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We present an analysis of the neutrino oscillation solutions of the solar neutrino problem in the framework
of four-neutrino mixing where a sterile neutrino is added to the three standard ones. We perform a fit to the full
data set corresponding to the 825-day Super-Kamiokande data sample as well as to chlorine, GALLEX, and
SAGE and Kamiokande experiments. In our analysis we use all measured total event rates as well as all
Super-Kamiokande data on the zenith angle dependence and the recoil electron energy spectrum. We consider
both transitions via the Mikheyev-Smirnov-WolfenstéMSW) mechanism as well as oscillations in vacuum
(just-sg and find the allowed solutions for different values of the additional mixing angles. This framework
permits transitions into active or sterile neutrinos controlled by the additional paramei@?,gus(d,,) and
contains as limiting cases the pupg-active andve-sterile neutrino oscillations. We discuss the maximum
allowed values of this additional mixing parameter for the different solutions. As a particularity, we also show
that for MSW transitions there are solutions at 99% C.Ldgaf mixing angles greater thaf/4 and that the
best-fit point for the zenith angle distribution is in the second octant.

PACS numbse(s): 26.65:+t, 13.15:+¢, 14.60.Pq, 96.60.Jw

[. INTRODUCTION as well as a measurement of the recoil electron energy spec-
trum. After 825 days of operation, Super-Kamiokande has
Solar neutrinos were first detected three decades ago @so presented preliminary results on the seasonal variation
the Homestake experimefit] and from the very beginning of the neutrino event rates, an issue which will become im-
the puzzling issue of the deficit in the observed rate as conportant in  discriminating the  Mikheyev-Smirnov-
pared to the theoretical expectation based on the standakiolfenstein(MSW) scenario from the possibility of neutrino
solar model[2] was pointed out, with the implicit assump- oscillations in vacuunm{11,12. At the present stage, the
tion that neutrinos created in the solar interior reach thejuality of the experiments themselves and the robustness of
Earth unchanged; i.e., they are massless and have only stahe theory give us confidence that in order to describe the
dard properties and interactions. This discrepancy led to @ata one must depart from the standard md8al) of par-
change in the original goal of using solar neutrinos to probejcle physics interactions by endowing neutrinos with new
the propel’ties of the solar interior towards the Study of th%roperties_ In theories beyond the SM, neutrinos may natu-
properties of the neutrino itself and it triggered an intense}ra"y have new properties, the most generic of which is the
activity both theorfetical as well as experimental, with NeWeyistence of mass. It is undeniable that the most popular
measurements being proposed in order to address the origifyyanation of the solar neutrino anomaly is in terms of neu-

of the deficit. ino masses and mixing leading to neutrino oscillations ei-

. . trl
. On the theoretical side, €normous progress has begn mad?er invacuum13] or via the matter-enhancédSW mecha-
in the improvement of solar modeling and calculation 0fnism[14]

nuclear cross sections. For example, helioseismological ob- .
servations have now established that diffusion is occurrin On_ the other. hand, together with the re_sults from_thg solar
eutrino experiments we have more evidence pointing to-

and by now most solar models incorporate the effects o ; . A
helium and heavy element diffusidB,4]. From the experi- wards the existence of neutrino masses and mixing: the at-
' mospheric neutrino data and the Liquid Scintillation Neu-

mental point of view the situation is now much richer. Four, . .

additional experiments to the original chlorine experiment af"no D(_ete(cjtqr t(r%SND')t resultsf. 'Il'he f|trstdpne can Ibeb
Homestakd5] have also detected solar neutrinos: the radip>ummarized in the existénce of a long-standing anomaly be-
chemical gallium experiments opp neutrinos, GALLEX tween the pr_edlcted and obser_veg/ve ratio of the_atm(_)-

[6] and SAGE[7], and the water Cherenkov detectors Ka_spherlc neutrino flgxegls]. In this respect, the confirmation
miokande[8] and Super-Kamiokand®,10]. The latter have by the Super-Kamiokande collaboratift0,16] of the atmo-

been able, not only to confirm the original detection of solarSphe”C neutrino  zenith-angle-dependent deficit, which

neutrinos at lower rates than predicted by standard Solas}\trongly indicates the existence of, conversion, has been

models, but also to demonstrate directly that the neutrinogf crucial relevance. In addition to the solar and atmospheric

come from the sun by showing that recoil electrons are Sca{)eutrino results from underground experiments, there_is also
ndication that there are neutrino oscillations in the

tered in the direction along the sun-earth axis. Moreoveran |
they have also provided us with good information on the— v, channel by the LSND experimeft7]. All these ex-
time dependence of the event rates during the day and nighperimental results can be accommodated in a single neutrino
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oscillation framework only if there are at least three differentmass-squared differencem3s, = Am3, responsible for the
scales of neutrino mass-squared differences. The simpleghort-baselindSBL) oscillations observed in the LSND ex-
case of three independent mass-squared differences requitgSriment (we use the common notatioﬁmﬁjzmﬁ—mjz).

the existence of a light sterile neutrino, i.e., one whose interye have ordered the masses in such a way that in both
action with standard model particles is much weaker than the .o mest m?2 = Am2, produces solar neutrino oscillations
un

SM weak interaction, so it does not affect the invisible Z S

) ; = T and Am2,,=Am?Z, is responsible for atmospheric neutrino
Eggaﬁll\ggt%’ precisely measured at the CE®Ne™ collider oscillations. With this convention, the data of solar neutrino

: . . .experiments can be analyzed using the neutrino oscillation
In this paper we present an analysis of the neutrino oscil

lation solutions of the solar neutrino problem in the frame_formalism presented in Ref22], that takes into account
. s P . .~ matter effects. In this section we present the neutrino oscil-
work of four-neutrino mixing where a sterile neutrino is

