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The form factors for thé,; semileptonic decay are computed to ord¥p*) in generalized chiral pertur-
bation theory. The main difference with the standég?*) expressions consists in contributions quadratic in
quark masses, which are described by a single divergence-free low-energy cohst@nhew simultaneous
analysis is presented for the CKM matrix elem¥hg, the ratioFy /F ., K3 decay rates and the scalar form
factor slopehg. This framework easily accommodates the precise valu&/fgrdeduced from superallowed
nuclearpB decays.

PACS numbegs): 12.15.Hh, 12.39.Fe, 13.20v

[. INTRODUCTION dently or estimated in a reliable wayThe present status of
this enterprise is limitedto the evaluation of the so-called
chiral double logarithm$19], which, although only part of
the full two-loop corrections, do not seem to point towards
huge effects coming from the chiral loops themseliges in
particular the numerical results in Table | of REt9] and
ége comments preceding.it

The purpose of the present work is to address some of

Together with low-energyr-7r scatteringd1,2], the semi-
leptonicK,; [3] andK., [4,5] decays have been among the
first applications of standard chiral perturbation theory
(SxPT) [6,2,7] to be studied at the one-loop level. At this
order, the mesonic form factors that describe these decays

not contain the poorly known low energy constantsand these issues from the point of view of generalized chiral

L, and consequently they may be expEcted to be less Sen%érturbation theory (PT) [8,20,21. The expressions for
tive to the size of the chiral condensdgg) than, e.g., the  the form factors of semileptonic decay of kaong2p?) in
m-m s wave [8,9]. In particular, theK;; form factors at  GyPT have never been publishéa discussion of the,
O(p*) merely involve, in addition to the masses and decayform factors at orde®)(p?) in GyPT can be found in Ref.
constants of the pseudoscalar states, the low energy constgnp]], although they have existed for some time and have
Ly, whose value can be obtaingg] from the experimentally been partially reported on various occasions. Keeping in
measured charge radius of the pid®]. This fortunate cir- mind the well-known and important exception of the phase
cumstance has been used in the past to extract the Cabibbak-the K., decay amplitude, thk; andK, form factors are
Kobayashi-MaskawdCKM) matrix elementV s from the indeed found to be to a large extent independent of the size
Kes decay rateqg11], and presently this extraction is still of the condensatégq). The main consequence of the modi-
considered by the Particle Data GrotpDG) compilation  fied chiral countind mgyan—O(p)] is that in GyPT the form
[12] to remain the most accurate and least model dependerfhctors receive a contribution quadratic in quark masses al-
Yet this determination o¥/ relies on a model-dependent ready at orde®(p?), in addition to the standar@(p*) ex-
estimate of(?(mguar,) contributions to the form factdr, (0)  pressions. Furthermore, these né),(/mguark) contributions,
(the notation will be given beloywhich, in S¢PT, arise as  which within SyPT would count ag)(p°®), are all related
contributions of orde®(p®). With the new careful and ac- They all stem from a single term of th&, , component of
curate determinations of 4 from superallowed nucleg8  the effective LagrangiarCe; and they are described by a
decayg13—15, the size of these corrections is required to besingle divergence-free low-energy constént(see Ref[9]
comparable to théparameter-freegenuineO(p*) contribu-  and Appendix A for notation [This statement is exact in the
tion in order to preserve the unitarity of the CKM matrix. It case ofK;3 form factorsf, andf_, whereas in the case of
is then legitimate to ask whether similarly important

(’)(méuark) contributions would not affect the parameter-free

SxPT prediction for the slope, of the K3 scalar form  IThe structure of the ordeP(p®) effective Lagrangian of gPT
factor at orderO(p*). In principle, these questions can be has been discussed in Reff$6,17.

answered by performing the full two-loogy8T calculation 2Unfortunately, the®(p®) calculation of Ref[18] only considers

of the K3 form factors, provided the several nef(p®) a very specific combination of thelopesof the fX™ and of the
counterterms that will contribute can be measured indepenmesonic electromagnetic form factors.
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Keq it remains true for the dominar®(mZ) terms] It thus A. GxPT expressions of theK; form factors

appears that thé(p*) GyPT offers a predictive description The one-loop GPT expressiongusing the notation of
of the terms quadratic in quark masses which is non-triviaRef. [3]) for the form factors are summarized below. We

compared to the one-loopy®T (no quadratic termsand yet  start with the two form factors®" ™ (t) andf* ™ (t), which
much simpler than the standa¥(p°®) order, in which other  4re in practice sufficient for a description of the electron
unkrlown constants s'hould contribute in addmon to thedecay mode<’; and Kga, and keeping isospin breaking
O hneh 5 25 Systomatic 25 the atandasd expanaion, succTtibutions due to the quark mass diferemg-m, . For

' + SURe KP3 channel, which is somewhat simpler, sined-

gests a new simultaneous analysisvgf,, K,; decay rates, g I .
X . mixing only enters the loop contributions, we obtain
Fk/F ,, and of the scalar slope, which may be of interest g ony P

in connection with the constraint of unitarity of the CKM  ¢«k%~ .\ _ } §
matrix and with the forthcoming new(,; data. A closely B U=t Hono(O 2H”0K+(t)+2H”K+(t)
related application, namely the determination of tep*)

constantL ; from the K2.4 decay ra.te, Wi||. be presented else- +/38[H .« (t)— Hk(D]+
where[23], together with a full discussion of thi§,, form

factors at orde®(p?) in GyPT.

The present stage of our analysis involves one additional X(r—1)2
limitation, to the extent that no electromagnetic corrections
are included, ur_lless expllqtly stat_ed. F_or this reason We . o functions
postpone a detailed analysis of the isospin asymmetry in the
K% andK; decay rates that is due to the mass difference ()
mg—m,. We just check that this asymmetry is consistent PQ
with the GyPT treatment ofr°-7 mixing within errors.

