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Thermodynamics of largeN noncommutative super Yang-Mills theory

Rong-Gen Cdi and Nobuyoshi Ohfa
Department of Physics, Osaka University, Toyonaka, Osaka 560-0043, Japan
(Received 12 October 1999; revised manuscript received 10 February 2000; published 22 May 2000

We study the thermodynamics of the lafd@oncommutative super Yang-Mills theory in the strong 't Hooft
coupling limit in the spirit of the AdS-CFT correspondence. It has already been noticed that some thermody-
namic quantities of near-extremal D3-branes with BlSields, which are dual gravity configurations of the
noncommutative\/=4 super Yang-Mills theory, are the same as those witlofi¢lds. In this paper(l) we
examine then'®R* corrections to the free energy and find that the part of the tree-level contribution remains
unchanged, but the one-loop and the nonperturbative D-instanton corrections are suppressed, compared to the
ordinary case(2) We consider the thermodynamics of a bound state probe consisting of D3-branes and
D-strings in the near-extremal D3-brane background Wgitfields, and find that the thermodynamics of the
probe is the same as that of a D3-brane probe in the D3-brane background V@tfields. (3) The stress-
energy tensor of the noncommutative super Yang-Mills theory is calculated via the AdS-CFT correspondence.
It is found that the tensor is not isotropic and its trace does not vanish, which confirms that the super
Yang-Mills theory is not conformal even in four dimensions due to the noncommutative nature of space. Our
results render further evidence for the argument that the Idrgencommutative and ordinary super Yang-
Mills theories are equivalent not only in the weak coupling limit, but also in the strong coupling limit.

PACS numbgs): 04.70.Dy, 11.15.Pg, 11.2¥d

I. INTRODUCTION mensions[11,12. An interesting question then arises: Are
the total numbers of degrees of freedom the same for the
The super Yang-Mill§SYM) theory on noncommutative noncommutative and ordinary SYM theories at any given
spaces is a natural generalization of the SYM theory on orscale? On the weak 't Hooft coupling side, according to the
dinary commutative spaces. Such a noncommutative SYMnalysis of planar diagranjd9], the largeN noncommuta-
theory has been found to arise naturally in a certain limit oftive and ordinary SYM theories are equivalent; the planar
string theory with Neveu-SchwardS) B fields[1-6]. The  diagrams depends on the noncommutativity parameter only
spirit of the AdS conformal field theoryCFT) correspon-  through the external momenta and noncommutative effects
dence[7-10] leads one to try to find out the supergravity can be seen in the nonplanar diagrams. Explicit perturbative
dual of the noncommutative SYM theory. Recently Hash-ca|culations[20] provide evidence to this assertion. On the
imoto and ltzhaki11] and Maldacena and Rus§b2] con- strong 't Hooft coupling side, Maldacena and Rus$4@]
structed independently the supergravity (_jual configurationg ;e discussed the thermodynamics of near-extremal D3-
Of. the.nqncommutatlve SYM theones, Wh'.Ch are the decoubranes withB fields and found that the entropy and other
pri'n? I|m|trs1, of Db-branel solutions with Jlj\[laBlﬂelgs]; SOer_]rehOf thermodynamic quantities are the same as those of the cor-
the latter have been also constructedlid—19 before. The responding D3-branes witho fields? On this basis, they

supergravity dual of the noncommutative SYM theory can .
also be constructed by using the relationship between th%rgued that the total_ number of physical degrees of freed_om
of the noncommutative SYM theory at any given scale coin-

tri duli and closed stri didi7]. In thi
open string moduli and closed string mod{di7]. In this cides with the ordinary case.

construction, the only input is a simple form of the running . . .
string tension as a function of energy. In the present paper we would like to investigate further

In the AdS-CFT correspondence, of particular interest i2SPects of thermodynamics of the noncommutative SYM
the D3-brane solution. Its decoupling limit has the structurdn€ory from the supergravity side and to compare them with
AdS;X S°, and the type IIB string theory on this backgroundthe ordinary SYM cases. In Sec. II, we introduce the black
is supposed to be dual to the four-dimensiangt4 SYM D3-brane solutions with N® fields and calculate some of

theory in the largeN and strong 't Hooft coupling limit. At their thermodynamic quantities. Most of the results are

finite temperature the theory is described by the nearknown, but these are needed for our discussions. This also

extremal D3-brane configuratiof7,18]. According to the S€rves to establish our notation. In Sec. Il we calculate the
) . . . . . ’ 4

AdS-CFT correspondence, the decoupling limit of D3-branecorrections from the higher derivative terms’¢R?) to the

solutions withB fields is supposed to be the dual gravity free energy of the noncommutative SYM theory. To compare

description of the noncommutative SYM theory in four di- th€ results with the ordinary case, we usg&-duality trans-
formation to transform the D3-brane solution wighfields

and a varying dilaton to that with constant dilaton aBd
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These and more general solutions are also discussgtbinin 2This conclusion also holds for other D-branes wittiields. For
type lIA, type IIB andd= 11 supergravities. related discussions see Ref21-23.
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fields. In the latter configuration, we find that the contribu- sing

tion coming from the tree-level term remains the same as 5(213)=mH_1h, e??=g?h,

that in the ordinary case, but the contributions from the one-

loop and nonperturbative D-instanton terms are suppressed. B(2)=(1—H‘1)sin0cotha/g 2.2
This result is consistent with that in the weak coupling limit o1 ’ '
[19]. Corzz=(1—H ™ Hh coshcotha/g.

