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Exact U(1) symmetric cosmologies with local mixmaster dynamics
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By applying a standard solution generating technique, we transform an arbitrary vacuum Mixmaster solution
on S*XR to a new solution which is spatially inhomogeneous. We thereby obtain a family of exact, spatially
inhomogeneous, vacuum spacetimes which exhibit Belinskii-Khalatnikov-Lifshitz oscillatory behavior. The
solutions are constructed explicitly by performing the transformations on numerically generated, homogeneous
Mixmaster solutions. Their behavior is found to be qualitatively like that seen in previous numerical simula-
tions of generidJ(1) symmetric cosmological spacetimes Bhx R.

PACS numbegs): 98.80.Hw, 04.20.Jb

I. INTRODUCTION plane,H?. The isometry group of this latter spa&l,(2,R),
acts on the base fields in a natural way so as to transform the
Recent numerical studigd] have provided strong evi- given solution to a family of potentially inequivalent solu-
dence thatU(1)-symmetric, vacuum spacetimes ®AXR  tjons.
generically develop Mixmaster-like, oscillatory singularities By a careful choice of the applied group element one can
of the type predicted long ago by Belinskii, Khalatnikov, and arrange that the transformed solution either lifts to the same
Lifschitz (BKL) [2-6]. These results confirm numerically pundle defined for the original spacetime or perhaps to a
some of the most surprising features of the BKL prediction,different one(e.g., the trivial bundleS?x Stx R— S?X R, or
namely that nearby spatial points are effectively decoupleg “squashed sphere,'S%/Z, X R—S?XR). Typically, the
in their asymptotic metric evolution and that the metric vari-new solutions will preserve only the Killing field that gener-
ables at each of these points evolve, at least qualitativelygtes the commobl (1) action and not preserve those Killing
like those of a Mixmaster spacetime. fields of the seed solutions which fail to commute with the
Several years ago Grulssand one of u$V.M.) [7]made  chosenU(1) generator. Thus the new solutions are expected
an analytical effort to generate some exact vacuum spacep be spatially inhomogeneous and yet to exhibit Mixmaster-
times which were spatially inhomogeneous and which wergike oscillations inasmuch as their metrics are parametrized
expected to exhibit the sort of oscillatory singularities whichpy the same functions appearing in the Mixmaster seed met-
have since been seen in the numerical studigsThat effort  rics themselves.
was not completed at the time since it was not realized that A previous application of this technique involved trans-
several seemingly intractable integrals actually cancel in théorming an infinite dimensional family of ‘“generalized
course of the calculations leaving only elementary computaTaub-NUT” (Newman-Unti-Tamburinpspacetimes defined
tions to be done. We shall therefore complete that projecbn S®xR, which have smooth Cauchy horizons at their
here and use the results to compare, in a more quantitativesingular” boundaries, to a new family of curvature singular
way, the numerical results with some exact oscillatory sin-spacetimes defined @fx S' X R [9]. Because of the special
gularities. nature of the seed solutions in this case, the transformed
To generate new solutions having Mixmaster-like oscilla-solutions developed only velocity dominated singularities
tions, we begin with the actual Mixmaster solutions and ap-and never exhibited Mixmaster-like oscillations. A new tech-
ply a standard solution generating technique. We choose onmgque based upon expressing the Einstein evolution equa-
of the Killing fields shared by the Mixmaster family and treat tions in a so-called Fuchsian form seems capable of signifi-
it as the generator of a spaceliki(1) action onS®XR, cantly enlarging this set of rigorousl(1)-symmetric,
ignoring the presence of the other Killing symmetries. Wecurvature singular cosmological spacetimes but, so far, is
compute the twist potential associated with the chosen Kill-also only capable of yielding velocity dominated singulari-
ing field and reexpress the field equations, in a well-knowrties [10,11]. So far as we know the solutions presented for
way[8], as a Kaluza-Klein reduced system on the base manithe first time here are the only known exact inhomogeneous
fold S?X R of the S* bundleS*x R— S?XR. The field equa- vacuum spacetimes which exhibit Mixmaster oscillations.
tions on the base take the form oft+2 Einstein gravity —Though only a finite dimensional family they presumably
coupled to a wave map whose target space is the hyperbolitisplay behavior representative of more general,
U(1)-symmetric vacuum spacetimes and thus warrant com-
parison with numerically produced(1) solutions. Making
*Email address: berger@oakland.edu such a comparison is the second main aim, after producing
"Email address: vincent.moncrief@yale.edu the solutions themselves, of this paper. As a byproduct of
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this work, we also resolve a potential paradox that washe Killing field X;= d/dy whose orbits yield a Hopf fibra-
pointed out in Ref.[7]. There it was shown that every tion of S?, i.e., makeS® into a principal fiber bundle oves?
U(1)-symmetric vacuum spacetime admits a certain gauggith bundle projection given by

