampli-

tude squared has nocc̄1ng cut, as would be required for a non
zero contribution to thegg→J/cgg amplitude. Rather such a sub
graph can be expanded into a series of instantaneous interac
which contribute to the potential between the heavy quarks.

FIG. 1. Diagrammatic representation of the amplitude that le
to Eq. ~2.1!.
03400
c-

te

-

-
in

rs

e
re
ft
n
t.

-

-

coupling constant, because the total contribution from e
gluon is of orderas(mcv)/v;1. However, if one of the
heavy quark propagators is far off shell, Coulomb exchan
represents an ordinary higher-order correction to the am
tude. Hence we can neglect gluon exchange to the left of
gluon with momentumpX . The gluon ladder ‘‘between’’ the
emission of the gluons with momentumpX and k, respec-
tively, cannot be neglected, but it is summed into the C
lomb Green functionGc(p,p8;E), the Green function for the
Schrödinger equation with the~leading order! Coulomb po-
tential. The Green function is related to the quark-antiqu
scattering amplitude for a quark-antiquark pair with~small!
relative three momentum 2p into a quark-antiquark pair with
~small! relative three momentum 2p8 with total non-
relativistic energyE. Likewise the gluon ladder to the righ
of the gluon with momentumk is summed and contained i
the bound state wave function. For a3S1 state, such asJ/c,
the bound state wave function in the bound state rest fram
given by

C~pR ,l;p!5A2MR

dab

ANc

e i~l!sab
i

A2
c~p!, ~2.2!

where

c~p!5
8Apg5/2

~p21g2!2
~2.3!

and g5mcCFas/2. MR is the quarkonium mass,dab refers
to color @with Nc53 the number of colors andCF5(Nc

2

21)/(2Nc)], s i is a Pauli matrix ande i(l) the polarization
vector of the quarkonium.

With these remarks one of the two~symmetric! hard-soft
contributions to the amplitude can be written as

A~gg→J/cgg!

5E d3q

~2p!3

d3p

~2p!3
Â~gg→cc̄g!

3 iGc„q,p1k/2;E~pR1k!…V~k;p!C~pR ,l;p!,

~2.4!

-

ns,

s
FIG. 2. A contribution to thegg→J/cgg amplitude discussed

in the text.
4-3
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whereV(k;p) refers to the vertex at which the soft gluon
emitted andÂ(gg→cc̄g) denotes the hard sub-amplitud
with the on-shell spinors for its external heavy quark lin
with momentumP/21 l 1 andP/21 l 2 removed. We also in-
troduced the vectorP, defined asP5(2mc ,0) in theJ/c rest
frame, the relative momentumq5( l 12 l 2)/2 andE(pR1k)
5pR

01k022mc52mc(CFas)
2/41k0. The binding energy

at leading order has to be kept in the last expression, bec
it is of the same order ask0. For later use we define
l 5 l 11 l 2, the vector that describes the motion of thecc̄ pair
in the J/c rest frame. Note the kinematic relationP1 l
5pR1k.

The amplitude is not yet in a factorized form, because
y-

en

-
or
t
t

03400
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hard sub-amplitude still depends onq and l and its spin and
color indices are entangled with those of the remaining p
of the amplitude. As described in@1#, we can perform a spin
and color decomposition that disentangles the two parts
the amplitude. We then expand the hard sub-amplitude in
small momentumq, which amounts to an expansion in d
rivative operators and a decomposition in orbital angular m
mentum. As a matter of principle, we could also expand
hard sub-amplitude inl. However, since it isl that occurs in
the phase space constraint and that is related to the term
the short-distance expansion, which we intend to sum to
orders, we do not perform this expansion. The spin and c
decomposition, and the expansion in relative momentumq,
results in the following expansion of the amplitude squar
uA~gg→J/cgg!u25(
n

Prn@Â~gg→cc̄g!#Prn8@Â~gg→cc̄g!!#

3E d3q

~2p!3

d3p

~2p!3
tr@Gn~q!iGc„q,p1k/2;E~pR1k!…V~k;p!C~pR ,l;p!#

3E d3q̂

~2p!3

d3p̂

~2p!3
tr@Gn8~ q̂!iGc„q̂,p̂1k/2;E~pR1k!…V~k;p̂!C~pR ,l;p̂!#!. ~2.5!
.

HereGn(q) is a matrix in spin and color indices and a pol
nomial in q. The operator Prn is also a matrix in spinor and
color indices and extracts the appropriate Taylor coeffici
of expansion ofÂ(gg→cc̄g) in q. The quantity Prn@Â(gg

→cc̄g)# is q independent, but still depends onl. In conven-
tional NRQCD terms, the sum overn corresponds to inter
mediatecc̄ pairs in different angular momentum and col
states, and also to higher dimension operators in each in
mediate channel. The previous equation can be written as
product of a hard and soft part,
t

er-
he

uA~gg→J/cgg!u25(
n

Hn~Pin ,P,l ,pX!Sn~pR ,P,k!,

~2.6!

where the soft partSn is given by the last two lines of Eq
~2.5!. Hn andSn are still coupled through the relationP1 l
5pR1k, so we introduce 15*d4ld(pR1k2P2 l ). Adding
the phase space integration overpX and k, we recover the
differential cross section in a form similar to Eq.~2.1!:
e to
~2p!32pR
0 ds

d3pR

[(
n
E d4l

~2p!4
ŝ~cc̄@n# !~ l !Fn~ l !

5(
n
E d4l

~2p!4
3flux3E dPS@pX#~2p!4d~P1 l 1pX2Pin!

3Hn~Pin ,P,l ,pX!E dPS@k#~2p!4d~pR1k2P2 l !Sn~pR ,P,k!, ~2.7!

whereŝ(cc̄@n#)( l ) refers to the short-distance part andFn( l ) to the soft part. The expansion in local operators appropriat
integrated cross sections@1# is recovered after expansion ofHn(Pin ,P,l ,pX) in l. In leading order, we then identify

E dPS@k#Sn~pR ,P,k! ~2.8!

with the NRQCD matrix elements defined in@1#.
4-4
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Before continuing let us discuss as an example the an
lar momentum and color projection for the case of an int
mediatecc̄ pair in a 3S1, color-singlet state, at lowest orde
in the expansion inq. In this case Pr simply setsq to zero in
the hard sub-amplitude andG(q) carries noq dependence
The correctly normalized spin and color projection is

Prn@•••#→ 1

A232mc

1

A3

1

2Nc
tr$e” l~P!~P” 12mc!@•••#%,

~2.9!

Gn~q! ^ Gn8~q!→ 1

A232mc

s i
^

1

A232mc

s i , ~2.10!

where the trace includes a color trace and the projection
the hard amplitude is written in a covariant form. Let
check that Eq.~2.8! together with the projection~2.10! does
indeed reproduce the color singlet NRQCD matrix eleme
In leading order the transition3S1

(1)→3S1
(1) does not require

gluon emission. Hence

E dPS@k#Sn~pR ,P,k!

→(
l
U E d3p

~2p!3

tr@s iC~pR ,l;p!#

A232mc
U2

5
MR

2mc
6NcuC~0!u2'^O1~3S1!&, ~2.11!

where we used that in the leading order approximationMR
'2mc .

Note thatFn( l ) in Eq. ~2.7! defines a more general obje
than the shape function in@18#, which is a function of only
one variablel 15 l 01 l z or l 0. The definitions of@18# would
be reproduced, if we could neglect the other componentsl
in the short-distance part. We shall discuss later, after g
eralizing Eq.~2.7! to the emission of more than one gluo
under what conditions this is justified.

Up to now we considered the contribution of the diagra
in Fig. 2 toJ/c photoproduction, when one of the two em
ted gluons is hard and the other is soft. The contribut
on
n
s,

03400
u-
-

of

t.

f
n-

n

from two hard gluons is part of the next-to-leading ord
correction to the short-distance part of the color-singlet
termediate state. The contribution from two soft gluo
smears out the contribution from the diagram with no glu
emission, which is concentrated atz51 and zero transvers
momentum. It also contributes to the end point of the ene
spectrum, but can be eliminated with a transverse momen
cut sufficiently large compared to several hundred MeV. E
perimental measurements of inelasticJ/c photoproduction
usually imply such a cut.

B. General case

We now extend the previous discussion in the followi
way. We consider a general, inclusive charmonium prod
tion process~cf. Fig. 1!

initial state ~Pin!→cc̄@n#1X~pi !

→J/c~pR!1X~pi !1Y~kj !, ~2.12!

where thecc̄ pair is in a certain color and angular mome
tum staten, X denotes a collection of hard particles, andY a
collection of soft particles emitted in the fragmentation of t
cc̄ pair.

Sincemcv
2;LQCD, the coupling to soft gluons is larg

and the emission of multiple gluons is not suppressed. He
the emission of soft gluons is better described as the em
sion of a soft color multipole field, which carries away a to
momentumk5( j kj and which has the correct quantu
numbers to effect the transition fromcc̄@n# to J/c. Hence
we define

Fn~k;pR ,P!5E dPS@kj #~2p!4

3dS k2(
j

kj DSn~pR ,P,kj !, ~2.13!

where Sn(pR ,P,kj ) is the generalization of the soft sub
amplitude that appears in Eq.~2.7! to the emission of more
than one soft gluon. With this definition the generalization
Eq. ~2.7! is given by
~2p!32pR
0 ds

d3pR

[(
n
E d4l

~2p!4
ŝ~cc̄@n# !~ l !Fn~ l !5(

n
E d4l

~2p!4
3flux3E dPS@pi #~2p!4dS P1 l 1(

i
pi2PinD

3Hn~Pin ,P,l ,pi !F E dk2

2p

d3k

~2p!32k0
~2p!4d~pR1k2P2 l !Fn~k;pR ,P!G . ~2.14!
rt-
, as

q.
As above the differential cross section is factored into
short-distance and a soft part. In higher orders in the str
coupling, this would require careful subtractions to defi
both parts properly. We will be working only with case
a
g

e

where the lowest order, tree approximation to the sho
distance part is assumed. Then the factorization is trivial
in the example of the previous subsection.

