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Gauge invariant variational approach with fermions: The Schwinger model
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We extend the gauge invariant variational approach of I. Kogan and A. Kd®ters. Rev. D51, 1948
(1995] to theories with fermions. As the simplest example we consider the massless Schwinger model in
1+1 dimensions. We show that in this solvable model the simple variational calculation gives exact results.

PACS numbes): 11.15.Tk, 12.38.Aw

[. INTRODUCTION model[6]. Our aim is not to further the understanding of the
model itself(which has been solved exactly many times by

. . . : _ different methods and is well understgdaut to develop a
This paper is an additional step in our exploration of the

. . e X workable generalization of our method to fermionic theory
gauge invariant variational approach suggestefllin This 5 test it in the simplest possible but nontrivial setting.

approach was developed as an attempt to study analytically one of the most striking similarities between the
the nonperturbative infrared dynamics of non-Abelian gaugeschwinger model and QCD is that in neither theory are the
theory. The idea is that keeping gauge invariance exact at ajsymptotic states represented by the fields of the Lagrangian.
stages of the calculation may be crucial for consistent underfhe Schwinger model, with massless fermions, exhibits
standing of the ground state structure of QCD. One thereforeomplete screening of charges and has one neutral
tries to account for the generation of nonperturbative QCDasymptotic state: a “meson” of mass\/7. The presence
condensates by introducing them as variational parameters #nd interconnectedness of the axial anomaly, instantons and
the explicitly gauge invarian{Gaussian likg trial wave the massive asymptotic states of the theory have made the
functional. Schwinger model a rich field of study.

So far this variational approach has been applied to pure The outline of this paper is as follows. In Sec. Il we
gluodynamics. There it seems to capture many of the esseg@eneralize the gauge invariant Gaussian variational ansatz to
tial features: mass generation, formation of the gluon coninclude fermions and perform the variational calculation. We
densate[1], and asymptotic freedoff2—4]. Instanton tran- find that the best variational state in the fermionic sector
sitions have been analyzed [i] and are identified with the does not contain new nontrivial structure. In Sec. lll we
saddle points in the integration over the gauge group whiclgross-check our calculation usirgg the bo_sopized form of the
projects the Gaussian wave functional onto the gauge invarmodel. We find that our best trial state is in fact the exact
ant physical Hilbert space. Interestingly we found that in thedround state of the theory. In Sec. IV we conclude by calcu-
best variational state instantons of large size are suppressiiind the fermionic condensate. We recover the correct
and the large size instanton problem that arises in the stat’(ﬁlue of _the condensate and Sh_OW thereby th_at the chiral
dard WKB calculation is completely avoided. The dynami—anomaly is correctly represented in our calculation.
cally generated mass present in the best variational state sta-
bilizes instantons at a Slﬂﬁ” 1/M. 1I. VARIATIONAL CALCULATION

Although there remain many open questions regarding the IN THE SCHWINGER MODEL
reliability of these calculations, it is interesting to see how a ) . .
simple ansatz of the same type would do in a theory with The Lagrangian density for the Schwinger model reads
fermions. In particular one would like to see whether includ-
ing fermions leads within the gauge invariant variational 1
framework to the generation of fermionic condensates and LZZ
chiral symmetry breaking.

As a first step towards this goal, in this paper we will
study the simple toy model, (d1)-dimensional Abelian The theory is super-renormalizable and the coupling con-
theory with massless fermions, the so-called Schwingegtant,e, has mass dimensioti 1. The 2x2 Dirac matrices

obey the usual anti-commutation relatigny*, y"} =2g*”,
where spatial indices run from 0 to 1 ag’=1. We write

FL P+ gy (id,—eA,) . 1)

wv
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VA, ]

1 _
H=fdx<§E2(x)+ P(X)[id—eAX)]yip(X) |, (2 ‘Ifq’[A,w]:exr{ijdxd)(x)g(x)