invariant conserved quantity which is expressible purely lo-

cally in terms of the instantaneous Cauchy data for that so- w¢:83HSZ,(0,<p,¢)H(6,qo). 3)
lution and serves as a Casimir invariant for t8&(2,R) ) ] ] ) ]
action. For generitJ(1) solutions this quantity is known to ~ Of course the Mixmaster metrics are invariant with re-
be non-trivial but, if non-trivial for the Mixmaster subfamily, SPect t0 a fullSU(2) action generated by Killing fields
would seem to contradict the anticipated “chaos” of the

. ) . . N J J
Mixmaster dynamic$12—14. The only sensible resolution, X,=cosy— +csc siny— —coté siny
as was discussed in Ref7], is that the quantity actually a0 d
vanishes on the Mixmaster subfamily. This we find to be the
case by explicit calculation.

The inhomogeneity in our transformed solutions is pro-
duced, roughly speaking, by the fact that we choose to re-
duce with respect to a Killing field which fails to commute o 0
with the remaining Killing fields of the seed metric. This is o 4
unavoidable with the generic Mixmaster solution but special
cases such as the Taub-NUT metrics allow for different posbut, for the transformations we shall consider, only invari-
sibilities. The additional Killing field admitted by Taub space ance with respect t&3:(9/(91/; will in general be preserved.
commutes with all the generators and is preserved upon re- The equations of motion for the Mixmaster solutions are
duction with respect to one of thegeon-Abelian genera-  most simply expressed in a gauge for whitk: AB C where
tors. The resulting spacetime has theref¢ae least two  they take the form
commuting Killing fields and is thus a special case of the

a
ay’
d

~ Jd J
X,=—sin "ba_a +cscé cos;lz% —cotd cos«//w,

so-called Gowdy family of spacetimes. By contrast one (INA%),=(B?~C?)?— A%,

could instead choose to reduce with respect to the additional,

commutative Killing field but, in this case, all the symme- (INB?),=(C*~A?)?-B*,

tries are preserved and one arrives, as was first shown by

Geroch[15], at only the Kantowski-Sachge., locally inte- (INC?),4=(A?2-B?)2-C*, (5

rior Schwarzschilgl spacetime.

One might wonder if the “new” solutions we produce are and are to be supplemented by the Hamiltonian constraint

really inhomogeneous at all or perhaps because of their ex- B. A.C. B.C. 1
. . e Pt bt bt 4 4 4 2p2
pression in an unusual gauge, are merely homogeneous so-—— —=+ —~ ——4 = =~ _[A*1 B4+ C*—2(A%B
lutions in disguise. We shall use the Gowdy transform of AB AC BC 4
Taub space mentioned above, to show that this is not the +B2C2+ A2C?)]~0. 6)
case—the new solutions are not in general globally homoge-
neous. In terms of the Misner anistropy variablesg. ,3_,
Il. MIXMASTER SPACETIMES A=etthet 3 b
The Mixmaster spacetimes are spatially homogeneous B=gatB:+—3 B
vacuum metrics 083X R whose line elements can be writ-
ten C=ge* 28+ (7)
ds?= — N2(t)dt2+ A2(t) (o} 2+ B2(t) () 2+ C2(t) (o3)2 and the chosen gauge conditionNs=e3*. We now rewrite