. tion formulas that we use in the analysis of solar neutrino
added to the three standard ones. We perform a fit of the ful ata. The transition probabilities that take into account mat-

data set corresponding to the 825-day Supgr-Kammkandt%r effects in the case of the MSW solution of the solar neu-
data sample as well as the data of the chlorine, GALLEX‘trino problem have been derived in RéR2]. Here we

fglgl S(:/Srllzt ?;(t%es”zr;]ednzi guoirri];r!rﬁilfavr\:geusdzgloﬂetiséurz%?resem some improvement concerning the calculation of the
P regeneration of solar,’s in the Earth(see the Appendjx

nith angle dependence and the recoil electron energy spec- In four-neutrino schemes the flavor neutrino fieldg,

trum. We consider both transitions via the Mikheyev-, — i : v
Smirnov-Wolfenstein (MSW) mechanism as well as (a=¢e,s,u,7) are related to the fields,, of neutrinos with
massesn, by the relation

oscillations in vacuunfjust-sQ and find the allowed solu-
tions for different values of the additional mixing angles.
Our analysis contains as limiting cases the pyractive and
ve-Sterile neutrino oscillations. We discuss the maximum al-
lowed values of the additional mixing angles for which the VaL:kZl Ui (e=esu,7), (2.2
different solutions are allowed.

The outline of the paper is as follows. In Sec. Il we sum-
marize the main expressions for the neutrino oscillation for-
mulas that we use in the analysis of solar neutrino data whiciwhere U is a 4x4 unitary mixing matrix, for which we
take into account matter effects in the case of the MSWchoose the parametrization
solution of the solar neutrino problem. We also present some
improvement concerning the calculation of the regeneration
of solar v¢’s in the Earth in the Appendix. Section Il con-
tains the summary of our calculations for the predictions of U=U3U3U23U14U13U15, 2.3
the different observables. Our quantitative results for the
analysis of the four-neutrino oscillation parameters are given
in Sec. IV. Finally, in Sec. V, we summarize and discussynere
briefly our conclusions.

4

U: ) ap= Oap+ (€SO — 1)(8in 8+ 815,
Il. FOUR-NEUTRINO OSCILLATIONS (Uij)an=dan* ( 1~ (Gt Jjadip)

+Sin'ﬂij(5ia5jb_5ja5ib) (24)
In this paper we consider the two four-neutrino schemes
that can accommodate the results of all neutrino oscillation
experimentg20,21: represents a rotation in thej 2X2 sector by an anglé;; .
In the parametrizatiofi2.3) we have neglected, for simplic-
Am? am? ity, the possible presence @fP-violating phases.

Since the negative results of the Bugeydisappearance
experiment [33] imply that |Ugs|?+|Ue?<3x1072
for Am3g, in the LSND-allowed region 0.2 & Am3g,

A)  (m<my)>(m;<my)

~ )

Am? h : . .
SBL <2 e\?, in the study of solar neutrino oscillations the ma-
tricesU 3 andU,, can be approximated with the unit matrix
Ay, Amle, (i.e., 913= 914=0) and we obtain
— —
B)  (m<my)<(m3z<my) (2.2)
Amy U=U34U2U23U ;. (2.9

In both these mass spectra there are two pairs of close
masses separated by a gap of about 1 eV which gives the Explicitly, we have
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Cio S1o 0 0
U= —S12C23C24 C12C23C24 S23C24 S24 2.6
S12(C23524S34+ S23C34)  — C12(S23C347 C23524534) C23C347 523524534 CosSas |
S12(C23524C34— S23534)  C1(S23S34— C23524C34)  —(C23S341S23524C34)  C24C3s
|
where ¥1,, 1,3, 9,4, 934 are four mixing angles and;; mixing of v, with v, andv, is equal to the one in the case of
=cosd; ands;;=sind; . two generations timeg1— cosd,3C05 95, it is clear that in

Since solar neutrlno oscillations are generated by thehe general case of simultaneous— v and v.— v, oscil-
mass-square difference betweepnand vy, it is clear from lations the corresponding probabilities are given by
Eq. (2.6) that the survival of solaw,'s mainly depends on
the mixing angled,,, whereas the mixing angle8,; and Pfui,, =CoS D 3C0S I pu(1— pfuiv) (2.10
U,4 determine the relative amount of transitions into sterile
v or activev,, andv,. Let us remind the reader thaf, and sun sun
v, cannot be distinguished in solar neutrino experiments, be- PO, =(1-co$ 93008050 (1= P ). (2.1D)
cause their matter potential and their interaction in the detec-
tors are equal, due only to neutral-current weak interactions. These expressions satisfy the relation of probability con-
The active and/or sterile ratio and solar neutrino oscnlatlonservatmnPf“iV + Pf“iv + Pf“ﬂ,v 1.
in general do not depend on the mixing angleg,, which If AmZ, is in the MSW region (108 eV2<Am2,<3

contributes only to the different mixings of, andv., and 1974 eV2), the survival probabilities of solar,’s is given
depends on the mixing angléss U5, only through the com- by [22]

bination cos%,53c0st,,. Indeed, from Eq(2.6) one can see

that the mixing ofvg with v, and v, depends only on},, 1
and the product co8,3cost,,. Moreover, instead of,, and psun = 5+ ( 5 Pc> cos 29,,c0s 200, (2.12
v,, one can consider the linear combinations e

( Va —sind _Cosf}) Sinds, COS¥3y | [ v, Here the. angle?)) is the effec'Fi\{e mixing angle i.n matter

vy "\ cos®  —sin® || costa —sin s , corresponding to the vacuum mixing andlg, and given by
tan 29

_ tan 20— =2 , (2.13

with 1—A/Amj; cos 284,
sin 1924 with
tand= and (2.8
23 AEAcc+ C0521323 CO§1324ANC . (214)

