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Stochastic background of gravitational waves
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~Received 2 July 1999; published 24 May 2000!

A continuous stochastic background of gravitational waves~GWs! for burst sources is produced if the mean
time interval between the occurrence of bursts is smaller than the average time duration of a single burst at the
emission, i.e., the so-called duty cycle must be greater than one. To evaluate the background of GWs produced
by an ensemble of sources, during their formation, for example, one needs to know the average energy flux
emitted during the formation of a single object and the formation rate of such objects as well. In many cases
the energy flux emitted during an event of production of GWs is not known in detail; only characteristic values
for the dimensionless amplitude and frequencies are known. Here we present a shortcut to calculate stochastic
backgrounds of GWs produced from cosmological sources. For this approach it is not necessary to know in
detail the energy flux emitted at each frequency. Knowing the characteristic values for the ‘‘lumped’’ dimen-
sionless amplitude and frequency we show that it is possible to calculate the stochastic background of GWs
produced by an ensemble of sources.

PACS number~s!: 04.30.Db, 02.50.Ey, 98.70.Vc
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I. INTRODUCTION

The detection of gravitational radiation will probab
mark a new revolution in the history of astronomy. It
worth mentioning that the detection of gravitational wav
~GWs! will directly verify the predictions of the general rela
tivity theory concerning the existence or not of such wav
as well as other theories of gravity@1#.

The realm of astrophysics is the place where one fi
sources of GWs detectable by the GW observatories. Th
is a host of possible astrophysical sources of GWs: nam
supernovas, the collapse of a star or star cluster to for
black hole, inspiral and coalescence of compact binaries
fall of stars and black holes into supermassive black ho
rotating neutron stars, ordinary binary stars, relics of the
bang, vibrating or colliding of monopoles, cosmic string
etc., among others@1#. Nowadays there is a great effort t
study, from the theoretical point of view, which are the mo
promising sources of GWs to be detected, in particular, th
wave forms, characteristic frequencies, and the numbe
sources a year that one expects to observe.

In a few years, instead of building models trying to u
derstand how the sources of GWs work, it will be possib
starting from the observations~wave forms, amplitudes, po
larizations, etc.!, to really understand how the GW emissio
takes place.

Because of the fact the GWs are produced by a la
variety of astrophysical sources and cosmological phen
ena it is quite probable that the Universe is pervaded b
background of such waves. Binary stars of a variety of s
~ordinary, compact, or combinations of them!, population III
stars, phase transitions in the early Universe, and cos
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strings are examples of sources that could generate such
tative background of GWs.

As the GWs possess a very weak interaction with ma
passing through it with impunity, relic radiation~spectral
properties, for example! once detected can provide informa
tion on the physical conditions from the era in which t
GWs were produced. In principle it will be possible, for e
ample, to get information from the epoch when the galax
and stars started to form and evolve.

Here we present, in particular, a shortcut to the calcu
tion of stochastic background of GWs. For this approach i
not necessary to know in detail the energy flux of the GW
produced in a given burst event. If the characteristic val
for the dimensionless amplitude and frequency are kno
and the event rate is given it is possible to calculate
stochastic background of GWs produced by an ensembl
sources of the same kind.

This paper is organized as follows. In Sec. II we sho
how to calculate the stochastic background of GWs star
from characteristic values for the dimensionless amplitu
and frequency as well as the burst event rate. In Sec. III
apply the idea presented in Sec. II to the calculation o
stochastic background of GWs from a cosmological popu
tion of black holes, and finally in Sec. IV we present t
conclusions.

II. A SHORTCUT TO THE CALCULATION OF
STOCHASTIC BACKGROUND OF GWs

The GWs can be characterized by their dimensionless
plitude h, and frequencyn. The spectral energy density, th
flux of GWs, received on Earth,Fn , in erg cm22 s21 Hz21,
is ~see, e.g., Refs.@2,3#!

Fn5
c3shvobs

2

16pG
, ~1!
©2000 The American Physical Society15-1
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wherevobs52pnobs with nobs the GW frequency observe
on Earth~in Hz), c is the speed of light,G is the gravita-
tional constant, andAsh is the strain amplitude of the GW~in
Hz21/2). For v>0, Eq.~1! must be multiplied by a factor o
2 in order to account for the folding of negative frequenc
into positive~see, e.g., Ref.@4#!. The stochastic backgroun
produced by an ensemble of sources, of the same k
would have a spectral density of the flux and strain am
tude also related to the above equation. The strain ampli
at a given frequency at the present time could be, for
ample, a contribution of sources of the same kind but w
different masses producing GWs at different redshifts. Th
the ensemble of sources produces a background whose
acteristic amplitude at the present time isAsh .