(1)  the line element in théJ(1)-symmetric form developed in
N Refs.[8] and[16]. Taking{x®}={6,¢} and noting that the
Here the{o'} are a global, analytic basis of one-forms®h  ghift vector vanishes we expreds? in the form
expressible in terms of the usual Euler angle coordinates

{x'x%,x*={6,¢,4} €{[0,m),[0,27),[0,4m)} by ds?=e 27— N2dt?+g,,dx2dx?} +e?"{dy+cosf de

ot=cosed+sindsine diy, + Badx}?, 8
- inod g+ sing dy wheree?” is the scalar field?/dy- 9l 9y given explicitly by
o°=—sing sind cose di,

e??=AZ%sirtd sirfp+ B2sifd coS ¢+ C%cosd.  (9)

o*=de+coshdy. () _ o _ _
Since v is invariant with respect to th&/(1) action gener-

These forms, and therefore the above line element, are irated byXs=d/dy it induces a function on the quotient mani-
variant with respect to th&)(1) action onS® generated by fold S*x R/U(1)~S?X R which (with a slight abuse of no-
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tation) we shall also designate by. In a similar way one For the Mixmaster metrics one computes that
finds induced upon the quotient manifd&x R a Lorentz-

ian metric ~y_2 sm2
{BCAsing cos¢— ACB sin¢ cose},
do?=—N2dt?+g,,dx2dx" (10
: ~ 2sinfdcosé
and a one-form field ef=——1{ABC~ BCA sirf¢—ACB,cog¢},
B=Badx? (11

where{a,b, ...}={1,2}. These forms are slightly special- p= M[ AA sir 6 sir’ -+ BB sir?6 cod o
ized because of the vanishing of the shift vector field . Ne*”
The most generdl (1)-symmetric line element would yield +CC‘tcosZ0]. (16)

do?= —N2dt?+g,,(dx2+ Nadt) (dx?+ NPdt) -
These momentgalong with 72° which we shall not need
B= B, dx2+ Bydt. (12 explicitly) project to yield smooth tensor densities on the
) base manifoldS*xR and one easily verifies tha®,=
The explicit formulas for the(2+1)-Lorentzian metric  which is one of the components of tf{8+1)-momentum
do? and the one-form potentig8 may be read off upon constraint.
expressingds® in the form of Eq.(1). One finds that ) Note that theU(1) connection one-form 08°XR given
y
N=Ne”,
N =03+ B=dy+cosfde + B,dx? (17
049= C2coS6(A%coS ¢+ B?sirte) + A?B2sir? g, ) )
does not project to yield a one-form on the base but that the

ngcZSinZg(AZSinZ(er B2cog¢), difference between this connection one-form and the refer-
ence one-forme3:=dy+coséde does yield a one-form
Z]H(P: — C?(A%2—B?)cose sin ¢ cosé sin b, (namely@= B.dx?) which projects to the base. Even though
\ itself does not project to the base, its exterior derivatie
_ (A*-B?)cosg singsing (i.e., the curvature of the connectian does project. Pulling
Bo= e27 ' back the induced two-form to &=const slice of the base
manifold and computing its dual, one gets a scalar demsity
CZCOSH defined by
4,—< 2 —cosB), (13 ~

r=e®\p=e®®Bap+sing, (18

and computes, for example, that o )
whose explicit form is

det®®’g=ABCsinge”. (14)
~ (A?2-B? ) 5 C?sing 2,
As in Refs.[8] and [16] we introduce the momenta rz(ez—y)zsm%’[B cos @ —A%sire]+ (e27)2 [A+
{p,e®, 7"} conjugate tq]y,B,,0ap}, Which, taken together,
parametrize the ful(3+1) spatial metricg;; and its conju- —C?+si6(C?—A’coS o —Bsirfe)]. (19
gate momentumr'. For the case of vanishing shift the for-
mulas relating the momentum variablgs,e2, 7% to the One computes on an arbitraty=const slice of the base

metric variableq y, B,,0as} are given by manifold, that

- ( v%) é::f Y=4m. (20)
N 4y, s?

