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Extended BRST invariance in topological Yang-Mills theory reexamined

Nelson R. F. Braga* and Cresus F. L. Godinho†
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~Received 9 August 1999; revised manuscript received 29 December 1999; published 30 May 2000!

Extended BRST invariance~BRST plus anti-BRST invariances! provides in principle a natural way of
introducing the complete gauge fixing structure associated with a gauge field theory in the minimum repre-
sentation of the algebra. However, as happens in topological Yang-Mills theory, not all gauge fixings can be
obtained from a symmetrical extended BRST algebra, where antighosts belong to the same representation of
the Lorentz group of the corresponding ghosts. We show here that a field redefinition makes it possible to start
with an extended BRST algebra with a symmetric ghost-antighost spectrum and arrive at the gauge fixing
action of topological Yang-Mills theory.

PACS number~s!: 11.15.Tk, 03.70.1k
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It was shown by Witten@1,2# how to build up a quantum
field theory involving the vector gauge potential whose p
tition functional generates topological invariants such as
Donaldson polynomials. Soon after that, Baulieu and Sin
@3# showed that this so-called topological Yang-Mills theo
can be obtained by an appropriate gauge fixing of the to
logical invariant classical action

S05E d4xS 2
1

4
Tr~FmnF̃mn! D , ~1!

whereF̃mn[ 1
2 emnrsFrs .

Their approach was to quantize the action~1! along the
standard Becchi-Rouet-Stora-Tyutin~BRST! prescriptions
but writing out the BRST transformations of the gauge fie
as the sum of the BRST transformations of standard Ya
Mills theory plus a topological ghostCm that by itself re-
moves the degrees of freedom associated with the gauge
Am :

dAm5Cm1Dmc. ~2!

Then the field content of the theory is enlarged in order
gauge fix the action, taking into account the reducibility
Eq. ~2!. Also the topological Yang Mills action was obtaine
from a BRST quantization procedure in an alternative w
by Labastida and Pernici@4#.
0556-2821/2000/61~12!/125019~4!/$15.00 61 1250
-
e
r

o-

s
g-

eld

o
f

y

The quantization procedure of Ref.@3# is completely
based on the sole BRST invariance of the gauge fixing
tion. The antighosts and auxiliary fields are introduced
trivial pairs. They do not belong to the minimum represe
tation of the BRST algebra. It is known, however,@5# that
one can associate to any classical gauge symmetry an
tended BRST~BRST plus anti-BRST! algebra. One of the
advantages of considering an extended algebra rather th
standard one is that the antighosts and auxiliary fields e
in this formulation as basic ingredients of the minimum re
resentation of the algebra and not just as trivial pairs. T
idea of introducing anti-BRST transformations in topologic
Yang-Mills theory was discussed in Refs.@6–8#. An ex-
tended BRST algebra associated with this theory was t
presented in Ref.@9#. However, in this reference the conne
tion with the action of Baulieu and Singer is only possible
means of a gauge fixing action involving terms with differe
scaling dimensions. They also use some field redefiniti
that do not preserve the dimension and the number of
grees of freedom.

The standard way of introducing the anti-BRST transf
mations is to define them in a symmetric way with respec
the BRST ones. Following this approach one introduces
tighosts in the same representation of the Lorentz group
the corresponding ghosts. This would correspond, in the c
of the topological Yang-Mills theory to an extended BRS
algebra that can be written as@9#
d1Am5Cm1Dmc, d1c5f11
1

2
@c,c#, d1Cm52Dmf12@c,Cm#, d1f152@c,f1#, d1c̄5b,

d1b50, d1C̄m52km , d1l5h1 , d1f25h2 , d1km50, d1h150, d1h250, ~3!

d2Am5C̄m1Dmc̄, d2c̄5f22
1

2
@ c̄,c̄#, d2C̄m52Dmf22@ c̄,C̄m#, d2f252@ c̄,f2#, d2c5l2b2@c,c̄#,

d2Cm5Dml1km2@c,C̄m#2@ c̄,Cm#, d2l52h22@ c̄,l#2@c,f2#,
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d2f152h12@ c̄,f1#2@c,l8#, d2h25d2~2@ c̄,l#2@c,f2# !, d2h5d2~2@ c̄,f#2@c,l#!,

d2b5d2l2d2~@c,c̄# !, d2km5d2~Dml1@c,C̄m#1@ c̄,Cm#!, ~4!
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where we are representing BRST and anti-BRST transfor
tions, respectively, asd1 and d2 and @ ,# means a graded
commutator.