The mixing of v, and v, with v, and v, is given by

_ 2 2 _ 7 2
Ua1= —S12V1-C53Co Uar=C1oy1—C53C

Ub]_:sz:O. (29)

The quantitiesAcc and Ayc describe the matter effects
and are given by

Acc=2V2GEEN,, Ayc=—V2GLEN,, (2.19

whereN, andN,, are, respectively, the number densities of

Therefore, the oscillations of solar neutrinos depend onlyelectrons and neutrons in the mediuinis the neutrino en-
on 93, and the product co8,3c0Sd,,. If cosd,zcosd,,  ergy, andGg is the Fermi constant. The effective mixing
#1, solarv,'s can transform in the linear combination of anglef}g"z in Egs.(2.12 and(2.10 must be evaluated at the
active v, and v,. We distinguish the following limiting point of neutrino production inside of the Sun. The quantity
cases: If cog)3c089,,=0 then Ugy=Ux=0, Uy= P.in Eq.(2.12 is the crossing probability given by the usual
—Sindy,, Ugy=cosd,, corresponding to the limit of pure two-generation formulésee[25]) and the replacement of the
two-generatiornv,— v, transitions; if cosj,3cosd,,=1 then  two-generation expression foA with that given in Eq.
Ug = —sindy,, Ugp=cosdy, and U, =U,»=0 and we (2.14.
have the limit of pure two-generation,— v4 transitions. During the night solar neutrinos cross the Earth before

Since the mixing ofve with v, and v, is equal to the reaching the detector and regenerationigf is possible
mixing in the case of two generatiofith the mixing angle  [23]. In the four-neutrino schemes under consideration, the
U415, the mixing ofvg with v, andw, is equal to the one in  probabilities ofv.— v, and v.— v, transitions after crossing
the case of two generations times @@gcosd,, and the the Earth are given bj22]
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(1=2P3 )(PEY, —sirdy,)

PSun+Earth Sun + VeV Y2 ve 21
Ve Vg Ve— Vg cos 21912 ’ ( 6)
(2Pf:iy — COS D 3C0F ) ( P'faﬂh,, —C0S 91,008,308V 0y)
PSurH—Earth PSun + . (2.17}

Ve Vs Ve Vs

COS 201,C0S 3OS ¥y

The probability of v.— v, transitions is given by the rates, we have in this last case the zenith angle distribution of
conservation of probability: PSUTEath— 1 pSuntEath - the events and the electron recoil energy spectrum, all mea-

VHV V~>V

_ pSun+Earth sured with their recent 825-day data sam[dl]. Although,
Ve Vs . Earth Earth as discuss in Ref.26] the inclusion of Kamiokande results
The probabilitiesP,/=, "and PZ in Egs.(2.16 and  goeg not affect the shape of the regions, because of the much

(2.17) can be calculated by integratlng numerically the dif-larger precision of the Super-Kamiokande measurement, it is
ferential equation that describes the evolution of neutrinacconvenient to introduce it as in this way the number of de-
flavors in the Earthsee[22]) or by using the analytical so- grees of freedom for the fit of the rates only is-8=1
lution assuming a step-function profile of the Earth matter(instead of zero degrees of freedpnthat allows the con-
density(see[24]) . However, we notice that the probabilities struction of a well-definegy?,, confidence level.

Earth Earth .
P, and P>, are not independent, because, as shown  For the calculation of the theoretical expectations we use

in the Append|x they are related by the BP98 standard solar model of R§27]. The general
expression of the expected event rate in the presence of os-
PEaihy =C0S¥3C0S ¥4(1— Pfaihy ).  (2.18 cillations in experiment in the four-neutrino framework is
given by R™:

Therefore, in the analysis of solar neutrino data we need to
calculate onlyPEaihV 0_ S g

If Am2, is in the range of the vacuum oscillation solution Ri =t d)kf EM(E) X060 (B(Pyn) T oxi(Ey)
of the solar neutrino problem (I8 eV2<Am3,
=10 ° eV?), the survival probability of solar, is given by X(A={Pyer) =(Pos))]-
the two-generation formula

(3.2

whereE, is the neutrino energypy is the total neutrino flux,
m and )\, is the neutrino energy spectrutnormalized to 1
PO, —1_5"12219125"124—;1, (219  from the solar nuclear reag%i/ohpwith the normalization
given in Ref.[27]. Hereog; (0y;) is the ve (vy,X=pu,7)
whereE is the neutrino energy and is the Sun-Earth dis- interaction cross section in the Standard Model with the tar-
tance, whose seasonal variations must be taken into accoug€t corresponding to experimeint~or the chlorine and Gal-
In this case there is no matter effect during neutrino propaium experiments we use improved cross sectiong(E)

2

gation in the Earth. (a=e,x) from Ref.[28]. For the Kamiokande and Super-
Kamiokande experiment we calculate the expected signal
lIl. DATA AND TECHNIQUES with the corrected cross section as explained below.