p:

The value 4r reflects the particular bund®®x R— S*XR
~ \/% chigab under study and would be the same for any
e= 5 9208,y U(1)-symmeteric metric defined on this bundle.
Taking into account the equatlcrﬁ1 0 satisfied bye?
and the fact thaB?>x R admits no non-trivial harmonic one
) (9299 g2Yg°N g - (150  forms, we now introduce the “twist potential” functiom (a
’ scalar field onS?xR) by imposing

~b:(@

T
N
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= ey, which, however, vanishes identically for the Mixmaster fam-
’ ily of solutions (though not in general The vanishing oK
@ resolves a potential mystery pointed out in R&f. whereby
T=——e %u,. (21 a non-vanishing, local, constant of the motion for Mixmaster

metrics would seem to contradict their empirically observed
) ) _ ~ “chaotic” properties.
These equations are self-consistent and yield the solution More specifically one finds, for the Mixmaster metrics,

. that
sirfe ,
w=——{—ABC,+BCA,sirfp+ACB,coe}+Kk(t), A. B
N | | | A=8mk(t)+8a| ——— || L+ =4
(22) N /IA B/
which is unique up to the additive constdgt=Kk(t,) where B=A4
k(t) is the function defined by '
N A?
t o
k(t):k(to)+f dt’ —) CYA2+B2-C?). (29 C="Ton’ 26
t, \ABC

. . . »_ so thatk=0. The non-locality ofA and C sidesteps any
As discussed in Refd8] and [16] the fields{y,w,do"=" . qict with the observed “chaos” in Mixmaster solutions

N2A4+2 1L~ b ; i . . . . . .
—N?dt?+g,,dx*dx’} induced upon the base manifof  gjnce, in fact, any Hamiltonian system will admit such non-
XR satisfy a(2+1)-dimensional system of Einstein-wave |oca| constants of the motion. To see thisen for a chaotic
map equations for which the target space of the wave map igystem simply time integrate Hamilton’s equations and ex-

hyperbolic two-space(endo_weg with ) 9'°Pf| ccz)ordinates press the initial values of the canonical variables in terms of
{7,0} and the natural metridh“=4dy“+e ""dw). Asa  time integrals of their driving “forces.”

consequence of th8L(2,R) isometry group of this target

space the Einstein-wave map system admits three indepen-
dent constants of the motion which serve as the Hamiltonian
generators of the action &L(2,R) on the phase space of  To generate new solutions of Einstein’'s equations from a

fields {y,p,®,T,Jap, 7. These conserved quantities are 9iven one(such as a Mixmaster solutipwe choose an ele-

Ill. THE NEW SOLUTIONS

given explicitly by the integrals mentge SL(2,R),
A o a b
A==Lz(2wr+p), g=|¢ d/. ad—bc=1 (27)
Bie f 7 and transform the fieldsy,w,p,r} according to
s
2

= —— 4e : 27’
C:=| [r(e*—w?)—p +e*)+2cdw+
C._Lz[r(e "—w?) = po], (24) [c*(w”+e™)+2cdw+d7]

_ . _ ac(w?+e*)+(ad+bc)w+bd
and we have already noticed tHat 47 for the Mixmaster wg= 2 7o+ 20du+ &2

spacetimes in particular. In faBtwould take this same value [c*(0+e™)+2¢cdo+d7]
for any U(1)-symmetric vacuum metric o8°XR but for
other St bundles over the same base the value wdalsl

~  {p[c¥(w?—e*)+2cdw+d?]-T[4e*(cd+ wc?)]}
p =

discussed in Refd8] and [16]) be modified toB=4mn ’ [c*(w?+e*)+2cdw+d?] '
wheren is an integer determining the Chern class of the _ _

bundle. In particular, for solutions on the trivial bunds® ry=p(c?w+cd)+r[d*+c?(w?—e*)+2cdw], (29
X S'X R, nwould vanish whereas ii=2,3, . . ., thebundle o

would correspond to various “squashed spheres” rather thawhile leaving{g.p,, 72°,N,N?} invariant. The induced trans-
a trueS®. formation of the conserved quantitigs,B,C [by the so-

Note that, in view of the integral expression k) aris-  called co-adjoint action 08L(2,R)] is found to be[9]
ing in the formula forw, bothA andC are non-local in time.