On the other hand, the spectral density of the flux can
written as~see, e.g., Refs.@4,5#!

Fn5E f n~nobs!dR, ~2!

where f n(nobs) is the energy flux per unit of frequency~in
erg cm22 Hz21) produced by a unique source anddR is the
differential rate of production of GWs by the source.

The energy flux per unit frequencyf n(nobs) can be written
as follows~see, e.g., Ref.@6#!

f n~nobs!5
pc3

2G
hsingle

2 , ~3!

wherehsingle is the dimensionless amplitude produced by
event that generates a signal with observed frequencynobs.

Then, the resulting equation for the spectral density of
flux is

Fn5
pc3

2G E hsingle
2 dR. ~4!

From the above equations we obtain for the strain

sh5
1

nobs
2 E hsingle

2 dR. ~5!

Thus, the dimensionless amplitude reads

hBG
2 5

1

nobs
E hsingle

2 dR. ~6!

With the above equations one finds, for example, the
mensionless amplitude of the GWs produced by an ensem
of sources of the same kind that generates a signal obse
at frequencynobs. Note that in this formulation it is no
necessary to know in detail the energy flux of GWs at e
frequency. Knowing the characteristic amplitude for a giv
source,hsingle, associated to an event burst of GWs, and
rate of production of GWs, it is possible to obtain the s
chastic background of an ensemble of these sources.

It is worth mentioning that if the collective effect of burs
of GWs really form a continuous background the quan
called duty cycle must be greater than one. In other wo
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the mean time interval between the occurrence of bursts m
be smaller than the typical duration of each burst. The d
cycle is defined as follows:

D~z!5E dRDt̄GW~11z!, ~7!

whereDt̄GW is the average time duration of single bursts
the emission~see, e.g., Ref.@4#!.

In the present study we are using the relationship betw
hBG andhsingle @Eq. ~6!#, as Ferrariet al. @4,5#, in either case
of duty cycle, large or small. In the next section we apply t
technique for a case in which the duty cycle is small;
another study, to appear elsewhere, we apply it to a c
where the duty cycle is large~see Ref.@7#!.

The energy density of GWs is usually written in terms
the closure energy density of GWs per logarithmic frequen
interval, which is given by

VGW5
1

rc

drGW

d lognobs
, ~8!

whererc is the critical density (rc53H2/8pG). The above
can be written as

VGW5
nobs

c3rc

Fn5
4p2

3H2
nobs

2 hobs
2 . ~9!

III. APPLICATION: STOCHASTIC BACKGROUND OF
GWs FROM A COSMOLOGICAL POPULATION

OF STELLAR BLACK HOLES

In this section we apply the formulation presented in t
preceding section to calculate the background of GWs fro
cosmological population of stellar black holes.

From Eq. ~6! one sees that it is necessary to know~a!
hsingle, here namedhBH , the characteristic amplitude of th
burst of GWs produced during the black hole formation;~b!
dR, the differential rate of production of GWs, here nam
dRBH , the differential rate of black hole formation. It i
worth noting that we are implicitly assuming that during t
formation of each black hole there is a production of a bu
of GWs.

To proceed it is necessary to know the star format
history of the Universe, which we adopted from a study p
formed by Madauet al. @8#, which holds for the redshift
range 0,z,5. It is also necessary to know~a! the initial
mass function~IMF!, which we assume to be the Salpet
IMF, and~b! the smallest progenitor mass which is expec
to lead to black holes~see Refs.@9,10#!.

A. The rate of stellar black holes formation

The differential rate of black hole formation can be wr
ten as

dRBH5 ṙ* ~z!
dV

dz
f~m!dmdz, ~10!
5-2
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where ṙ* (z) is the star formation rate~SFR! density ~in
M ( yr21 Mpc23), dV is the comoving volume element, an
f(m) the IMF ~see Refs.@4,5,7#!.

The SFR density can be derived from observations.
particular, our present view of the Universe at redshiftsz
&4 –5 has been extended by recent data obtained with
Hubble Space Telescope~HST! and other large telescope
~see, e.g., Refs.@11–13#!.