The paper is organized as follows: Section I provides theepresenting the meson loop contributiofishe definitions
necessary expressions of thg; form factors and of the Of the loop functionsMp(t), Kpg(t) andLpg(t) that we
w°-7 mixing angles in GPT. Implications for the determi- use below can be found in Reff7].] Here ¢ denotes the
nations ofV, and of the raticF« /F . of pseudoscalar decay leading orderr®-» mixing angle,

1. 1.
TA2g2 T2
8m§+2mA3}

1+1 2.3
= @3

2
=Fz tMpo(t) —Lpg(t) + §Lgt} (2.4

constants are discussed in Sec. lll. The slopes ofkihe 3 A 2 r—1 M2
form factors are considered in Sec. IV. Concluding remarks Ezﬁ —%qL §(r2—r)—1 2—"2 ,
are presented in Sec. V. Details of ¥p*) structure of the M3~ M7 r+im n M7
GxPT effective Lagrangian and of its renormalization are (2.9
presented in Appendix A. Useful expressions for the pseudo-
where

scalar masses and decay constants have been gathered in R
Appendix B. r=mg/m

Il. K;3 FORM FACTORS IN G xPT TO O(P%) =2 % 1

2=L—5
We consider the two semileptonic decay channels ™
, _ 2 2 2
K (p)—=m(p)I " (P w(py)  [Kf3] Aemo=3M,—4Mi +M7. (26
Ko(p)— = (p")I " (p)v(p,) [K,OS]. (2.))  We work only at first order in the quark mass difference

(myg—m,); i.e., we consider only terms that are at most of
The symboll stands foru or e. As stated before, we do not order O(1/R),® where
consider electromagnetic corrections. The procegsésare

then described by four form factore ™"(t) and fX"™ (1), _ mg—m
which depend o= (p’—p)?=(p,+p,)? the square of the R= mg—m,’ 27
four momentum transfer to the leptons, and which are de-
fined in terms of the hadronic matrix elements of the charged’he lowest order $PT value for thew®-» mixing angle,
strangeness changing QCD vector current as follows: es=\3/4R, is recovered by dropping, in4Eq2.5), the last
0/ 1y = + two terms, which are counted as ord2¢p™) in SyPT. The

(7 (p")](sy,u)(0)|K*(p)) £ and A; terms in Eq.(2.3) are O(p?) contributions in
GxPT (see the detailed formulas for the effective Lagrangian
in Appendix A), but are absent at this order iryBT.

For theK 5 decay mode, we find

1 + 0 + 0
=E[(p+p’)#f§ T4+ (p—p),f ]

(7 (p")|(57,u)(0)|K%(p))

i eKOm 'y eKOm— 3We have however kept the pion mass difference, which is mainly
=(ptp")ufi™ +(p—p")uf2 " . (22 an electromagnetic effef24,25, in the loop contributions.
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. - V3 1.
£ WO(T):fﬁow (t){1+7(81+82)—ﬁm2§2
. 1 2e
X (r—1)28 —m2Ch(r —1)2 §+J_; ] 2.8

where ther®-7 mixing angles at orde®(p?), €;, &,, are
defined in Sec. 1B below. Although the consta®§ corre-
sponds to a counterterm @, , [see Eq(A6) in Appendix
A] that violates the Zweig rule, it is not expected to be sup
pressed, since this violation occurs in the hannel.
At zero momentum transfer, EQ.3 gives
2 2 MZ+
2(M?7 s +Mio)hg IVER
KO

2
7 (0)=1-

256m°F2

2
(M2 2 Mo
(M?o+Mi+)hg M2
K+

2
K+

M
2
+3(MK++M37)h0 VZ_

<

7
2
(Mﬁ

+2.32

(M2+MZ)hg

|

1
K _ -
f27(t) = >

. 1
+m?DS(r—1)(r+2)+ Z[sm—zw—sun]—

1 . 3
- H[:a,t—2|\/|§,—2|\/|§+4m2(A0+ 2Z5)(r—1)(r +3) Ky, (1) — Ez(Mﬁ— M
0 0

+

r 2,
MK”(I)'F §L9 ]

For the ease of comparison, we may rewrite thjgR& ex-
pression for the form factof _(t) in terms of the corre-
sponding &PT expression:

r

M
—1- (

F2

2 2
k—M

)

Fk

K;std —
fo (t) F

N (2MZ+2M2—3t)
4F2

Ki,(1)

.\ (2MZ+2M2—5t)
4F2

KwK(t)

3(Mg—M?2%)

2F2 [MrKn(t)+Mer(t)]v

(2.12
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—(MZ+M?2)h M—i +| Zregzs Laea
( K 7]) 0 ME] 8m g 2m 3
1
><(I'—:|.)2 1+§ , (2.9
with
2X
ho(X)=1+ mlnx. (2.10

To recover the expression at ord@¢p?) in SyPT[11,3] for

fﬁo” (0), onereplacess by the leading order @T value
4, and one simply drops the last term in E8.9). Notice
that this last contribution is the only correction of order
O(p*) that does not vanish in the largé: limit of QCD.

The fact that the®(p?) corrections tof<’™ (0) in SyPT
vanish altogether in the lardé; limit might provide a natu-
ral explanation why contributions of th@(p®) counterterms
could be comparatively sizable.

The expressions of the form factor&’™ (t) and
f5+"0(t) are rather cumbersome @(my—m,) effects are
included. Since we do not need the latter in this case, we

give only the common expression of these two form factors
in the isospin limit, which is

- 1"2 2 22 EF 1"2 2 1"2
mg(r—l)—zm E(r—1)(r+3)—mEE(r—1)(r+2)+ Em (A1 +B)(r —1)+§m (A,—2B,)(r—1)

4Fg[5t—2|v|3,—2|v|§+ 16m?(Ag+2Z5)(r + 1)K k(1)

2
™

)

r 2 r
2

(2.11

1(F 2[Fk F
Kmjsy_ sKamstdy [ T K KTk
fR7(t)=f273(1) 4(Fw 1) (F727+2F7'r 1)
1. Agmo(r+3)
— =m?A3(r—1)(r+3)— ——— Ky, (1)
M2(1+r)e(r)
—F—ZKwK(t), (2.13
where
A AMA(Ag+2Z35)  ro—r
e(r)= 2 (12
(=Z3IA,, (2.14
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and theO(p*) expression At order O(p?), the two mixing angles coincide and are
equal tog. At order O(p®), they both receiveO(Mgyyar)