There is an additional assumption implicit in writing E
4-5
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~2.14!, which concerns the validity of NRQCD factorizatio
in general@1#, not only its generalization to spectra. Th
assumption is that the transition from thecc̄@n# state toJ/c
occurs via emission of gluons rather than by absorption fr
the surrounding ‘‘partonic medium.’’ Of course, ifn is a
color octet state the emitted gluons must interact with
remnant process to form color neutral hadrons; the NRQ
approach assumes that the process of color neutralizatio
suppressed by powers ofLQCD/mc and can be formally ig-
nored, if we considerv andLQCD/mc as independent param
eters such thatLQCD/mc!v!1. On the other hand, absorp
tion would violate factorization explicitly, since its detai
depend on the environment created by the specific prod
tion process. Despite the fact that this issue affects m
quarkonium production processes, it has rarely been
dressed in the literature, with the exception of@15#. We will
not dwell on this issue further and take factorization
granted.~The empirical fact that the NRQCD matrix ele
ments are approximately universal, including hadronic co
sions, may support this assumption.! However, an investiga-
tion of this point would certainly be useful.

1. Derivation of the smeared spectrum

We now bring Eq.~2.14! into a more useful form. We
make one additional simplification, which is adequate to
two applications which we consider in this paper. The si
plification is that there is only a single, massless hard part
in the final state. Then the set of momentapi consists of only
pX , andpX

250.
It is often convenient to refer explicitly to the quarkoniu

rest frame defined bypR5P50 rather then the center-of
mass frame defined byPin50. In the following non-
invariant quantities will refer to the quarkonium rest fram
For example, in (pR2P)• l 5(MR22mc) l 0 , l 0 refers to the
zero component ofl in the quarkonium rest frame. We defin
the z direction as the direction ofP2Pin in the quarkonium
rest frame and in the center-of-mass frame. With this unc
ventional definition of thez direction in the center-of-mas
frame the boost from the center-of-mass to the quarkon
rest frame is in thez direction and the transverse compone
defined with respect to this axis are invariant.

We use the twod functions in Eq.~2.14! to integrate over
pX andk. Then definel 65 l 06 l z and write

d4l

~2p!4
5

dl1dl0dl'
2 df

32p4
. ~2.15!

The d function left over from the secondd function in Eq.
~2.14! fixes

l'
2 5~MR22mc!

222~MR22mc!l 01 l 1~2l 02 l 1!2k2.
~2.16!

The result of these manipulations is
03400
e
D
is

c-
st
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e
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n-

m
s

~2p!32pR
0 ds

d3pR

5(
n
E dk2

2p
dl1dl0

df

2p
d~A!3flux

3Hn~Pin ,P,l ,pX!
1

4p
Fn~k;pR ,P!,

~2.17!

with

A[~2mc2Pin2!~2mc2Pin11 l 1!

1~2l 02 l 1!~2mc2Pin1!

2~MR22mc!~MR22mc22l 0!1k2 ~2.18!

andpX5Pin2(P1 l ), k5P1 l 2pR . Furthermore, we have
the constraintsk0.0, pX,0.0, k2.0 andl'

2 .0.
Any ansatz for the functionFn(k;pR ,P) that we will be

using will be independent of the azimuthal componentf of
l. Hence we need only the azimuthally averaged sh
distance part:

H̄n~Pin ,P,l ,pX![E df

2p
Hn~Pin ,P,l ,pX!. ~2.19!

The remainingd function can be used to integrate overl 1 .
Then we usek052mc2MR1 l 0 as integration variable in-
stead ofl 0 and define

a[Pin12MR , b[Pin22MR . ~2.20!

This leads to the final result

~2p!32pR
0 ds

d3pR

5(
n
E

0

ab dk2

2p E
(a21k2)/(2a)

(b21k2)/(2b)
dk03flux

3H̄n~Pin ,P,l ,pX!
1

4p~b2a!
Fn~k;pR ,P!.

~2.21!

Recall thata, b and k0 are defined in the quarkonium re
frame.

The integration limits are obtained as follows: inserti
the constraint~2.18! A50 on l 1 provided by the lastd func-
tion into l'

2 .0 with l'
2 given by Eq. ~2.16!, we find the

condition

@k22a~2k02a!#@k22b~2k02b!#,0, ~2.22!

in addition tok0.0 andk0,(a1b)/2, which follows from
pX,0.0. Now note thatab5(Pin2pR)2.0 and thatk0
.0 implies a1b.0. Hencea and b are both positive.
Now a2b52Pin,z . In the quarkonium rest frame thez axis
is defined by the direction of2Pin . This implies

b.a.0. ~2.23!
4-6
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Equation ~2.22! admits two solutions. The physical on
yields the limits on thek0 integration in Eq.~2.21!. The
upper limit on thek2 integral then follows. Note thatk0.0
andk0,(a1b)/2 are then respected automatically.

Equation~2.21! is the main result of this section and w
will use it later to obtain theJ/c energy spectra inB decay
and photoproduction. Recall that flux3H̄n(Pin ,P,l ,pX) is
just the ordinary, projectedcc̄ production cross section tha
enters familiar applications of NRQCD factorization with th
only difference that thecc̄ pair is produced with momentum
P1 l rather thanP, and that an average over the azimuth
angle of l in the quarkonium rest frame is performed. Th
means that the invariant mass of thecc̄ pair is given by
Mcc̄

2
5(P1 l )25(pR1k)25MR

212MRk01k2>MR
2 rather

than 4mc
2 as in the conventional partonic calculation. Th

kinematic difference can make a large numerical effect.
The radiation functionFn(k;pR ,P) is defined by Eq.

~2.13!. Roughly speaking, it represents the probabil
squared that a soft gluon cluster with energyk0 in the J/c
rest frame and invariant massk2 is emitted from thecc̄ pair
in the transitioncc̄@n#→J/c. We consider it as a non
perturbative function. We will make an ansatz and try
determine some of its parameters from existing data. In
Coulomb limit, the functionFn(k;pR ,P) could be computed
as indicated previously. However, we shall not assume
limit for charmonium.

2. Shape function limit

As mentioned above, the function

Fn~ l !5E dk2

2p

d3k

~2p!32k0
~2p!4

3d~pR1k2P2 l !Fn~k;pR ,P! ~2.24!

defined in Eq.~2.14! is different from the shape functio
introduced in@18#. The shape functions introduced there co
respond to a systematic resummation of enhanced highe
der corrections in the NRQCD velocity expansion. Equat
~2.21! goes beyond such a systematic resummation. We
show that Eqs.~2.14! and~2.21! are equivalent to the result
of @18# in the region of applicability of the latter, up to non
enhanced higher order terms in the velocity expansion.

We are concerned with energy spectra in a variablez. For
quarkonium production in the decay of a heavier parti
with mass m, we definez52Pin•pR /Pin

2 . The maximal
value ofz is zmax511MR

2/m2, assuming that all other par
ticles in the final state are massless.~In reality these will be
pions; we neglect the small pion mass.! For quarkonium pro-
duction in two-to-two collisions, a(p1)1b(p2)→J/c
1•••, we definez52p2•pR /Pin

2 . For example, ingp col-
lisions p2 is the momentum of the struck parton in the pr
ton. The maximal value ofz is zmax51.

Consider thez spectrum in the regionzmax2z of order
v2!1, but zmax2z not much smaller thanv2. This is the
region in which the shape function formalism of@18# applies.
03400
l

e

is

-
or-
n
w

e

We introducepX5( i pi in Eq. ~2.14! and use the firstd
function to integrate overpX . This leaves ad-function with
argument

@~P2Pin!21 l 2#@~P2Pin!11 l 1#2 l'
2 2pX

2 . ~2.25!

Using the definitions ofz, it is easy to see that in the en
point regionpX and P2Pin become nearly lightlike. With
our definition of thez axis (P2Pin)1 becomes small, of
order mcv

2 ~but not much smaller!, while (P2Pin)2 re-
mains of order5 mc . pX

2 has to be of ordermc
2v2 or smaller.

All components ofl scale asmcv
2, sinceMR22mc and all

components ofk are of this order. It follows that the depen
dence of Eq.~2.25! on l 2 and l' can be dropped. Further
more, the formalism of@18# assumed that the dependence
the hard cross sectionHn(Pin ,P,l ,pX) on l can be neglected
since it is not related to enhanced higher order terms in
velocity expansion. As a consequence, we can pull thel 2

and l' integrations through to the second line of Eq.~2.14!.
The result then takes the form of a partonic differential p
duction cross section convoluted with a shape function
l 1 , provided we identify the shape function defined in@18#
with

Fn~ l 1![(
Y

^0uc†GnxuJ/c1Y&^J/c1Yu

3d~ l 12 iD 1!~x†Gn8c!u0&

5E dl2d2l'

2~2p!4 F E dk2

2p

d3k

~2p!32k0
~2p!4

3d~pR1k2P2 l !Fn~k;pR ,P!G . ~2.26!

This shows that Eq.~2.14! is consistent with the operato
formalism of @18# in the region ofz where the operator for-
malism applies. Equations~2.14! and ~2.21! extrapolate this
formalism into the extreme end point regionzmax2z!v2.
Since there is no correspondence with a systematic res
mation of the velocity expansion in the extreme endpo
region, this extrapolation should be considered as a mo
This is again analogous to energy spectra in semileptonB
decays@19#.

It is instructive to recover the consistency with the sha
function formalism directly from Eq.~2.21!. In the region
zmax2z;v2, we may approximate Eq.~2.18! by

A'~2mc2Pin2!~2mc2Pin11 l 1!

5~a1MR22mc2 l 1!~b1MR22mc!. ~2.27!

This implies that the upper integration limits in Eq.~2.21!

5All other large scales that the process may involve are treate
ordermc .
4-7
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M. BENEKE, G. A. SCHULER, AND S. WOLF PHYSICAL REVIEW D62 034004
are replaced by infinity.6 We can then re-introduce 1
5*dl1d(l12a2@MR22mc#) and factorize Eq.~2.21! into a
convolution over the hard cross section times the shape f
tion ~2.26!.

3. Form of Fn(k;pR,P)

Equation ~2.26! implies that the moments of the shap
function are related to the usual NRQCD matrix elemen
For example, integration overl 1 results in

E d4l

~2p!4
Fn~ l !5

1

~2p!3E0

`

dk2E
Ak2

`

dk0

3Ak0
22k2Fn~k;pR ,P!

5^O n
J/c&, ~2.28!

where ^O n
J/c& is the conventional NRQCD matrix eleme

for an intermediatecc̄ pair in an angular momentum an
color staten. This could in principle be used to determine t
overall normalization of Fn(k;pR ,P) from the known
NRQCD matrix elements.