It has been shown that, in general, the measured com
ing luminosity density is proportional to the SFR densi
Thus, the star formation evolution can be derived from
cent UV-optical observations of star forming galaxies out
redshifts;4 –5 @14#. Figure 1 shows the SFR density o
tained by Madauet al. @14#.

In particular, there are two different fits to the SFR de
sity presented by these authors. The first fit for the S
density~here after referred to as MDP-1! is given by

ṙ* ~z!50.049@ t9
5e2t9/0.6410.2~12e2t9/0.64!#

3M ( yr21 Mpc23, ~11!

wheret9 is the Hubble time in Gyr@ t9513/(11z)3/2#.
The second fit for the SFR density~hereafter referred to a

MDP-2! is given by

FIG. 1. Evolution of the log of the SFR densit
(M ( yr21 Mpc23) for V051, (L50), h50.5, and a Salpete
IMF. The solid line represents the SFR density evolution given
Eq. ~11!, MDP-1, beyond the dotted line corresponds to the S
density given by Eq.~12!, MDP-2.
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ṙ* ~z!50.336e2t9/1.610.0074~12e2t9/0.64!

10.0197t9
5e2t9/0.64M ( yr21 Mpc23. ~12!

In the above fits, Eq.~11! and ~12!, Madau and collabo-
rators considered an Einstein–de Sitter cosmology (V051)
with Hubble constantH0550 kms21 Mpc21 and cosmo-
logical constantL50. Note that for a different cosmologica
scenario it is necessary to rescale the SFR density.

The fit given by Eq.~11! traces the rise, peak, and sha
drop of the observed UV emissivity at redshiftsz&2, while
the fit given by Eq.~12! considers that half of the presen
day stars, the fraction contained in spheroidal systems@15#,
were formed atz.2.5 and were enshrouded by dust. Th
fact produces an increase in the SFR density at redshifz
.2.5 ~see Fig. 1! contrary to the sharp drop described in E
~11!.

The consistency ofṙ* (z) given by Eq. ~12! with the
Hubble Deep Field~HDF! analysis is obtained assuming
dust extinction that increases with redshift. This fact is co
sistent with the evolution of the luminosity density, but ove
predicts the metal mass density at high redshifts as der
from quasar absorbers~see Ref.@8#!.

Despite this fact, it is interesting also to analyze the G
production withṙ* (z) given by MDP-2@Eq. ~12!# because
this SFR density produces a large number of supernova
z.2.5, when compared to the SFR history described
MDP-1.

Concerning the IMF here we consider Salpeter’s, as
ready mentioned. Thus,

f~m!5Am2(11x), ~13!

whereA is a normalization constant andx51.35 the Salpeter
exponent.

The IMF is defined in such a way thatf(m)dm repre-
sents the number of stars in the mass interval@m,m1dm#.
The normalization of the IMF is obtained through the re
tion

E
ml

mu
mf~m!dm51, ~14!

with ml50.1M ( and mu5125M ( . Using this normalization
of the mass spectrum, we obtainA50.17(M ()0.35.

In the present work we follow Timmes, Woosley an
Wheaver@9# ~see also Ref.@10#!, who obtain from stellar
evolution calculations, the minimal progenitor mass to fo
black holes, namely, 18M ( to 30M ( depending on the iron
core masses. Then, we assume that the minimum mass
to form a remnant black hole ismmin525M ( . For the rem-
nant mass,M r , we takeM r5am, wherem is the mass of the
progenitor star anda50.1 ~see, e.g., Refs.@4,5#!.

In Fig. 2 we show the evolution of the rate of black ho
formationRBH(z), i.e., the number of black holes formed p
unit time within the comoving volume out to redshiftz, for
MDP-1 and MDP-2 for a cosmological scenario withV0
51.0 andh050.5. Note that MDP-1 and MDP-2 are simila
for z,2.5, and forz.2.5 they are quite different.

y
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B. The gravitational wave production

To obtain the stochastic background, besides knowing
differential rate of black holes formation presented in Sec
one needs to knowhBH , the characteristic dimensionless am
plitude generated during the black hole formation. Followi
Thorne@1#, hBH reads

hBH5S 15

2p
« D 1/2 G

c2

M r

r z
.7.4310220«1/2S M r

M (
D S r z

1 MpcD
21

,

~15!

where« is the efficiency of generation of GWs andr z is the
distance to the source.