- 1 [Fg ~ -~ corrections, and are no longer equal. Explicitl
g= < F—§—1>—(r+1)m2(A1+Bl)—mZ(AZ—ZBZ) ons: ger equal. Expicty,
7TA2 e s 81+82 °+ 1 Aax() Fﬁ 1
—(r+3)m°A;—2(r+2)m°D>+2m-&“+2(r +2) ST = Y MAN)— | =5 —
X 2 V3R(M2-M?2) F2
XMPEE— 5 ———(5u,—2uk—3u,) (2.19 A 1 r+2
2(r—1) ! MO S(ry—1)| —= | M2 (2.19
2 3 r+1, 7
has been used. It is remarkable that, in E413, all £,
constants-except for A;—have been absorbed into the gnd
renormalization of the decay constants. Notice also that, in
contrast tof | (t), f_(t) starts only at next-to-leading order 1 Fﬁ
in the chiral expansion, and that furthermore this contribu- e;—e,=—=————-| = —1||Agmo— 5(r2—r)
tion is not suppressed &0 for N,— . VBR(M2—-M2) | F2 3
ix 2 2 2.2
B. Mixing angles X —1/M=), (2.20

The expressions of thi€,; form factors given in the pre-
ceding subsection involve the®-7 mixing anglese,s;,8,.  where we have defined
In defining them we ignore isospin breaking through electro-
magnetic effects, so that the only source of isospin violation X,(r)=(r— 1)?[(3py+4p3)(r—1)—po(r+1)]
is the quark mass differenaag—m,. If myg#m,, the iso- (2.21
singlet and isovector axial curren@éi andA2 have nonva-
nishing off-diagonal matrix eIements between the vacuunin terms of the o 5 quantitiespy 5 5
and one-meson states. Ttwo 7% mixing anglese, and

€, are introduced such as to define combinations of the axial  1ll. DECAY RATES, V, s AND F./F . REVISITED
vector currents having vanishing off-diagonal matrix ele- o - 4
. A. K->z~ e v rate
ments:
8 ) 3 0 For the Ko3; decay we only need to consider the form
(Q|cose AL (0)—sing; A% (0)[7°(p))=0 factor f, (t), and forK®— 7~ e v Eq. (2.3 is all we need.
5 . o Ignoring the tiny term in Eq(2.3) proportional tog, we may
(Q]cose,A;(0)+sing,AL(0)[ 7(p))=0. (2.18  write the decay rate in units of I6° MeV as

Both ¢, ande, are of orderO(myg—m,). Note that we were
not forced to define mixing angles in terms of matrix ele- T[K°— 7 e*v]=V3i{
ments of the axial currents: we could have chosen to use the
pseudoscalar densities or any other operators with the appro-
priate quantum numbers; however, the corresponding expres- X
sions for the mixing angles would in general differ from
those given below.
Keeping only contributions which are at most linear in the
quark mass differenceny—m,, the off-diagonal matrix ele-
ments of the flavor neutral axial currents read

105.056+203.031r — 1)

ﬁ12A3 r’h2§2
4
2 8

rﬁ2A3+ m22\ 2
2 8 | |

+98.267r —1)*

(3.9

Strictly speaking, the last contribution on the right-hand side

<Q|Aﬁ(0)|ﬂ-0(p)>:ipMF 1 of this expression, although coming from the square of the
w 0_—

O(p*) expression off '™ (t), represents an orde?(p®)
<Q|Ai(0)| n(p))=—ip,F,ez. (2.17 effect in the chiral expansion of the decay rate. However, as

can be checked e.g. in Figs. 1 and 2 below, it does not affect
The decay constants,, andF,, define the diagonal matrix our analysis in the range of values considered for the
elements of the same currents, Cabibbo angle.

We expressné in terms ofV,s as follows: first, we use

3 0 —
(Q|AL0)|7°(p))=ip,Fx Eq. (2.15, but only at lowest order,

(QIALO7(P)=1P,F . (2.18 1 (R
. . =—|=-1 (3.2
Up to corrections of orde®((m,— my)?) which we neglect, ( F2 )
F . can be identified with the charged pion decay constant,
F.=92.4 MeV. and then use the formula for the ratio of the branching rates:
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0.23
0.225
Vus 0.22 \\\\\
0.215
-0.2 -0.15 -0.1 ~0.05 0
(r-1)2 7% A,

FIG. 1. The dependence ®f,; on A;. Horizontal lines indicate
the range of values fov , given by the PDJ12].

[[K—pr] WRE F_ﬁ M+ {1— (M, /Mg+)?}?
Fla—pv] |V FZ M+ {1—= (M, /M )2}

X(1+6k—46,), (3.3
where the radiative correction$y=0.002G+0.0002, &,
=0.0017:0.0002 nearly cancéR6].

Next, we use the experimental valyd£] for the branch-
ing rates to fix{11] the combination of constants,

FK VUS
— —— =0.2758+0.0005, (3.9
Fﬂ' Vud
together with the unitarity of the CKM matrix:
V2 +V2=1. (3.5

We ignore|V,,|, which has been obtaind®7,28§ from a
model-dependent analysis of data fr@nsemileptonic de-
cays to be (3.250.6)x 10 3; however, even if the central

value of V, turned out to be 3 times larger, this would not

affect our results. After expanding E.1 in Vs around
Vs=0.220, this implies

0.977
0.9761
Vya 0.975
LS
0.974f ///
L
-0.2 -0115 =0l -0.05 0

(r - 1)28% 2,

FIG. 2. The dependence ¥f,4 on A;. Horizontal lines indicate
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[[K°— 7 e*1»]=5.390+31.1qQV s~ 0.220 + (r —1)?
X M2A5[5.059+ 37.58 V,— 0.220 ]
+(r—1)*m*A3

X[1.189+10.84V,—0.220], (3.6)

to be compared with the experimental rate of 4.987052.
Consequently, from knowledge &f,; one may extract a
value for the £, quantity m2(r —1)%Ag=(ms—m)?As.
For example, in Fig. 1 we show the band in thé,{,A3)
plane indicated by experiment, together with lines of con-
stant V,s corresponding to the PDJ12] value Vg
=0.2196+0.0023. Accepting this constraint on,s would
imply m?(r —1)2A;=—0.089+ 0.024. A naive dimensional
analysis(NDA) [9] would give

2
ms(Ay)
S—2%0.04,

r—1)2mPA ~
|( ) 3||NDA AH

(3.7)

where we have takenmg(Ay)~200 MeV, and Ay
~1 GeV is a typical hadronic mass scale.