In practice this is problematic. The phenomenological v
ues of the NRQCD matrix elements are determined fr
integrated quantities in leading order in the velocity exp
sion in a given channeln. On the other hand, if we comput
the same integrated quantities from the spectra obtained
Eq. ~2.21!, they contain higher order terms in the veloci
expansion, for example related to the fact that the invar
mass of thecc̄ pair is always larger than the quarkoniu
massMR . Sincev2 is not small, the integrated quantities ca
be quite different, if the normalization condition~2.28! is
imposed. Another way of saying this is that the phenome
logical values of the NRQCD matrix elements would
quite different from the commonly accepted ones, if the t
oretical prediction used to obtain them contained higher
der terms in the velocity expansion. As a consequence we
forced to tune anew the overall normalization to the m
sured integrated spectra. We will return to this point below
the context of specific applications.

The radiation functionFn(k;pR ,P) is non-perturbative.
Similar in spirit to the ACCMM model@21# for semileptonic
B decays, we assume a simple functional ansatz for phen
enological studies:

Fn~k;pR ,P!5anukubnexp~2k0
2/Ln

2!k2exp~2k2/Ln
2!.

~2.29!

The exponential cutoff reflects our expectation that the ty
cal energy and invariant mass of the radiated system i
orderLn;mcv

2'several hundred MeV. Since the pattern
soft gluon radiation may depend on thecc̄ staten, the pa-

6This is consistent witha;mcv
2 andb;mc in the shape function

limit, such thatab;mc
2v2 andb1k2/b;mc ; i.e., both upper lim-

its are parametrically larger than the typical values of the integ
tion variablesk2;mc

2v4, andk0;mcv
2, respectively.
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rametersan , bn and Ln can differ for different states. The
three parameters of the ansatz could be determined from
first three moments of the shape function. In practice this
not possible, not only because of the problem mention
above, but also because the NRQCD matrix elements w
derivatives to which the higher moments are related are
known phenomenologically.

In later applications, we will need the radiation functio
for the three color octet statesn51S0

(8) ,3P0
(8) ,3S1

(8) . We as-
sume that

b@1S0
(8)#52, b@3P0

(8)#5b@3S1
(8)#50, ~2.30!

L@1S0
(8)#5L@3P0

(8)#[L, L@3S1
(8)#5cL. ~2.31!

The choice ofb@1S0
(8)#52 is motivated by the fact that th

gluon coupling for aM1 magnetic dipole transition from a
1S0

(8) to J/c is proportional to the momentum of the gluo
Furthermore, the transition from3S1

(8) to J/c occurs through
two E1 electric dipole transitions, which suggests that t
average radiated energy and invariant mass is larger tha
the singleM1 andE1 transition in the other two cases. W
fix c51.5; the effect of this somewhat arbitrary choice w
be discussed in the context of specific applications.
course, since soft gluon emission is non-perturbative
charmonium, the arguments that lead to these choices a
best indicative in any case.

C. Computation of the shape function in the Coulomb limit

In the following we compute the radiation function in th
Coulomb limit mcv

2@LQCD, as(mcv);v for n
51S0

(8) ,3P0
(8) , to obtain an idea of the form of this functio

in a controlled limit. Since this limit is unrealistic forJ/c,
the reader interested only in the application of the formali
presented above may jump directly to the next section.7

We begin with the chromo-magnetic dipole transitio
cc̄@1S0

(8)#→J/c1g. With emission of one gluon Eq.~2.13!
simplifies to

F@1S0
(8)#~k;pR ,P!52pd~k2!S@1S0

(8)#~k;pR ,P!.
~2.32!

Furthermore,S@1S0
(8)#(k;pR ,P) is normalized to the conven

tional NRQCD matrix element according to Eq.~2.8!, i.e.

E d3k

~2p!32k0
S@1S0

(8)#~k;pR ,P!5^O8~1S0!&. ~2.33!

-

7The calculation is similar to a calculation reported in@23#. How-

ever, in this work thecc̄ pair in staten is described by a Coulomb
wave function just asJ/c. This substitution does not correspond
the NRQCD definition of a color octet operator or the correspo

ing shape function, in which thecc̄ pair is local and all intermediate
states with the quantum numbersn are allowed, and described b
the full Coulomb Green function.
4-8
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FIG. 3. Left: one of four NRQCD diagrams which contribute to theM1 (E1) transition from an1S0
(8) (3P0

(8)) state, specified byGn
(8) ,

to J/c. Right: an example for a doubleE1 transition from a3S1
(1,8) state.
ac
in
in-

nd

The non-relativistic quark-gluon vertices are classified

cording to their velocity suppression. The leading sp
flipping interaction is provided by the chromo-magnetic
rg

-

ee

ce

03400
-
-
teraction vertex2gs /(2mc)(s3k) with k the outgoing
gluon momentum as in Fig. 3. The diagram on the left ha
side of Fig. 3 gives@cf. Eq. ~2.4!#
gs
2CF

8mc
2 E d3k

~2p!32k0 S d i j 2
kikj

k2 D E d3p

~2p!3

d3p8

~2p!3

d3q

~2p!3

d3q8

~2p!3

1

2 (
l

tr@e~l!•s~s3k! i #

3tr$e* ~l!•s@s3~2k!# j%c~p!c~p8!iGc„p1k/2,q1k/2;E~pR1k!…iGc„q81k/2,p81k/2;E~pR1k!…, ~2.34!
n

with c(p) as given by Eq.~2.3! and E(pR1k)5pR

01k0

22mc52mc(CFas)
2/41k0[2k2/mc . Equation ~2.34!

can be simplified, because the gluon is ultrasoft with ene
and momentum of ordermcv

2;mcas
2 , while p, p8, q andq8

are of ordermcv;mcas . Dropping small terms in the argu
ments of the Coulomb Green function@as we have already
done when definingE(pR1k)], performing the traces and
accounting for an identical contribution from the other thr
diagrams not shown in Fig. 3, we obtain

S@1S0
(8)#~k;pR ,P!5

2gs
2CF

mc
2

k2uI @1S0
(8)#~k!u2, ~2.35!

where

I @1S0
(8)#~k!5E d3q

~2p!3

d3p

~2p!3
Gc~q,p;2k2/mc!c~p!.

~2.36!

To compute this integral, we switch to coordinate spa

I @1S0
(8)#~k!5E d3xG̃c~x,0;2k2/mc!c̃~x!, ~2.37!
y

,

use c̃(x)5Ag3/pe2gx (g5mcCFas/2), gained by Fourier
transformation of Eq.~2.3!, and the following representatio
for the coordinate space Coulomb Green function8 @24#:

G̃c~x,y;2k2/mc!5(
l 50

`

~2l 11!G̃l~x,y;2k2/mc!

3Pl@x•y/~xy!#, ~2.38!

wherex, y denote the modulus ofx, y, Pl(z) the Legendre
polynomials and

G̃l~x,y;2k2/mc!5
mck

2p
~2kx! l~2ky! le2k(x1y)

3(
s50

` Ls
(2l 11)~2kx!Ls

(2l 11)~2ky!s!

~s1 l 112lg/k!~s12l 11!!
.

~2.39!

8There is a misprint in the first reference of@24#, which is cor-
rected in Eq.~18! of the second reference.
4-9
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Here Ls
(2l 11)(z) refers to the Laguerre polynomials and t

parameterl is defined such that the Green function cor
sponds to the Green function in the potential

V~r !52l
CFas

r
. ~2.40!

Hencel51, if the intermediatecc̄ pair propagates in a colo
singlet state, andl521/(2NcCF)521/8, if it propagates
in a color-octet state, which is what we need here. Only
l 50 component of the Green function contributes to the
tegral~2.37!. The remaining radial integration over Laguer
polynomials is easily executed as an integral over the ge
ating function

e2zu/(12u)
1

~12u!p11
5(

s50

`

usLs
p~z! ~2.41!

with subsequent expansion inu. Then, summing overs, and
introducing the dimensionless variable

z5k/g5S 11
4k0

mcCF
2as

2D 1/2

, ~2.42!

the result is

I @1S0
(8)#~k!52

4mc

~pg!1/2

z2

~z221!2 (
s51

`
s~s21/z!

s2l/z S 12z

11zD
s

5
mc

~pg!1/2

1

z221
H 11~l21!F 2

z11
2

4z

z221

3@122F1„2l/z,1,12l/z;~12z!/~11z!…#GJ
~2.43!
-

03400
-

e
-

r-

with 2F1(a,b,c;z) the hypergeometric function. Let u
check the power counting: withg;mcv and k0 ,ki;mcv

2,
we obtain I @1S0

(8)#(k);(mc /v)1/2 and, from Eqs.~2.33!,
~2.35!, ^O8(1S0)&;asmc

3v7. This agrees with the velocity
power counting of@1#. The additionalas arises, because w
consider the weak coupling limit.

The chromo-electric dipole transitioncc̄@3P0
(8)#→J/c

1g is computed along similar lines. We have

S@3P0
(8)#~k;pR ,P!5

8gs
2CF

3mc
4

uI @3P0
(8)#~k!u2, ~2.44!

where

I @3P0
(8)#~k!5

1

3E d3xF ]

]yi
G̃c~x,y;2k2/mc!G

y50

]

]xi
c̃~x!,

~2.45!

and the normalization is given by

E d3k

~2p!32k0
S@3P0

(8)#~k;pR ,P!5
^O8~3P0!&

mc
2

.

~2.46!

The derivatives in Eq.~2.45! come from the factorp in the
electric dipole vertex2 igs(p1p8)/(2mc)'(2 i )gsp/mc . In
this case only thel 51 component of the Green functio
survives they→0 limit and the angular integration. The re
sult is
I @3P0
(8)#~k!52

4mcg
3/2

3p1/2

z3

~z11!4 (
s50

`
~s11!~s12!~s13!

s122l/z S 12z

11zD
s

52
mcg

3/2

3p1/2

1

~z11!3 H 2~11z!~21z!1~l21!~513z!12~l21!2

1
4z~11z!~z22l2!

~12z!2 F 2F1„2l/z,1,12l/z;~12z!/~11z!…211
l~12z!

~11z!~z2l!G J . ~2.47!
the
In

ex.

he
Velocity power counting giveŝ O8(3P0)&/mc
2;asmc

3v7,
which is again consistent with the standard counting.