1
=ex;{ - —f dx dy A"”(X)Gl(x—y)A"”(y))
with the usual canonical relations, 2

><exp( —ief dx¢(x)<//T(X)l/f(X))|m>a

[AC),E(Y)]=id(x=y), E(X)=A(x),
(3)  Where

¢ — _
[Y(0),my(Y)]=15x—y),  my(x) =1 4. AT =A00 ~ 3(x), ©

and ¢ is the gauge function. The gauge invariant ansatz for
the vacuum wave functional is therefore written by integrat-
The gauge invariance of a physical state, in this case thig ¥¢ over all possible gauge transformations,
vacuum wave functional, is ensured by requiring that it sat-

isfy Gauss’ law, V[A,¥]= f D¢ exp( - %J dx dy AP(x)G
GOOW[A, ¢]=[IE(X) — ey () p(x) ]W[A,¢]=0. (4) ><(x—y)A"’(y))
As an ansatz for the vacuum wave functional of the theory xexp{ —ief dx@() ¥ () |Im). - (7)

we take the product of the vacuum wave functionals in ) ) )
the gauge and fermion SectorS, projected onto the gau%e In this forma|l§m, one calculates eXpeCtatIOI’l Val!.les of
invariant subspace. Followingl] for the functional in local operators with the ansatz for the ground state. Since we
the gauge sector we take a Gaussian with an arbitrar'® interested in the calculation of physical quantities, the
width G(p) which is to be treated as a functional variational OPerators we shall consider are gauge invariant. The expec-
parameter. tation of any such operatd@® can be written as
Next we have to address the ansatz in the fermion sector. 1
Since we may expect that the effects of chiral symmetry (oA y, ¢)>:_J D $DA(m|
breaking show up in the fermion sector as dynamical genera- VA
tion of mass, we propose as an ansatz for the ground state a 1
Dirac vacuum of free massive fermions, which we denote by X exp( — _f dxdy Ax)G™ !
|m). The mass, or rather the mass functimgp), can de- 2
pend on momentum and is to be treated as an additional .
variational function. In the absence of the gauge fields the x(x—y)A(y))(’)(A,z,b, W)
fermionic operators that annihilate this state are related to the
original fermionic operators by the well-known Bogolyubov 1
transformation. The state itself is somewhat similar to the xex;{ - Ef dxdy A’(x)G 1
BCS state. The important difference is that the mixing is not
between particles and antiparticles, but rather between left-
and right-moving particles, so that the possible condensates X(X—Y)A"J’(Y))
in this state preserve the charge symmetry but break the chi-

ral symmetry instead. . :
The product of the gauge and fermionic vacua is xexpg — 'eJ dxe () ¢ (x) p(x) | |m).
®)
1 _ First let us consider the norm of the sta@s=1. We first

©) 1
Z:ZAJ D¢6XD( - ZJ dx dy<9¢(X)G1(X—y)<9¢(y))

The vacuum wave functional in the gauge theory must of

course be gauge invariant. This is achieved by projecting Eq. : T

(5) onto the gauge invariant Hilbert space. To do this note x(mlexp —ie | dx(x) ¢ (x)¢(x) [[m), ©)
that Eq.(5) transforms under the gauge transformation gen-

erated by Gauss’ law as Zy=Detq2G™Y). (10)
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<m|exp(—ie f dx¢<x)¢*(x>¢(x>)|m>

—— - ————- 5
e
=consiX exp{ —Ej dx dydp(xX)X(Xx—y)dep(y)
FIG. 1. Shows the quadratic term resulting from the expansion +0((ed)? 1
in small e¢. Solid lines represent a fermion loop and the dashed (), (15)

lines represent the gauge parameter. Associated with each vertex i

the factor—iey°s(t). where
. . L . L[ dp p(p—k)+m(p)m(p—k)
The integration over the fermions is a little less straightfor- X(k)=k > 1- E(PE(p—K)
ward. Remembering tham) is the vacuum of a free fermi- (16)

onic Hamiltonian with masen one can use the standard trick
to express the fermionic matrix element as a path integrall he norm then can be written @s=2,2,7,, whereZ, and
The gauge transformation operator in such a representatiof, are constants which cancel in all calculations and
then has to be understood as an insertion at fixed “time.” 1