B. Determination of V4 from nuclear beta decay

In its 1998 update, the PDEL2] recommends folV,,q
only the value determined fromd.; decay, arguing that the
value obtained from hyperon decagsee[29] for an early
attempt along these lingsuffers from theoretical uncertain-
ties due to first-order S(3) symmetry-breaking effects in the
axial-vector couplings. However, within the context of the
present GPT analysis, we may not, without independent
knowledge ofA;, use the values foV ¢ thereby extracted
from K¢z decay. Moreoverfy is determined from th& ,,
decay together with the knowledge ¢fs, and we note that
Fk /F . appears implicitly in our theoretical expressions for
the K,3 form factors. The origin of this is, of course, our
re-expression, E((3.2), of the £ 3 constant¢ in terms of
FelF, .

From the unitarity condition for the CKM matrix, it fol-
lows that|V,¢{ may be fixed from knowledge of the up-down
quark-mixing matrix element of the CKM matriXV,q/,
alone. The value o¥ 4 can be determined from several in-
dependent sources: nuclear superallowed Fermi beta decays,
free neutron decay, and pion beta decay.

Currently, superallowed Fermi'0—0" nuclear beta de-
cays[13-15, together with the muon lifetime, provide the
most accurate value:

V4= 0.9740+ 0.0005. (3.9

The precision is limited not by experimental error but by the
estimated uncertainty in theoretical correcti¢a$]. In Fig.
2 we show the band in thé,q,A; plane indicated by experi-
ment, together with lines of constamt,; corresponding to
these values.

The determinations of 4 from free neutron decay data

the range of values fov,4 determined from superallowed nuclear are approximately a factor of 4 poorer in precisi@ee the

beta decay.

discussion if[15] and references thergin
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V,¢=0.9759+0.0021, (3.9 Ls 2%

1.23}

due to the difficulty in separating the vector from the axial

vector piece, but planned experiments aiming at an accurate ~ 1-22f
measurement of the electron emission asymni&oy could

change this situation qualitatively, since the error in this casei—“

is primarily of experimental origin. To1.2

Finally, the theoretical corrections in the nuclear Fermi

transitions are absent in the case of the pion beta decay. The

present status of this type of experiments results in the value  1.18}

[15]

1.21¢

1.19

—O‘.2 —0115 —Ol.l —0:05 O
V4q=0.9670+0.0161. (3.10 (r = DA% A
. . . . . FIG. 3. The dependence & /F . on As.
Here, also, the situation might improve in the fut{igd,30.
Combining the above results, one obtains

MK —mes] R*9)?1 0.49615-0.00240
V,q=0.9741=0.0005. (3.11 I'K—7 et v] = )70 '
A~ -2 22 g2
Accepting this value fol,4 would imply m?(r —1)?Az= x(r—l)z(m As M § )
—0.124+0.022, somewhat larger than the NDA estimate, 2 8
Eq. (3.7), but still acceptable. s .2\ 2
Finally, we note that recenimodel-dependeptanalyses 40 00234r—1)4(m Az +m 3 )
of hyperon semileptonic decays gi{/@2] ' 2 8 '
V,¢=0.9750+ 0.0004 (3.12 (317
+0 ; ;
and[33] whereR™" is the ratio
fK+7TO(O)
V,4=0.9743+0.00009. (3.13 R0 ;Owi _ (3.18
7 (0)

Taking the value Eq(3.11) for V4 (i.e., excluding results

from hyperon decaysthe unitarity relation, Eq(3.5), gives Note that the last two terms in the brackets in Bj17) arise

from the small differences in phase space which are due to

mass differences betwedt? andK*, and betweenr* and
0

Incorporating the above values for the CKM matrix elements’
into EqQ. (3.4) then implies

V= 0.2261+0.0023. (3.14

Proceeding as we did for thé° rate above, i.e., using
Egs. (3.2 and(3.4), we obtain

Fe_ 1.189+0.012 [V,4 from nuclear beta decay [[K"— 7% ]
F ‘ ' ud —————=(R"9)2{0.4961 0.004@V,s— 0.22)
g INK'— 7" e v]
(3.19
(r—1\2m2
which may be compared with the corresponding result using (r=1)"mAs
the PDG values foW : X[0.0011+0.0041V,s—0.22)]
Fx +0.000%r — 1)*m*A3}. (3.19

= 1.226+0.014 [V,s from PDG. (3.19

m

The correction terms in the curly brackets are completely
Using Eq.(3.4), which relatesFy /F . to V,c andV,4; Eq.  negligible for Az and Vs in the range determined above,
(3.5, which relatesV,s andV,4; and Eq.(3.6), which re-  since they are at most of the order of 0.0001, compared to

latesV dm2(r —1)2A,, directl late=, /F the leading term 0.4961. _
ates o an 2m (r=1) 3 We may directly relale k' x The measured rates may be deduced from the data given
andm“(r —1)“Az (see Fig. 3

by the Particle Data Grouf.2]:

C. m,#mq effects on theK*— et v rate I'[K*— 7% " v]eyp=2.561+0.032

We may treat the decay of theé* similarly; the result is
most conveniently expressed in terms of the ratio K- 7 e" V]exp=4.937£0.052, (3.20
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where, as above, we express all rates in units ofiMeV;
consequently,

I'[K"—mle" V]expt

I[K—m e’ V]expt

—=0.512-0.016.  (3.2))

Consequently, the experimental value f&° is 1.023
+0.016.