Pov ) is the time-averaged, survival probability. In
In order to study the possible values of neutrino masseéase of MSW transitions, . and P, ., are given in
and mixing for the oscillation solution of the solar neutrino
Egs.(2.16 and(2.17), respectlvely

problem, we have used data on the total event rates measur Al .

in the chlorine experiment at Homestal, in the two gal- For vacuum oscillations we must include the effect of the
lium experiments GALLEX and SAGEB,7] and in the wa- Earth orbit eccentricity. The yearly averaged probability is
ter Cherenkov detectors Kamiokande and Superc’bt"’“ne‘j by averaging Eq.2.19 with L(t)=Lo[1

Kamiokande shown in Table I. Apart from the total event ~ € €0S 2r(UT)]:

S _ .
TABLE |. Measured rates for the chlorine, gallium, Kamio- (P,,eﬂ,,e> <Pvuiy >—2_3'r‘2 291,

kande, and Super-Kamiokande experiments. ) )
1 AleLO J 8Am21|_0
>< —_
72 |\ T2 /I

Experiment Rate  Ref. Units RBP98

Homestake 2.560.23 [5] SNU 7.8-1.1 (3.2
GALLEX + SAGE 72.3-5.6 [6,7] SNU 13G+7

Kamiokande 288038 [8] 1fcm2s?! 52+09 Wwheree is the orbit eccentricitf0.0167, L, is the average

Super-Kamiokande 2.450.08 [10] 1° cm2s ! 5.2+0.9 Earth orbit radius (1.49610% km) andJy(x) is the Bessel
function. We have also included in the fit the experimental
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results from the Super-Kamiokande Collaboration on the ze-

1
nith angle distribution of events taken on 5 night periods and RegT,T')=
the day averaged value, which we graphically reduced from V27[0.47T'(MeV) ]
Ref. [10]. For MSW oscillations we compute the expected 2
event rate in the period in the presence of oscillations as, _ (T-T") 3.5
0.44T" (MeV) |’
th 1 7(COSP max a)
Rska= A_J dr >, d’kf dEN(E,) _ _ _
TaJ 7(Cos®pmina) k=18 and we take the differential cross sectidor, (E,,T')/dT’
X[ e s EN(Py () + 0 s E,) fromls0
eski =T ve—ve xski=v In the statistical treatment of all these data we perform a
X(l_<Pveﬂe( T)>_<Pveﬂs( ], 33 X analysis for the different sets of data, following closely

the analysis of Ref.31] with the updated uncertainties given

wherer measures the yearly averaged length of the peaiod in Refs._[26—28, as discussed in Refa2]. We thus define a
p yearly 9 9 P x? function for the three set of observabgS.c, X 2enit: and

normalized to 1, s0 A7,=7(COSPpaya) — (COSPpina) 5 : 5 )
=0.500, 0.086, 0.091, 0.113, 0.111, 0.099 for the day andspectrumWNere in bothxzey and xspecrumWe allow for a
five night periods. Notice that for vacuum oscillations thereff€€ normalization in order to avoid double counting with the
is no matter effect during neutrino propagation in the Earthdata on the total event rate which is already included in
In this caseR", ,=R", as given in Eq(3.1). The Super- Xres IN the combinations of observables we define fief
Kamiokande Collaboration has also presented the results i€ combination as the sum of the differggits. In principle,
the day-night variation in the form of a day-night asymme-Such an analysis should be taken with a grain of salt as these
try. Since the information included in the zenith angle depenPi€ces of information are not fully independent; in fact, they
dence already contains the day-night asymmetry, we hav@'e just different projections of the double differential spec-
not added the asymmetry as an independent observable {fim of events as a function of time and energy. Thus, in our
our fit. combination we are neglecting possible correlations between
The Super-Kamiokande Collaboration has also measuredl€ uncertainties in the energy and time dependence of the
the recoil electron energy spectrum. In their published analy€vent rates.
sis[9] after 504 days of operation they present their results
for energies above 6.5 MeV using the low-ener@yE) IV. RESULTS
analysis in which the recoil energy spectrum is divided into
16 bins, 15 bins of 0.5 MeV energy width and the last bin As explained in Sec. I, for the mass scales invoked in the
containing all events with energy in the range 14—20 MeV explanation of the atmospheric and LSND data and after im-
Below 6.5 MeV the background of the LE analysis increase$0sing the strong constraints from the Bugg38] and
very fast as the energy decreases. Super-Kamiokande h&1OOZ [34] reactor experiments, the relevant parameter
designed a new super low-enerBLE) analysis in order to space for solar neutrino oscillations in the framework of
reject this background more efficiently so as to be able tdour—neutrino mixing is a three-dimensional space in the
lower their threshold down to 5.5 MeV. In their 825-day datavariables Am3;, ©;, and cod(9,3)CoF(s)=C55,. AS
[10] they have used the SLE method and they present resulshown in Sec. Il, the casu%gcgfo corresponds to the usual
for two additional bins with energies between 5.5 and 6.5wo-neutrino oscillations’.— v, Where v, is the admixture
MeV. In our study we use the experimental results from theof », and v, given in Eq.(2.7), thus an active neutrino. The
Super-Kamiokande Collaboration on the recoil electronother extreme cases.c3,=1 corresponds to the usual two-
spectrum divided in 18 energy bins, including the resultsheutrino oscillations of, into a pure sterile neutrino.
from the LE analysis for the 16 bins above 6.5 MeV and the |n our choice of ordering the neutrino masses in the two
results from the SLE ana|ySiS for the two IOW'energy binSschemeiz_l) the mass_squared differende‘ngl is positive_
below 6.5 MeV. The general e>.<pre.55|ohn of the expected rat¢ne mixing angled;, can vary in the interval & 9,,< /2.
in a bin in the presence of oscillatioR®", is similar to that | the case of vacuum oscillations, the transition probabilities
in Eqg. (3.1), with the substitution of the cross sections with gre symmetric under the changg,— /2— 9;, and each
t_he_ corresponding dl_fferentlal cross sections folded W|th theylowed value of sif(29,,) corresponds to two allowed val-
finite energy resolution functl(_)n of the _detector and inte-e5 of 91,. On the other hand, in the case of the MSW
grated over the electron recoil energy interval of the bin,go|ytions the transition probabilities are not invariant under