The same feature occurs in more genddgll) symmetric A= (ad+bc)A+2bdB-2acC,

solutions but this non-locality cancels from the Casimir in- R . R .

variant By=d?’B—c?C+cdA
K:=A2+4BC, (25) Cy=a’C—Db?B—abA,
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Ky=K=(Ag?+4B,C,. (29

To avoid a trivial transformation we shall require tledie

PHYSICAL REVIEW D 62 023509

Ecd

,B(g)a: (aacT
Mg

77,d+ 5,3’ (38)

non-zero and, to ensure that the transformed solution lifts to

an St bundle overS?x R, we shall demand that

By=4mn, n=012.... (30

Defining
| ABC[A,, B, -
(t)-—T ~ts) (31

we see from Eq(26) that
A=8mk(t) +8ml(t)=8mk(ty) + 87l (tg) =8m(ky+1o),

B

47,
C=—4m(ko+1g)2. (32)
SettingI§9=47rn, n=0,1,2 ... gives the restriction
[d+c(kg+1g)]?=n=0 (33
or, equivalently,
d+c(ke+1g)==n'? (34)

which can always be solved fég, sincec+#0.
Exploiting the fact tha®\, hence alsdk(t)+1(t), is con-

whereuy= \ (¥)g and » and § are suitable functions defined
on S%. The equation foBg),dx? is

?g: eabﬂ(g)ayb-i—nsinﬂ, (39)

which, upon substitution of the decompositi@8), becomes

Tg=Nsing=(149*°7,0) (40

a Poisson equation foy for which the necessary and suffi-
cient integrability condition is ensured by E0). This
uniquely determineg, at fixedt, up to an arbitrary additive
constant and leaved arbitrary. The presence af reflects
the freedom to make an arbitrary coordinate transformation
of the formy— ¢+ & without affecting theJ (1) form of the
spacetime metric.

The time development 0By, can now be obtained by
integrating the(zero shif} evolution equation

N ~ N ~
B(g)a,t: ( ~_) e_AYanbe?g) = ( ~_) e_‘ngabe bcwg,c
Mg Mg
(41)

with y4,w4 determined as above.
Equations(39) and(41) are consistent with each other by

k(t) can be expressed as

t N
ftodt (ﬁc) C2(A2+B?—C?=—[I(t)—1y] (35

that whereas we have used the actual mejgigin defining

a Hodge decomposition @8 ;),, any smooth metric o5’
could have been used instead. Furthermore one could have
used Eq.(40) to determinez at an arbitrary time and then
adjusted the time dependence &to impose the zero shift

[this is also easily verified upon differentiation by using thecondition which is implicit in Eq(41). In either case the new
equations of motior(5)]. Using this result, one can easily metric (37) will satisfy the vacuum field equations on the

show that
sinté
(Cw+d)=in1’2+cT[—ABc,t+BCA,tsin2¢
ACB, cog ABC (A By 36
+ 1 CO (p]—CT L (36)

With this and Eq.(9) for €2” one easily evaluates the trans-

formed field variables{ezyg,wg ,Bg ,?g} using Eq.(28). The
new spacetime metric thus takes the form

dsi=e"279{— N2dt?+g,,dx2dx°} + ?7s{dy+n cosod e
+,3(g)adxa}2: (37)

where howeverg g, remains to be computed. As discussed
in Ref.[8], B(g)a Can be expande(ia the Hodge decompo-

sition for a one-form or?) as

chosenS! bundle overs?xR.