Up to and including terms of orde?(p*), the theoretical
expression foR™° is given by Eq.(2.8); the terms propor-
tional tom?£2(r —1)2 and tom?C} are of orderO(p*). We
first estimate the®(p®) correction terms in Eq(2.19 by
NDA. For the first one, we obtain

8rm3p
2
M7T

meX,,(r)

M2

8m3(Ay)
MZAY

~3.2,

(3.22

wherep characterizes the size of thg, 3, low-energy con-
stantsp,, a=1,2,3. This impliegusingR=43.5, from Ref.
[24])

NDA NDA

(3.23

Similarly, the last term in Eq(2.19 is

L [Fe|[A
V3R(M%-M2) | F2,

_0'033+ O.OOE{rZ—r)/r+2
R R lr+1

r+2
r+1

1
GMO
5 +§(r2—r)

MZ}

(3.29

r
~—0.00075+ 0.00014r,—r) 1)

which is quite negligible.
Finally, we turn to the®(p*) corrections taR™°. From

2 \?
m2§2(r—1)2~(F—§—1) ~0.24, (3.25
we obtain
m2&3(r—1)% .
~0.14 (3.26
J3

The NDA estimate for th&€5 term gives

o

1 2¢
_+_

R V3

o

~004{£+2—8} (3.27
MR G) .

m?|C5|(r—1)2

2
where we note that no assumption has been made here of anyM 7+
suppression otg due to Zweig rule violation. We have

verified that O(p?) corrections toe,+¢&, are negligibly
small. Using the numerical form of E¢2.5),
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o)

. 1 r—
s—§[0.533+ 0'502r+_1 (3.289

the upshot is thaR*® may be writter{recall Eq.(2.9)]

. . 0.22
R 0=1+ \/§8—0.149i?,

(3.29
where the term-0.14¢ comes from Eq(3.26); the indicated
uncertainty, coming from other higher-order corrections, is
dominated by the estimation of the contributions from the
L 0,3 terms[see Eq(3.23 above. Numerically, this implies

R+0—1+1 085+080§1 .92 3.3
- Rl r+1 rz_R’('@

and taking, for example, the commonly accepted va
R=43.5+2.2,

r—1 r
R™%=1.020+0.005+0.018— 1——), (3.3)
r+1 ro

which is consistent, for any permissible valuerpfvith the
experimental value 1.0230.016 which we deduced above.
In view of this experimental uncertainty, we will leave for a
later time the careful investigation of ttg&(p*) effects men-
tioned above, together with the analysis of electromagnetic
corrections(the radiative corrections tB*° in the standard
case have been investigated in Rg¥4]). Note that some
(but not al) of the existing experimental data have been pub-
lished with radiative corrections, but often without mention
of how these corrections have been implemengs. More
precise knowledge oR"° would be useful in constraining
the relationship displayed in Ed3.29 between the two
quark-mass ratioR andr, thereby testing the relevance of
GxPT.

IV. FORM FACTOR SLOPES

Analyses ofK,; data frequently assume a linear depen-
dence

iy ="F57(0) (4.1

+

t
1+N, o——|,
+,0M2 1

w

where, as usual, the scalar form factor is defined as

t
Kar _ gKm Kar
(0 =m0+ 1),

K T

4.2

The parametek "™ is identical to that of $PT,

N1 1 1 (M2 1 [ME
=8N aanzrz| e mz) T 2wz
7
| Mi 1I Mi 4.3
vzt vz ) @3

033003-7



N. H. FUCHS, M. KNECHT, AND J. STERN
with

2 1

3
(4.9

N 1(%—3%—3x+n| 1
1(X)+§ x=1)° nx+§

X+1
x—1

and

1 =, Mk
FE,-<I’2>\7/T: 12Lr9— 32772{2 In—2+ln—2+3] . (4.5

M 7

On the other hand, the YT expression fohg”,

B\ AR )
F2 2\ F2

w

xg”__l
M2, 2

ks

r+3
r—1

1 1
2_\2  38472F2
Mig—MZ T o

—m?(r—1)%A,

AMZ(r+1)e(r)

T mM2Lim2
Mk+M2

M2 1
M2Z/] 38472F2

2
M?—Mg
M§+M§
3 Agmolr+3) ”
2(MZ+M2)(r—1)

M& 1

7|t e

M%) 64m7Fg

MZ+M?2

X
Mk —MZ

3+2

X1

X h, (4.6

where

3

2
hy(X) = > 3x(1+x)

1=x7° Inx,

1+x
1-x

(4.7

differs from the §PT result. This expression fory explic-
ity displays the dependence am?(r—1)%A; and onr,
while its dependence o¥, is implicit in the F¢ /F . terms.

However, as we saw above in Fig. Bx/F,. and mA(r
—1)?A; are correlated once we know the rate figP

— o~ e’ v. Therefore, for any choice of the quark mass ratio
r, Eq.(4.6) gives a range of values far, corresponding to a
given region in the(F /F, ,m?(r—1)?As) plane. For ex-
ample, Eq.(3.195 defines one region in Fig. 3, while Eq.
(3.16 defines another. We display in Fig. 4 the correspond

ing regions in the Xo,r) plane.

This analysis was done assuming that the Zweig-violatin

parameteZ5=0. The whole dependence @3 is contained
(throughZ=Z3/A,) in the parametee(r). As pointed out in
[21], the vacuum stability requiremeB,=0 implies a up-
per bound or¢, which yields

“ n “ 2
f(r)—f(f)|§:o<(1—6(f)|§:o)m- (4.9
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0.022

0.021

Ao
0.019

0.018

10 15 20 25 30
b i
FIG. 4. The dependence af, onr. The darker shaded region
indicates the range of values E§.15 for A\ determined by using
V4 from superallowed nuclear beta decay, while the lighter shaded
region shows the corresponding range E#16 determined by
using the PDG values fo¥,s. See text for details.

We find that taking{=0 or its maximal allowed value
makes a difference of less than 0.0004\ iy for any choice
of r.

In SyPT, including one-loop corrections, the reqidt is

No=0.017+0.004, (4.9

where the error is an estimate of the uncertainties due to
higher-order contributions. The experimental situation re-
mains unclear, in view of the inconsistency between some
more recent datpl2] and the result X,=0.019+0.004) of

the high-statistics experiment of Donaldseinal. [36].

V. SUMMARY AND DISCUSSION

In the preceding pages, we have studied khe form
factors atO(p*) precision within the generalized framework
of chiral perturbation theory. In this connection, thrge-
lated issues have been discussed: the extraction of the CKM
matrix elementV s from the experimental value of the;
branching ratios, the determination of the rakQ/F . of
pseudoscalar decay constants, and the prediction for the
slope\q of the scalar form factor.