The dependence ofk0 /(4p2)Sn(k;pR ,P) for n51S0
(8)

andn53P0
(8) on the energyk0 of the emitted gluon is shown

in Fig. 4. The input parameters are chosen asmc
51.5 GeV,as50.4; l521/8 for a color octet matrix ele
ment. Both dependences are smooth and mainly reflect
asymptotic behaviors at small and large gluon energy.
particular the suppression of the1S0 curve at smallk0 is a
consequence of the structure of the magnetic dipole vert

According to the normalization conditions~2.33! and
~2.46! the integration of the two curves gives the value of t
4-10
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QUARKONIUM MOMENTUM DISTRIBUTIONS IN . . . PHYSICAL REVIEW D62 034004
conventional NRQCD matrix elements. The result depe
strongly ~see the discussion below! on the cutoff on the in-
tegration range fork0. Choosing the cutoff between 30
MeV and 600 MeV, we find9

^O 8
J/c~1S0!&5~0.0720.61!31024 GeV3

^O 8
J/c~3P0!&/mc

25~0.0720.22!31024 GeV3.
~2.48!

Although these numbers may be insignificant, because
assumptionmcv

2@LQCD necessary to obtain them is n
valid for charmonium, it is interesting to note that the mat
elements come out one to two orders of magnitude sma
than the phenomenological values, determined from fitt
color-octet subprocesses to experimental data@8#. This sug-
gests either a large non-perturbative enhancement of the
trix elements—such as the presence of a gluon condensa
which the soft gluons can couple—or the possibility that
phenomenological values of the matrix elements effectiv
parametrize other corrections to the production processes
related to soft gluon emission~such as higher order shor
distance corrections!.

The behavior of the soft functionSn(k;pR ,P) at largek0
deserves further discussion. First, we observe that the ca
lation by itself does not provide an intrinsic cutoff for larg
k0. This should not be expected, since at the level of per
bative radiation the ultraviolet behavior of the soft functi
joins smoothly to the infrared behavior of the short-distan
part. A well known example of this occurs inP-wave pro-
duction @1#: the logarithmic infrared behavior of the coeffi
cient function of^O 1

x(3P0)& matches the logarithmic ultra
violet divergence of̂ O 8

x(3S1)&.
Inspection ofS@1S0

(8)#(k;pR ,P) shows that we obtain a
quadratically ultraviolet divergent matrix eleme
^O 8

J/c(1S0)&, which seems to contradict the convention
wisdom that this matrix element is scale independent at le
ing order. However, the conventional wisdom is deriv
from the use of dimensional regularization. If a hard cut
on the gluon energy is used, the color octet1S0 operator
mixes into the color singlet3S1 operator through a quadrat

9These numbers, in particular the one for3P0, depend sensitively
on as . ^O 8

J/c(3P0)&/mc
2 increases rapidly asas increases.

FIG. 4. Dependence ofk0 /(4p2)Sn(k;pR ,P) for n51S0
(8) and

n53P0
(8) on the emitted gluon energyk0. The parameters are cho

sen asmc51.5 GeV,as50.4, l521/8.
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cally divergent term.10 This corresponds to an infrared finite
but quadratically infrared sensitive contribution to the co
ficient function of ^O 1

J/c(3S1)&, consistent with the overal
v4 suppression of̂ O 8

J/c(1S0)& relative to ^O 1
J/c(3S1)&. In

dimensional regularization, the quadratically infrared sen
tive term is attributed entirely to the short-distance coe
cient and the quadratic divergence in^O 8

J/c(1S0)& is set to
zero.

In case ofS@3P0
(8)#(k;pR ,P) we find a linear divergence

for ^O 8
J/c(3P0)&. The interpretation of this divergence re

quires a more careful discussion of thek0 integral and the
integrals overp andp8; it will not be presented here.

In the ansatz~2.29! we have added a cutoff onk0 by hand
in the form of an exponential falloff fork0@Ln . We inter-
pret this ansatz as a ‘‘primordial distribution’’ for the radia
tion of non-perturbative gluons, which eventually is modifi
by perturbative evolution. This is similar to the assumpti
that intrinsic transverse momenta of the proton’s constitue
are bounded. Perturbative radiation violates this assump
and leads to the evolution of parton distributions. A simi
ansatz is also implied by the ACCMM model or in sha
functions for semileptonicB decays in general.

Finally, we comment on the transition from a color oct
or a color singlet3S1 state toJ/c. This presents a more
complicated case, since—besides the contribution with
gluon emission for the color singlet state—the leading te
requires the emission of two gluons; see the right hand s
of Fig. 3. In coordinate space this requires the evaluation
integrals of the form

I i j @
3S1

(1,8)#;E d3xd3yG̃c„2y,0;E~pR1k1!…

3S ]

]yi
G̃c„x,y;E~pR1k11k2!…D S ]

]xj
c̃~x! D ,

~2.49!

which we shall not pursue. If we were only interested in t
limit of small loop momentak5k11k2, we could expand
the Green functions forki

0!g2/mc first and integrate after-
wards overx andy. We would then find the same small-k0
behavior as in the case ofI @3P0#(k).

III. MOMENTUM SPECTRUM IN B\JÕcX

In this section we apply the formalism developed in t
previous section to theJ/c momentum spectrum in the sem
inclusive decayB→J/cX. The leading partonic decay pro
cess is very simple, resulting inJ/c with fixed momentum,
but the hadronic decay spectrum is modified by fragmen
tion of thecc̄ pair, which is the main concern of this pape
and by bound state effects on theb quark in theB meson.
Both will be taken into account in the following.

We start by recapitulating the partonic result forb

10The dimensions work out correctly, because the two chrom
magnetic dipole vertices provide two powers of 1/mc .
4-11
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→cc̄@n#1q. We then implement the fragmentation of thecc̄
pair according to our shape function ansatz and obtain
J/c momentum distribution inb quark decay. We regard thi
distribution as an input distribution for the ACCMM mode
which accounts in a simple but satisfactory way for the eff
of Fermi motion of theb quark inside theB meson. The
resultingJ/c distribution inB meson decay is then booste
to the CLEO frame and compared to CLEO data. The aim
this comparison is twofold: first we show that smearing
the spectrum due to fragmentation of thecc̄ pair is essential
to describe the CLEO data. Second we use these da
determine the shape function model parameterL. Assuming
universality of the shape function over the whole kinema
domain, we will then turn toJ/c photoproduction in Sec. IV
Results for theJ/c momentum distributions already exist
the literature, including color octet production@25,26#. How-
ever, only Fermi motion effects are taken into account the
We will briefly compare our results with those of@25,26# at
the end of this section.

A. Energy distribution in b quark decay

The underlying partonic process of aB meson decay into
J/c and light hadrons isb→cc̄@n#1q (q5$d,s%). Since the
cc̄ pair is treated as a single particle kinematically, a lead
order calculation of this process results in a fixed value
its energy ~momentum! rather than in a real spectrum
Defining11 ẑ52Êcc̄ /mb as the energy fraction of thecc̄ pair
in the b quark rest frame, the ‘‘spectrum’’ is

dGcc̄

dẑ
5Gcc̄d~11h2 ẑ!, ~3.1!

where h54mc
2/mb

2 for massless light hadrons in the fin
state. In a purely partonic calculation one may identify 2mc
with the J/c mass andmb with the B meson mass.

At leading order in the non-relativistic expansion thecc̄
pair has to be produced in a color singlet3S1 state. This term
coincides with the color singlet model and was compu
long ago @27,28#. At relative orderv4'1/15 in the non-
relativistic expansion,J/c can also be produced throughcc̄
in 1S0

(8) ,3PJ
(8) ,3S1

(8) color octet states. These formally su
leading contributions are enhanced by a factor of about
by which the short-distance structure of theDB51 weak
effective Hamiltonian favors the production of color octetcc̄

pairs in theb→cc̄q transition. These additional terms can
comparable or even larger than the color singlet term@5–7#.
They are the ones of interest in this paper, since the radia
of soft gluons in color octetcc̄ fragmentation has a larg
kinematic effect on the observedJ/c momentum spectrum
In comparison, fragmentation effects in the color sing
channel are orderv4 suppressed relative to the total col

11In this section quantities with a caret refer to theb quark rest
frame.
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singlet rate and therefore negligible. Hard perturbative c
rections to the color singlet@7,29# and color octet@7# pro-
duction processes are also known. They enhance the c
octet channels moderately. Within the present limitations
the shape function ansatz we must neglect these perturb
corrections for consistency. The partonic production spe
for the cc̄@n# states of interest read

dGcc̄@n#

dẑ
5

1

2mb

12h

8p
Hn~mb ,2mc!d~11h2 ẑ!, ~3.2!

where

Hn~mb ,2mc!5
2GF

2 uVcbu2mb
4

27p~2mc!
C[1,8]

2 f @n#~h! ~3.3!

and the process-specific functionsf @n#(h) are given by
@5–7#

f @3S1
(1)#~h!5~12h!~112h!, ~3.4!

f @3S1
(8)#~h!5

3

2
~12h!~112h!, ~3.5!

f @1S0
(8)#~h!5

9

2
~12h!, ~3.6!

f @3PJ
(8)#~h!59~12h!~112h!. ~3.7!

Note that the color octet matrix elements are not part of
hard amplitudes, but included in the normalization of t
radiation functionFn(k); see Eq.~2.28!. In case of theP
wave contribution, the normalization refers to^O8(3P0)&/mc

2

and the corresponding factor 1/mc
2 is also extracted from

H@3PJ
(8)#(mb,2mc). As mentioned above we neglect QC

corrections and also small corrections due to penguin op
tors. The Wilson coefficientsC[1,8] of the effective operators
in the weakDB51 Hamiltonian are related to the usualC6

by

C[1]~m!52C1~m!2C2~m!,

C[8]~m!5C1~m!1C2~m!. ~3.8!

At leading order, as appropriate to the present analysis,

C6~m!5Fas~MW!

as~m! Gg6
(0)/(2b0)

~3.9!

with g6
(0)562(371) andb051122nf /3. In Eq. ~3.3! the

notationC[1,8] implies C[1] , if n is a color-singlet state, and
C[8] , if n is a color octet state. Note thatC[8]

2 /C[1]
2 '15 at

m;mb .
We now implementcc̄ fragmentation for the color octe

production channels. Notice that the partonic amplitu
squared has no azimuthal dependence, henceH̄n(mb ,2mc)
5Hn(mb ,2mc) in the notation of Eq.~2.19!. Furthermore,
4-12
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we need the light cone components of the incoming mom
tum P̂in5(mb ,0) in theJ/c rest frame to geta andb of Eq.
~2.20!. We find

a5
mb

MR
~ÊR2up̂Ru!2MR , b5

mb

MR
~ÊR1up̂Ru!2MR .

~3.10!

