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1ÕmQ corrections to the Bethe-Salpeter equation forLQ in the diquark picture
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Corrections of order 1/mQ (Q5b or c) to the Bethe-Salpeter~BS! equation forLQ are analyzed on the
assumption that the heavy baryonLQ is composed of a heavy quark and a scalar, light diquark. It is found that
in addition to the one BS scalar function in the limitmQ→`, two more scalar functions are needed at the order
1/mQ . These can be related to the BS scalar function in the leading order in our model. The six form factors
for the weak transitionLb→Lc are expressed in terms of these wave functions and the results are consistent
with HQET to order 1/mQ . Assuming the kernel for the BS equation in the limitmQ→` to consist of a scalar
confinement term and a one-gluon-exchange term we obtain numerical solutions for the BS wave functions,
and hence for theLb→Lc form factors to order 1/mQ . Predictions are given for the differential and total decay

widths for Lb→Lcl n̄, and also for the nonleptonic decay widths forLb→Lc plus a pseudoscalar or vector
meson, with QCD corrections being also included.

PACS number~s!: 11.10.St, 12.39.Hg, 14.20.Lq, 14.20.Mr
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I. INTRODUCTION

Heavy flavor physics provides an important area with
which to study many important physical phenomena in p
ticle physics, such as the structure and interactions in
heavy hadrons, the heavy hadron decay mechanism, an
plausibility of present nonperturbative QCD models. Hea
baryons have been studied much less than heavy mes
both experimentally and theoretically. However, more e
perimental data for heavy baryons is being accumula
@1–6# and we expect that the experimental situation for th
will continue to improve in the near future. On the theore
cal side, heavy quark effective theory~HQET! @7# provides a
systematic way to study physical processes involving he
hadrons. With the aid of HQET heavy hadron physics
simplified whenmQ@LQCD . In order to get the complete
physics, HQET is usually combined with some nonpertur
tive QCD models which deal with dynamics inside hea
hadrons.

As a formally exact equation to describe the hadro
bound state, the Bethe-Salpeter~BS! equation is an effective
method to deal with nonperturbative QCD effects. In fact,
combination with HQET, the BS equation has already be
applied to the heavy meson system@8–10#. The Isgur-Wise
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function was calculated@8,10# and 1/mQ corrections were
also considered@8#. In previous work@11–13#, we estab-
lished the BS equations in the heavy quark limit (mQ→`)
for the heavy baryonsLQ andvQ

(* ) ~wherev5J, S or V
and Q5b or c). These were assumed to be composed o
heavy quark,Q, and a light scalar and axial-vector diquar
respectively. We found that in the limitmQ→`, the BS
equations for these heavy baryons are greatly simplified.
example, only one BS scalar function is needed forLQ in
this limit. By assuming that the BS equation’s kernel consi
of a scalar confinement term and a one-gluon-exchange
we gave numerical solutions for the BS wave functions
the covariant instantaneous approximation, and conseque
applied these solutions to calculate the Isgur-Wise functi
for the weak transitionsLb→Lc andVb

(* )→Vc
(* ) .

In reality, the heavy quark mass is not infinite. Therefo
in order to give more exact phenomenological predictions
have to include 1/mQ corrections, especially 1/mc correc-
tions. It is the purpose of the present paper to analyze
1/mQ corrections to the BS equation forLQ and to give some
phenomenological predictions for its weak decays. As in
previous work@11–14#, we will still assume thatLQ is com-
posed of a heavy quark and a light, scalar diquark. In t
picture, the three body system is simplified to a two bo
system.

In the framework of HQET, the eigenstate of HQET L
grangianuLQ&HQET has 01 light degrees of freedom. This
leads to only one Isgur-Wise functionj(v)(v is the velocity
transfer! for Lb→Lc in the leading order of the 1/mQ expan-
©2000 The American Physical Society15-1



r
n

s

ua
f
r
-
e
re

t

t
or

om

th
rs
i

I
an

ls
I

T
e

to
-
lly

y
is

y

th
o

e

ss

of
he
the

t

nd

X.-H. GUO, A. W. THOMAS, AND A. G. WILLIAMS PHYSICAL REVIEW D 61 116015
sion @15–20#. When 1/mQ corrections are included, anothe
form factor in HQET and an unknown flavor-independe
parameter which is defined as the mass differencemLQ

2mQ in the heavy quark limit are involved@19#. This pro-
vides some relations among the six form factors forLb
→Lc to order 1/mQ . Consequently, if one form factor i
determined, the other five form factors can be obtained.