One might still wonder how we know that the trans-
formed solutions are genuinely inhomogeneous. Could they
not be merely homogeneous solutions disguised through the
choice of a time slicing that is not adapted to thgpotheti-
cal) homogeneity? To show that this is not the case, in gen-
eral, we shall examine a special case for which the trans-
formed solution has a hypersurface of time symmetry at
=tq, i.e., hasK{?|,_, =0. To arrange this, we choose the
seed solution to have this property and make a careful choice
of transformation parameters so that the desired feature is not
destroyed by th&L(2,R) transformation. We then show that
the transformed spatial metrﬁjg)lt:to is not homogeneous
as it would have to be for the resulting spacetime to have this
property. The key point here is the fact that on any compact
slice having constant mean curvature, the first and second
fundamental formgg{? ,K{?}|;—,, would both have to be

homogeneous in order that the spacetime have this property.
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Consider a Mixmaster solution for which(t,) = B(t,) IV. NUMERICAL RESULTS

ZC_(to)ZO- This spacetime has the=t, slice as a surface  Elsewhere we have shown that even the homogeneous
of time symmetry and, because of the Hamiltonian con-vixmaster model reproduces the local behavior seen in ge-
straint, must satisfy neric U(1)-symmetric cosmologield7]. From Eq.(9), it is
. clear thaty is dominated by the largest of the Mixmaster
Clto) = =[Alto) = B(to)], scale factorsA, B, or C. The local oscillations seen if in
the U(1)-symmetric models are interpreted as follows: As-
Alto),B(to),C(to) >0 (42 Sume that the BKL approximate description of a homoge-
To maintain this property we choose the trivial target bundld'€0Us Mixmaster model as a sequence of Kasner epochs is
S$2x SIXR by takingn=0. We further simplify the compu- valid. In a given .approx!mate Kasner epoch assW)gB
tations by choosingA(to) =B(to)>0 and C(to)=2A(to) >C and thatA is increasing. Thery,;>0 for A,;>0 while

and find that the transformed metrictatt, satisfies B,; andC,; are less than zero. The usual Mixmaster bounce
changes the sign o&,; and thus ofy,, . However, after the
600|t=tO:A4(tO)(Sin20+4 co20), bounce, eitheB,; (within an era or C,; (at the end of an eja

becomes positive. When the growing scale factor surpasses
~ B the decreasind\, v,; will start to grow again since it will
99¢|t:to_o’ now track the new dominant scale factor. A similar analysis

indicates that the remaining “dynamical” variables, p,

andT, depend on an order unity ratio of scale factors and
thus do not oscillate, ay does, between order unity and

Gyoli=t,= 4A%(to)sin?6,

B @)lt=t,= BgadXt=,= — c?4A%(to)coshsintode, exponentially small valuegtHere we shall use “order unity”
to mean some finite value which is not exponentially small.
o2 1 43 (In) our previous nlumerical , simulations c(j)f hgenheric
IHt=t,~ ) . U(1)-symmetric cosmologies oh°X R, we noted that the
° CPA%(to)(si’6+4 coS6) oscillations iny could be interpreted as bounces off the po-
Thus the new spatial metric inducedtatt, on S*x St is tentialsV,=3r’e*” andV,=399*°¢™ *7w, 4w, . For a Mix-
master solutionV, is exponentially small unless?” is of
dl(zg)|t:tozczAz(to)(sin20+4 cog6){4A%(ty)sinfodp? order unity whileV, is exponentially small unless the two
largest scale factors are approximately equal to each other
+ A% (o) (sirf6+4 cog6)d 62} [17]. This is clearly consistent with a presumption that the
generic models exhibit local Mixmaster dynamics.
n 1 To explore the nature of the new inhomogeneous
C®A?(to)(sir’ 0+ 4 cos ) U(1)-symmetric models, we note that the transformed vari-
- , ) ableswy, py, andr, will remain of order unity(i.e., they
x{dy—4c’A%(to)cosdsir’ od e}, (44 will not oscillate between exponentially small and order

unity valueg because the right-hand sides of E¢&8b)—
(28d) are always of order unity. On the other hang, is
dominated by the behavior of the oscillatosy since the
enominator on the right-hand side of E§89 is always

A straightforward computation dR;;R" (the square of the
Ricci tensor of this metricproves that the resulting space-
time is not homogeneous. Indeed, the only vacuum homog
i 2 l i .— . . .
neous solution o%°X S*X R is known to be the Kantowski order unity while the numerator oscillates.