This symmetric approach leads to a simpler algebr
structure for the extended algebra. However, in general
all gauge fixings of a gauge theory can be implemented
using just this kind of symmetrical ghost antighost pai
This is precisely what happens in topological Yang Mi
theory. In order to enforce the self-duality condition onFmn

one has to introduce a self-dual antisymmetric antighost
sor x̄1mn corresponding to the ghost vectorCm @3#. The
difference between the so-called geometrical antighosts, s
asC̄m, that come from a symmetrical extended formulati
and the actual gauge fixing antighosts, such asx̄1mn, nor-
mally introduced as parts of trivial BRST doublets was d
cussed in Ref.@10#. This reference introduces a gener
method for starting with a completely symmetrical set
geometrical ghost antighost pairs and then, by adding s
trivial BRST doublets, arrive at a gauge fixing action cor
sponding to some particular gauge fixing. The idea there i
include some appropriate terms in the action that will ha
the role of eliminating the unwanted variables from t
model by a supersymmetric compensation in the functio
integration. This general mechanism is called a ‘‘transmu
tion’’ of geometrical antighosts into gauge fixing antighos

We will show here that it is possible to start with th
symmetric ghost antighost set of algebras of Eqs.~3! and~4!
12501
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and redefine the fields in such a way that an extended alg
involving the gauge fixing antighost emerges. The topolo
cal Yang-Mills action is then built up from a double~BRST-
anti–BRST! variation of a gauge fixing boson. Let us co
sider the following field redefinitions:

C̄m5C̄m8 1Dnx̄mn
1 1Dmr̄,

km5km8 1Dnbmn
1 1Dmd, ~5!

wherex̄mn
1 andbmn

1 are antisymmetric self-dual tensor field
carrying three independent components. The primed fie
are necessary in order to find a representation for the
tended BRST algebra at the interacting level and are
sumed to vanish when the coupling constant goes to zero~In
other words, explicitely including the coupling constantg,
omitted in the article for simplicity, we would haveC̄m

5gC̄m8 1Dnx̄mn
1 1Dmr̄ and the same kind of thing forkm .)

Equations~5! are just shifting the fieldC̄m , separating the
four components in three ofx̄mn

1 plus one ofr̄. Observe that
this shift in the first of Eq.~5! generates a new symmetry
The new ghosts of the second equation have precisely
role of fixing this symmetry.

Associated to this new set of fields we find the followin
extended algebra:
d1Am5Cm1Dmc, d1c5f11cc, d1Cm52Dmf11@c,Cm#, d1f152@c,f1#, d1c̄5b, d1b50,

d1x̄mn
1 52bmn

1 , d1l5h1 , d1h150, d1f25h22@ c̄,b#, d1bmn
1 50, d1r̄5d, d1d50, d1h25@b,b#,

d1C̄m8 5@Cn1Dnc,x̄mn
1 #1@Cm1Dmc,r̄ #2km8 22Dmd, d1km8 5@Cn1Dnc,bmn

1 #1@Cm1Dmc,d#, ~6!

d2Am5C̄m8 1Dnx̄mn
1 ,1Dmr̄1Dmc̄, d2c̄5f21 c̄c̄, d2x̄mn

1 5@ r̄1 c̄,x̄mn
1 #, d2r̄52f21 r̄ r̄1@ c̄,r̄ #,

d2f252@ c̄,f2#,

d2c5l2b2d1@c,c̄#, d2Cm5km8 1Dnbmn
1 1Dmd2Dml2@c,C̄m#2@ c̄,Cm#,

d2l5@c,l1@cc̄##2@ r̄,d#1@l2f12b2d2cc1@c,c̄#,c̄#, d2f152h11@f11cc,c̄#2@c,l1@c,c̄##, d2h250,

d2h15@c,@c,b#2@f11cc,c̄#1h1#1@f11cc,l#2@d,d#1@f12cc,b#2@@c,f12cc#,c̄#, d2b52h2 ,

d2d5h22@ c̄1 r̄,b1d#, d2bmn
1 52@b1d,x̄mn

1 #2@ c̄1 r̄,bmn
1 #, d2C̄m8 5@Dmx̄m

1n1C̄8n,x̄mn
1 #1@C̄m8 ,c̄1 r̄ #, ~7!
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and the anti-BRST transformation forkm8 can be calculated
from d1d2Cm50. Then we consider the gauge fixing of t
pological Yang-Mills action~1! by adding the gauge fixing
action