Here we extend our previous work to solve the BS eq
tion for LQ to order 1/mQ , in combination with the results o
HQET. It can be shown that two BS scalar functions a
needed at the order 1/mQ , in addition to the one scalar func
tion in the limit mQ→`. The relationship among these thre
scalar functions can be found. Therefore, our numerical
sults for the BS wave function in the ordermQ→` can be
applied directly to obtain the 1/mQ corrections to the form
factors for the weak transitionLb→Lc . It can be shown tha
the relations among all the six form factors forLb→Lc in
the BS approach are consistent with those from HQET
order 1/mQ . We also give phenomenological predictions f
the differential and total decay widths forLb→Lcl n̄, and for
the nonleptonic decay widths forLb→Lc plus a pseudo-
scalar or vector meson. Since the QCD corrections are c
parable with the 1/mQ corrections, we also include QCD
corrections in our predictions. Furthermore, we discuss
dependence of our results on the various input paramete
our model, and present the comparison of our results w
those of other models.

The remainder of this paper is organized as follows.
Sec. II we discuss the BS equation for the heavy quark
light scalar diquark system to order 1/mQ and introduce the
two BS scalar functions appearing at this order. We a
discuss the constraint on the form of the kernel. In Sec.
we express the six form factors forLb→Lc in terms of the
BS wave function. The consistency of our model with HQE
is discussed. We also present numerical solutions for th
form factors. In Sec. VI we apply the solutions for theLb
→Lc form factors, with QCD corrections being included,
the semileptonic decayLb→Lcl n̄, and the nonleptonic de
caysLb→Lc plus a pseudoscalar or vector meson. Fina
Sec. VI contains a summary and discussion.

II. THE BS EQUATION FOR LQ TO 1ÕmQ

Based on the picture thatLQ is a bound state of a heav
quark and a light, scalar diquark, its BS wave function
defined as@11#

x~x1 ,x2 ,P!5^0uTcQ~x1!w~x2!uLQ~P!&, ~1!

wherecQ(x1) andw(x2) are the field operators for the heav
quark Q and the light, scalar diquark, respectively,P
5mLQ

v is the total momentum ofLQ andv is its velocity.

Let mQ and mD be the masses of the heavy quark and
light diquark inLQ , p be the relative momentum of the tw
constituents, and definel15mQ /(mQ1mD),l25mD /(mQ
1mD). The BS wave function in momentum space is defin
as
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x~x1 ,x2 ,P!5eiPXE d4p

~2p!4
eipxxP~p!, ~2!

whereX5l1x11l2x2 is the coordinate of the center of ma
and x5x12x2. The momentum of the heavy quark isp1
5l1P1p and that of the diquark isp252l2P1p. xP(p)
satisfies the following BS equation@21#:

xP~p!5SF~l1P1p!E d4q

~2p!4
K~P,p,q!xP~q!

3SD~2l2P1p!, ~3!

whereK(P,p,q) is the kernel, which is defined as the sum
all the two particle irreducible diagrams with respect to t
heavy quark and the light diquark. For convenience, in
following we use the variables

pl[v•p2l2mLQ
, pt[p2~v•p!v. ~4!

It should be noted thatpl andpt are of the orderLQCD. The
mass ofLQ can be written in the following form with respec
to the 1/mQ expansion~from HQET!:

mLQ
5mQ1mD1E01

1

mQ
E11O~1/mQ

2 !, ~5!

whereE0 andE1 /mQ are binding energies at the leading a
first order in the 1/mQ expansion, respectively.mD , E0 and
E1 are independent ofmQ .

Since we are considering 1/mQ corrections to the BS
equation, we expand the heavy quark propagatorSF(l1P
1p) to order 1/mQ . We find

SF5S0F1
1

mQ
S1F , ~6!

whereS0F is the propagator in the limitmQ→` @11#

S0F5 i
11v”

2~pl1E01mD1 i e!
, ~7!

and

S1F5 i F ~2E11pt
2/2!~11v” !

2~pl1E01mD1 i e!2

1
p” t

2~pl1E01mD1 i e!
2

12v”
4 G . ~8!