This insertion generates an interaction between the fermions Zd’:J D¢exp( — ZJ dx dydp(x)S(x—y)dd(y)
and the gauge parameter,

17

Im) The “effective action” for ¢ is given by
m
2

e
S(k)=G‘1(k)+?X(k). (189

<m|eXP( —ief dx $(x) " (X)$(x)

=f Dz/xDz//exp{iSf
We now compute the expectation value of the Hamil-

tonian in the variational state. Minimization of this quantity

, (11)  with respect to the variational parameters will yield the
ground state of the theory. In doing so one should be careful

. i ) ) with properly regularizing the ultraviolet singular operators
where S; is the action for free fermions with momentum that enter the Hamiltonian,

dependent mass,

—ie J dt dx 8(t) (x) () yoih(X)

1 _
- HX) = S E%00 1000 nlo+ieAC0L.  (19)
5= [ dtax aygx 01 80c-y) 90, mix—y) 1oty 0.

(12) The term to keep an eye on is the interaction term. In par-

ticular the currenlj(x)z@(x)yz,/;(x) has to be regularized

, ) using the point-splitting techniqui?]. This point-splitting

In the subsequent calculation we will treap as small and  generates an additional term in the Hamiltonian which is
expand to second order the logarithm in the exponential Oguadratic inA [7,8],

the norm produced by integrating ovérand . This results ) o2

in a series of diagrams. The leading order is independent of ;/'5 L uy— — i U0 viu—e A dvie: — — A2

¢ and contributes a constant factor to the norm which will WRLY= = g PR A a

cancel. Represented by Fig. 1, the term quadrati¢ icon-

. . . . ie
tains a fermion loop and is written + 2_(9A, (20)
w

e whereA is the UV cutoff. The first term is a constant and it
- EJ dx dy¢(x)$(TILY’D 4 (x=y)¥°D-(y=x)], does not affect our calculation. The last term is a total de-
(13)  rivative and for this reason will also be dropped. We are

therefore concerned with the calculation of the expectation of
the regularized Hamiltonian,

1
H=fdx

5 B0+ 11000 y199(X):

where the equal time propagators are

(14

1
; +k'y +m(k)},

D.(k)=—=| "+

=3 g - -
—eAC)T Y)Y () 5 AX ) | (2)
and E2(k) =k?+m?(k). We will see later that keeping only ™

second order terms ie¢ is sufficient to locate the best We proceed to calculate the expectation of E2{) in the
variational state. The contribution to the norm from fermionmanner outlined above for the calculation of the norm. We
integration is find
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< fde2(x) - —[G Y(k)—G2(k)SY(k)],

< deA(X) P(X) y1(X)

=il
([ axmoneer) = m
5
==

< fdxAZ(x) 4— —[G(k)+S (K)].
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(22)

A dk k2 AZ?
, (23

A27T m 2w
s—l(k), (24)
(25

Functional variation of the expectation of the Hamiltonian Ill. BOSONIZED FORMULATION OF THE SCHWINGER

with respect to the parametergp) andG*(p) yields two
minimization equations,

SH) %( . ez) L, OX(K)
SMm_fst (k) + ) Smip)
pZm(p)
PP (20
5 H 4 2
gffa—fz—mﬂ@fée%m%%m
—2X(p)G(p)| = 27

Since §X/ émoem, the first equation is solved fan(p)=0.
The second minimization equation has the solution

2

e? . 2 e -,
(;G(DHX (|0)> =—*+X (p), (28)

where X(p) is defined in Eq(16). With m(p)=0 we have
X(p)=1/|p|, and we can write the solution as

2 2
e
=—+p?
- P

eZ
S cm+In 29

Summarizing, the result of our variational calculation is th

vacuum wave functiongb) with the parameters

- _77( [e? )
m(p)=0, G(p)—g pa ¥ —Ipl].