The indexR now refers toJ/c. To complete the implemen
tation we have to fix the ambiguity in treating the kinema
effects in the hard production amplitudesHn . Strictly speak-
ing the shape function formalism allows us to ignore t
dependence of the hard production process on the vectl,
since it does not lead to singular contributions near the
point, if the hard matrix element is not singular at the e
point. On the other hand, the invariant mass of thecc̄ pair is
kinematically given by

Mcc̄
2

~k!5~p1 l !25~pR1k!25MR
212MRk01k2,

~3.11!

wherek is the four-momentum of soft radiation in theJ/c
rest frame. We adopt the convention that 2mc in the partonic
matrix element is replaced byMcc̄(k) everywhere, i.e. even
when it does not arise kinematically, but through intern
charm quark propagators. This convention is consistent w
the shape function formalism in the shape function limit, b
is arbitrary otherwise. It has the advantage of incorporat
the physically expected effect of reducing the short-dista
amplitude, because of the need to create a heaviercc̄ pair as
compared to a purely partonic picture. The only exception
the convention is the factor 1/(2mc) in Eq. ~3.3!, which
comes from the normalization of thecc̄ state. It should be
replaced by 1/MR . Equation~2.21!, specialized to theJ/c
energy distribution inb quark decay, is then

dĜ

dÊR

5
up̂Ru

4p2 (
n
E

0

abdk2

2p E
(a21k2)/(2a)

(b21k2)/(2b)
dk0

3
1

2mb
Hn„mb ,Mcc̄~k!…

MR

8pmbup̂Ru
Fn~k!

~3.12!

with a, b from Eq. ~3.10!.

B. Normalization difficulty

We assumed up to now that the radiation functionFn(k)
is normalized according to Eq.~2.28!. This implies that asL
of Eq. ~2.29! tends to zero the integral overdĜ/dÊR of Eq.
~3.12! equals the integrated partonic rate withmc5MR/2.

Consider now the integralĜn(L) of the spectrum~3.12!
with fragmentation~for a specific production channeln) at
small L and expand inL. To make things simpler putk
50 in the hard matrix elementHn . Then integrate overÊR

or, equivalently,z̄[2ÊR /mb , and perform a change of var
ables fromz̄ to a. Then note that for smallL, one can set
03400
n-

d
d

l
th
t
g
e

o

the upper limits of thek2 andk0 integrations to infinity up to
exponentially small corrections inL, given the ansatz~2.29!.
Then exchange thek2 andk0 integration with thea integra-
tion to obtain

Ĝn~L!5
MR

16~2p!4mb

Hn~mb ,MR!E
0

`

dk2E
Ak2

`

dk0Fn~k!

3E
k02Ak0

2
2k2

k01Ak0
2
2k2

daU dz̄

da
U. ~3.13!

Now introduce the average

^^ f &&n[
1

~2p!3

1

^O n
J/c&

E
0

`

dk2E
Ak2

`

dk0Ak0
22k2Fn~k! f ~k!,

~3.14!

defined such that̂^1&&n51 according to the normalization
condition ~2.28!. Equation ~3.13! is then rewritten in the
form

Ĝn~L!5
1

2mb

12h

8p
Hn~mb ,MR!^O n

J/c&r n~L!,

~3.15!

whereh is now defined asMR
2/mb

2 and

r n~L!5
MR

2~12h! K K 1

Ak0
22k2Ek02Ak0

2
2k2

k01Ak0
2
2k2

daU dz̄

da
U L L

n

.

~3.16!

Hence we obtain the partonic decay rate withmc5MR/2 up
to the factorr n(L). To evaluater n(L) in an expansion inL
we observe that

U dz̄

da
U5 1

MR
S 1

~11a/MR!2
2h D

5
1

MR
F12h1 (

n51

`

~n11!S 2
a

MR
D nG ~3.17!

can be expanded under the integral. The result is

r n~L!511
1

12h F22K K k0

MR
L L

n

1K K 4k0
22k2

MR
2 L L

n

1OS L3

MR
3 D G . ~3.18!

The averages can be done using Eq.~2.29! with an fixed by
Eq. ~2.28!; they scale with definite powers ofL as follows
from the form of Eq.~3.14!. With h50.416, the result is

r n~L!512H 4.76

5.75J L

MR
1H 12.97

19.53J S L

MR
D 2

1•••,

~3.19!
4-13
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where the upper number refers tobn50 in Eq.~2.29! and the
lower one tobn52. For L'300 MeV this implies large
corrections to the integrated rate. SinceL;mcv

2, this must
be interpreted as large higher order corrections in the ve
ity expansion, which are not taken into account in the us
leading order NRQCD analysis. This means that enforc
the normalization condition~2.28! underestimates the data
because the matrix elements on the right hand side of
~2.28! have been obtained without these large higher or
corrections.

The effect is in fact even larger than indicated by E
~3.19!, because we keep thek dependence of the hard matr
element andMcc̄(k) is always larger thanMR . As an indi-
cation of this effect we can compute the average

4mc
eff2[^^Mcc̄~k!2&&n'MR

2 S 11H 2.78

3.39J L

MR
D ~3.20!

which implies an effective charm quark mass of about
GeV rather thanmc51.5 GeV which is usually adopted i
partonic NRQCD calculations.

When the implicitk dependence of the partonic matr
elementHn is taken into account, the numbers given in E
~3.19! change. However, the observation thatv2 corrections
are large is generic.

C. Fermi motion effects

We now convert the spectrum~3.12! in b quark decay into
a spectrum inB meson decay by accounting for Fermi m
tion of theb quark. We make the reasonable assumption
B meson bound state effects can be factorized from the h
subprocess as well as fromcc̄ fragmentation. The Fermi mo
tion effect can be described rigorously in heavy quark eff
tive theory @19#, but we contend ourselves with the earli
ACCMM model @21#. The ACCMM model is in fact consis
tent with the heavy quark expansion, if a particular relat
between theb quark mass and the ACCMM model parame
pF is adopted@30#. ~The ACCMM model then assumes
particular value for the kinetic energy matrix element
heavy quark effective theory.! The ACCMM model provides
a phenomenologically viable description of energy spectr
otherB decays, e.g.B→Xl n̄ l or B→Xsg.

The basic idea of this model is quite intuitive: one ima
ines theb quark moving inside theB meson at rest with a
momentump according to some distribution with a width o
a few hundred MeV. The cloud of gluons and light quarks
the B meson of the massMB is treated as spectator qua
with massmsp . To keep the kinematics of this ‘‘decay i
flight’’ exact one introduces a so-called floatingb quark
mass

mb
2~p!5MB

21msp
2 22MBAmsp

2 1p2. ~3.21!

The b quark is on shell with energyEb(p)5@mb
2(p)

1p2#1/2. The b quark momentum distribution must be ch
senad hoc. Usually one takes a properly normalized Gau
ian form
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FACM~p!5
4

AppF
3

exp~2p2/pF
2 !, ~3.22!

where *0
`dpp2FACM(p)51. Implementing the kinematics

of decay in flight, theJ/c energy distribution in theB meson
rest frame~quantities without a caret! is then obtained from
the spectrum inb quark decay~3.12! by the convolution

dG

dER
5E

max$0,p2%

p1

dpp2FACM~p!
mb

2~p!

2pEb~p!

3E
ÊR

min(p)

ÊR
max(p) dÊR

ÊR

dĜ

dÊR

. ~3.23!

The integration over theJ/c energyÊR in the b quark rest
frame is limited by

ÊR
max5minH EREb~p!1upRup

mb~p!
,
mb

2~p!1MR
2

2mb~p! J , ~3.24!

ÊR
min5

EREb~p!2upRup
mb~p!

. ~3.25!

The requirementÊR
min<ER

max leads to the following bounds
on p:

p65
@pR6~MB2ER!#22msp

2

2@pR6~MB2ER!#
. ~3.26!

The dependence of the energy spectrum~3.23! on the two
parameters of the ACCMM model,msp and pF , is quite
different. Changing the value of the spectator mass does
affect the spectrum noticeably. Thereforemsp usually is
fixed to 150 MeV in all ACCMM analyses. On the othe
hand, the widthpF of the momentum distribution must b
chosen carefully, because the shape of the spectrum
strongly sensitive to this parameter. Successful fits to
lepton energy spectrum in semi-leptonic decay typically fi
pF'(300–450) MeV@31#.

D. Final result and comparison with CLEO data

Equation~3.23! yields theJ/c energy spectrum forB me-
sons decaying at rest. To compare with CLEO data@16#, we
have to translate the energy spectrum~3.23! into a momen-
tum spectrum

dG

dpR
5

ER

pR

dG

dER
~3.27!

and account for the fact thatB mesons have momentump̃B

5(MY(4S)
2 /42MB

2)1/2'482 MeV in the CLEO rest frame in
which the data in@16# is presented.12 The final boost from
the B meson to theY(4S) rest frame is effected by

12Quantities with tildes refer to the CLEO orY(4S) rest frame.
4-14
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dG̃

dp̃R

5
p̃R

ẼR

MB

2p̃B
E

pR
min

pR
maxdpR

pR

dG

dpR
, ~3.28!

where the bounds on theJ/c momentum,

pR
min5maxH 0,

ẼBp̃R2 p̃BẼR

MB
J , ~3.29!

pR
max5minH l1/2~MB

2 ,MR
2 ,msp

2 !

2MB
,
ẼBp̃R1 p̃BẼR

MB
J ,

~3.30!

stem from kinematical restrictions set by the masses in
Källen function l(x,y,z)5x21y21z222xy22xz22yz
and from the integration over the angle between theB and
the J/c momentum.

Owing to the difficulties of normalizing the partial pro
duction rates discussed above we forsake the idea of pre
ing the absoluteJ/c branching fraction inB decay and con-
centrate on the shape of the spectrum. We fix the abso
normalization by adjusting the sum of all contributions
data. This is actually equivalent to re-fitting the NRQC
matrix elements to data after including large higher or
corrections in the velocity expansion. However, we do
give the result of the re-fitting, because we believe it is
little interest for comparison with otherJ/c production pro-
cesses.

The shape function ansatz~2.29! is slightly different for
the different production channels because of the differ
choice of parameters~2.30!, ~2.31!. Therefore the shape o
the momentum spectrum depends somewhat on the rel
contribution of the various channels even after adjusting
overall normalization to data. We determine the relative n
malization of the various channels by comparing the exist
information on the NRQCD matrix elements obtained
standard leading order NRQCD analyses. The color sin
matrix element can be computed from the wave function
the origin. The Buchmu¨ller-Tye potential is often adopte
with the result@32#

^O 1
J/c~3S1!&5

9uR~0!u2

2p
51.16 GeV3. ~3.31!