In Sec. IV we consider the thermodynamics of a static

bound state probe consisting of D3-branes and D-strings ilfhe D3-brane charge satisfid® * cos#=4mga’?N,;. Here

the background produced by near-extremal D3-branesBvith R’4=rg sinha coshe, Nj is the number of coincident D3-
fields. According to the interpretation of the D-brane action,pranes, andj=g., is the asymptotic value of the coupling
the supergravity interaction potential between the probe angonstant. The solution interpolates between the black
the source D-branes can be interpreted as the contribution @-string solution @=/2) with the smeared coordinates
massive states to the free energy of SYM theory when th@nqx, and the black D3-brane solution withoBtfields (8
SYM theory is in the Higgs phase, and the distance between. g |y fact the solution describes a nonthreshold bound

the probe and the source can be regarded as a mass scal&gfte consisting of D3-branes and D-strings due to the pres-
the SYM theory. We find that the thermodynamics of thegnce of the nonzerB field [15].

bound state probe again remains the same as that of a D3- Taking the decoupling limif12]

brane probe in the near-extremal D3-brane background with-

out B fields. In Sec. V, we compute the stress-energy tensor b _ al

of the noncommutative SYM theory on the supergravity side. ~ @'—0: tanf=—, Xg1=Xo1, X23==Xz3,

As is already known, the thermal excitations of D3-branes @ b

without B fields are of the form of an ideal gas in four di- ~

mensions. The entropy of near-extremal D3-branes can be r=a'R?u, ro=a'R%,, g=a'g, 2.3

accounted for by the ideal gas mod@H]; its stress-energy - ~ - ] _

tensor is isotropic and its trace vanisti2s], which confirms ~ Whereb, u, ug, g, andx,, are kept fixed, the solutio(2.1)

that the SYM theory is conformally invariant in four dimen- becomes

sions. Our result shows that the stress-energy tensor of the

noncommutative SYM theory is not isotropic and its trace d<= o' R2
. . o

does not vanish, which reflects the fact that the noncommu-

tative SYM theory is not conformal even in four dimensions.

u?(=Fdxg+dx}) + u?h(dx3+dxj)

Section VI is devoted to a summary of our results and a u? )
discussion. + W +dQs|, 2.4
Il. BLACK D3-BRANE SOLUTION WITH B FIELDS where
AND ITS THERMODYNAMICS ~
f=1-ug/u®, h l=1+a%u* a?=bR?
The supergravity solution corresponding to D3-branes
with a nonvanishing N field has been constructed [ih3] . o att
and[15]. The simplest way to get the solution is to start with e??=g?h, By=—= — (2.5
a D3-brane solution withouB fields. First makeT duality b 1+a’u

alongxs; (the world-volume coordinates arg, X;, X, and . __ ] o
x3), which gives a D2-brane solution with a smeared coord=9Pb is the value of the string coupling in the IR, afd

dinatexs, perform a rotation with an anglé in the x,-x;  =4mgN;=2g%,Ns=X\ is the 't Hooft coupling constant of
plane, and thef-dualize back orx;. This procedure yields gauge theory.
the desired solution with a nonvanishiBdield along thex, Let us first discuss the extremal cdse1 in the solution

andx directions[12]. The prescription is also applicable to (2.4). The solution(2.4) reduces to the familiar product
the black D3-brane solutions. The black D3-brane solutiorspacetime AdSxS® for a=0, while it deviates from the
with B fields along thex, andx; directions can be written in  anti—de Sitter space fa+ 0. Thus, in the spirit of the AdS-
the string metric as CFT correspondence the solutith4) is proposed to be the
gravity dual of the noncommutative SYM theory and the
d?=H Y —fdx3+dxi+h(dx3+dx3)] parametera reflects the noncommutative nature of space.
When u—0, the solution(2.4) approaches the Ad& S,
+HY{f1dr?+r2dQ], (2.)  which corresponds to the IR regime of the gauge theory. This
is in agreement with the expectation that the noncommuta-
where tive SYM theory reduces to the ordinary SYM theory at long
distances.
Next, for nonextremal solutiori2.4), just like the pure
. h l=H lsirt+coL, black D3-brane case, the thermodynamics of the nonextre-
mal solution(2.4) should be equivalent to that of the non-
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commutative SYM theory in the large and strong 't Hooft tization rule we obtain the following relation between the
coupling limit. However, the solutiofR.4) is neither asymp- numberN; of D-branes and the numbé¥; of D-strings:
totically flat nor asymptotically anti—de Sitter. Hence it is

difficult to calculate the energy excitation of the noncommu- Ny Vs,
tative SYM theory directly from the solutiot®.4). To dis- Ny mtanﬁ. (2.10
cuss the thermodynamics of the noncommutative theory, we
rather start with the black D3-brane solutiGh1). For our In the decoupling limit, the relatiof2.10 becomes
purposes, it is convenient to rewrite the solution in the Ein-
stein frame, which has the following form: N, vz
—= = (2.11
d2=h"Y4H Y9 — fdx¢+ dx2+ h(dxé+dxd) ] N3 (2m)%
+h™YHYTEdr? 4+ r2dQg). (2.0 whereV,=b?V,/a’'? is the area of the torus after rescaling.