It can be shown that the light diquark propagator to 1/mQ
still keeps its form in the limitmQ→`,

SD5
i

pl
22Wp

21 i e
, ~9!

whereWp[Apt
21mD

2 ~we have definedpt
2[2pt•pt).
5-2
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Similarly to Eq.~6!, we writexP(p) andK(P,p,q) in the
following form ~to order 1/mQ):

xP~p!5x0P~p!1
1

mQ
x1P~p!,

~10!

K~P,p,q!5K0~P,p,q!1
1

mQ
K1~P,p,q!,

wherex1P(p) andK1(P,p,q) arise from 1/mQ corrections.
As in our previous work, we assume the kernel contain
scalar confinement term and a one-gluon-exchange te
Hence we have

2 iK 05I ^ IV11vm ^ ~p21p28!mV2 ,
~11!

2 iK 15I ^ IV31gm ^ ~p21p28!mV4 ,

wherevm in K0 appears because of the heavy quark symm
try.

Substituting Eqs.~6! and~10! into the BS equation~3! we
have the integral equations forx0P(p) andx1P(p)

x0P~p!5S0F~l1P1p!E d4q

~2p!4
K0~P,p,q!

3x0P~q!SD~2l2P1p!, ~12!

and

x1P~p!5S0F~l1P1p!E d4q

~2p!4
K1~P,p,q!

3x0P~q!SD~2l2P1p!1S1F~l1P1p!

3E d4q

~2p!4
K0~P,p,q!x0P~q!SD~2l2P1p!

1S0F~l1P1p!E d4q

~2p!4
K0~P,p,q!

3x1P~q!SD~2l2P1p!. ~13!

Equation ~12! is what we obtained in the limitmQ→`,
which together with Eq.~7! gives

v”x0P~p!5x0P~p!, ~14!

since v” v”5v251 and sov”S0F5S0F . Therefore,S0F(l1P
1p)gmx0P(q)5S0F(l1P1p)vmx0P(q) in the first term of
Eq. ~13!. So to order 1/mQ , the Dirac matrixgm from the
one-gluon-exchange term inK1(P,p,q) can still be replaced
by vm .

We dividex1P(p) into two parts by defining

x1P~p!5x1P
1 ~p!1x1P

2 ~p!, v”x1P
6 ~p!56x1P

6 ~p!,
~15!

i.e., x1P
1 (p)[ 1

2 @x1P(p)1v”x1P(p)# and x1P
2 (p)[ 1

2 @x1P(p)
2v”x1P(p)#. Multiplying Eq. ~13! with either (11v” )/2 or
11601
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(12v” )/2 and using Eqs.~7!,~8!,~9!,~11! and ~14!, we obtain
the following integral equations forx1P

1 (p) andx1P
2 (p):

x1P
1 ~p!52

1

~pl1E01mD1 i e!~pl
22Wp

21 i e!

3E d4q

~2p!4
K0~P,p,q!x1P

1 ~q!

2
1

~pl1E01mD1 i e!~pl
22Wp

21 i e!

3E d4q

~2p!4 FK1~P,p,q!1
pt

2/22E1

pl1E01mD1 i e

3K0~P,p,q!Gx0P~q!, ~16!

x1P
2 ~p!52

p” t

2~pl1E01mD1 i e!~pl
22Wp

21 i e!

3E d4q

~2p!4
K0~P,p,q!x0P~q!. ~17!

After writing down all the possible terms forx0P(p) and
x1P

6 (p), and considering the constraints on them, Eqs.~14!
and ~15!, we obtain that

x0P~p!5f0P~p!uLQ
~v,s!,

x1P
1 ~p!5f1P~p!uLQ

~v,s!, ~18!

x1P
2 ~p!5f2P~p!p” tuLQ

~v,s!,

wheref0P(p), f1P(p) andf2P(p) are Lorentz scalar func
tions.

Substituting Eq.~18! into Eqs. ~12!,~16!,~17! and using
Eqs.~7!,~8!,~9!,~11! and ~14! we have

f0P~p!52
1

~pl1E01mD1 i e!~pl
22Wp

21 i e!

3E d4q

~2p!4
K0~P,p,q!f0P~q!, ~19!

f1P~p!52
1

~pl1E01mD1 i e!~pl
22Wp

21 i e!

3E d4q

~2p!4
K0~P,p,q!f1P~q!

2
1

~pl1E01mD1 i e!~pl
22Wp

21 i e!
5-3
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3E d4q

~2p!4 FK1~P,p,q!1
pt

2/22E1

pl1E01mD1 i e

3K0~P,p,q!Gf0P~q!, ~20!

and

f2P~p!52
1

2~pl1E01mD1 i e!~pl
22Wp

21 i e!