Trnin<TSTmay: the change¥,,— m/2— ¥4, and resonant transitions are pos-
Toa E /(14 my/2E,) sible only for values of%,, smaller thanm/4. In th_e analysis
Ty s Ey):j de ! "dT RegT,T') of the observable rates, we present the results in the common
' Trmin 0 plot of sirf(29;,) due to the fact that the allowed region does
not extend tod,,> /4. But, when we include the rest of
% doasdEysT') (3.4) observables we remark that this is not the case, and we
daT’ ' ' present the results as a function of%ih,) (see[35]) show-
ing that there is a portion of the space of parameters in the
The resolution function Re$(T’) is of the form[9,29: second octant of9,, allowed at 99% C.L. This enlarged
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sin?(29,,) FIG. 2. Allowed regions ilAm3, and sirf(24,,) for the vacuum

four-neutrino oscillations from the measurements of the total event
FIG. 1. Allowed regions immgl and sif(29,,) for the MSW  rates at chlorine, gallium, Kamiokande, and Super-Kamiokande
four-neutrino oscillations from the measurements of the total even{825-day data sampleThe different panels represent the allowed
rates at chlorine, gallium, Kamiokande, and Super-Kamiokandéegions at 99%darke) and 90% C.L (lighter) obtained as sections
(825-day data sampleThe different panels represent the allowed for fixed values of the mixing anglesic3; of the three-
regions at 99%darke) and 90% C.L (lighter) obtained as sections dimensional volume defined by?— xZ,,=6.25 (90%), 11.36
for fixed values of the mixing angles?.c2, of the three-  (99%) wherexf,, is in the MSW region.
dimensional volume defined by?—xZ,,=6.25 (90%), 11.36
(99%). The best-fit point in the three-parameter space is plotted as where, for instancef}xz (C.L., 3dof=6.25, 7.83, and 11.36
star. for C.L.=90, 95, and 99 %, respectively. In Figs. 1-7 we
plot the sections of such volume in the plane

parameter space is also used in Re6]. . [Am3,, sir(29,,)] or [Am3,, sirf(9,,)] for different values
We first present the results of the allowed regions in theys .2 .2

: Y 23C24-
three-parameter space for the different combination of 0b- gjoires 1 and 2 show the results of the fit to the observed

servables. In building these regions, _for a given set of Obiotal rates only. We find that both at 90 and 99% C.L., the
servables, we compute for any point in the parameter spaggee_gimensional allowed volume is composed of three
of four-neutrino oscillations the expected values of the ob-,

) . .- separated three-dimensional regions in the MSW sector of
servables and with those and the corresponding uncertaintigg, parameter spac@ig. 1), which we denote as SMA
we construct the functiog?(Am2,, 915,655 os. We find ' '

) o ] k 2 M LMA, and LOW solutions following the usual two-neutrino
its minimum in the full three-dimensional space consideringygcijiation picture and a “tower” of regions in the vacuum
as a unique framework both MSW and vacuum oscillations ygijjations sectofFig. 2). The values of the minimum of the
The allowed regions for a given C.L. are then defined as thg 2 i, the different regions are given in Table II. The global
set of points satisfying the condition: minimum used in the construction of the volumes lies in the
SMA region and for a nonvanishing value 0$,c3,=0.3,
although, as can be seen in the first panel in Fig. 8, this is of

XA (AMTy, 912,C5:C50) obs— Xamin.obs=Ax*(C.L., 3 dof, _ ar een
very little statistical significance asy? for the SMA solu-

4.9
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FIG. 3. Allowed regions inAm2, and sirfd;, for the MSW FIG. 4. Same as Fig. 3 but for the measurements of the event

four-neutrino oscillations from the measurements of the event ratemates and the Super-Kamiokande recoil electron energy spectrum.
and the Super-Kamiokande zenith angular dependence data. TAd&e shadowed area represents the excluded region at 99% C.L.
shadowed area represents the excluded region at 99% C.L. from ttieom the energy spectrum.

zenith angular data.

tectors by interacting via neutral current with the electrons,
tion is very mildly dependent orcsic3, (Ax?<0.5 for  sterile neutrinos do not contribute to the Kamiokande and
c3,3,<0.5). Super-Kamiokande event rates. Therefore, a larger survival
As seen in Fig. 1, the SMA region is always a valid so-probability for 8B neutrinos is needed to accommodate the
lution for any value ofcs.c3,. This is expected as in the measured rate. As a consequence a larger contribution from
two-neutrino oscillation picture this solution holds both for ®B neutrinos to the chlorine and gallium experiments is ex-
pure active-active and pure active-sterile oscillatibr@n  pected, so that the small measured rate in chlorine can only
the other hand, both the LMA and LOW solutions disappeaibe accommodated if néBe neutrinos are present in the flux.
for a value of the mixingc§3c§420.5(0.3). Unlike active This is only possible in the SMA solution region, since in the

neutrinos which lead to events in the water Cherenkov deLMA and LOW regions the suppression 6Be neutrinos is
not enough.

In Table Ill we give the maximum values ab4c3, for
Iny s - o . which the different solutions are allowed at the 90 and 99%
Notice, however, that the statistical analysis is different: in theC.L. according to different statistical criteria which we dis-

two-neutrino picture the pure active-active and active-sterile cases . . . .
E}uss below. In Fig. 2 we plot the corresponding sections in

are analyzed separately, whereas in the four-neutrino picture the illati . .
are taken into account simultaneously in a consistent scheme th4i€ Vacuum oscillation sector. As seen in the figuresZass,

allows us to calculate the allowed regions with the prescriptiond"OWs, the vacuum oscillation solution becomes more re-

given in Eq.(4.1). We think that the agreement between the result5§tri0t6d in the allowed V&;Iues of mass splittings until be_Com'
of the analyses with two and four neutrinos indicate that the physiing a narrow band atm3,~10 % eV? for the pure sterile
cal conclusions are quite robust. case.
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FIG. 5. Same as Fig. 2 but for the measurement of the eveni
rates and the Super-Kamiokande recoil electron energy spectrum.
The shadowed area represents the excluded region at 99% C.L. FIG. 6. Results of the global analysis for the allowed regions in
from the energy spectrum. Am3, and sirt9;, for the MSW four-neutrino oscillations. The light