The excitation above the extremality of the black D3-brane
We can further make compactification of the D3-brane W0r|dcorresponds to a thermal state of the corresponding SYM
volume and then go to the Einstein frame. From the resultingheory. Considering the limit2.3), from Eq.(2.7) we have
metric, we can easily obtain the Arnowitt-Deser-Misnerthe energyE, temperaturd, and entropy of the largd non-
(ADM) massM, Hawking temperaturd, and entropyS of ~ commutative SYM theory in the strong coupling limit:
the solution, which are found to be

b4 3W3V3R8Ué
57ryV 4 SN Y
- 03 1+—sinhza>, (2m)’g?
169°G1o °
u
1 T=2
T
T=—n,
7T o cosha
47%V,R8u3 (212
Vs = T 7 .
S= —" 5 cosha, (2.7) (2m)'g

49°Gyq

where V3=b?V3/a’?. Obviously these thermodynamic
whereG,,=237%a'4 is the gravitational constant in ten di- quantities satisfy the first law of thermodynamicsfE
mensions and/; is the spatial volume of the world volume =TdS The free energyF of the gauge theory, defined as
of the D3-brane. We are interested in comparing these theF=E—TS, can be expressed in terms of the temperature:
modynamic quantities with those of black D3-branes without
B fields. We have just found that these quantities are inde- _
pendent of the parametér Thus they are exactly the same F=- 8
as those withouB fields [26].2> Furthermore, it is worth
pointing out that it is independent of the parameteso that  Of course, the free energy is also the same as that of ordinary
these thermodynamic quantiti€®.7) are also those of the SYM theory[24,27). This result is quite interesting, which
black D-string solution with two smeared coordinates. Forleads Maldacena and Ruskt?] to argue that at any given
later use, let us note the relation between the numbers afcale the total number of degrees of freedom of the noncom-
D3-branes and D-strings in the solutid®.1l). The charge mutative SYM theory coincides with the ordinary case in the

w2

V3N3TA, (2.13

density of D3-branes is large N limit. No doubt it would be of much interest to fur-
ther investigate this result and try to see if this is modified by
2r3 ) any corrections. Motivated by this observation, we are now
Q3:49G100030 sinha cosha, (2.8 going to compute the higher-derivative term corrections to

the free energy of the noncommutative SYM theory.

while the charge density of D-strings is
ll. a'°R* CORRECTIONS TO THE FREE ENERGY
WzrgVZ

1= sin @ sinha coshe, (2.9 The black configuratiori2.1) is an exact solution of type
49Gyo IIB supergravity, which is a low-energy approximation of

) superstring, keeping only the leading contribution of mass-
whereV; is the area of the rectangular torus spanned by thg.ss states in the’ expansion. The nonleading contributions

two smeared coordinates andx,. Using the charge quan- from massive string states appear as corrections to this low-
energy action in the form of higher-derivative curvature
terms. In type IIB supergravity the lowest correction can be

3The results ir{26] are for rotating D3-branes. For a comparison, symbolically written aSa’stwp,,. whereR,,,,, represents
takel =0 in the corresponding quantities [ia6]. the Riemann tensor of spacetime. The tree-level contribution
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of the four-graviton amplitude to the effective action 28] - p3?
falp,p)= mn;(oo)m' (3.9
Sma= Lg)j d1%—ga’3e 2¢R* (3.1) e P
3x25% 167Gy, For the small string coupling which is required for the valid-

in the string frame. Exploiting the field redefinition ambigu- g( (gnfjheed sauégg]rgrawty description, the functidi can be
ity [29] and noting that for the D3-branes withoBtfields, P

the extremal background AgS8S® is a conformally flat 2.2

spacetime, the corrections can be written in the Einstein e™ #/%f,~2{(3)e 2%+ ——

frame ag 27,30 3

T (47)32% 2 Z M2 e—2wM(e’¢+ic(0))
ItFre?‘e: o 16;Glof d1% \/Ee—&{;/z[Chmnkamnthrsqursk (4) ME>O M (

1 +e 2Me =ik L oe?iM)],  (3.10

+ EChkerpqmnChrSqursk}v (3.2 . - ;
where M runs over integers. Here the first term gives the

tree-level contribution, the second term gives the one-loop

contribution, and the remaining denotes the contribution of

the nonperturbative D-instantons. The coefficiggt is de-

where y={(3)a'3/8 and Cpgqmn denotes the Weyl tensor.
Such corrections to the free energy of the ordinary SYM
theory on the three-toru3?, on the three-spherg&?, and

even on a hyperbolic spadd® have been calculated in fined as
[27,31-39. In particular, for the large three-tortE case 1
the free energy correction [27] M= 2 —, (3.11)
5 mM m
ORI — NGV, T (3)h 9 33 i ivi
re — ~ g N3VaT g d(3)N 7% (33 wherem|M denotes that the sum is taken over the divisors of
M. Considering the contributions from the one-loop term and
Thus the free energy including the correction is from D-instantons, 2(3)\ %2 in Eq. (3.6) is replaced by
27
tree 772 237 15 [ ]
Fi=F+oFpi'=— 5 N3VaT| 1+ L(3)N 92, 1 L
-3/2 -3/2 12, _—

so that the leading correction is positive. If one writes the

— 4292 2
total free energy as Xh(e *™'9m)[1+O(gyw)], (3.12

- whereh represents an infinite series of instanton corrections.