3E d4q

~2p!4
K0~P,p,q!f0P~q!. ~21!

Equations~19! and ~21! lead to

f2P~p!5
1

2
f0P~p!. ~22!

f0P(p) is the BS scalar function in the leading order
the 1/mQ expansion, which was calculated in@11#. From Eq.
~22! f2P(p) can be given in terms off0P(p). The numerical
solutions forf0P(p) and f1P(p) can be obtained by dis
cretizing the integration region inton pieces~with n suffi-
ciently large!. In this way, the integral equations becom
matrix equations and the BS scalar functionsf0P(p) and
f1P(p) becomen dimensional vectors. Thusf0P(p) is the
solution of the eigenvalue equation (A2I )f050, whereA is
an n3n matrix corresponding to the right hand side of E
~19!. In order to have a unique solution for the ground sta
the rank of (A2I ) should ben21. From Eq.~20!, f1P(p) is
the solution of (A2I )f15B, whereB is an n dimensional
vector corresponding to the second integral term on the r
hand side of Eq.~20!. In order to have solutions forf1P(p),
the rank of the augmented matrix (A2I ,B) should be equa
to that of (A2I ), i.e., B can be expressed as linear com
nation of then21 linearly independent columns in (A2I ).
This is difficult to guarantee ifBÞ0, since the way to divide
(A2I ) into n columns is arbitrary. Therefore, we dema
the following condition in order to have solutions forf1P(p)

E d4q

~2p!4 FK1~P,p,q!1
pt

2/22E1

pl1E01mD1 i e

3K0~P,p,q!Gf0P~q!50. ~23!

Equation~23! is a constraint we impose on theO(1) and
O(1/mQ) parts of the BS equation kernel,K1(P,p,q) and
K0(P,p,q), under which we have solutions forf1P(p). In
fact, K0(P,p,q) andK1(P,p,q) are the sum of two particle
irreducible diagrams and both of them are determined by
complicated nonperturbative interactions between the he
quark and the light diquark. As we cannot solve these kern
from the first principles of QCD we have to make a pheno
enological model. The form assumed forK0(P,p,q) was
given in @11# in the covariant instantaneous approximatio
11601
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Equation~23! constraints the form ofK1(P,p,q). The sim-
plest K1(P,p,q) which satisfies Eq.~23! is @(a2pt

2/2)/(pl

1E01mD1 i e)#K0(P,p,q), where a is a parameter in
K1(P,p,q) which should be equal toE1. However, as will
be seen later, once Eq.~23! is satisfied, the physical result
do not depend on the explicit form ofK1(P,p,q).

We would like to stress that Eq.~23! is just one possibility
we have found which guarantees that we have solutions
f1P(p). There may be other possible forms forK1(P,p,q)
which can also lead to solutions forf1P(p), and whether or
not Eq. ~23! is a reasonable hypothesis should be tested
experiments.

With Eq. ~23!, f1P(p) satisfies the same eigenvalue equ
tion asf0P(p). Therefore, we have

f1P~p!5sf0P~p!, ~24!

wheres is a constant of proportionality, with mass dime
sion, which can be determined by Luke’s theorem@22# at the
zero-recoil point in HQET. We will discuss it in the nex
section.

Since bothf1P(p) andf2P(p) can be related tof0P(p),
we can calculate the 1/mQ corrections without explicitly
solving the integral equations forf1P(p) andf2P(p). In the
previous work@11# f0P(p) was solved by assuming thatV1
and V2 in Eq. ~11! arise from linear confinement and on
gluon-exchange terms, respectively. In the covariant ins
taneous approximation,Ṽi[Vi upl5ql

, i 51,2, we find

Ṽ15
8pk

@~pt2qt!
21m2#2

2~2p!3d3~pt2qt!

3E d3k

~2p!3

8pk

~k21m2!2
,

~25!

Ṽ252
16p

3

as
(eff)2Q0

2

@~pt2qt!
21m2#@~pt2qt!

21Q0
2#

,

wherek andas
(eff) are coupling parameters related to sca

confinement and the one-gluon-exchange diagram, res
tively. They can be related to each other when we solve
eigenvalue equation forf0P(p). The parameterm is intro-
duced to avoid the infrared divergence in numerical calcu
tions, and the limitm→0 is taken in the end. It should b
noted that inṼ2 we introduced an effective form factor
F(Q2)5as

(eff)Q0
2/(Q21Q0

2), to describe the internal struc
ture of the light diquark@23#.

