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Gravitational collapse of dust with a cosmological constant
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The recent analysis of Markovic and Shapiro on the effect of a cosmological constant on the evolution of a
spherically symmetric homogeneous dust ball is extended to include the inhomogeneous and degenerate cases.
The histories are shown by way of effective potential and Penrose-Carter diagrams.

PACS number~s!: 95.30.Sf, 04.20.Jb, 98.80.Hw
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I. INTRODUCTION

Recently, Markovic and Shapiro@1#, motivated by some
observational suggestions of a positive cosmological c
stant@2#, have reexamined the effect of this constant on
evolution of a homogeneous dust ball embedded in vacu
This paper extends their analysis so as to include the in
mogeneous and degenerate cases. The qualitative behav
the boundary histories are shown by way of effective pot
tial and Penrose-Carter diagrams. The caseL,0 is included
as it provides for an interesting contrast. The well kno
caseL50 is not included.

II. DUST

The study of spherically symmetric distributions of mat
without pressure in the general theory of relativity has a lo
history. It is fair to say that the dynamics of this ‘‘Lemaiˆtre-
Tolman-Bondi’’ solution are well understood, even with
non-vanishing cosmological constant@3#. Whereas the dis-
covery of ‘‘shell-focusing’’ singularities in dust added a ne
dimension to the dynamics@4#, these singularities are now
well studied@5# and are not considered here.

We review the dynamics to set the notation. First, rec
that the flow lines of all dust distributions aregeodesic. As a
consequence, with spherical symmetry we can choose
chronous comoving coordinates (r,u,f,t) so that the line
element associated with the dust takes the form

ds25ea(r,t)dr21R~r,t!2~du21sin2udf2!2dt2. ~1!

As long asR8Þ0 (8[]/]r) @6# we obtain

ea(r,t)5
R82

112E~r!
. ~2!

A further integration gives one more independent funct
of r

R* 222E~r!2
LR2

3
5

2M ~r!

R
~3!

where * []/]t. The energy density follows as

4pr~r,t!5
M 8

R2R8
. ~4!
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Many explicit forms ofR(r,t) are known, but these are no
of interest here.

III. VACUUM

The L generalization of the Schwarzschild vacuum
well known. In terms of familiar curvature coordinate
(r ,u,f,t) the line element is given by

ds25
dr2

f ~r !
1r 2~du21sin2udf2!2 f ~r !dt2, ~5!

where

f ~r !512
2m

r
2

Lr 2

3
. ~6!

The associated generalization of the Birkhoff theorem is w
known @7#. It is interesting to note that theL generalization
of the Israel theorem@8# is not known. Geodesically com
plete forms of the metric~5! along with Penrose-Carter dia
grams are now well known@9#.

The coordinates (r ,u,f,t) are adapted to two Killing vec-
tors and so geodesics of the metric~5! have two constants o
motion. The orbits are stably planar and we choose the p
to beu5p/2. The momentum conjugate tof is the orbital
angular momentuml,

r 2ḟ5 l , ~7!

and the momentum conjugate tot is the energyg,

f ~r ! ṫ5g. ~8!

For timelike geodesics we can take.5d/dl wherel is
the proper time. In what follows we are interested in rad
motion so thatl 50. g, however, plays a central role. Th
timelike geodesic equations reduce to

g22 ṙ 252 f ~r !. ~9!

We can writeP(r )[2 f (r ) and treatP as the effective po-
tential of elementary mechanics.

IV. JUNCTION

The junction of dust and vacuum in spherical symme
by way of the Darmois-Israel conditions is well understo
©2000 The American Physical Society01-1
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@10#. To summarize, the continuity of the first fundamen
form associated with the boundary (S) ensures that the con
tinuity of u andf in metrics~1! and~5! is allowed and that
the history of the boundary is given by

R~rS ,t !5r S . ~10!

The continuity of the second fundamental form guarant

FIG. 1. Sketches of the effective potentialP for timelike geode-

sics. Chooseg2>0 and note thatg2>P. r̄[(3m/L)1/3. The con-
vention for the Lagrangian is 2L521.
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that the flow lines of the boundary particles are simul
neously geodesic of both enveloping 4-geometries. The ju
tion conditions demand that

M ~rS!5m, ~11!

and that forR8Þ0

E~rS!5
g221

2
. ~12!

The caseR850 givesg50.

FIG. 2. Penrose-Carter diagrams for the trajectories shown
Fig. 1. In all cases the choice of future can be reversed.
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V. DISCUSSION

The qualitative history of the geodesics of Eq.~5!, and via
Eq. ~12! therefore of the dust boundaryS, can be obtained
from a sketch ofP ~and in particular the requirement th
g2>P). These are shown in Fig. 1.@The roots (r 0 ,r 2 ,r 3) are
given explicitly in @9#.# Note that forL,0 all orbits are
closed, in contrast toL>0. The caseg50 is unique in the
sense thatS traverses the bifurcation of the Killing horizon
~in the non-degenerate cases!.

The Penrose-Carter diagrams are shown in Fig. 2.
possible histories ofS are shown. The dust can be match
ao
.
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to the left or to the right. The degenerate case 3m51/AL
requires a special coordinate construction@11#. Note that
here the caseg50 is associated with unstable equilibrium
the points of internal infinity.
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