(30

The calculations in this section rely upon the perturbative

expansion of the “effective action” fokp in Eq. (15). To

MODEL

As is well known the Schwinger model is exactly solvable
by the bosonization techniqy®]. In this section we will
discuss the variational calculation in this bosonized form.
We shall show that the solution obtained by the variational
method in the bosonized form is exact. Further, we shall
show that this solution is equivalent to the wave functional
obtained in the previous section constructed in the fermionic
Hilbert space.

The bosonized form of the Hamiltonian density in the
temporal gaugeX,=0) reads

2 1 ,
+5Ix00 1,
@Y

1
H(x)= Ez(x) +3 —A(X)

p(x)— G

which is supplemented by a Gauss’ law constraint on physi-
cal states,

gam=am—j%x

where E(x) and A(x)=A;(x) are the electric and photon
fields as defined in the previous sectigf{x) is the boson
field, andp(x) its canonical momentum. Since the Hamil-
tonian is quadratic in terms of bosonic fields and their con-

(x)=0, (32

ejugate momenta, the exact ground state wave functional can

be read|ly found,
Vol A, ex dxy(X)A(X dxdyy(x)>
0 X X YX

X(X=y)x(Y) |, (33

improve on this we would have to resum this expansion.

However, form(q) =0 such a re-summation is trivial. It can with 3 (k)= Jk?>+e?/ « and the suffix 0 indicates the ex-
be shown explicitly that all diagrams higher than second oract ground state.

der vanish and therefore our result is exact at least in the We now want to show that this result is recovered within
sense that the solution we found is at least a local minimumthe variational calculation. We base our variational ansatz
We will see in the next section that the result is indeed exactupon a Gaussian,
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1 -1
e~ 5 J dxdyAx)G L (x—y)A(y)

1 -
_EJ dxdyy(x)2 " Y(x—y)x(y)|, (34

PHYSICAL REVIEW D 62 016004

51 Jie

(39

The exact ground state is then represented as a gauge pro-
jected product of the vacuum wave functional of a theory of
a massless boson and a Gaussian functional of the gauge

with G(x—y) and$ as variational parameters. Projecting potentialA. In fact for this choice of, Eq. (38) gives the
this onto the gauge invariant subspace with the help of théame result for the width of the gauge field GausSas the
Gauss’ law, Eq(32), we have the gauge invariant trial state, fermionic solution, Eq(30). Also the free massless fermion

1
werax= [ D«zsexp[—g [ axaymoe-o-yaiy
1 3-1
~ 5[ axayxeos Hx-yy)

. (35

+— dXﬂ(ﬁ X X

by bosonization is equivalent to the free massless boson.
Therefore the fermionic part of the variational state of the
previous section fom=0 is equivalent to the free massless
state for the bosonic fielg. We therefore see that our varia-
tional solution of the previous section is equivalent to the
solution obtained here, and is therefore an exact ground state.

IV. CONCLUSIONS

In this paper we have presented a variational analysis of

Proceeding with the variational calculation in the usual waythe massless Schwinger model. We have shown that there

we find the expectation value of the Hamiltonian to be

1 dk
0= 2
e? S (k) 4 1S (0 G L 2¢?
—GCT (K + 2GR ] T +—

) e -1
G (k)+—2(k)>
a

X

+k2§(k)Gl(k)+e—4G(k)i(k)]
77_2

1 dk e\
=ZJE(Y2(k)+k2+; Y~ 1(k), (36)
where
- e?
Y(k)=2’1(k)+;G(k). (37

Variational minimization of Eq(36) with respect toY (k)
yields the required solution,

2

- e? 2 e
Y2(k)=|3 YK +—G(k)| = k2+—). (39
ar ar

After substituting into Eq(35) and integrating over, we
find that the best variational state is indeed EB§), so the
variational calculation gives the exact result.

exists a simple and natural way to extend the gauge invariant
variational ansatz ofl] to systems with fermions. We have
also found that in this simple and well-understood system
our variational ansatz in fact includes the exact ground state
and therefore reproduces known exact results.