Defining f̃0P(pt)5*(dpl /2p)f0P(p) the BS equation
for f̃0P(pt) is @11#

f̃0P~pt!52
1

2~E02Wp1mD!Wp
E d3qt

~2p!3

3~Ṽ122WpṼ2!f̃0P~qt!, ~26!
5-4
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in the covariant instantaneous approximation. The numer
results forf̃0P(kt) can be obtained from Eq.~26!, with the
overall normalization constant being fixed by the normali
tion of the Isgur-Wise function at the zero-recoil point@11#.
Furthermore,f0P(p) is expressed in terms off̃0P(qt):

f0P~p!5
i

~pl1E01mD1 i e!~pl
22Wp

21 i e!

3E d3qt

~2p!3
~Ṽ112plṼ2!f̃0P~qt!. ~27!

III. Lb\Lc FORM FACTORS TO 1 ÕmQ

In this section we will express the six form factors for t
Lb→Lc weak transition in terms of the BS wave functio
and show the consistency between our model and HQET

On the grounds of Lorentz invariance, the matrix elem
for Lb→Lc can be expressed as

^Lc~v8!uJmuLb~v !&5ūLc
~v8!@F1~v!gm1F2~v!vm

1F3~v!vm8 2„G1~v!gm1G2~v!vm

1G3~v!vm8 …g5#uLb
~v !, ~28!

whereJm is theV2A weak current,v andv8 are the veloci-
ties of Lb andLc , respectively, andv5v8•v.

The form factorsFi andGi( i 51,2,3) are related to eac
other by the following equations, to order 1/mQ , when
HQET is applied@19#:

F15G1F11S 1

mc
1

1

mb
D L̄

11v
G ,
11601
al
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F25G252G1

1

mc

L̄

11v
, ~29!

F352G352G1

1

mb

L̄

11v
,

where L̄ is an unknown parameter which is defined as
mass differencemLQ

2mQ in the limit mQ→`.

On the other hand, the transition matrix element ofLb
→Lc is related to the BS wave functions ofLb andLc by
the following equation:

^Lc~v8!uJmuLb~v !&

5E d4p

~2p!4
x̄P8~p8!gm~12g5!xP~p!SD

21~p2!,

~30!

where P(P8) is the momentum ofLb (Lc) and p8 is the
relative momentum defined in the BS wave function
Lc(v8), x̄P8(p8), which can also be expressed in terms
the three BS scalar functionsf0P(p), f1P(p) andf2P(p) in
Eq. ~18!

x̄P~p!5ūLQ
~v,s!H f0P~p!1

1

mQ
@f1P~p!1f2P~p!p” t#J .

~31!

Substituting Eqs.~18! and~31! into Eq.~30! and using the
relations in Eq.~29! we find the following results by com
paring thegm , gmg5 , vm(12g5) andvm8 (11g5) terms, re-
spectively:
G1F11S 1

mc
1

1

mb
D L̄

11v
G52 i E d4k

~2p!4 H f0P8~k8!f0P~k!~kl
22Wk

2!1
1

mc
@f1P8~k8!2~kl81mD!f2P8~k8!#

3f0P~k!~kl
22Wk

2!1
1

mc
~2 f 11 f 212mDF !1

1

mb
~ f 12 f 2!1

1

mb
f0P8~k8!

3@f1P~k!2~kl1mD!f2P~k!#~kl
22Wk

2!J 1O~1/mQ
2 !, ~32!

G152 i E d4k

~2p!4 H f0P8~k8!f0P~k!~kl
22Wk

2!1
1

mc
~ f 11 f 2!1

1

mc
@f1P8~k8!

2~kl81mD!f2P8~k8!#f0P~k!~kl
22Wk

2!1
1

mb
~ f 11 f 2!1

1

mb
f0P8~k8!@f1P~k!

2~kl1mD!f2P~k!#~kl
22Wk

2!J 1O~1/mQ
2 !, ~33!

1

mc
F iG1

L̄

11v
12~ f 12mDF !G5O~1/mQ

2 !, ~34!
5-5
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1

mb
F iG1

L̄

11v
12 f 2G5O~1/mQ

2 !, ~35!

where we have definedf 1 , f 2 andF by the following equations, on the grounds of Lorentz invariance:

E d4k

~2p!4
f2P8~k8!f0P~k!~kl

22Wk
2!5F, ~36!