Fiota= — f(N) €N§V3T4, (3.5 In particular, the one-loop contribution to the entropy correc-

tion [ 6S=—8(6F)/6T] is

for the large 't Hooft coupling\, one has 552

8Sone= == N YA/ TS, (3.13

45 256

f k - 3 )\ 3 A 3 6
In the effective low-energy action of type IIB supergrav-

It is expected that the interpolation functibrsmoothly ap-  ity, except for theR* terms, in the same ordex(°) there
proaches 1 in the weak coupling limik {~0) [27]. exist other terms, for instance, an eight-derivative four-
In fact in type IIB supergravity the one-loop and nonper-dilaton term[36], supersymmtric terms accompanyiiRf

turbative D-instanton contributions are also of the foRh  terms, and so ofsee[27,37) and references thergirFor the

and of the same order(?). If one writes ordinary SYM theory, however, those terms will not make
contributions since the dilaton is a constant and the five-form
p=pi+ip,=cO+ie ¢ (3.7 field strength is the same as that in the extremal background.

. For the noncommutative SYM theory, namely, the black D3-
wherec® is the Ramond-Ramon(RR) pseudoscalar, the pranes with nonvanishing field, from Eq.(2.5) we see that

effective action of theR* part can be expressed 28,30 the dilaton is no longer a constant and hence its derivative
terms and other possible terms involving the derivatives of
B _ 100 [ 130 b2 — 4 dilaton and curvature tensors are expected to make a contri-
S 7 f "% —ga'%e” "*4(p,p)R’, bution to the free energy correction. Also other terms un-
3>< 2'X 167TG10

(3.9 known so far might have potential contributions in this order.
Unfortunately, until now there has not been a complete ex-
wheref, is given by the nonholomorphic Eisenstein series: pression of the effective low-energy action to the order
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(a'3), to the best of our knowledge. This makes it difficult to gy m theory resides on a dual torus with aréa
evaluate the free energy correction of noncommutative SYM_
theory via the supergréawty description and to compare with
the ordinary SYM cas =T 2 2R

To resolve this difficulty, we will adopt the following =g CTID (318
approach to attain insight into thex(®) correction to the Vs Vs

free energy of the noncommutative SYM theory, rather than
the usual way to evaluate the free energy correction by sublhis ordinary SYM theory is equivalent to the noncommuta-

stituting the unperturbed solutiof2.4) into those terms of Ve SYM theory described by the soluti¢B.4) in the sense
order (a’3), all of which are not known exactly. As is well of the Morita equivalencg38]. Note further that the number
known, theT duality is a perturbative symmetry of full string Of D3-branes in Eq(3.16) is V,N;/(27)?b=N; according
theories valid loop by loop. This symmetry holds in the low- t0 Eq.(2.11), rather tharN3 in Eq. (2.4). It is quite interest-
energy supergravities as well. The low-energy effective acing to note that the area, the Yang-Mills coupling constant,
tion remains unchanged under tlieduality transformation. and the rank of the gauge group of the ordinary SYM theory
Therefore, if one can transform the soluti¢2.4) with a i Eq.(3.16 are different from those of the noncommutative
varying dilaton to a solution with a constant dilaton, one maySYM theory in Eq.(2.4), but that the 't Hooft coupling con-
get the free energy correction of the former via the latterstants for both theories are the same:

Indeed it has been found that such-auality transformation

(2m)*b?/V, and its Yang-Mills coupling constant is

exists. ) Vo o
Following [38], defining A=2gym N3(27T)ZB =X\. (3.19
Y, Considering that the spatial volume of the world volume in
m= (2m )2 ,(823+'VG22G33) (3.14 Eq.(3.16is
(2m)*b%
the relevanfr-duality transformation is given by the SL), V3:TV3, (3.20
transformation 2

we conclude that the thermodynamics of the soluti6)
au+b (3.15 is the same as the one of the solutigi2s4), that is, the
cu+d’ ' thermodynamics of the noncommutative SYM theory be-

cause the Hawking temperature is unchanged Nﬁﬂg

=N3V;. Indeed, the Morita equivalence transformation will
not change the thermodynamics of gauge field th¢a8].
42 Thus we expect that the’ 3R* correction in Eq(3.16) gives
u 2 us the free energy correction of the noncommutative SYM
ds’=a'R? u?(~ fdx0+dx1+dxz+dx3)+ +dQ ] theory in order &’3). As just mentioned above, the advan-
(3.16 tage to consider the solutiai®.16), rather than Eq(2.4) is
that one does not have to worry about the contributions from
(2m) 5B , the derivative terms of dilatons and possible other terms
~ 9 - 23:f_, (3.17) since the dilaton and the NB field are constants here.
% b Now it is easy to get the free energy correction of non-
commutative SYM theory from thea(’ ®) terms in the effec-
for c=—1 andd=V,/(2m)%b when the latter is an integer. tive low-energy action according to the above consideration.

