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We discuss the spectrum of the three-dimensigifaheory in the broken symmetry phase. In this phase the
effective potential between the elementary quanta of the model is attractive and bound states of two or more of
them may exist. We give theoretical and numerical evidence for the existence of these bound states. Looking
in particular at the Ising model realization of ti#é theory we show, by using duality, that these bound states
are in one-to-one correspondence with the glueball states of the gauge Ising model. We discuss some inter-
esting consequences of this identification.

PACS numbse(s): 05.50+q, 11.10.Kk, 75.10.Hk

Three-dimensional statistical systems with globaksym- BOUND STATES IN THE ¢* THEORY
mgtry, thg Ising model tzei.ng the cIassiclgxampIe, lie in the We consider thas* theory:
universality class of the” field theory. Critical phenomena
in such systems are known to be accurately described by
simple perturbative method4]. Given the success of per- S= f dx
turbative methods, the appearance of excited states in the
broken symmetry phase of the critical Ising model and in theThe field o= ¢—v acquires the mas®?=8\v? at the tree
3D ¢* theory, which were found ii2,3], comes as a sur- level and is reasonably weakly coupled in the critical regime
prise, since scalar field theory apparently describes only onfel], since the critical value of the dimensionless interaction
particle as long as interactions can be treated perturbativelgonstant)/m, is not too big. The forces between elementary
We shall argue that this is not the case and there is room fayuanta of the fieldr are attractive: This can be shown by
a rich spectrum of excitations in the broken symmetry phaséspecting the scattering of two non-relativistic particles.
of the ¢* theory even if the interaction is weak. There are three leading-order diagrams contributing to this
The excited states show up as poles of the correlatiofrocess, shown in Fig. 1.
functions in the complex momentum plane and give visible The contact interaction, diagrana); contributes— 12\
contribution to certain universal quantities. The first excitedt© the scattering amplitude. As a first approximation, we can
state lies just below the two-particle threshold: its mass ig'€glect altogether the momentum flow in diagrafinsand
M =1.83(3)m [2], wherem is the mass gap. The closeness(C)- In this way, diagramgb) and(c) contribute—12\ and
of M to the threshold suggests the interpretation of this ex 2\, respectively. Collecting the three terms together, we get

citation as a weakly coupled bound state of two elementar{®" the amplitudeA=48\. The positive sign of the ampli-
excitations. ude means that the particles attract each other.

Indeed, the two-particle forces are attractive in the In this limit, the non-relativistic Hamiltonian describing

broken-symmetry phase of thg* theory, and bound states the interaction of two particles is
of two or more elementary quanta may in principle be
formed. In four dimensions, these states indeed exist in the H
low-temperature regime, but disappear as the continuum
limit is approached4,5], in agreement with triviality.

In this Brief Report we address the three-dimension
case. Numerical simulations show that non-perturbativ
states survive the continuum limit in 3[2,3]. We shall ar-

%(a@zﬂ((ﬁz—vz)z :

2 2
_ P P
“om T am e 2T W

ayvhich reproduces the field-theory scattering amplitude in the
Bomn approximatior{6]. Note the factor of 1/(gh)?, which

gue that these states can be identified with the multiparticlen 2
bound states. By considering the Ising realization of ¢fe A= >< + > < + + o)
model and using duality we shall also show that there is an

exact one-to-one mapping between the bound states of the a b c

Ising model(and hence, thanks to universality, also of gfe FIG. 1. Feynman diagrams contributing to thes2 amplitude

theory and the glueball states of the gauge Ising model. 4t the leading order in.
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accounts for the relativistic normalization of the wave func-
tions in field theory. The quantum-mechanical system of two + _
dimensional particles interacting viadatype potential devel-
ops short-distance divergences and requires a regularization
[7,8]. In our case, the cutoff is proportional ba because at
momenta of ordem the non-relativistic approximation be-

comes inadequate. B +
The binding energyAm, A<1, is determined by the
Schralinger equation for the relative motion wave function: FIG. 2. Operators for 2.
1 12n The main advantage of working with the Isi del i
ot _ ge of working wi e Ising model is
( m(7 A i(r) m2 P(0)a(r), @ that the spectrum can be analyzed in a low temperature ex-

pansion of the transfer matritssee[11,12)). The starting
which, after the Fourier transform, gives the consistencypoint of this expansion is to ignore the interactions between
condition time-slices. In this approximation, the vectors that corre-
spond to a single configuration on a time-slice become eigen-
12x ( d?%p 1 3N A? vectors of the transfer matrix. The eigenvalues of the transfer
Y 22 p2/mi A i ”F- ©) matrix are directly given by the number of frustrated bonds.
m= - (2m)7 po/m+Am m In this framework, the bound state of two particles is ob-
Taking A2= xm?, we get, for the binding energy, tair)ed by flipping two nearpy spins. If we flip two spin;
which are separated by a distance of more than one lattice
m spacing, the total number of frustrated bonds is exactly twice
AZKeXF{ _K)' (4 that of a single particle. On the contrary, if we flip two
nearby spins, the number of frustrated bonds is reduced by