Sachs universe which does not have a hypersurface of tlme To explore the differences between our new solution and

symmtetry. flt IS ptpssm]le t?_ get;[ thet Fantow'\s/lkl-Sacths metrlcthe Mixmaster seed solution, we construct the new solutions
lup:pn r:anfs o'ro\mta E)g(: ab tatj dme Ice., a Dt(m?js er sq;h as follows: First use the algorithm of Berget al. [18] to
ution havingA(t) = B(t)] but to do so one must reduce wi obtain a numericallly generated Mixmaster model. This code

respect /to the ;]‘extrha” K'l_“rr:g field the ;an metrchplcln_s- is known to solve the Mixmaster ordinary differential equa-
sessesj/de, rather than with respect to the common Killing ¢ \yith machine-level precision and can follow hundreds

field o/oy of the Mixmaster family as we have done. The of bounces. The presumed stochastic properties of such a

extra K|Ill?ghf|eld &/ba‘P fomm“teof V‘I’I'th all }PefKr']”'ng SYM- model imply that almost any Mixmaster initial conditions
metries of the Taub solution and allows all of these symmeyjy; vield generic Mixmaster behavior. Thus, we need only

tries to be preserved upon reductidr]. consider a single Mixmaster trajectory. Next, E(®, (16),

The Taub metric used in the example above, is known g (79 (23) (31), and(35) are used to numerically evalu-
explicitly but exhibits no BKL type oscillations. To see such ~ ~ .
atevy, w, p, andr from the numerically generated sequence

oscillations in an inhomogeneous setting, we combine a pre-]c | f the BKL le fact d their time derivati
viously developed code for solving the Mixmaster equations_. vaues ot the scale faclors and their time derivatives.
inally, for a representative choice of ti#d (2,R) param-

of motion with the transformations discussed above. Our re- -
sults are discussed in the following section and comparegters and, e.gn=1, the transformed variableg,, g, pg,
with results derived from a generdl(1)-syummetric, andry are computed using Eq&28).

vacuum Einstein code. In Figs. 1-3, we compare the Mixmaster and transformed
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.FIG' L Compgnson ofy and y, at a typical spa_tlgl_ FIG. 3. Comparison ol andwg for the same models as in Fig.
point.  The  Mixmaster seed  solution has initial 1. Note thatwy appears to decrease to zero. This is due to the fact
values B+=—O.984789999817638_7, B_=0.09987655443789, that choice ofSL(2,R) parameters Causé&g|%10’4 if |o|~1.

) =-8.00000000000000, B+ =—3.632980009876544,

B-=4.58987654433567878, and the Hamiltonian constré@it  equal to the logarithm of the largest scale factor and depend
solved forQ). The SL(2,R) parameters ara=1, b=1, ¢c=10000, only logarithmically on the spatially dependent function as-
andd=10001. sociated with it. On a finer scale, in Fig. 2, the difference

between the solutiongespecially near the “bounce” where
y andw at a representative spatial point for typical Mixmas- y= y,~0) may be seen. On the other hand, as is seen in Fig.

ter seed and set &L(2,R) parameters. Note that, in Fig. 1, 3, ® and wy are always of order unity and may easily be
the original and transformeg’s become indistinguishable distinguished.
after only a small number of Mixmaster epochs. It is clear
that this will be so from Eq(9) for v and Eq.(28a for the
transformation. Since andy, are found from the logarithm
of Egs.(9) and (288, both y and y4 will be approximately