Note from Eq.(2.11) thatd= N, /N5 must be a rational num- It is obtained from Eqs(3 9, (3.6, and (3.12, with the
ber. If this is not an integer, after some steps of Moritaeplacements ofi%y by gfy, Vs by Vs, and Ng by N,
equivalence transformation as (i8], one can reach a solu- =V,N;/(2)?%b, respectively. Considering the invariance of
tion like Eq. (3.16). The solution(3.16 is asymptotically of  the 't Hooft coupling constant, we get the correction function
the structure AdSX S;, completely the same as that describ- (3.6) of the noncommutative SYM theory by replacing

ing the ordinary SYM theory at finite temperature. Actually
the solution(3.16) describes a twisted ordinary SYM theory

p— p=

wheread—bc=1. Applying this transformation to the solu-
tion (2.4) yields

e2h—

(2m)*p? 1

due to the presence of a constant RSield. The ordinary 2{(3N 2= 27(3)N ¥+ \73 24N§)\1/2
emB\* 1 oL
“In the earlier version of this paper, we calculated the free energy '\72 N3/2h(e 275%)
correction from the tern3.2) and found that it is always less than
the ordinary case. We thank Troels Harmark and Niels Obers for (2 77) )
raising a question on the validity of that calculation to compare with 1+0 —gY,\,I (3.21
the ordinary case. Vs
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Comparing this with the ordinary cagg.12), we see that the states to the free energy of gauge fields in the lavigand
first term is unchanged, but the remaining two terms arestrong 't Hooft coupling limit[41]. When a NSB field is

suppressed because®b/V,<1. Recall that the first term Present, the dynamics of a probe D3-brane is governed by
comes from the tree-level contribution, the second term fronthe following action:

the one-loop contribution, and the third is the nonperturba-

tive D-instanton con_tribution. This indicates th?.t in the SZ—Tsf dixe ¢ /_de(é_é(l))

strong 't Hooft coupling the largé&\ noncommutative and

ordinary SYM theories are equivalent because the first term

corresponds to the planar diagrams and the second term to _TBJ C_TBJ B@OBM™), 4.2

the nonplanar diagrams. This result is also consistent with

the argument, which is made in the weak 't Hooft couplingWhere T,=1/(2m)%a’? is the tension of the D3-brane. In

limit, that planar diagrams depend on the noncommutatlwt}?ct this is a bound state probe consisting of D3-branes and

parameter only through the external momenta and nonplan . L X o .
diagrams are generally more convergent than their comm _—strmgs._nz_Exphcn ewdenge for this is t-he tension of the
tative counterpart§19]. The previous and the present sec- probe, Tsy1+tarrd. We will see more evidence below.

tions provide evidence of the equivalence between the large Substituting the solutiof2.1) into the probe actioii4.1),

N noncommutative and ordinary SYM theory. It would be "€ has

interesting to accumulate further evidence for this equiva- T.V

lence. In the next section we lel do it by studying the ther- g=__3"83 f dﬂ_rl[\/f_lJr Ho—H], 4.2
modynamics of a probe brane in the backgro(2d). g cosé

V. THERMODYNAMICS OF A PROBE BRANE }/ivr:}teyrear\:\(lje have subtracted a constant potential at spatial in-
We know that the solutio2.1) describedN; D3-branes

coinciding with each other. The configuration represents the

noncommutative SYM theory with gauge group NJj in Ho=1+ r_“' (4.3

the Higgs branch, in which the vacuum expectation values

(VEVs) of scalar fields are zero. Therefore the thermody-
namics given in Sec. Il is the one for noncommutative SYMEq. (4.2) that the static interaction potential between the

R/4

In the extremal background whefe=1, one can see from

, (4.9

V3N3Ué ’77'2’\73N3T4
412 - 4

(4.5

theory in the_H|ggs branch. We now want to dlscus_s theprobe and the source vanishes. Note that the source is a
thermodynamics (.)f the_ noncommutative SYM theory in thenonthreshold bound state consisting of D3-branes and
Coulom_b branch, in Wh'_Ch the VEVS of some scalar fields d -strings, and the static potential will no longer vanish un-
not va_msh. Corres_pond_mg to the Coulomb pranch should b%ss the probe is also the same bound state. In the nonextre-
a.mult|center conflguratlon of D3-bran¢ §olutlons. One of th%al background, of course, the static potential exists always.
simplest cases is that parallel coinciding D3-branes are In the decoupling limit2.3), we arrive at
separated along a single transverse direction by a distance '
from a single D3-brane. The gauge symmetry is then broken ~ 4 1 4
from U(N+1) to U(N)X U(1) and the distance can be re- F _ VaNau™) [p_Yo_, Yo
garded as a mass scale in the gauge field. However, no Poog? u? 2u?
stable, multicenter, nonextremal configurations of D-branes
have been knowhAs an approximation, one may consider which agrees with the result {#1] and[42] for a D3-brane
the probe method. That is, we put an unexcited probe brangrobe in the near-extremal D3-brane background witl®ut
in the background of other nonextremal D-branes and regarfield.®* When the probe is on the horizon of the source, the
this as an approximate multicenter solution. Such a methoftee energy of the probe is
has been used recently to study the thermodynamics of SYM
theory in the Higgs phadel1-44.