E d4k

~2p!4
f2P8~k8!f0P~k!km~kl

22Wk
2!5 f 1vm1 f 2v8m. ~37!

Equation~37! leads to

f 11 f 25
1

11vE d4k

~2p!4
f2P8~k8!f0P~k!~kl

22Wk
2!~v•k1v8•k!. ~38!

Equations~32! and~33! give the expression forG1 to order 1/mQ . From Eqs.~34! and~35! we can see that Eq.~32! is the
same as Eq.~33!. Therefore, we can calculateG1 to 1/mQ from either of these two equations. This indicates that our mode
consistent with HQET to order 1/mQ .

Substituting Eq.~38! into Eq. ~33! and using Eq.~22! we have

G152 i E d4k

~2p!4 H f0P8~k8!f0P~k!~kl
22Wk

2!1
1

mc
Ff1P8~k8!2

1

2
~kl81mD!f0P8~k8!Gf0P~k!~kl

22Wk
2!1

1

mb
f0P8~k8!

3Ff1P~k!2
1

2
~kl1mD!f0P~k!G~kl

22Wk
2!1S 1

mc
1

1

mb
D 1

2~11v!
f0P8~k8!f0P~k!~kl

22Wk
2!~v•k1v8•k!J . ~39!
ua

t

ur
The first term in Eq.~39! gives the Isgur-Wise function
which was calculated in our earlier work@11#. In order to
obtain the 1/mQ corrections, we have to fixf1P(k). Fortu-
nately, this can be done by applying Luke’s theorem@22#.
The conservation of vector current in the case of eq
masses for the initial and final heavy quarks leads to

G1~v51!511O~1/mQ
2 !. ~40!

Now we consider Eq.~39! at the zero-recoil point,v51,
at whichP85P andk85k. Since the first term in Eq.~39! is
the Isgur-Wise function, this term is 1 whenv51. From Eq.
~40! the 1/mc and 1/mb terms in Eq.~39! should be zero a
the zero-recoil point. Substituting Eq.~24! into Eq. ~39! and
noticing that v•k1v8•k52(kl1mD)1O(1/mQ) when v
51 @see Eq.~4!#, we can show that

s50. ~41!

Therefore,f1P(k) does not contribute toG1.
Now we calculateG1 through Eq.~39!. Since in the weak

transition the diquark acts as a spectator, its momentum
the initial and final baryons should be the same,p25p28 .
Then we can show that to order 1/mQ

kl8v81kt85klv1kt . ~42!

From Eq.~42! we can obtain relations betweenkl8 , kt8 and
kl , kt straightforwardly:
11601
l

in

kl85klv2ktAv221cosu,

kt8
25kt

21kt
2~v221!cos2u1kl

2~v221!

22klktvAv221cosu, ~43!

whereu is defined as the angle betweenkt andv t8 .

Substituting the relation betweenf0P(p) and f̃0P(pt)
@Eq. ~27!# into Eq. ~39!, using the BS equation~26!, and
integrating thekl component by selecting the proper conto
we have

G1~v!5j~v!1
1

mc
Ac~v!1

1

mb
Ab~v!, ~44!

where

j~v!52E d3kt

~2p!3
F~v,kt!, ~45!

Ac~v!52E d3kt

~2p!3

~v221!Wk1vktAv221cosu

2~v11!

3F~v,kt!, ~46!

Ab~v!5E d3kt

~2p!3

ktAv221cosu

2~v11!
F~v,kt!, ~47!
5-6
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andF(v,kt) is defined as

F~v,kt!5
f̃0P~kt!

E01mD2vWk2ktAv221cosu

3E d3r t

~2p!3
f̃0P8~r t!@Ṽ1~kt82r t!

22~vWk1ktAv221cosu!Ṽ2~kt82r t!#ukl52Wk
.

~48!

The three dimensional integrations in Eqs.~45!–~47! can
be reduced to one dimensional integrations by using the
lowing identities:

E d3qt

~2p!3

r~qt
2!

@~pt2qt!
21m2#2

5E qt
2dqt

4p2

2r~qt
2!

~pt
21qt

21m2!224pt
2qt

2
, ~49!

and

E d3qt

~2p!3

r~qt
2!

~pt2qt!
21d2

5E qt
2dqt

4p2

r~qt
2!