Because of our particular treatment of the color singlet c
tribution as described below, we do not need this ma
element inB decay. The color octet matrix elements are d
termined by fits toJ/c production in a variety of production
processes.̂O 8

J/c(3S1)& is best determined fromJ/c produc-
tion in hadron-hadron collisions at large transverse mom
tum @2,33,12# or, perhaps, from charmonium production
Z0 decays@34#. Given uncertainties from unknown highe
order perturbative corrections a reasonable range is

^O 8
J/c~3S1!&5~0.5–1.0!31022 GeV3. ~3.32!

The determination of the other two matrix elements fro
hadron-hadron collisions is much more uncertain. Assum
the above range for̂O 8

J/c(3S1)& a significant constraint on
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Mk
J/c~1S0

(8) ,3P0
(8)!5^O 8

J/c~1S0!&1
k

mc
2 ^O 8

J/c~3P0!&

~3.33!

with k53.1 arises from the integratedJ/c branching inB
decay itself@7#. A reasonable range is

M3.1
J/c~1S0

(8) ,3P0
(8)!5~1.0–2.0!31022 GeV3. ~3.34!

As default we take the valueM3.1
J/c51.531022 GeV3 for

mc51.5 GeV and assume that it originates from both pa
equally. We then investigate the modification of the sp
trum whenM3.1

J/c(1S0
(8) ,3P0

(8)) is saturated by only one of th
two matrix elements and when the relative contribution
^O 8

J/c(3S1)& and M3.1
J/c(1S0

(8) ,3P0
(8)) is varied as allowed by

the ranges of values given. At the end we discard the ab
lute normalization that would be implied by these values a
re-fit it to data as already mentioned.

A final comment concerns the treatment of the two-bo
modesB→J/cK and B→J/cK* , which appear as shar
resonances in theJ/c momentum spectrum. Neither th
ACCMM model nor the shape function forcc̄ fragmentation
applies to these resonance contributions. Fortunately, the
formation provided in@16# allows us to subtract these con
tributions from the momentum spectrum. We then assu
that the two resonant contributions are dual to the color s
glet contribution, while the rest of the spectrum correspon
to the color octet contribution. This appears plausible,
cause we expect color octetcc̄ pairs to fragment into multi-
body final states, with only a small probability that the em
ted soft gluons reassemble with the spectator quark to for
single hadron. Hence, the experimental spectrum show
the following plots refers to the CLEO data withB→J/cK
and B→J/cK* subtracted and it is compared with colo
octet contributions only. The integrated branching fracti
from the resonance subtracted spectrum is 0.53%. Of cou
indirect contributions fromB→c8X andB→xcX with sub-
sequent decay intoJ/c are also subtracted.

We have implemented the fivefold integration that lea
to the final J/c momentum spectrum into a Monte Car
program that uses theVEGAS routine described in@35#. Pa-
rameters are chosen as follows:GF51.16631025 GeV22,
uVcbu50.039, MY510.580 GeV, MB55.279 GeV and
Mc53.097 GeV. The Wilson coefficientC[8] (m) is taken
at the scalem54.8 GeV, which yieldsC[8]52.19. The re-
sult compared to data is shown in Fig. 5 for various values
the shape function parameterL @see Eqs.~2.29! and~2.31!#.
Here we have fixed the ACCMM model parameters topF
5300 MeV, motivated by the CLEO analysis of sem
leptonicB decay@31#, andmsp5150 MeV. It is clearly seen
that the effect ofcc̄ fragmentation is necessary to reprodu
the data for this choice of ACCMM parameters. Increas
L shifts the maximum of the spectrum to lower values
pR . We get the best fit forL5300 MeV, where x2

530.2/20 per degree of freedom.
In order to estimate the uncertainty of this fit we inves

gated the sensitivity of the best-fitL to the variation of the
4-15



th
a

t

e
la

s

f
a

is

.
o
da
d

e,

s,

ure

ible

on

ill
of
of

t
C-
u-
atis-

stic
ing
his
um
re-

ly
e
on

RA
n.
by
at

rob-
:
ller
s

n

te

-

M. BENEKE, G. A. SCHULER, AND S. WOLF PHYSICAL REVIEW D62 034004
relative normalization of the variouscc̄ production channels
as described above and to the ACCMM parameterpF . Fig-
ure 6 shows the best-fit result of Fig. 5 broken down into
separate contributions of the three color octet channels. E
channel peaks approximately at the same valuepR and has
similar shapes, although the3S1 contribution is somewha
broader due to the choice ofc51.5 in Eq.~2.31!. ~Varying c
between 1 and 2 does not change our fit significantly.! Thus
the result of fittingL is rather stable under changing th
weightings of the different modes. Both increasing the re
tive contribution ofM3.1

J/c and saturating it by only one of it
matrix elements leads to variations ofL of about 50 MeV.
There is an obvious anti-correlation between the size oL
and of pF , although the effect is not as large as one m
expect. Figure 7 shows the spectra for different values ofpF
while L is fixed to 300 MeV. We obtain that the spectrum
slightly wider for higher values ofpF . But even for pF
5500 MeV the best-fitL would remain of order 200 MeV

We conclude from this analysis that the kinematics of s
gluon emission has to be accounted for to describe the
onJ/c momentum spectra and that our shape function mo
provides a satisfactory description of the spectrum shap
the parameterL is chosen in the range

L53002100
150 MeV. ~3.35!

FIG. 5. Sum of color octet modesdBR[8] /dpR@n# with n
5$1S0

(8) ,3P0
(8) ,3S1

(8)% to the differential branching ratiodBR/dpR

of the decayB→J/cX for various values of the shape functio
parameterL. The ACCMM model parameters are fixed atpF

5300 GeV andmsp5150 GeV.

FIG. 6. Contributions of the different color octet modesn
5$1S0

(8) ,3PJ
(8) ,3S1

(8)% to the sum dBR/dpR of the differential
branching ratio. The shape function and the ACCMM parame
are fixed toL5300 MeV, pF5300 MeV andmsp5150 MeV.
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This result agrees perfectly with the velocity scaling rule
which lead to the estimateL;mcv

2;LQCD. It is also worth
noting that the partonic spectrum behind Fig. 5 is a p
delta function so that the smearing due tocc̄ fragmentation
and Fermi motion extends almost over the entire access
momentum range. Only for rather smallJ/c momentum,
there would be a visible tail due to perturbative hard glu
radiation@7#.

Finally let us comment on theJ/c momentum spectra in
@25,26# based on the effect of Fermi motion only.~Earlier
results@36# were based on the color singlet model and w
not be discussed.! These works also report acceptable fits
theJ/c momentum spectrum, however with a larger value
pF'550 MeV, as one may expect whencc̄ fragmentation
effects are neglected. However, even this large value ofpF is
obtained only, because theK andK* resonances, which sit a
large values ofpR have been included, even though the A
CMM model cannot be applied to them. If these contrib
tions are subtracted, as done in the present analysis, a s
factory fit is not obtained with the ACCMM model alone.

IV. INELASTIC JÕc PHOTOPRODUCTION

In this section we discuss the energy spectrum in inela
J/c photoproduction. This is perhaps the most interest
application of the shape function model developed in t
paper. The color octet contributions to the energy spectr
have been predicted to increase rapidly in the end point
gion, where theJ/c approaches its maximal kinematical
allowed energy@9,37#. If the color octet matrix elements tak
the values required to fit the normalization of producti
cross sections in hadron-hadron collisions and inB decay,
this prediction contradicts the data collected at the HE
collider @10#, which show a rather flat energy distributio
The measured distribution can in principle be described
color singlet contributions alone, both at leading order and
next-to-leading order@38# in as .

Several solutions have been proposed to solve this p
lem for the NRQCD approach to charmonium production

~a! The relevant color octet matrix elements are sma
than believed@39#. The color octet contributions are alway

rs

FIG. 7. Sum of color octet modesdBR[8] /dpR@n# with n
5$1S0

(8) ,3P0
(8) ,3S1

(8)% to the differential branching ratiodBR/dpR

of the decayB→J/cX for various values of the ACCMM param
eterpF . The shape function parameterL5300 MeV and the spec-
tator massmsp5150 of the ACCMM model are kept fixed.
4-16
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QUARKONIUM MOMENTUM DISTRIBUTIONS IN . . . PHYSICAL REVIEW D62 034004
small and the shape of the energy spectrum is determine
the color singlet term.

~b! The partonic cross section is modified by intrins
transverse momentum effects. Within a particular model
these effects@40# obtains a reduction of the color octet cro
section, while the energy dependence is essentially unm
fied.

~c! The NRQCD calculation is unreliable for largeJ/c
energies because of a breakdown of the non-relativistic
pansion@18#. Resummation of the expansion as discus
earlier leads to folding the partonic cross section with
shape function. It is expected that this leads to a depres
of the spectrum at largeJ/c energies, because some ener
is lost for radiation in the fragmentation of the color octetcc̄
pair.

In this section we pursue suggestion~c!, which has not
been implemented in practice yet. Let us note that, irresp
tive of the issue of normalization, this is the only solutio
that addresses the fact that the shape of the color octet s
trum obtained from a partonic calculation is unphysical
largeJ/c energies.

The section is organized as follows. In parallel with t
discussion of theB decay we begin with kinematics and b
listing the relevant partonic subprocesses13 g1g→cc̄@n#

1g. We then incorporate the fragmentation of thecc̄ pair via
our shape function ansatz and discuss the modification o
energy spectrum. For the sake of demonstration, we com
the result to DESYep collider HERA data, although we
shall see that this comparison is problematic from a theo
ical point of view.

A. Kinematics of photoproduction

The quantity of interest isds/dz, where

z5
pR•pp

pg•pp
, ~4.1!

and pR , pp and pg denote theJ/c, proton and photon mo
mentum, respectively. In the proton rest framez is the frac-
tion of the photon energy transferred to theJ/c. In the
photon-proton center-of-mass system~c.m.s.! we define

pg5
As

2
~1,0,0,21!, ~4.2!

pg5xgpp5xg

As

2
~1,0,0,11!, ~4.3!

pR5~ER ,pT,0,pR
z !, ~4.4!

wheres5(pp1pg)2 is the c.m.s. energy andxg the gluon
momentum fraction of the proton momentum. Note thaz

13Photon-quark scattering is a small correction on the scale
effects we are going to discuss, and relative to photon-gluon fus
We omit these subprocesses for simplicity.
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andpT refer to the physicalJ/c particle. In the present con
text they cannot be identified with the corresponding qua
ties of the progenitorcc̄ pair, which we denote byzcc̄ and
pT,cc̄ . UsingpR

25MR
2 , we express theJ/c energyER and its

longitudinal momentumpR
z in terms of its transverse mo

mentumpT andz:

ER5
z2s1pT

21MR
2

2zAs
, pR

z 52
z2s2pT

22MR
2

2zAs
. ~4.5!