The constant cannot be determined in the approximation two. This difference is the binding energy of the bound state.
used above and requires the inclusion of loop corrections anfie fact that we are constrained to choose the two spins in
of the momentum dependence of diagramand c. These Nearest neighbor sites is another way to state that the attrac-
corrections can be systematically taken into account in théive force between the two particles has a very short range.
approach based on the Bethe-Salpeter equation, which willhis procedure can be iterated, and one can construct clusters
be reported elsewhef@]; here we only quote the resule  Of k nearby flipped spins which have a non-zero binding
= (4/9)exp(3/2). energy and are rglated to bound states of higher mass.

The above discussion tells us that only one bound state of !t is also possible to select bound states of non-zero an-
two elementary quanta may exist in the broken phase of thgular momentum. These combinations can be constructed by
#* model in three dimensions. This is in accord with numeri-Using standard group-theoretical techniques. They are dis-
cal simulations[2,3]. However, a rich spectrum of bound cussed iM13]. Let us only recall here two results which are
states, with different values of the angular momentum, ca®f interest for the present analysis.
be found if we look at the bound states of three or more ©On a(2+1) dimensional lattice the group of rotations and
elementary quanta. Bound statesrat 2 particles could be Parity reflections is reduced to the dihedral grddfwhich
studied in principle within the Bethe-Salpeter approach, buf@s four one-dimensional and one two-dimensional irreduc-
even the non-relativistic approximation described above belPle representations. The'Ostate is associated with the
comes too complicated as the number of particles involved iffivial one-dimensional irreducible representation. The 2
the bound state increases. Up to our knowledge, the onlgnd 2 states are degenerate and correspond to two other
existing result in the literature is a discussion of thé 0 one-dimensional representations. The simplest possible real-
bound state of three particles which can be found1ify. ization of the 2 state is represented in Fig. 2. At least three
The counterpart of this state is also seen in the numericdlipped spins are needed to create such a $the2" state
simulations[3]. An easier way to understand the qualitative could be also realized in a simpler way, but a general theo-
features of the bound states is to study the Ising model in theem forces its mass to be the same of the @ne in the

|ow-temperature phase far below Critica“ty_ continuum limiy. Thus we expect that this state should ap-
pear as a bound state of at least three elementary quanta. The
THE ISING MODEL AT LOW TEMPERATURE last one-dimensional irreducible representation corresponds

to the O state. The simplest possible representation of this

To proceed in understanding the structure of the boundtate is reported in Fig. 3 and requires at least four flipped
state spectrum in the* theory, let us address the same spins. Finally, all the states with odd angular momentum are
problem in the case of the low temperature phase of the 3[@ollected in the two dimensional representation. As in the
Ising model. The Ising model and thg* theory belong to 2%, 2~ case they are all degenerate in parity.
the same universality class. Therefore they should have the Let us summarize the pattern of bound states as it emerges
same spectrum in the critical limit. Indeed, [i8,3] it was  from these considerations. With two elementary quanta we
shown in a Monte Carlo study that the two models share thenay only create a bound state with quantum numbérs 0
same spectrum of non-perturbative states. We shall denote it with O-* to distinguish it from the single

017901-2



BRIEF REPORTS PHYSICAL REVIEW D 62 017901

TABLE |. Comparison between the Ising, 8) and Isgur-
_ + _ Paton spectra. The masses are measured in units of the string ten-
sion.
JP Ising SuU?2) P
0* 3.08903) 4.71843) 2.00
- + - + 0+ 5.8014) 6.8310) 5.94
QF** 7.9711) 8.1515) 8.35
FIG. 3. Operators for 0. 2: 7.988) 7.8414) 6.36
25% 9.9520) 9.30(50) 8.76