Considering that the noncommutative and ordinary SYM F | _
theories have the same thermodynamics at a given scale in PIU=to
the Higgs branch, it would be interesting to compare them
also in the Coulomb branch. To this aim, in this section, weComparing with the free energy of the sour@eld, we find
investigate the thermodynamics of a probe in the nonextrethat
mal D3-brane background. According to the interpretation of
the D-brane action, the supergravity interaction potential be=————
tween the probe and the near-extremal D3-braf@ssthe
source can be interpreted as the contribution of massive[

5There is a small difference between the probe free energies in
41] and [42], which arises as follows. In the decoupling limit,
althoughHy=~1/a'2R*u?*, and H=~1/a'?2R*u?, the differenceH,
—H does not vanish, but gives a finite vaIu@Zu“. This is just the
Sltis possible to have nonextremal configurations for continuouslyadditional term appearing i2]. The additional term is important
distributed D-branes. For D3-branes, $88,40, for example. in the interpretation of the probe free energy.
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dF It is very similar to that for the strong coupling limi.10
Folu=u,= Ny (4.6)  except that the term\/#T) is absent in the weak coupling.
3 In particular, in the massless approximation, keeping only
The number of D3-branes in the probe is 1, so we mayl€ leading terms in Eq¢4.10 and(4.11), one may see that
rewrite the above equation as there is also the well-known difference by a factor of 3/4,
which occurs in comparing the supergravity calculation and
weak coupling calculation of the entropy for thé=4 SYM
Folu=uy~F(N3+1)—F(N3), (4.7)  theory in the Higgs brancfe4,27.

The main result of this section is that the static interaction
for a largeNs. This implies that, from the point of view of potential between a D3-brane probe with BSields in the
thermodynamics, the nonextremal D-branes reside on the h@ackground of D3-branes with fields is the same as that of
rizon because the probe branes on the horizon can be viewedD3-brane probe in the corresponding background without

as a part of source branes. _ o B fields. From the point of view of field theory, the static
In the low-temperature or long-distance limit, expandingpotential comes from planar diagrarf#s], which is clearer
the free energy4.4) and usingu,= 7T, we gef from the viewpoint of open strings extended between the

probe branes and source branes. This further renders evi-

72V N, T (2n—1)11 [ 7T|4" dencg that the larghl ‘noncommutative and ord|_naw_ S_YM
F.=— — . 49 theories are also equivalent in the strong coupling limit.
P 4 Ei2'(n+1)rlou
o _ _ _ _ V. STRESS-ENERGY TENSOR OF THE

This is consistent with the expectation that, in the weak cou- NONCOMMUTATIVE SYM THEORY

pling and low-temperature limit, the contributions of one and

two loops are exponentially suppresgdd,42. The leading In Sec. Il we have seen that the entropy of the noncom-
term is a three-loop contribution. mutative SYM theory is the same as that of the SYM theory

In the high-temperature or short-distance limit, we have tcat a given temperature scale or energy scale. However, from
use the isotropic coordinates defined in E§.3) below®  the Einstein frame metric of Eq2.4) we see that, when
Defining the mass scald =(\/§P—Uo), we obtain —, the area of the torus,, X5 contracts, while the radius

of the S° expands. The contraction of area of the torus is just
o 4 compensated for by the expansion of the volume ofShe
_ T VaNaT 1 This seems to imply that there is a redistribution of the de-

P 4 (1+M/7T)* 4.9 grees of freedonfi12]. To compare the distribution of ther-
mal states between the noncommutative SYM and ordinary
Expanding Eq(4.9) for the smallM/#T yields SYM theories, it is enough to calculate the stress-energy ten-
sor of the noncommutative SYM theory on the supergravity
side.
F = Ew293N3T4[1—4(£ +10 ﬂ)z For this purpose, we adopt the method developed by My-
P 4 7T 7T ers[25] by generalizing the ADM mass density formula of
YRE p-branes[46]. The stress-energy tensor for thebrane
_20<_T 4] (4.10  World-volume can be expressed as
a
1 _
Let us compare this with the free energy in the weak cou- Tab:—zf dQg_pr8 Pn'
pling limit. The one-loop free energy of th&/=4 SYM 16mg Gy r—=
theory in the weak coupling has the following high- e g i 9 Ry 9
temperature expansigd1]: X[ map(dihctdihj—dihi) = dihgpl, (5.1
wheren' is a radial unit in the transverse subspace, while
1 _ M \2 h,,=0,,— 1., is the deviation of théEinstein framg met-
Fm(T>M)=— §W2N3V3T4[1—3(—T) ric from that for flat space. The labetsb=0,1, ... p run
over the world-volume directions, whilej=1,2,...,9-p
M \3 denote the transverse directions. In addition, it should be
+4(ﬁ) +- } (4.1)  remembered that the calculations in E§.1) must be done

using asymptotically Cartesian coordinates.
Rewriting the Einstein metri¢2.6) in isotropic coordi-