The convolution with the shape function, Eq.~2.21!, re-
quiresa andb, defined by Eq.~2.20! in the quarkonium rest
frame.14 According to our convention, theẑ axis is defined in
the direction of2P̂in with P̂in5p̂g1p̂g . Writing

p̂g5~Êg ,p̂' ,0,p̂g
z !, ~4.6!

p̂g5~Êg ,2 p̂' ,0,p̂g
z!, ~4.7!

P̂in5~Êin ,0,0,P̂in
z !, ~4.8!

and performing the Lorentz transformation explicitly, we o
tain

Êg5
MR

21pT
2

2MRz
, ~4.9!

p̂'5
pTzxgs

l1/2~MR
2 ,2pT

2 ,xgsz2!
, ~4.10!

p̂g
z52

z2xgs~pT
22MR

2 !1~pT
21MR

2 !2

2zMRl1/2~MR
2 ,2pT

2 ,xgsz2!
, ~4.11!

Êg5
zxgs

2MR
, ~4.12!

p̂g
z52

zxgs~z2xgs1pT
22MR

2 !

2MRl1/2~MR
2 ,2pT

2 ,xgsz2!
~4.13!

with l(x,y,z)5x21y21z222xy22xz22yz, and

Êin5
MR

21pT
21xgsz2

2MRz
, P̂in

z 52
l1/2~MR

2 ,2pT
2 ,xgsz2!

2MRz
.

~4.14!

The previous line givesa andb, defined as

a5Êin1 P̂in
z 2MR , b5Êin2 P̂in

z 2MR ~4.15!

for given z andpT of the J/c in the c.m.s. frame.

of
n.

14Contrary to the previous section we now use carets to den
quantities defined in theJ/c rest frame. Non-invariant quantitie
without caret refer to the photon-proton c.m.s. frame withz axis in
the direction of the proton momentum.
4-17
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The Mandelstam variables that appear in the hard prod
tion amplitude forg1g→cc̄@n#1g are defined as

ŝ5~ p̂g1 p̂g!25xgs,

t̂5~ p̂cc̄2 p̂g!2,

û5~ p̂cc̄2 p̂g!2. ~4.16!

We have to express them in terms ofz, pT , xg and the
energyk̂0 and invariant massk̂2 of the radiated soft parton
in the J/c rest frame. Recall thatp̂cc̄[ P̂1 l̂ 5 p̂R1 k̂ with
P̂5(2mc ,0). Hence

û5Mcc̄~k!22 ŝ2 t̂ , ~4.17!

where Mcc̄(k)25MR
212MRk̂01 k̂2 as usual. Next param

etrize the momentum of thecc̄ pair by

p̂cc̄5~Êcc̄ , l̂'cosf̂, l̂'sinf̂, l̂ z!. ~4.18!

This introduces azimuthal angular dependence into the
tonic matrix element. This dependence is formally small.
f̂ dependent terms are proportional tol̂' , and, as discusse
in Sec. II B 2, such transverse momentum dependence ca
03400
c-

r-
l

be

neglected in the strict shape function limit. In our ansa
which models the entire spectrum, we also have to keep
exact kinematic relations and therefore a non-trivial a
muthal average of the hard production amplitude appear
this case. With the help of on-shell conditions for the ha
emitted gluon we can express the components ofp̂cc̄ by

Êcc̄5MR1 k̂0 ,

l̂'5 k̂'5
@ k̂22a~2k̂02a!#1/2@b~2k̂02b!2 k̂2#1/2

b2a
,

l̂ z5 k̂z5
k̂21ab2 k̂0~a1b!

b2a
. ~4.19!

This result, together with the result forp̂g anda, b, allows
us to expresst̂ in terms ofz, pT , k̂0 , k̂2 andxg .

Let us now turn to the hard amplitudes squared of
partonic subprocesses. We restrict ourselves to photon-g
fusion, g1g→cc̄@n#1g, where n represents either the
dominant color singlet state3S1 or one of the color octet
states1S0 , 3PJ , 3S1. In terms of Mandelstam variables, th
spin averaged expressions are@9,37,41#:
H@3S1
(1)#~ ŝ, t̂ ,û,2mc!5

16ec
2e2gs

2~2mc!@ ŝ2~ t̂1û!21 t̂2~ û1 ŝ!21û2~ ŝ1 t̂ !2#

27~ ŝ1 t̂ !2~ t̂1û!2~ û1 ŝ!2
, ~4.20!

H@1S0
(8)#~ ŝ, t̂ ,û,2mc!5

3ec
2e2gs

2ŝû@~ ŝ1 t̂1û!41 ŝ41 t̂41û4#

~2mc! t̂~ ŝ1 t̂ !2~ t̂1û!2~ û1 ŝ!2
, ~4.21!

H@3PJ
(8)#~ ŝ, t̂ ,û,2mc!5

6ec
2e2gs

2

~2mc! t̂~ ŝ1 t̂ !3~ t̂1û!3~ û1 ŝ!3
@ t̂6~2ŝ3113ŝ2û113ŝû212û3!

1 t̂5~4ŝ4147ŝ3û170ŝ2û2147ŝû314û4!

1 t̂4~2ŝ5163ŝ4û1136ŝ3û21136ŝ2û3163ŝû412û5!

1 ŝt̂3û~47ŝ41132ŝ3û1190ŝ2û21132ŝû3147û4!

1 ŝt̂2û~25ŝ5188ŝ4û1156ŝ3û21156ŝ2û3188ŝû4125û5!

1 ŝt̂ û~7ŝ6138ŝ5û178ŝ4û2198ŝ3û3178ŝ2û4138ŝû517û6!

17ŝ2û2~ ŝ1û!~ ŝ21 ŝû1û2!2#, ~4.22!

H@3S1
(8)#~ ŝ, t̂ ,û,2mc!5

15

8
H@3S1

(1)#~ ŝ, t̂ ,û,2mc!. ~4.23!
4-18
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QUARKONIUM MOMENTUM DISTRIBUTIONS IN . . . PHYSICAL REVIEW D62 034004
Here e is the electromagnetic coupling,gs the strong cou-
pling and ec52/3 the electric charge of the charm quar
Note that the NRQCD matrix elements are not part of
hard cross sections, but included in the normalization of
radiation functionFn(k); see Eq.~2.28!. In case of theP
wave contribution, the normalization refers to^O8(3P0)&/mc

2

and the corresponding factor 1/mc
2 is also extracted from

H@3PJ
(8)#( ŝ, t̂ ,û,2mc).

The hard amplitudes squared are then expressed as
tions of z, pT , xg , k̂0 , k2 and f̂ and the average over th
azimuthal anglef̂ according to Eq.~2.19! is performed. The
double differential cross section forg1g→J/c1X is then
given by

d2sgg

dpT
2dz

5
1

16p2z
(

n
E

0

abdk̂2

2p E
(a21 k̂2)/(2a)

(b21 k̂2)/(2b)
dk̂0•

1

2ŝ

3H̄n~z,pT
2 ,xg ,k̂0 ,k̂2!

3
4pMRz

l1/2~MR
2 ,2pT

2 ,xgsz2!
Fn~ k̂!. ~4.24!

The sum runs over the fourcc̄ states listed above. Note
however, that no shape function is required for the co
singlet contribution, since the dominant contribution to t
color singlet matrix element does not require emission of s
gluons. For the color singlet contribution we therefore u
the ordinary differential cross section on the parton lev
The final result is obtained by folding in the gluon distrib
tion in the proton,g(xg ,mF), and integrating over transvers
momentum:

dsgp

dz
5E

pT,min
2

pT,max
2

dpT
2E

xg,min

1

dxgg~xg ,mF!
d2sgg

dpT
2dz

.

~4.25!

The lower integration limit forpT
2 usually is set by an ex

perimental cut. In the present framework such a cut is nee
to eliminate the contribution from the 2→1 processg1g

→cc̄@n#, smeared out over a finite range inpT andz by soft
gluon emission in the fragmentation of thecc̄ pair, and also
from the initial state. The other bounds are given by

pT,max
2 5~12z!~sz2MR

2 !, ~4.26!

xg,min5
MR

2~12z!1pT
2

sz~12z!
. ~4.27!

The minimumpT cut implies thatz,12pT,min
2 /s1••• . For

large c.m.s energy, as at the HERA collider, this is no
severe restriction on thez spectrum.

B. Discussion of the energy spectrum

The following results for the energy spectrum are o
tained with the Glu¨ck-Reya-Vogt 1994~GRV94! leading or-
der ~LO! gluon density @42# and factorization scalemF
03400
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5MR, where MR is the J/c mass. We also useLQCD
nf54

50.2 GeV~consistent with GRV! andas(MR)50.275. The
c.m.s. energy is fixed to an average photon-proton c.m.s
ergy at HERA, As5100 GeV. We also choosemc
51.5 GeV for the color-singlet process.

In Fig. 8 we display theJ/c energy spectrumds/dz with
theJ/c transverse momentum larger than 5 GeV. This cu
larger than the one currently used by the HERA experime
However, it allows us to discuss the effect ofcc̄ pair frag-
mentation in a situation that is theoretically under better c
trol. The curves in the upper plot of Fig. 8 show, as expect
that the spectrum turns over and approaches zero asz→1,
once some fraction of the photon energy is lost to radiat
in the fragmentation of thecc̄ pair. This turnover occurs a
smaller z for larger values of the parameterL, which is
related to the typical energy lost to radiation in theJ/c rest
frame. ForJ/c production in B decay, we found thatL
'300 MeV fitted the spectrum well. Assuming universali
of the shape function, this is our preferred choice for pho
production. For comparison, we also display the result w
L5500 MeV. Note that these numbers refer to theJ/c rest
frame. In another frame, such as the laboratory frame,
energy lost to ‘‘soft’’ radiation may be large, of orde
ERL/MR , whereER is theJ/c energy in that frame.