In the Leutwyler-Roos analysigl1], the expression of

£<°7"(0) is written as

T (0) =14y Fpt - -, (5.1

where the contribution$; and f, are of ordermg,.« and

mﬁuark respectively. The one-loop Y®T contribution f,

arises from Goldstone boson loops only, a counterterm con-

tribution at this order of the standard counting being forbid-
en by the Ademollo-Gatto theorem. This leads to a param-
ter free predictionf;=—0.023. Furthermoref,, which
would arise at chiral orde©(p®) in SyPT, has been esti-
mated in[11] to be —0.016=0.008 by using a model for
pion and kaon wave functions to compute matrix elements in
the infinite momentum frame. This leads to a vaMg
=0.2196+ 0.0023. Assuming unitarity of the CKM matrix in
a three generation standard model, and using the existing
estimates of V|, the determinatiorV,4=0.9741-0.0005
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from superallowed nucleaB decays leads instead ¥, ready mentioned that the present understanding of hyperon
=0.2261+0.0022. Therefore, unitarity of the CKM matrix semi-leptonic decays is compatible with the suggested up-
can only be restored at the expense of having th¢T|S date ofV,s. The effect on theKy, decay rates should be
two-loop correctionf, at least as large as the one-loop con-analyzed separatef3]. Some effect on the extraction of the
tribution f,. This is far from signaling a failure of the chiral O(p*) low-energy constant,, L, andLj is to be ex-
expansion in the present case, sifigenight be anomalously pecteda priori, but a precise statement requires a closer
small, being, for instance, suppressed, even comparég to analysis. Finally, it is worth mentioning the possible effect
in the largeN,, limit (another consequence of the Ademollo- on hadronic spectral functions which are extracted from the
Gatto theorem In GyPT, the corresponding expansion of decaysr— hadrons- v, and used for a determination of fun-

£€°77(0) reads

K70y =1+F,+ Tt - -, (5.2)

wheref; collects allO(p*) contributions in the generalized
chiral counting, and contain@(mguarg terms. The differ-

ence betweeff; andf,,

~ 1. 1.
fl_ _m2§2+ _m2A3

f1=|g 2

R/ (5.3

(r—1)2(1+l

involves a single low-energy constant frofy, »),Az, which
would appear only at ord&?(p®) in SyPT. The contribution
of the L, low-energy constant is determined by the
value of the ratid=¢ /F ... The value oV 4 from the nuclear
B-decay data can be accommodated by

. F
(r—1)2m2A;=—0.124+0.022, F—K —1.189+0.012.
" (5.4)

The corresponding difference Tg— f;= —0.04+0.01, and

damental QCD parametef88—4Q. While the non-strange
(ud) spectral functions should be only barely affected by an
increase of~0.25%, the recently publishe@0] strange
(us) spectral functions should be reduced by.6%. Con-
sequently, we would expect no notable influence on the de-
termination ofag(M?) [38], whereas the central value of the
running strange quark mass; determined recentl{39,4Q
could increase by-15-20 %. The issue certainly deserves a
more detailed study.
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APPENDIX A: EXPANSION AND RENORMALIZATION
OF THE EFFECTIVE LAGRANGIAN

In this appendix, we display the structure of the effective

it represents the value which would be required in theaction of GyPT up to orderO(p*). All the expressions and

Leutwyler-Roos analysis for the two-loop contributidn
(instead of the estimatie, = —0.016+=0.008 of[11]) in order

results collected here are new. It is the first time that a com-
plete discussion of the renormalization at ord@¢p*) is

to maintain the unitarity of the CKM matrix. Of course, a given in the generalized case. The results are needed to

confirmation, with a comparable accuracy, from othercheck, for instance, that the expressions of the form factors

sources(neutron decay, pio8 decay of the value ofV,y  We obtain are in fact scale independent. For a general discus-

obtained from nucleaB decays can only be welcome. sion of the G/PT expansion framework, we refer the reader
This determination of\; and the decrease in the value of to the existing literatur¢s,20,21.

the ratio of decay constants, as compared to the number At leading order, the generalized expansion is described

Fy/F,=1.22+0.01[11], is compatible with the present ex- by Z(®, which was first given in Ref8]:

perimental information concerning the difference in mg

andK &, decay rates, and induces only a mild modification in

the prediction for the slope of the scalar form factqy,

which, as a function of the quark mass ratia/m, varies
between 0.0018 and 0.0022, well within the range set by the
high-statisticsk? experiment of Donaldsogt al. [36]. The
higher values ofA, obtained by some of the more recent
experimentd 12] are therefore difficult to understand at the
theoretical level, and cannot be ascribed, withiyP®, to the
manifestation of a smaller value of the bilinear light quark
condensate.

We thus conclude that the nucle@sdecay determination
of V,4q=0.9741=0.0005 need not be in contradiction with
the present values of th€.; decay rates and with chiral ) _
perturbation theory. One should then ask how the correln GxPT, the _next—to—leadlng-order corrections are of order
sponding increase d¥,d by about 2.5 standard deviations O(P°®), and still occur at the tree level only. They are em-
would manifest itself in various observables. We have albodied in£®= £, 1)+ £ o3, which read§20,37

~ 1

£(2)=ZF§{<DMU+D“U>+ZBO(U+X+X+U>
+AL(UT )2+ (xTU)D+Z5(U T x+ x TU)?
+Z5(U" x=x"U)?+Ho(x " 0} (A1)

The notation is as in Ref$7,3], except for the consistent

removal of the factor B, from y, the parameter that collects
the scalar and pseudoscalar sources:

x=stip=M+-.--, M=diagm,,mg,ms). (A2)
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~ 1 ~
LO=ZFH&D, U DUy 'U+U 1) +ED LU DHU)(x "U+U" x)+po((x "U)°+ (U x)%)

FpA (X TUFUT ) x T x)+pa(x TU—UxH(xTU)2=(UT )%+ pa((x U2+ (U )2(xTU+U T x)
+ps(X XX TUHU ) +pe(x TU—=U" )2 (x "U+U* x)+p(x "U+U" x)3}. (A3)

The tree-level contributions at ordélp?) are contained th
L®= L 4.0+ Loy Lio.ayt BoL{0.2y+ BoLizny+ BoL{o- (A4)

The part without explicit chiral symmetry breakingy, o), is described by the same low-energy constants L,, L3, Lg
andLgas in &PT[7]:

L4,0=L1(D,U"D*UND,U*D"U)+LD,U*D"UND,U*D"U)+L4D,U*D*UD,U"D"U)
—iLo(F},D*UD U +F} D*UTD"U)+ L (U FR UF )+ H (FR FRev - FL RRAr), (A5)

The new termZ, ,) would count ago(p®) in SYPT, and is given by
1
L(zvz)zzFﬁ{Al<DﬂU*Df‘U(X+X+U*X)(*U))+A2<DﬂU*UX*D/‘UU*X)+A3<DMU*U(X+D“X—Df‘x*x)

+D,UUT (xD#x" —D*xx ™)) +A«D, U D U)(x " x)+B1(D, U D*U(x " Ux U+U"xU"x))
+By(D,U*xD*U* x+x" D, Ux*D*U)+B3(U*D, xU*D*y+D,x"UD*x"U)+B,(D,U*D"U)
X{(xTUxTU+U"xU*x)+CYD, Ux"+xD*U*}D, Ux"+xD*U*)+CXD,x " U+U" D)

X(D,U" x+x"D*U)+C¥D, x"U+U"D*x)(D,x"U+U"DHx)+C(D,Ux"—xD*U")
X(D,Ux*—xD*U")+CH(D, x"U-U'D*y)(D,U" x—x"D*U)+CE(D,x"U—-U"*D*y)

X(D, x"U=U*D#*x)+D¥D, U"D*U(x"U+U"))(x "'U+U*x)+DD, U"D*U(x"U-U"y))
X(x"U—=U"x)+HyD,x D*x)}. (A6)

Notice that the number of counterterr(®s) involved in £, , agrees with Refg.16,17. However, in both cases, different
bases have been used. Finally, the tree-level contributions which behé)\(mé@r,) in the chiral limit are contained i 4):

1
L=z FAEL (XU (U0 )+ Eo{x X (X "Ux U+ U YU ) +Ea{x XU xx "U) + FE(x "Ux U+ U U™ x)?

FFX(xTUPH U0 (U HUT )+ FS X U U )X FU+ U )+ FX(xPU) 2+ (U 02 )
+FI(XTUx TU—U YU )2+ FR(( U= (U 0 X U= UM )+ RSO Fx(x U —U ) (x FU—-U"y)
HFEX (U H (U AU+ U )2+ FE ) (x FU+U T )2+ FSA((x TU)?+ (U A (x TU—-U " x)?
RSP X TU= U X)ZHFS (X U2 = (U ) A (x "U=U " x)(x "U+ U x)+ Ha(x Fxx x) +Ha(x P x)2)-
(A7)

Contributions fromZ g 4 would only appear at orded(p®) TABLE I. Subtraction scale dependences of the low energy con-
in SyPT, which, to the best of our knowledge, have not beerstants of7(2.
discussed in the literature.

The O(p*) loop corrections to the processes studied here X F2-Ty
Ao 5B2/3
Contributions from the odd intrinsic parity sector are also present 7P 0
in the effective Lagrangian; at ordé? (p*) they are given by the 0
Wess-Zumino term and are the same fouP$ and for GPT, so Ho 1OB§/3

that we do not display them here.
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TABLE II.
constants ofZ(®).

Subtraction scale dependences of the low energy TABLE Il
constants ofZ, g, -

PHYSICAL REVIEW D 62 033003

Subtraction scale dependences of the low energy

X F2-Tyx X Iy
¢ 3B, Ly 32—2
€ Bo L, 16
Ly 0
p1 4Bo(£A+Z5+25) Lo :
Pz 4Bo(5A0~Z5+375) L1o 1
P3 4Bo(2 Ao~ 5 Z5+ 3 Z0) H, .
Pa 4Bo( 5 Ao+ 2 Z5- §Z0) ’
Ps 4Bo(Ao+ 325 52Z)
Ps 4Bo(5 Z5+ 15 25) M2 M3
& 4Bo( 15 Z3+ 5 Z0) e ppmep 2 (B1)

involve only graphs with one or two vertices frofif?):

1 Ioop 2’,gadpol s+ Zﬁdﬁltarlty (AS)

The divergent parts of these one-loop graphs have been sulaith

tracted at a scalg in the same dimensional renormalization
scheme as described[ifi]. Accordingly, the low energy con-
stants ofL4 ), L(22), andLg 4 stand for the renormalized
guantities, with an explicit logarithmic scale dependence
[X(u) denotes generically any of these renormalized low-
energy constants

Iy
X(p)= X(M)+( )2|n(M/M) (A9)

where i is the renormalization scale, we obtain the follow-
ing formulas for the decay constarita the limit m,=

mgy):

=Fi[1+2msZP+2m?6@2— 4, —2pu], (B2)

SED=¢g+(2+1)E

+2(2+r)DS

constants ofZ, 5.

1
SEA=A+ 2A2+ 2A;+B;—B,+ §(2+r2)(A4+ 2B,)

(B3)

TABLE IV. Subtraction scale dependences of the low energy

At order O(p*), the low-energy constants @? and Z(®)
also need to be renormalized. The corresponding counter-

terms, however, are of ordé)(Bg) andO(By), respectively,
and they are gathered in the three last terms of(Ed): in
GxPT, renormalization proceeds order by order in the expan-
sion in powers 0B, [20,21]. Alternatively, one may think of

Egs. (Al) and (A3) as standing for the combination&?

+B3L{02) and L&+ BoL; 1)+ BoLo ), respectively, with

the corresponding low-energy constants representing the
renormalized quantities. The full list g8-function coeffi-
cientsI'y is tabulated in Tables 1-V.