(dark regions are allowed at 90% C.[99% C.L).

sin®d,,

Figure 3 shows the regions allowed by the fit of both total A -
rates and the Super-Kamiokande zenith angular distributioﬁ(.agreeS of-freedom region for the* of the spectrum data

e 2 > )
in the MSW sector of the parameter space. In the vacuumWlth respect to the minimum Va.llugmi”vsf’ec_ 15'1’2 which
oscillation section no day-night variation is expected. Also?“cU"S N the vacuum solution sector atm;=6.3
plotted is the excluded region at 99% C.L. from the zenith 19 ~ €V"and sif(291,) = 1, and it is almost independent
angular measurement. This exclusion volume is built as th@f C2:C24- AS seen in the figure and also in Table I, the
corresponding three-degrees-of-freedom region fopthef ~ Main effect of the inclusion of the spectrum data in the MSW

the zenith angular data with respect to the minimum valud€9ions is also to push towards slightly higher values the

2 .2 ; :
szin,zen: 0.8 which occurs atAmZ,=2.7x10 ¢ eV?, maximumcs;C, for which the LMA and the LOW solutions
SiM(9;,) =0.85 andcggcgf 0.0. We remark that this mini- &' still valid. Figure 4 shows that the LMA region at 99%

mum is placed in the second octant and this was not includeff-L- zextzends to high values afms, even above 10° eV*
in past analysis of two-flavor MSW solutions although it for ¢25¢5,<0.1. Since the atmospheric mass squared differ-
leads to little effect in the final results of the allowed regions.enceAm, lies between 10° and 102 eV? (see[36]), one
As seen in the figure and also in Table Ill, the main effect ofmay wonder if the solar and atmospheric mass squared dif-
the inclusion of the day-night variation data is to cut downferences may coincide and three massive neutrinos may be
the lower part of the LMA region and to push towards enough for the explanation of solar, atmospheric, and LSND
slightly higher values the maximurn.c3, for which the  data. The answer to this question is negative, because in the
LMA and the LOW solutions are still valid. high-Am3, part of the 99% C.L. LMA region the mixing

In Figs. 4 and 5 we plot the regions allowed by the fit of angle 6,; is large, 0.3=sir’(6,)<0.7, and in this case dis-
both total rates and the Super-Kamiokande energy spectrumappearance of,’s should be observed in long-baseline re-
Also plotted is the excluded region at 99% C.L. from theactor experiments, contrary to the results of the CHO®4
spectrum data which is obtained as the corresponding threexperiment. In other words, the results of the CHOOZ ex-
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0

FIG. 8. Ax? as a function of the mixing parameigg.c3, for the

different solutions SMA(full line), LMA (dashed, LOW (dotted,
and vacuum(dot-dasheglfrom the analysis of the rates only right

panels and from the analysis of the full data igtht panel$. Each
row represents the value for the different statistical criteria C1, C2,
and C3 as defined in the text. The dotted horizontal lines correspond

to the 90, 95, 99 % C.L. limits for each criteria.

TABLE Il. Best-fit points and the corresponding probabilities for the different solutions to the solar

neutrino deficit and for different combinations of observables.

Rates Rateszenith Rates spectrum Global
Am? 5.6x10°° 6.2x10°° 5.2x10°° 5.2x10°°
SMA Sin’(29) 6.0x10 3 5.4x10°° 4.7x10°3 4.7x10°3
2 .2
C54C54 0.3 0.4 0.0 0.0
XZin (Prob% 0.55 (45) 6.2 (40) 23.9(16) 29.7(16)
Am? 1.4x107° 4.2x1075 1.4x10°° 3.9x107°
LMA sin22(221f}) 0.68 0.81 0.68 0.78
C3sC24 0.0 0.0 0.0 0.0
XZin (Prob% 3.80(5) 8.6 (20) 23.1(19 29.1(18
Am? 1.3x1077 1.1x10°7 1.0x10°7 1.0x 1077
LOW sirf(221‘}) 0.93 0.93 0.93 0.93
C34C24 0.0 0.0 0.0 0.0
X2 (Prob% 8.3(0.4) 13.6(3.9 27.9(6.4 33.0(8.1)
Am? 9.1x10 % 9.1x10 45x10 10 4.4x10°10
Vacuum SiR(29) 0.78 0.78 0.9 0.9
C34C5, 0.0 0.0 0.0 0.0
X2in (Prob% 4.5(3.9 9.9(13 28.8(5.1) 34.3(6.1)
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TABLE IIl. Maximum allowed value of cd, cos, at 90% and 99% C.L. for the different solutions to the
solar neutrino problem with the different statistical criteria. SMA is allowed at 90% for all the range of

C0$;C0S,.