A noteworthy feature of the best variational state is that
the dynamical mass in the fermionic sector is not generated,
so that in terms of fermionic part the state seems to be trivial.
In fact in 2 dimensional theory this is not entirely surprising.
If we were to consider a theory with more than one flavor,
this would have been an immediate corollary of the Coleman
theorem. Since a continuoyshiral) symmetry cannot be
broken in 2D, the state with nonvanishing dynamical mass
should be strongly energetically disfavored. In the one flavor
theory which we are considering here, suchagpriori argu-
ment does not apply since the axidal(1) symmetry is
anomalous. Nevertheless, it is not unnatural that in terms of
the dynamical mass the ground states in one flavor and mul-
tiflavor theories are similar.

On the other hand, in the one flavor case the fermionic

bilinear condensate/ys should be nonvanishing precisely
due to the same anomaly. It is therefore interesting to see
whether our best trial state leads to such a nonvanishing con-
densate.

It is simplest to calculate the condensate first in the
bosonized version of the theory. The bosonization rules pre-
scribe the identificatiof9]

Note that our initial parametrization of the trial state
turned out to be somewhat redundant. The energy minimiza-
tion determines onlyy but notG and3 separately. It is in
fact true that integrating ovegp in Eq. (35 we obtain a
Gaussian iny with width Y. This redundancy however can where\,, > means normal ordering with respect to the free
be used to establish the equivalence of this calculation withoson field of masse/\w, and the prefactor isc
the calculation in terms of the fermionic representation of the= exp(y)/27, with y being Euler's constarftL0]. We need
previous section. The point is that we can chobs® be the  the average of Eq40) over the wave functionaB5). After
width of the ground state in the free massless bosonic theoryntegrating overA and y we obtain

(40)

— ce
YOO P(x) = — J—;Me,ﬁcos{ Vamx(x)],
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o ce less fermion vacuum state, E@.1). To perform the integra-
(P(X)p(x)y=— J:MEI\?J D¢ tion over the fermions we can use the result1d]. The
™ fermionic integral is non-vanishing only for background
fields with instanton number-1. Decomposinga,=d, 0

1 ;
xex;{ — —f dydzé(y) —€,,d,¢, We obtain
4
e’ — 1
G Hy-2)+ ;E(y—Z))&b(Z)e <¢(X)¢(X)>=const><f Dsbexp[— ;J dydzié(y)
~ - 1
xf dyE(x—y)&¢(y)—wE(0)}. (41 XS(y—z)dp(z)+ Zf dylog
Using the definition(37), a further integration oves yields X(x—y)a¢(y)}. 45)

(W00 == Nzl = 7Y ). 42)

Here we have used

The exponential is UV divergent, but it cancels exactly with __ _
the normal ordering factor, so we finally obtain He(x0) I¢() (D= ¢(x,1=0)
1
p(v) =—f dylog(x—y)de(y). (46)
() (X)) =~ EPyTa (43) 2m

which is the exact resutL1]. With 3 given by Eq.(39) this coincides with Eq(41) and
The same calculation can be performed in the ferm|on|cgo the subsequent integration owgragain reproduces Eq.

formalism. We need to calculate -
We have thus seen that in this simple model the gauge

— - — invariant variational Gaussian approximation works well.
W(XW(X»ZJ D D ¢/D ihip(X) 4h(X) Extension of this approach to four dimensional QCD with
chiral symmetry breaking is the next challenging task.

1
Xex;{ - Zf dydze(y)G Hy—2z)dd(z)
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