The collapse to a black hole produces a signal with f
quency~see, e.g., Ref.@1#!

nobs5
1

5pM r

c3

G
~11z!21.1.33104HzS M (

M r
D ~11z!21,

~16!

where the factor (11z)21 takes into account the redshi
effect on the emission frequency, that is, a signal emitte
frequency ne at redshift z is observed at frequencynobs
5ne(11z)21.

FIG. 2. Evolution of the rate of black hole formation occurrin
per unit time within the comoving volume out to redshiftz for V0

51, (L50), h50.5, and a Salpeter IMF. The solid line represe
the rate of black hole formation when we used the Eq.~11! for the
SFR density, MDP-1, beyond the dotted line corresponds to the
of black hole formation when we used the SFR density given by
~12!, MDP-2 ~see Fig. 1!.
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From Eqs.~6!, ~10!, and ~15! we obtain, for the dimen-
sionless amplitude~for a50.1),

hBG
2 5

~7.4310221!2«

nobs
F E

zcf

zciE
mmin

mu S m

M (
D 2S dL

1 MpcD
22

3 ṙ* ~z!
dV

dz
f~m!dmdzG , ~17!

where in the above equationdL is the luminosity distance to
the source.

The comoving volume element is given by

dV54pS c

H0
D r z

2 dz

~11z!
, ~18!

and the comoving distance,r z , is

r z5
2c@12~11z!21/2#

H0
. ~19!

In the above equation the density parameter is conside
V051 andH0 is the present value of the Hubble paramet

The comoving distance is related to the luminosity d
tance by

dL5r z~11z!. ~20!

With the above equations we can calculate the dimens
less amplitude produced by an ensemble of black holes
generates a signal observed at frequencynobs.

It is worth mentioning that the formulation used here
similar to that used by Ferrariet al. @4,5#, but instead of
using an average energy flux taken from Stark and P
@16#, who simulated the axisymmetric collapse of a rotati
polytropic star to a black hole, we use Eq.~15! to obtain the
energy flux, which takes into account the most relevant q
sinormal modes of a rotating black hole and represent
kind of average over the rotational parameter. Both formu
tions present similar results, since in the end the most imp
tant contributions to the energy flux come from the quasin
mal modes of the black hole formed, which account for m
of the gravitational radiation produced during the collap
process. In a paper to appear elsewhere@17# we present a
detailed comparison between our formulation and res
with those by Ferrariet al. @4#.

C. Numerical results

Figure 3 presents the amplitude of GWs as a function
the observed frequency obtained from Eq.~17! for the two
SFR densities present in Sec. II. We obtained that the
formation rate given by Eq.~12!, MDP-2, produces a maxi
mum amplitudehBG lower than the MDP-1 SFR density
This seems to be a contradiction sinceRBH is higher for
MDP-2. Note, however, that forz,2.5, RBH is higher for
MDP-1 and due to this fact the maximum amplitude peak
higher for MDP-1. The SFR density described by MDP
produces a higherRBH for z.2.5, but the contribution of
these events does not contribute to enhance thehBG peak, but

te
.

5-4
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instead contributes to enhancehBG at the lowest frequencie
due to the redshift effect~see also Fig. 2!.

A comparison of our results with those of Ferrariet al. @4#
shows that the formulation used here presents similar res
It is worth mentioning that in the comparison we ha
adopted«;1024. Note that in the present study, instead
using the average energy flux emitted during the axisy
meric collapse of a rotating polytropic star to a black ho
with different values for the rotational parameter, we use
~15!. In this equation there is no explicit dependence ofhBH
on the rotational parameter, it represents a kind of charac
istic value for the amplitude of GWs during the black ho
formation. The characteristic frequency given by Eq.~16!
has to do with the frequency of the lowestm50 quasinormal
mode of a black hole, which is believed to be excited dur
its formation.

One could argue that it is surprising that our results ag
so well with those of Ferrariet al., particularly those of Fig.
3. The reason for this good agreement is related to the
that the main contribution to the strain amplitude in the F
rari et al. calculations comes from the lowest quasinorm
mode of the black hole formed, which is also the main co
tribution present in the Eq.~15! we use in our study. A close
comparison shows, however, that the peak of the curve in
Fig. 3 occurs for a frequency higher than that of Ferrari et
Although most of the energy comes from the quasinorm
mode, there is a contribution from the lower frequencies

FIG. 3. The background amplitude of the GWs as a function
nobs. The solid line ~dashed line! represents (sh /«)1/2 for the
MDP-1 SFR density~MDP-2 SFR density!.
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the energy flux~see Ref.@4#!, which moves the peak of the
strain amplitude of Ferrariet al. to the left as compared to
ours.