Observ. Crit. LMA 90(99) LOW 90 (99 VAC 90 (99)
C1 0.25(0.59 - (0.36 0.56 (1.0

Rates Cc2 0.440.69 0.54(1.00 1.0(1.0
C3 0.14(0.43 —(0.18 0.12(1.0
C1 0.30(0.61 —(0.49 0.61(1.0

Rates-SK Zenith Cc2 0.450.74 0.59(0.90 1.0(1.0
c3 0.19(0.49 - (0.23 0.15(1.0
C1l 0.43(0.67 0.18(0.56 0.12(0.77)

Ratest SK Spect Cc2 0.430.67) 0.54(1.0 0.83(1.0
C3 0.45(0.72 - (0.57 -(0.93
C1l 0.48(0.78 0.28(0.70 0.22(0.83

Global fit Cc2 0.48(0.79 0.61(1.0 0.83(1.0
C3 0.48(0.83 0.20(0.76 —(0.99

periment, that have not been taken into account in the presettie global analysigright panel$. This criterion holds for
analysis, forbid the part of the 99% C.L. LMA region that models where only a certain solution, MSW-SMA, MSW-
extends above\m3,=10"2 eV2. For this reason we cut the LMA, MSW-LOW or vacuum is possible and it yields less
plots at this value. For the vacuum sector, once the spectrufgstrictive limits. _

data is included the highexm3, are favored but we find no _erterlgnZS (C3) The maximum allowed value of the
region at the 90% C.L. for any value of.c2,=0.2 and at mixing c5,C5, at a given C.L. is obtained calculating the

the 99% C.L. the region totally disappears @503420.8. two-dimensional allowed regions in the &,—Am3, plane

Figures 6 and 7 show the results from the global fit of thefor each fixed value of5C5,. These allowed regions are

full set of data. The values of the minimug? in the differ- deﬁped thr?ﬁghlthe ZT%Of Zh'fzt \ggh respeTt to tg?bgl.
ent regions are given in Table Il. The global minimum used{n'n'mulmf'n te piane si tlzi 2112 'Sh's aln? ogotjhs 0 &
in the construction of the volumes lies in the LMA region eron L for two parametelsior each solution, the maxi-

AT : . mum allowed value oft3,c3, is that for which the corre-
and for vanishingcs4C5, corresponding to pures.-active spondina two-dimensional region in  the A2
neutrino oscillations. p g g i, 12

. . disappears. This criterion is the equivalent to the usual two-
In Table Ill we give the maximum values ab,c3, for bp d

. . ) neutrino analysis but withr, oscillating into a state which is
which the different solutions are allowed at the 90 and 99%, given superposition of active and sterile neutrino. In the

C.L. according to different statistical criteria. The use of eachird row in Fig. 8 we plot the differenca y2 between the
criteria depends on the physics scenario to which the resufycal minimum of x2 for each solution and the global mini-

of our analysis is to be applied. mum in the plane sit#;,—~Am3, as a function ofc3,ca,.
Criterion 1 (C1) The maximum allowed value of the Njqtice that for the analysis of rates only the minimum in the

mixing ¢35, at a given C.L. for a given solution is defined plane sike,, and Am2, occurs always in the MSW-SMA
as the value for which the corresponding region of the a"region for any value ot2,c2,. Therefore, the curve for the
lowed three-dimensional volume defined as a 3-dof shiff,s\w.SMA solution corresponds to the horizontek?=0
with respect to theglobal minimum in the full parameter |ino and it is not shown. For the global analysis, when
space disappears. In the first row in Fig. 8 we plot the valuescz c2 <01 the minimum in the plane occurs for the MSW-
of Ax? defined in this way for the different solutions as a L?\?IA%‘(da.shed ling solution, while forc2,c2,>0.1 it moves

foncno(rj\ fOfoﬁC 24 ];O[)t?e fit |0f .th'er:f[)tal ratlesTohr'lIﬂef'ttpe.m- to the MSW-SMA (full line). For this reason the curve for
els) and for the global analysisight panel$. This criterion the MSW-SMA (MSW-LMA) solution is only seen for

is the one used in building the regions in Figs. 1-7. Itis > » . > 2 . -
applicable to models where no region of the parameter spac%?3c24<o'l (>0.1), while for c5,C5,>0.1 (<0.1) it coin

MSW-SMA. MSW-LMA. MSW-LOW or vacuum is fa- cides with theA =0 line. In general this criterion is appli-
vored ’ ' cable for models where the additional mixingyc3, is fixed

Criterion 2 (C2) The maximum allowed value of the a priori to some value, so that the model in fact contains

. 2 2 . .
mixing c2,c2, at a given C.L. for a given solution is defined O tWo free parameter§f C5,C5, is larger than the maxi-

as the value for which the corresponding allowed threeMum allowed for a given solution, it means that that solution

dimensional region defined as a 3-dof shift with respect tdS "t allowed in the specific model
the local minimum in the corresponding regiodisappears.
In the second row in Fig. 8, we plot the values &f?

defined in this way for the different solutions as a function of At present, the standard model assumption of massless
c3,c2, for the fit to the total rates onlyleft panel$ and for  neutrinos is under question due to the important results of

V. SUMMARY AND DISCUSSION
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underground experiments. Altogether they provide solid evi- ACKNOWLEDGMENTS
dence for the existence of anomalies in the solar and atmo- M.C.G.-G. is thankful to the CERN theory division for

spheric neutrino fluxgs \.Nh'Ch could be accounted for iny, ey ying hospitality during her visit. This work was sup-
terms of neutrino oscillationse— vy and v,— vy, r€SPEC-  hoaq hy Spanish DGICYT under grant PB95-1077 and by
tively. Together with these rei,lltst_here is also the indication,q European Union TMR network ERBFMRXCT960090.
of neutrino oscillations in the’,— v, channel obtained in
the LSND experiment. All these experimental results can be APPENDIX: DERIVATION OF THE RELATION
accommodated in a single neutrino oscillation framework BETWEEN PE¥™ AND pEth
only if there are at least three different scales of neutrino ) ) Lo L
mass-squared differences. The simplest way to open the pos—EEerlhth'S apggrrt}]dlx we derive the relatid2.18 between
sibility of incorporating the LSND scale in the solar and P, @dP. 7, . In order to see the reason of this rela-
atmospheric neutrino scales is to invoke a sterile neutrindjon, it is useful to consider the most generak4 mixing
i.e., one whose interaction with standard model particles ignatrix (without C P-violating phasesgiven in Eq.(2.3), that
much weaker than the SM weak interaction, so that it doesan be written as
not affect the invisibleZ decay width, precisely measured at
LEP. The sterile neutrino must also be light enough in order
to participate in the oscillations involving the three active ith
neutrinos. After imposing the present constraints from the
negative searches at accelerator and reactor neutrino oscilla- U’ =UszU,UoU 14U3. (A2)
tion experiments, one is left with two possible mass patterns
which can be included in a single four-neutrino framework Let us define the neutrino states
as described in Sec. Il.