2uptuuqtu
ln

~ uptu1uqtu!21d2

~ uptu2uqtu!21d2
, ~50!

wherer(qt
2) is some arbitrary function ofqt

2 .
In our model we have several parameters,as

(eff) , k, Q0
2 ,

mD , E0 and E1. The parameterQ0
2 can be chosen as 3.

GeV2 from the data for the electromagnetic form factor
the proton@23#. As discussed in Ref.@11#, we let k vary in
the region between 0.02 GeV3 and 0.1 GeV3. In HQET, the
binding energies should satisfy the constraint Eq.~5!. Note
that mD1E0 and E1 are independent of the flavor of th
heavy quark. From the BS equation solutions in the me
case, it has been found that the valuesmb55.02 GeV and
mc51.58 GeV give predictions which are in good agreem
with experiments @8#. Since in the b-baryon case th
O(1/mb

2) corrections are very small, we use the followin
equation to discuss the relations amongmD , E0 andE1,

mD1E01
1

mb
E150.62 GeV, ~51!

where we have usedmLb
55.64 GeV. The parametermD

cannot be determined, although there are suggestions
the analysis of valence structure functions that it should
around 0.7 GeV for non-strange scalar diquarks@24#. Hence
we let it vary within some reasonable range, 0.65–0.75 G
In the expansion with respect to the heavy quark mass,
roughly expect@(1/mb)E1#/E0;LQCD/mb . Therefore,E1
should be of the orderLQCDE0. In our numerical calcula-
tions, we letb(5E1 /E0) change between 0.2 and 1.0. Th
11601
l-

n

t

m
e

.
e

for some values ofmD and b we can determineE0. Using
Eqs.~44!–~50! and Eq.~29! we obtain numerical results fo
the weak decay form factorsFi , Gi( i 51,2,3) to order
1/mQ . It turns out that the numerical results are very inse
sitive to the value ofb, so we ignore this dependence. W
also find that the dependence ofFi , Gi ( i 51,2,3) on the
diquark massmD is not strong. In Fig. 1 we plot the numer
cal results forFi( i 51,2,3) for k50.02 GeV3 and k50.10
GeV3, respectively, withmD50.7 GeV.

IV. APPLICATIONS TO Lb\Lcl n̄ AND Lb\LcP„V…

With the numerical results forFi , Gi( i 51,2,3) to 1/mQ
obtained in Sec. III, we can predict theLb→Lc semileptonic
and nonleptonic weak decay widths to order 1/mQ . Since the
QCD corrections to these form factors are comparable w
the 1/mQ effects, we will include both of them to give phe
nomenological predictions.

Neubert@25# has shown that the QCD corrections to t
weak decay form factors can be written in the following for
~up to corrections of the orderasL̄/mQ):

DF15j
as~m̄!

p
v1 , DG15j

as~m̄!

p
a1 ,

~52!

DFi52j
as~m̄!

p
v i , DGi52j

as~m̄!

p
ai , ~ i 52,3!,

wherev i5v i(v) andai5ai(v)( i 51,2,3) are the QCD cor-
rections calculated from the next-to-leading order renorm
ization group improved perturbation theory. The scalem̄ is
chosen such that higher-order terms (asln(mb /mc))

n(n
.1) do not contribute. Consequently, it is not necessary
apply a renormalization group summation as far as only
merical evaluations are concerned. It is shown thatm̄ can be
chosen as 2mbmc /(mb1mc).2.3 GeV. The detailed formu
las for v i andai can be found in@25#, which also includes a
discussion on the infrared cutoff employed in the calculat
of the vertex corrections. As in@25#, we choose this cutoff to

FIG. 1. The numerical results forFi( i 51,2,3) for k50.02
GeV3 ~solid lines! andk50.10 GeV3 ~dotted lines!, with mD50.7
GeV. From top to bottom we haveF1 , F3, andF2, respectively.
5-7
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be 200 MeV which is a fictitious gluon mass. Furthermo
we useLQCD5200 MeV in our numerical calculations.

A. Semileptonic decaysLb\Lcl n̄

Making use of the general kinematical formulas by Ko¨ner
and Krämer @26#, we find for the differential decay width o
Lb→Lcl n̄ @14#

dG

dv
5

2

3
mLc

4 mLb
AF1

2Av221H 3v~h1h21!2224v2

2L̄S 1

mc
1

1

mb
D @3~h1h21!2422v#1

as

p
v1~v21!