We show in Fig. 4VGW as a function of the observe
frequency. Note that the MDP-1 SFR density presents, du
the higher contribution toRBH for z,2.5, a more relevan
contribution to the closure energy density of GWs for alm
all frequencies, than the MDP-2 SFR density does.

Comparing Fig. 4 with the corresponding figures of Fe
rari et al., one notes that their curves are broader than o
This occurs due to the fact the closure energy density
directly proportional to the energy flux, and therefore mo
sensitive to their frequency dependence. The Ferrariet al.
energy flux as a function of frequency is broader than we
here, this is why their closure energy density as function
frequency curves are broader than ours.

Certainly, modifying the exponentx in Eq. ~13! to x
.1.35, we will obtain a more steeply falling IMF, corre
sponding to a lower number of massive stars than that
tained using Salpeter’s IMF. This produces, as a resul
lower rate of black holes formation than that obtained he
narrowing the curves present in Figs. 3 and 4. However,
agreement with the study performed by Ferrariet al. will be
still good, since their study presents the same dependenc
the IMF. Thus both results~and models! will be modified in
the same way.

f
FIG. 4. The closure energy density of GWs as a function

nobs. The solid line~dashed line! representsVGW /« for the MDP-1
SFR density~MDP-2 SFR density!.
5-5
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IV. CONCLUSIONS

Here we present a shortcut to the calculation of stocha
background of GWs. For this approach it is not necessar
know in detail the energy flux at each frequency of the G
produced in a given burst event; if the characteristic val
for the ‘‘lumped’’ dimensionless amplitude and frequen
are known, and the event rate is given, it is possible to
culate the stochastic background of GWs produced by
ensemble of sources of the same kind.

Since one knows the dominant processes of GWs em
sion one can calculate the stochastic background of an
semble of black holes. We argue that the same holds
other processes of GWs production, particularly those
volving cosmological sources, since the number of sour
could be large enough to produce stochastic background

We apply this formulation to the study of a stochas
background of GWs produced during the formation of a c
mological population of stellar black holes. We compare
results obtained here with a study by Ferrariet al. @4#, who
-
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s

s
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take into account in their calculations an average energy
for the GWs emitted during the formation of black hol
obtained from simulations by Stark and Piran@16#. Our re-
sults are in good agreement.

For most sources of GWs only characteristic values
the dimensionless amplitude and frequency are known
these sources are numerous, a stochastic background of
could be produced. We argue that the formulation presen
here could be applied to other calculations of stocha
backgrounds as well.

ACKNOWLEDGMENTS

J.C.N.A. would like to thank the Brazilian agenc
FAPESP for support~grants 97/06024-4 and 97/13720-7!.
O.D.M. would like to thank the Brazilian agency FAPES
for support~grant 98/13735-7!, and Dra. Sueli Viegas for he
continuous encouragement to the development of this w
O.D.A. thanks CNPq~Brazil! for financial support~grant
300619/92-8!.
J.,

-

o,

l

@1# K.S. Thorne, in300 Years of Gravitation, edited by S.W.
Hawking and W. Israel~Cambridge University Press, Cam
bridge, England, 1987! p. 331

@2# D.H. Douglass and V.G. Braginsky, inGeneral Relativity: An
Einstein Centenary Survey, edited by S.W. Hawking and W
Israel ~Cambridge University Press Cambridge, Englan
1979!, p. 90.

@3# D. Hils, P.L. Bender, and R.F. Webbink, Astrophys. J.360, 75
~1990!.

@4# V. Ferrari, S. Matarrese, and R. Schneider, Mon. Not. R. A
tron. Soc.303, 247 ~1999!.

@5# V. Ferrari, S. Matarrese, and R. Schneider, Mon. Not. R. A
tron. Soc.303, 258 ~1999!.

@6# B.J. Carr, Astron. Astrophys.89, 6 ~1980!.
@7# O.D. Miranda, J.C.N. de Araujo, and O.D. Aguiar~unpub-

lished!.
@8# P. Madau, M. Della Valle, and N. Panagia, Mon. Not. R. A

tron. Soc.297, L17 ~1998!.
,

-

-

@9# F.X. Timmes, S.E. Woosley, and T.A. Weaver, Astrophys.
Suppl. Ser.98, 617 ~1995!.

@10# S.E. Woosley and F.X. Timmes, Nucl. Phys.A606, 137
~1996!.
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