In thi; paper we have performed an analysis of thg neu- vy = D U’ lv,) (r=12.34. (A3)
trino oscillation solutions to the solar neutrino problem in the a=
framework of four-neutrino mixing. We consider both tran-
sitions via the Mikheyev-Smirnov-WolfensteifMSW) The amplitudes ofv,— v, transitions in the Earth fok
mechanism as well as oscillations in vacuum. Where solar 1,2 are given by
neutrinos are concerned, our formalism contains one addi- 2 4
tional parameter as compared to the pure two-neutrino case;yearth _ _ Ny _ r o
COF(9,3) COL(I,,), Where 9,3 and 9,4 give the projections A, = (vl Vk>_r21 (valv) (9] Vk>_r21 YarSie
of the sterile neutrino into each of the two heavier states (A4)
responsible for explanation of the atmospheric neutrino ) ) o
anomaly. In this way, the formalism permits transitions into'Where the unitary operata® describes the evolution inside
active or sterile neutrinos controlled by the additional paramthe Earth ands; ;= (v/|S|vi).
eter and contains as limiting cases the pugeactive and It has been shown in Ref22] that the matter effects
ve-sterile neutrino oscillations. inside the Earth can generate only transitions betwegen,

We have studied the evolution of the different solutions toand »;,»,. Then, we have

the solar neutrino problem in this three-parameter space

U=U"Uy,, (A1)

Earth _ 7 ’ ’ ’ _
when the different sets of observables are included. In Figs. AL, =UaiSict UgeSy (k=1,2), (AS5)
1-7 we plot the sections of such volumes in the plane Earth
[Am3,, sirP(294,)] or [Am3,, sin(9;,)] for different values AT, =Uu=Uu (k=3,4), (A6)

of ¢3,c3,. As a particularity, we also show that for MSW N _
transitions there are solutions at 99% C.L.& mixing  and the transition probabilities are given by
angles greater tham/4 and that the best-fit point for the pEat _y12 |gr (242 1S, 2
zenith angle distribution is in the second octant. UV all =1k a2l =2k
Our results show that the SMA region is always a valid Py I ok

- o . +2U U, RS S k=1,2), (A7
solution for any value ot3,c2,. This is expected as in the Va2 RESLS 2 ( ) (AD
two-neutrino o§C|IIat|on plcture_th|s so!utlon holds both for PEaLthV :Uik (k=3,4). (A8)
pure active-active and pure active-sterile oscillations. On the kK Pa
other hand, the LMA, LOW, and vacuum solutions become Since the evolution operatetis unitary, the matrixS' is

worse as the additional mixingpsc3, grows and th(_ay get to unitary and we have the relations
disappear for large values of the mixing. The main quantita-

tiye results of our apalysis are symmarized in Tat;le Il and |S;,1%2=|S0?=P}s |S)42=Sh|2=1—P},,
Fig. 8 where we give the maximum values c§c5, for
which the different solutions are allowed at the 90 and 99% S1;1S51 +S1,555 =0, (A9)

C.L. according to different statistical criteria which depend
on the physics scenario to which the result of our analysis isvhere Py, is the probability ofv,=v; transitions, that is
to be applied. equal to the probability of,= v, transitions. It is easy to
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check that the unitarity constraintd9) are equivalent to the In the approximationd,3=9,,=0 that we use in the
probability conservation relations analysis of solar neutrino data, we have
4 o I __ —
2 pEarth  _ 2 pEarth _ 4 (A10) a=1l, U, =0 (a=s,u,7). (A15)
= V=V, a=os T V=V,

Therefore, conditiofA13) is satisfied and we obtain
Let us notice that by construction the matkiX is such

that P, =1-Py,, P, =P, (A16)
=0, All
? AL P, ~UI3PL, PEM, —UZA(1-Ply. (A17)
and the probability ofy,— v, transitions inside the Earth
depend only orJ /2= cosd3,cosd;, and P}, Eliminating P}, from relations(A16) and (A17), we ob-
Earth ’ Earth 12p’ tain
P, =U.2(1- P}y, P, = UelP1a (A12)
PLA, =US(1-PPM ) (k=12; a=s,u,7).
On the other hand, in general, for a given mixing matrix Ko ‘ (A18)
U, the transition probabilitleﬁfaﬁhy with a=s, u, 7 depend
on two independent quantitieB,, and Ard S;;S57 1. Hence, In particular, fork=2 and a«=s, we obtain the useful
in general the probabllltleEEaﬁhy and Pfaﬁhv must be cal- relation(2.18 betweenPEaﬁhV and Pfaihye
culated independently. However if In general, conS|der|ng the possibility of small but non-
zero 9,3 and/or ¥4, if the mixing angles are such that
UnUae=0 (a=s,u,7), (A13) ' 1=0 for a=s,u,7, we have the relation
also Pfaihv depends only on the elements of the mixing pEarth
matrix andP.,: Earth _ _ ke -
12 PVKHV =U (1 Uel ) (a=s,u,7), (AL19)

pEath  —y’2(1-P;,)+U/2PI,,

V1*>V
whereas ifU/,=0 we obtain the relation
PE, =UiPI+US(1- P,

1/2*> v

Al4 ”72
= ( ) i U 1| Lth (a S ) ( 20)
f0r a=S M, T Vk"V 32- Ve Ve yUHNT) . A
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