APPENDIX B: MASSES AND DECAY CONSTANTS

For the reader’s convenience and for later reference, we
provide, in this appendix, the expressions of the pseudoscalar
decay constants and masses at ocdgr*).° Introducing the

notation P=m,K, %)

SWe also take this opportunity to correct a misprint in an earlier

X F3-T'y

Ay —6(Z5—Zp)

A, 0

As 0

A, 2(25-2)

B; (3Ag—225—-27F)

B, 4(Z5+28)
S P

By (Aot+Zo+Zp)

C (Ao—225)

(o} 0

C3 0

Ct (Ao—2Z5)

c 0

(034 0

DS (Ag+7Z))

DP (Ag+72F)

H, 0

published expressiof®] of the decay constarfy .
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F2=FZ 1+ 2msZD+2m?s22 =Fil1+2mo?,)+ 2m?of D=6, (B6)
with
3 (2,1) 1 Z
— S Ha UK Sy (B4) s& =§(1+2r)§+(2+r)§
with 1
22)_ 2 - _
8¢ (1+2r )| Aj+ =A,+2A3+B;— B,
(2”— 5 (L+0)E+(2+1)E 2
1 ) 2
on 1 , r +5(2+12)(Ag+2By) + 5 (1+2r)
5F,k =§(l+l’ )(A1+A3+ Bl)+ E(A2+2A3_282)
4
1 , . x(2+r)DS—§(r—1)2(c§’+c§) (B7)
* E(ZH )(Ag+2Bg) +(1+1)(2+1)D" (B For the masses, we obtain
FiMing[2thO+4r?12A0+4r”nZ(2+r)z§+2rh35<“§3;~f;>+2r"n45<N‘|’;‘}3+4r"nZA3Mf,—MW[3M§,+5M§,;(r)]
1 AGMO
—2u[M2+(1+r)M2e(r)]— = g, M2+ (1+2r)M2e(r)— 2= (B8)
FAMZ=F3 (1+1)mBo+ (1+1)2M2Ag+2(1+1)(2+1)MPZ5+ (1+1)m* &0 D+ (1+r)m* 509
- 3 - 1 -
+(1+r)2m2A3M§—§M[M§+ MZe(r)]—3uk M§+§(1+r)2|\/|f,e(r)
1 r+1
2512 22 ~ 4 2\ 2 4 Azss 20, 25P ~ 3 «0,3) ~ 4 «0,4)
FoM5=Fg §(1+2r)mBO+ 5(1+2r )m-Ay+ §(1+2r)(2+r)m Zg+ §(1—r) m<Zy+2m 5(Mj,7+2m oM. 7
+§(1+2r2)m2A3M§7—§(1— )?m2CHM? — M{M +(2r+1)M2¢(r)— 22—
2 .
_§,LLK 8M 3M +(r+1)(2r+1)M E(r)+2 AGMO
—§,LL,][16Mﬁ—7MfT+3(2r+1) M2e(r) +4-— — AGMO] (B10)
with
(0,3) 9 1 2 1 2 2
O'w= 2p1+ §p2+(10+4l’+r Ypat §(2+r )ps+6(2+r)p; (B11)
(0 3 2 2 2 2 2
6M =—(l+r+r )p1+ = (1—r+r Vpo+3(2+2r+r1)ps+ = (2+r )ps+6(2+r1)py (B12)
(0,3) 3 3 1 3 8 2 1 2 3
5M:ﬂ=§(1+2r )p1t g(1+2r )pot+ §(1+r)(1—r) pat §(10+8r+17r +10r°)py
1 2 8 2 2
+€(1+2r)(2+r )ps+ g(l—r) (2+r1)pet+2(1+2r)(2+r1)°p7, (B13)
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TABLE V. Subtraction scale dependences of the low energy constantg, gf.

X F3-Tx

Es —SASHBANZGHZO)+ 5 (Z5+ Zg)

E, —16A((Z5—Z5) + 24(Z5)%— 24(Z5)?

Es — 3 AS+BA(Zo+Z0)+5[35(Z5) 3+ 35(25)? — 22525
Fy TA-T &z

F3 2R3+ 5 AZo— 5 ANZE—§[1T(Z5)%+8(26) %+ 252525
F3 2R+ 5 AGZ— 5 AZE— 5 [TU(Z5)%+8(25) 2~ 292525 ]
F3 —20(Z5)%+20(25)?

FY Ae—5(Z5+Z5)

F2 25— 3 AoZo+ 5 AZE— 5 [8(Z0)*+17(Z) %+ 252575 ]
F3 — 2N+ AgZ5— 5 AnZo+ 5 [8(Z0)*+ T(Z5) 2~ 292575 ]
Fgs G AGZo+§ AoZo+ §[B5(Z5)2+ 4(Z§) %+ 26257 ]
Fes AAZS+E[TT(Z8)2— 4(Z5)2— 262528

Fs" SAZSH 5 AgZi+ 5 [4(Z5)*+85(ZG)* + 26257 ]
Fa" —AAZG+ S [MZe)P—TT(Z5) %+ 262525 ]

F2F 2A(Z5+25)— § [MZg)P+ A(Z5)*~ 552526

Hs BAN(Z5+Z0)+35[35(Z5) + 35(Z5) — 2Z57§]

Ha ap— Y125+ 17(25)*~ 22525

while the O(p*) contributions are
S H=8E,+2E,+4(1+T1)(2+r2)F 3+ (20+ 9r +r3)F3+ (441 +r3)F3+2(2+r2)F3+4(2+1)(6+2r +r3)Fgs

+2(2+1)(2+13)FSS, (B14)

1
SR=2(1+ 1) (1+1)E;+(1+13)Ep+ S (1+1)(1—1)%Ea+4(1—1)(2+ T2 Fi+(8+9r + 9r2+ 4r%)F3
2 1 2

F(A—T+r24 23 F3+ (1+1)(2+r2)F5+4(2+1)(4+3r + 2r)FS5+ 2(2+1)(2+1?)F3S, (B15)
2 8 1 1
5“’4)— 3 (1+2r)Ert 2 (1+2rY) Bt 2 (1+2r%)(2+ 1% F T+ 5(20+ 13 + 373+ 20r ) F3+ 2 (4+5r +5r°+4r ) F3
2 2 2\gS 16 2 2P 2 2\pgP 4 2 2P
+§(1+2r )(2+r9)F 3+ ?(1+r) (L=r)Fi+4(1—r)5(1+r+r )F2+§(1—r) (L+r+r9)F3+4(2+r)

2 4
X(242r+3r2+2r3)F25+ §(2+r)(2+r2)(1+ 2r)FeS+ —(1-1)2(2+r)F2P+ §(1—r)2(2+r2)F§P

3(

+1§6(1—r)2(1+r)(2+r)F§P. (B16)
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