The overall normalization in Fig. 8 and the subsequ
figure requires comment. The NRQCD matrix elements
chosen as in Sec. III D onB decay. As in that case the no
malization has then to be re-adjusted to account for the

FIG. 8. TheJ/c energy spectrum forAs5100 GeV and with a
transverse momentum cutpT,min55 GeV. Upper panel: spectrum
for three values of the shape function parameterL
50 ~‘‘total partonic9!, 300, 500 MeV. Dotted curve: color single
contribution alone. Lower panel: as upper panel but with
‘‘modified matrix element’’ discussed in the text.
4-19
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that the effective charm quark mass in the hard scatte
amplitude is much larger thanmc51.5 GeV, conventionally
assumed in fits of NRQCD matrix elements. We proceed
follows: The curves labeled ‘‘partonic’’~total and color sin-
glet alone! usemc51.5 GeV to allow comparison with ear
lier results. For givenL, and for each color octet chann
separately, we determinemc

eff defined in Eq.~3.20!. We then
recalculate the partonic curve withmc5mc

eff and determine a
normalization ratio by dividing the result for 1.5 GeV by th
second one in the region ofz'0.1–0.4. Finally, we compute
the curve including the shape function with the given va
of L, multiply it by this ratio and compare it to the parton
curve for the conventional choicemc51.5 GeV. The lowz
region is chosen to compute the normalization ratio, si
the shape function should have little effect on the spectr
far away from the end point. As a consequence of this p
cedure the partonic result and the results for non-zeroL
nearly coincide for smallz. The normalization adjustment i
quite large, which reflects the strongmc dependence of the
partonic cross sections.

Closer inspection of the upper panel of Fig. 8 shows t
the spectrum for non-zeroL increases faster for moderatez
than the partonic spectrum. To understand this effect,
reconsider the hard amplitudes squared for the productio
a color octetcc̄ pair in a 1S0 or a 3PJ state as functions o
zcc̄ and pT,cc̄ . For any fixed pT,cc̄ the hard amplitudes
squared increase as 1/(12zcc̄)

2 aszcc̄→1, as follows from
ŝ52 t̂ /(12zcc̄) andû'2 ŝ aszcc̄→1. This causes the trou
bling increase of color-octet contributions in the partonic c
culation. Now, for any givenz,

zcc̄5
pcc̄•pp

pg•pp
>z ~4.28!

as can be seen by going to the proton rest frame. Hence
fixed z, the hard amplitude squared is evaluated at largerzcc̄ ,
when L is non-zero compared to the partonic result
which zcc̄5z. As a result of the above-mentioned behav
of the amplitude, sampling the hard cross section at lar
zcc̄ increases the spectrum. Likewise, the transverse mom
tum of thecc̄ pair with respect to the beam axis,

pT,cc̄
2

5~12zcc̄!~xgszcc̄2Mcc̄
2

!, ~4.29!

differs from pT
2 . This happens for two reasons: first, the lo

of energy to radiation also implies a loss of transverse m
mentum with respect to the beam axis, if theJ/c is not
parallel to the beam axis. Second, theJ/c can gain trans-
verse momentum by recoil against the soft gluons radia
during the fragmentation process. For fixedpT , this is pre-
ferred to losing transverse momentum, because the pro
tion amplitude for thecc̄ pair increases with smallerpT,cc̄ .
The dominant effect is the one related tozcc̄>z. The corre-
sponding increase of the spectrum~for L non-zero and mod-
eratez) relative to the partonic spectrum is stronger aspT,min
is chosen smaller, since the hard cross section rises faste
smaller pT,min ~and would approach the collinear and so
divergence atz51, if pT,min50). Finally, at very largez, the
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suppression due to the radiation functionFn(k) wins and
turns the spectrum over to zero.

To illustrate these remarks we define anad hocmodifica-
tion of the hard cross sectionsHn(zcc̄ ,pT,cc̄):

Hn
mod~zcc̄ ,pT,cc̄!

55
Hn~0.9,pT,cc̄! if zcc̄.0.9, pT,cc̄.1 GeV,

Hn~zcc̄,1 GeV! if zcc̄,0.9, pT,cc̄,1 GeV,

Hn~0.9,1 GeV! if zcc̄.0.9, pT,cc̄,1 GeV,

Hn~zcc̄ ,pT,cc̄! otherwise.

~4.30!

The energy spectra analogous to the upper panel of Fig. 8
with hard cross sections modified in this way are shown
the lower panel of this figure. The partonic cross section
modified only for z.0.9 by construction. The spectra fo
non-zeroL are reduced already at smallerz, which shows
the sensitivity tozcc̄.0.9 at such smallz.

We emphasize that no physical significance should be
tached to the lower panel of Fig. 8. The growth of the co
octet cross sections at largez is physical and reflects the
growth of 2→2 cross sections at large rapidity differen
due to t-channel gluon exchange. In the end point regiont̂

;2pT,min
2 andŝ;2û;pT,min

2 /(12z) so thatŝ@u t̂ u. Higher
order corrections to the spectrum would involve logarith
of ŝ/(2 t̂ ). Summation of these logarithms with th
Balitskii-Fadin-Kuraev-Lipatov~BFKL! equation increases
the parton cross section in the end point region.

FIG. 9. TheJ/c energy spectrum atAs5100 GeV and with
pT.1 GeV compared to HERA data@10#. Upper and lower pane
as in Fig. 8. Solid~dash-dotted, dashed curves! lines refer toL
5300 ~500,0! MeV. Dotted curves: color singlet spectrum alone
4-20
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After this discussion for large transverse momentum
the J/c, we display the result for the energy spectrum w
the additional requirementpT.1 GeV, which we compare
to data from the H1 and ZEUS Collaborations@10#. Figure 9
shows again the conventional partonic calculation compa
to the calculation with two values ofL. The lower panel
refers to thead hocmodification of the hard cross section
according to Eq.~4.30!.

The qualitative features evident in the upper panel foll
from the previous discussion. At largez the spectrum turns
over, but at intermediatez, including the entire region wher
data exist, there is a large enhancement, which follows fr
the fact that the partonic matrix element is sampled v
close tozcc̄51. Taken at face value, the disagreement w

data is worse after accounting forcc̄ fragmentation effects
However, the theoretical prediction with small transve
momentum cut is unreliable at largez. With no pT cut at all,
we expect that thez spectrum is drastically modified at larg
z after accounting for the 2→1 process, the virtual correc
tions to it, and soft gluon radiation from the initial gluo
Owing to the sensitivity to largezcc̄ , the theoretical predic-
tion is more sensitive to these modifications when gluon

diation incc̄ fragmentation is included. An indication of thi
is provided by plotting the spectrum with the modified pa
tonic cross section. This modification of the partonic cro
section, althoughad hoc, may give a qualitative representa
tion of the effects to be expected from soft gluon resumm
tion. The lower panel of Fig. 9 shows that the unphysi
enhancement is largely reduced in this case, although it d
not disappear completely. If reality turned out to resem
the lower panel, it would be difficult to disentangle col
octet contributions, given the additional normalization unc
tainties of both, the color singlet and the color octet con
butions. In this case aJ/c polarization measurement woul
provide useful additional information@37#.

The results of this analysis can be summarized as follo
with the small transverse momentum cut on theJ/c cur-
rently used by both HERA Collaborations, the regionz
.0.7 is beyond theoretical control. This remains true ev
after resummation of large higher order NRQCD correctio
via the shape function, since the hard partonic cross sec
is sensitive to other modifications that are also difficult
control theoretically at such small transverse momentum
present, the experimental data cannot be interpreted as
viding evidence for or against the presence of color oc
contributions in photoproduction. It is not necessary to
duce the color octet matrix elements as suggested in@39# to
arrive at this conclusion. This is welcome as matrix eleme
of the order quoted in Sec. III seem to be needed to acco
for the observed branching fraction ofB→J/cX.

The situation in photoproduction remains unsatisfacto
In our opinion, nothing is learnt on quarkonium producti
mechanisms, if a small transverse momentum cut is u
We therefore recommend that future increases in integr
luminosity should not be used to reduce the experime
errors on the present analysis, but to increase the transv
momentum cut at the expense of statistics.
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V. CONCLUSION

In this paper we provided a first investigation of the kin
matic effect of soft emission in the fragmentation proce

cc̄@n#→J/c1X. In the NRQCD factorization approach t
inclusive quarkonium production these effects appear as
nematically enhanced higher order corrections in
NRQCD expansion@17,18#, which become important nea
the upper end point of quarkonium energy-momentum sp
tra. The shape function formalism discussed in@17,18# re-
sums these corrections and allows us to extend to validity
the NRQCD approach closer to the end point, although
entire spectrum is not covered even after this resummat
In the present paper, we implemented the kinematics of
gluon radiation exactly and used an ansatz for the probab
of radiation of soft gluons. This allows us to cover the ent
energy spectrum, although in a model-dependent way.
model is consistent with the NRQCD shape function form
ism in the energy region where the latter applies. This s
ation is similar to the relation of the ACCMM model to th
heavy quark expansion in inclusive semi-leptonic decays
B mesons. The main result is provided by Eq.~2.21!, which
applies to a general inclusive quarkonium production p
cess, when the partonic final state before fragmentation c
sists of acc̄ pair and one additional massless, energetic p
ton.

We then proceeded to two applications of the formalis
These applications are not necessarily the simplest ones
ceivable, but they seem to be most interesting. We first c
sideredJ/c production inB decay, which proceeds throug
color octet states by a large fraction. In this case the effec
emission in fragmentation of color octetcc̄ pairs has to be
disentangled from Fermi motion of theb quark in theB
meson. We found that the description of the spectrum
proves significantly, when soft radiation is included, and
the parameterL that controls the energy scale for soft radi
tion is chosen around 300 MeV. The shape function defin
in @18# is production process independent. Assuming univ
sality of our ansatz over the entire energy range, the sa
ansatz is used for inelasticJ/c photoproduction. We found
that the energy spectrum turns over atz'0.8–0.9, to be
compared with the partonic spectrum that rises towardz
51. However, atz,0.8, the color octet contributions to th
spectrum still grow faster than the color singlet contributio
Because of the increase of the partonic cross section,
increase is in fact faster in this intermediatez region aftercc̄
fragmentation effects are included. We also concluded
the transverse momentum cutpT.1 GeV, presently used
by the HERA experiments, is too small to arrive at a reliab
theoretical prediction. Hence, no conclusion regarding co
octet contributions and the validity of the NRQCD forma
ism can presently be drawn from HERA data.

The formalism developed in this paper could be applied
other production processes, in which theJ/c energy is mea-
sured. Another interesting extension is quarkonium deca
when the energy of one of the decay particles is measu
such as the photon energy inhc→g1X and J/c→g1X.
Since decay processes are less affected by theoretical u
4-21
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tainties related to color recombination and initial state rad
tion than production processes, this may lead to theoretic
better controlled applications of the shape function form
ism.
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