SGF52E d4xd1d2

1

2
Tr@AmAm1~ c̄2 r̄ !h21]mCm

2c~ c̄1 r̄ !#, ~8!

where all the terms have the appropriate scaling dimens
to
he
c

e

12501
n.

This action is different from the one in Ref.@9# that involves
the BRST–anti-BRST variation of a sum involving term
AmAm and FmnFmn that have different scaling dimension
This would make sense only if one includes additional
mensionfull parameters. Also our field redefinition~5! is dif-

ferent from the one in Ref.@9#, wherex̄1mn was introduced

as the exterior derivative ofC̄m , although these two quanti
ties have different scaling dimensions.

Using Eqs.~6! and~7! , we find after redefining the fields
as in Eq.~5!:
SGF5E d4x TrH Amk8m1AmDm~d2b!2AmDnbmn
1 2Am@Cm1Dmc,c̄#2~Cm1Dmc!~C̄m8 1Dnx̄mn

1 1Dmr̄1Dmc̄!

2
1

2
~ c̄2 r̄ !h21]m~2Dmh11@Cm1Dmc#1@c,km#1@f11cc,C̄m8 1Dnx̄mn

1 1Dmr̄#2@ c̄,2Dmf11@Cm,c##1@b,Cm#!

1
1

2
~2f21 c̄c̄2 r̄ r̄2@ c̄,r̄ # !h21]m~2Dmf11@Cm,c# !2h2h21]mCm1

1

2
c@ c̄1 r̄,b1d#

1
1

2
~f11cc!~ c̄c̄1 r̄ r̄1@ c̄,r̄ # !2

1

2
~l2b2d!~b1d!1h1~ c̄1 r̄ !J . ~9!
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This action represents a complete gauge fixing of the
pological action~1!. We can now see what happens in t
limit of weak coupling constant. In this case all the intera
tion terms and also the fieldsC̄m8 andkm8 vanish. In order to
compare with Ref.@3# we can redefine the fields

h1[h, h2[hh̄, f1[f, f2[hf̄ ~10!

the action then becomes

SGF5E d4x TrF x̄mn
1 ]mCn2~ r̄1 c̄!]mCm1bmn

1 ]mAn

2h̄]mCm2~b1d!]mAm2]mc]m~ c̄1 r̄ !

1f̄hf2 r̄h2bd2
b2

2
2

d2

2
1ldG . ~11!

Path integration over the fieldsl and h leads to functional
deltas ind and r̄. Thus, integrating over this four fields w
arrive at the total action

S5S01E d4x TrS x̄mn
1 ]mCn2 c̄]mCm1bmn

1 ]mAn

2h̄]mCm2b]mAm2]mc]mc̄1f̄hf2
b2

2 D . ~12!
-

-

This is the weak coupling limit of the action found in Re
@3#. Thus we see that the field redefinitions of Eq.~5! provide
a simple way of separating the relevant variables, that imp
ment the gauge fixing conditions~at weak coupling!

]mAm50, Fmn1F̃mn50, ]mCm50 ~13!

from the other unnecessary variables. It is interesting to n
also the way that thel andh fields cancel just the unwante
parts ofC̄m andkm .

The consistency of our procedure can be checked by lo
ing at the dimensions of the fields

@Am#5@c#5@ c̄#5@ x̄mn
1 #5@h̄#5@ r̄#51,

@Cm#5@C̄m#5@f#52, @f̄#50,

@l#5@b#5@bmn#5@d#52, @h#5@km#53.
~14!

Comparing our results with those of Ref.@10# one sees
that here the gauge fixing action is both BRST and a
BRST exact while there the action is only BRST exact. Als
one sees that here the antighostx̄mn

1 comes from a shift in

C̄m .
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