"Note that there is a difference by a factorR¥fin the rescaling of nates, one has

r andr, from the definitions if41] and[42]. A -1 2 2 2 2
8Note that there is a difference by a factor @ in the definition ds%— h™H 2[ fdxp+dxg+h(dx +dxy)]
of the coordinate between this paper arld1,42. If we use the +h Y4 1/2r2p_2[dp2+ p2dQ§], (5.2
definition in [41,42, the metric will not be asymptotically flat as
p—©. where
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4 VI. CONCLUSIONS
2_ 2 Mo
r=p 1+ —4

4p

1
, p2=§(l’2+ Jré=rg). (5.3 . _ _
To summarize, we have investigated some aspects of ther-
modynamics for the noncommutative SYM theory in the
Substituting Eq(5.2) into Eq.(5.1) and settingp=3 yields !arggN and strong 't Hooft couplmg limit on t_he supergrav-
ity side, and compared them with the ordinary case. Al-
though the entropy and other thermodynamic quantities of

3 black D3-branes with N8 fields are the same as those with-

Top= diag[5ré+4~R4, _ ré—4~R4,— rg out B fields, the stress-energy tensor of thermal excitations is
1679°Gyp different. For the ordinary SYM theory the stress-energy ten-

~ _ sor is of the form of an ideal gas in four dimensions. It is

—4R*cog 6, —r5—4R" cos'4], (5.4 isotropic and its trace is zero. On the other hand, for the

noncommutative SYM theory, the tensor is not isotropic and
~1 =73 4 its trace does not vanish, which confirms that the noncom-
yvhereR =VR +rQ/4—_r0/2. The stress-energy tendér4) mutative SYM theory is not conformally invariant even in
includes the contribution from the extremal background.q, gimensions due to the noncommutative nature of space.
Wh'c.h must be_ subtracted fr_om_lt in order to acquire theNote that in the solutio2.1) the NSB field has components
required quantity. The con_trlbutlon of the extremal_back-only in thex,, x5 directions. This means that the coordinates
ground can be obtained directly from E.4) by setting X, andx, are noncommutative, while, andx, are the or-
fo=0: dinary commutative coordinates. One may consider more
general D3-brane solutions with boBy; and B,3 compo-
nents. We do not expect that the stress-energy tensor will be

$ isotropic in that case either. The result is indeed so, and we

a
(Tab)ext:—zdiaq4R,4, _4R,4, —4R'4 00520,

16792G, have confirmed this by a very similar calculation to that in
Sec. V.
—4R'* cos'0]. (5.9 We have considered the higher-derivative term correc-

tions in the order ¢'3) to the free energy of the noncommu-
Subtracting Eq.(5.5 from Eq. (5.4 and taking the near- tative SYM theory_in Sec. Ill. Because there hqs not peen a
extremal limit §4~R’4—rg/2 we finally get the stress- complete expression of the Iowéenergy effective action of
' . ; type IIB supergravity to order(’*), to make sense of the
energy tensor for the noncommutative SYM theory in the . .
largeN and strong coupling limit, calf:ulatlon and tq compare the case of the ordinary case
which has been investigated [7], we transformed the
near-extremal D3-brane solution with varying dilatons to a
solution (3.16 with a constant dilaton by &-duality trans-
formation. Those two solutions are equivalent in the sense of
(5.6  the Morita equivalence. Using the latter solution, we have
found that the tree-level contribution is the same as the or-
and its trace dinary case, but the one-loop and the nonperturbative
D-instanton contributions are suppressed, compared to the
ordinary case. Note that the tree-level part corresponds to the

oy
(AT)gp=———diad 3, 1, 2cod6—1, 2 codf—1],
167792610

3.4
AT=— 4mrg sirk o (5.7) planar diagrams, and the one-loop part to the nonplanar dia-
1679°G, ' ' grams in the field theory. This provides evidence that the

largeN noncommutative and ordinary SYM theories are also

For 6=0, Eq. (5.6) reduces to the result for the ordinary €auivalentin the strong 't Hooft coupling limit.
SYM theory, which is of the form of an ideal gas in-3 We have also studied the thermodynamics of a bound

dimensions. In that case, its trace is zero. This is in accorState probe consisting of D3-branes and D-strings in the
dance with the fact that the ordinary SYM theory is confor-Packground produced by the black D3-branes vidtfields
mally invariant in four dimensions. On the other hand, forand compared it with that of a D3-brane probe in the back-
6+0, Eq. (5.6) gives the stress-energy tensor for the non-ground produced by the black D3-branes withBuftelds. In
commutative SYM theory. In this case, the tensor is not iso@ccordance with the interpretation of the D-brane action, the
tropic and its trace does not vanish. It reflects the fact that théree energy of a static probe can be regarded as the contri-
noncommutative SYM theory is not conformal even in four bution of massive states to the free energy of noncommuta-
dimensions due to the noncommutativity of space. In additive SYM theory in the Higgs phase and the distance be-
tion, we confirm that thdy, component of the stress-energy tween the probe and the source can be explained as a mass
tensor(5.6) in the decoupling limit indeed gives the energy scale in the gauge theory. From the thermodynamics of the
density of the noncommutative SYM theory given in probe we have found that the free energies for the ordinary
Eq. (2.12. and noncommutative cases agree. In fact the dynamic inter-

124012-8



THERMODYNAMICS OF LARGEN NONCOMMUTATIVE.. .. PHYSICAL REVIEW D 61 124012

action potential between the probe and the source also agrees ACKNOWLEDGMENTS

with the ordinary case. Because the interaction potential

comes from the planar diagrams from the point of view of We would like to thank T. Harmark and N. Obers for their
field theory, the agreement further suggests that the ldrge very helpful correspondences. This work was supported in
noncommutative and ordinary SYM theories are equivalenpart by the Japan Society for the Promotion of Science and
not only in the weak coupling limif19], but also in the by a grant-in-aid from the Ministry of Education, Science,

strong coupling limit. Sports and Culture No. 99020.