particle excitation which has the same quantum numbersf{ 10.05) 9.9532) 13.82
With three quanta we may create a pair of bound states 20 i 13.46) 11.30(80) 15.05
and 2~ and a new 0 excitation that we shall call 0** . - 12.75) 10.7350) 8.04
With four particles we shall have a2* pair, a 0"*** state
and a new state with quantum numbers. With five par-  duality implies that the spectra of the two models must co-
ticles a new pair of states of the typ€ hppears, and so on. incide. In particular the bound state of quantum numi&rs
Let us now make the crucial assumption that the bindingf the Ising spin model coincideghence has exactly the
energy is always much smaller that the mass of the constitusame magswith the J° glueball of the gauge Ising model.
ent particles: then the mass of each bound state will be esrhis identification has two interesting consequences. The
sentially given by the number of particles needed for its for-first one is that the Bethe-Salpeter approach to the calcula-
mation, minus a small correction given by the bindingtion of bound states ig* theory, described above, becomes
energy. In this way one obtains a detailed prediction of thean analytical tool to evaluate the masses of the first states of
qualitative features of the spectrum, based only on the intefthe glueball spectrum of the gauge Ising model. In principle
pretation of the states as bound states and the groupapart from technical difficultiosthis could be extended to
theoretical facts described above. the whole glueball spectrum, and represents a powerful al-
Numerical simulation$2,3,9,13 show that not only these  ternative to the Isgur-Paton model, which in the case of the
predictions are satisfied, but that the same qualitative feqsing gauge model gives rather poor requl8]. A second,
tures of the spectrum survive well beyond the low-more important consequence of this identification is that it
temperature regime and into the scaling region. Connectegives a possible explanation for a peculiar degeneracy ob-
correlators of several composite operators are computed i§erved in the Monte Carlo estimates of the glueball masses in
Monte Carlo simulations and used to extract the spectrum ifhe 3D gauge Ising mod¢lL3] for which no alternative ex-
the various angular momentum channels. The measurgslanation exists. This intriguing feature of the spectrum can
masses exactly follow the pattern suggested above. This isfge immediately appreciated by looking at Table(data
strong indication that the spectrum is indeed made of bounghken from[13,14)). In Table | the asterisks denote the radial
states of the elementary quanta, and that these bound staiggitations, thus 0 is the lowest state in the family with
survive in the continuum limit. guantum numbersQ, 0 * the next one and 0** the third
The fact that states with angular momentum 2 are lightepne. 0" is related by duality to the single-particle state of the
than that with angular momentunt @s rather unexpected in 3p Ising model, 0* to the first bound state and so on. The
standard quantum field theory. However, it is a well es'fabdegeneracy involves the pairs {0*,2%), (07,2°*),
lished feature of the glueball spectrum (fattice) gauge (o= 1*) (the last one is only roughly established, it holds
states of the 3D Ising model has something to do with thgypyious physical reason. The only one which we would ex-
glueballs of gauge theory. The reason for this is obviouslypect on physical grounds is the one betwekn and J-
the duality between spin model and gauge model, that Wgtates(for J+0) (see[13] for a discussion of this point
will now discuss. which is indeed present and has been already taken into ac-
count in Table I. Moreover, iis notexplained by the Isgur-
Paton mode({last column of Table)l This degeneracy seems
to be a rather deep phenomenon since it is also present in the
Duality is usually expressed as an exact equality betweeglueball spectrum of the S@) model in(2+1) dimensions.
partition functions in infinite volume, hence in principle it In the third column of Table | we report the data on (38U
does not automatically implies that the two theories musbbtained by Tepef14] (the underlined values are our ex-
have the same spectrum. However it can be shown that durapolations of the finitgg values reported ifil4]). One can
ality holds not only in the thermodynamic limbut also for  easily see that the same pattern of degeneracy is present both
finite lattices This correspondence is not trivial and requiresin the SU2) and in the Ising gauge spectra. On the contrary,
a careful analysis of the boundary conditions of the twoall these degeneracies seem to be lost in $HdN), (N
models[9]. Since the approach to the thermodynamic limit >2) case(see the data reported [t4]).
of the finite volume partition function is driven by the full  This degeneracy is well explained by the interpretation of
spectrum of excited states of the theory, the finite volumehe glueballs as bound states of the dual spin model: the

DUALITY
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degenerate glueball states are simply bound states of ttanalysis of the spin model, and is strongly confirmed by
same number nof constituent particles, namely,=3,4,5 numerical simulations.

respectively for the (0-** ,2*), (07,2=*) and (0 *,1%) Duality allows one to apply the same analysis to the glue-
degeneracies. In fact, according to the assumption statdshll spectrum of the 3D Ising gauge model, which exactly
above, the major contribution to the mass of the bound stateoincides with the one of the spin model. The interpretation
is given by the number of elementary quanta involved. Theof the latter as a spectrum of bound states provides a natural
dependence on the various quantum numbers is encoded é@xplanation for several features of the glueball spectrum,
the binding energied which however give only a small such as its peculiar dependence on the angular momentum
correction to the mass. This results in the approximate deand its characteristic degeneracies.

generacies observed in the simulations. Notice that we do not

expect to havexactdegeneracies, since there is no reason to

expect the binding energy to be exactly the same for differ- ACKNOWLEDGMENTS

ent bound states. ) o )
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