Figure 4 demonstrates the close link between Mixmaster
dynamics and the oscillatory behavior observed in our stud-
ies of generidJ(1)-symmetric models and should be com-
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FIG. 2. Detail of the comparison agf andy, . To emphasize the

approach ofy, to y, data from later in the simulation of Fig. 1 are FIG. 4. New solution as an inhomogenedug§1)-symmetric
shown. The actual, saved data values are indicated by thad + cosmology. As in previous studies of gendd¢l1)-symmetric cos-
symbols.

mologies,¢= vy, V1, andV, are shown at a typical spatial point.
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pared to Figs. 2—6 ifl]. It shows the oscillations of, (or
essentially equivalently), V4, andV, at a representative
spatial point—reproducing the behavior seen in our simula-
tions of genericU(1)-symmetric cosmologies. Since we
know that these oscillations indicate local Mixmaster behav-
ior in the new solutions, we can infer that the observed os-
cillations in the generic models also indicate local Mixmaster
dynamics.

Sincey is the key variable in th& (1)-symmetric models
and y~vy4, one may then ask where these new
U(1)-symmetric models differ from both Mixmaster and ge-
neric U(1)-symmetric models. First, we emphasize that, ex-
cept at special values of the spatial coordinate angles, there
are no qualitative differences attributable to spatial topology. FIG. 5. Evidence for the spatial inhomogeneity of the new so-
The Mixmaster spatial dependence of course represents #ions. The spatial dependence of and v, is shown for the
realization of the Bianchi-type-1X symmetry. From E8), it (cos6,¢) plane in a series _of side-by-side frames arrapged in three
is clear that three distinct spatial patterns will appeay ifin separate panels. Each pair of frames shows the spatial dependence

. . . . of y and y, respectively during an approximate Kasner epoch of
the logarithm depending on which scale factor dominates. Inthe seed Mixmaster solution. The panels are grouped according to

Fig. 5, we compare the spatial dependencey @nd yg for 6 jdentity of the dominant scale factor in the spatially homoge-

12 epochs of the seed Mixmaster solution. The epochs afigeous solution rather than sequentially. According to(E).y will
arranged according to the dominant scale factor. The numerkave the spatial dependence In(@sing), In(sinfcose), or

cal scale in each frame is chosen so that the average value la{cos#) depending on whethek, B, or C respectively is dominant.

¥ Or v4 is the centroid(If this were not done, no spatial In each of the three panels, the four left-hand frames reproduce one
dependence would be visibl&srom Eqgs(9) and(22), y and  of these three spatial dependences with, reading from left to right,
o have three possible spatial dependences. $he2 R) B, C, or A dominant. In each case, the accompanying right-hand
transformation of Eqs(28) clearly mixes the spatial depen- frame represents the spatial dependence of the correspopglfog
dence ofy and » to form g andwg. In Fig. 5, we see the that epoch. In every case, the numerical scalesyfand v, hayg.
evolving spatial dependence of,. This is additional evi- been ce_ntered on their average values to enhance the visibility of
dence that the new solutions are spatially inhomogeneous. N€ Spatial dependence.

_n genencU(l)-symmetr_m models, one cou]d quaﬁta- tinuum of approximate Mixmaster solutions in the generic
tively interpret the asymptotic approach to the singularity a%ase.
the evolution of a different Mixmaster model at every spatial
point. In particular, the Mixmaster epochs have spatially de-
pendent durations—bounces at different spatial points occur

at different times. In contrast, our new solution is character- We would like to thank the Institute for Theoretical Phys-
ized as is Mixmaster itself by spatially independent epochcs at the University of California / Santa Barbara for hospi-
durations since the new solution bounces only when the seadlity. B.K.B. would like to thank the Institute for Geophys-
solution does so. While one could modify the spacetime slicics and Planetary Physics of Lawrence Livermore National
ing to yield spatially dependent epoch durations, one would.aboratory for hospitality. This work was supported in part
expect to be able to detect the difference between a singley National Science Foundation Grants PHY9732629,
underlying Mixmaster seed in the new solutions and a conPHY9800103, PHY9973666, and PHY9407194.
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