[1] A. Connes, M. R. Douglas, and A. Schwarz, J. High Energy[24] S. S. Gubser, I. R. Klebanov, and A. W. Peet, Phys. Re¥4D

Phys.02, 003(1998.
[2] M. Douglas and C. Hull, J. High Energy Phy2, 008(1998.

3915(1996.
[25] R. C. Myers, Phys. Rev. B0, 046002(1999.

[3] F. Ardalan, H. Arfaei, and M. M. Sheikh-Jabbari, J. High En- [26] R. G. Cai and K. S. Soh, Mod. Phys. Lett.14, 1895(1999.

ergy Phys02, 016(1999.

[4] M. Sheikh-Jabbari, Phys. Lett. 850, 119(1999.

[5] C.-S. Chu and P.-M. Ho, Nucl. PhyB550, 151 (1999.

[6] N. Seiberg and E. Witten, J. High Energy Phy®, 032
(1999.

[7] J. Maldacena, Adv. Theor. Math. Phy%.231(1998.

[27] S. S. Gubser, I. R. Klebanov, and A. A. Tseytlin, Nucl. Phys.

B534, 202 (1998.
[28] M. B. Green and M. Gutperle, Nucl. PhyB498 195 (1997);
M. B. Green and P. Vanhove, Phys. Lett4B8 122 (1997.
[29] D. J. Gross and E. Witten, Nucl. PhyB277, 1 (1986; A. A.
Tseytlin, Phys. Lett. BL76, 92 (1986.

[8] N. Itzhaki, J. Maldacena, J. Sonnenschein, and S. Yankielowf30] T. Banks and M. B. Green, J. High Energy Phg§ 002

icz, Phys. Rev. 68, 046004(1998.

[9] S. Gubser, I. Klebanov, and A. Polykov, Phys. Lett4B8
105(1998.

[10] E. Witten, Adv. Theor. Math. Phy, 253(1998.

[11] A. Hashimoto and N. Itzhaki, Phys. Lett. 465 142 (1999.

[12] J. Maldacena and J. Russo, J. High Energy Pi@s.025
(1999.

[13] J. Russo and A. A. Tseytlin, Nucl. PhyB490, 121 (1997).

[14] J. Breckenridge, G. Michaud, and R. C. Myers, Phys. Rev. D

55, 6438(1997).
[15] J. X. Lu and S. Roy, J. High Energy Phyl, 034 (2000.
[16] N. Ohta and J.-G. Zhou, Int. J. Mod. Phys18, 2013(1998.
[17] M. Li and Y. S. Wu, Phys. Rev. LetB4, 2084 (2000.
[18] E. Witten, Adv. Theor. Math. Phy2, 505(1998.
[19] D. Bigatti and L. Susskind, Phys. Rev. o be publishey
hep-th/9908056.

(1998.

[31] J. Pawelczyk and S. Theisen, J. High Energy Pigs.101
(1998.

[32] Y. Gao and M. Li, Nucl. PhysB551, 229 (1999.

[33] K. Landsteiner, Mod. Phys. Lett. A4, 379 (1999.

[34] M. M. Caldarelli and D. Klemm, Nucl. PhysB555 157
(1999.

[35] T. Harmark and N. A. Obers, J. High Energy Ph@4, 008
(2000.

[36] J. H. Brodie and M. Gutperle, Phys. Lett.45 296 (1999.

[37] M. B. Green and S. Sethi, Phys. Rev.59, 046006(1999.

[38] A. Hashimoto and N. ltzhaki, J. High Energy Phy2, 007
(1999.

[39] P. Kraus, F. Larsen, and S. P. Trivedi, J. High Energy Phys.

03, 003(1999.
[40] K. Sfetsos, J. High Energy Phy81, 015(1999.

[20] G. Arcioni and M. A. Vazquez-Mozo, J. High Energy Phys. [41] A. A. Tseytlin and S. Yankielowicz, Nucl. Phy&541, 145

01, 028(2000.

(1999.

[21] M. Alishahiha, Y. Oz, and M. M. Sheikh-Jabbari, J. High En- [42] E. Kiritsis, J. High Energy Phy<.0, 010 (1999.

ergy Phys.11, 007 (1999.

[22] J. L. F. Barbm and E. Rabinovici, J. High Energy Phyk2,
017 (1999.

[23] T. Harmark and N. A. Obers, J. High Energy Phgs, 024
(2000.

[43] K. Landsteiner and E. Lopez, J. High Energy Ph@8,. 006
(1999.

[44] R. G. Cai, J. High Energy Phy89, 027 (1999.

[45] I. Chepelev and A. A. Tseytlin, Nucl. PhyB515 73 (1998.

[46] J. X. Lu, Phys. Lett. B313 29 (1993.

124012-9