3@3~h1h21!1224v#1
as

p
a1~v11!@3~h1h21!

2224v#2
as

p
~v221!@v2~11h!1v3~11h21!

1a2~12h!1a3~h2121!#J , ~53!

whereh5mLc
/mLb

andA5@GF
2/(2p)3#uVcbu2B(Lc→ab),

with uVcbu being the Kobayashi-Maskawa matrix eleme
B(Lc→ab) is the branching ratio for the decayLc

→a( 1
2

1)1b(02) through whichLc is detected, since the
structure for such decays is already well known. It should
noted that in Eq.~53! O(asL̄/mQ) corrections have bee
ignored and the lepton mass is set to zero. The plot
A21(dG/dv) is shown in Fig. 2 formD5700 MeV, where
we also show explicitly the effects of both 1/mQ and QCD
corrections. For other values ofmD the results change only
little.

After integratingv in Eq. ~53! we have the total deca
width for Lb→Lcl n̄. The numerical results are shown
Table I for mD5650 MeV, 700 MeV, 750 MeV and for
k50.02 GeV3 ~0.10 GeV3). G0 , G1/mQ

and G1/mQ1QCD are

the decay widths without 1/mQ and QCD corrections, with

FIG. 2. The numerical results forA21(dG/dv) for k50.02
GeV3 ~solid lines! andk50.10 GeV3 ~dotted lines!, with mD50.7
GeV. From top to bottom we have the predictions without 1/mQ and
QCD corrections, with 1/mQ corrections, and with both 1/mQ and
QCD corrections, respectively.
11601
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1/mQ corrections, and with both 1/mQ and QCD corrections,
respectively. We have usedVcb50.045 in the numerical cal-
culations.

We can see from Fig. 2 and Table I that both 1/mQ and
QCD corrections reduce the decay width forLb→Lcl n̄, and
the QCD effects are even bigger. From Table I we can a
see that the dependence of our predictions onmD is not
strong.1

B. Nonleptonic decaysLb\LcP„V…

In this subsection we will apply the numerical solutio
for the form factorsFi , Gi( i 51,2,3) to the nonleptonic de
caysLb→LcP(V)(P andV stand for pseudoscalar and ve
tor mesons respectively!. The Hamiltonian describing suc
decays reads

Heff5
GF

A2
VcbVUD* ~a1O11a2O2!, ~54!

with O15(D̄U)( c̄b) and O25( c̄U)(D̄b), whereU and D
are the fields for light quarks involved in the decay, a
(q̄1q2)5q̄1gm(12g5)q2 is understood. The parametersa1
anda2 are treated as free parameters since they involve h
ronization effects. SinceLb decays are energetic, the facto
ization assumption is applied so that one of the currents
the Hamiltonian~54! is factorized out and generates a mes
@27,28#. Thus the decay amplitude of the two body nonle
tonic decay becomes the product of two matrix elements,
is related to the decay constant of the factorized meson (P or
V) and the other is the weak transition matrix element
tweenLb andLc ,

M fac
„Lb→LcP~V!…5

GF

A2
VcbVUD* a1^P~V!uAm~Vm!u0&

3^Lc~P8!uJmuLb~P!&, ~55!

where^0uAm(Vm)uP(V)& are related to the decay constan
of the pseudoscalar meson or vector meson by

^0uAmuP&5 i f Pqm ,
~56!

1We note that the results without either 1/mQ and QCD correc-
tions in Table I are bigger than those presented in Ref.@11# by
about 18%. This is because we employed a cutoff in the numer
integrations in Ref.@11#, while the integrations are carried out t
infinity in the present work.

TABLE I. Predictions for the decay rates forLb→Lcl n̄, in
units 1010 s21B(Lc→ab).

mD~GeV! G0 G1/mQ
G1/mQ1QCD

0.65 4.77~7.20! 4.26 ~6.62! 3.10 ~4.76!
0.70 5.12~7.12! 4.60 ~6.56! 3.34 ~4.72!
0.75 5.40~7.02! 4.89 ~6.50! 3.54 ~4.67!
5-8
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1/mQ CORRECTIONS TO THE BETHE-SALPETER . . . PHYSICAL REVIEW D61 116015
^0uVmuV&5 f VmVem ,

whereqm is the momentum of the meson emitted from t
W-boson andem is the polarization vector of the emitte
vector meson. It is noted that in the two-body nonlepto
weak decaysLb→LcP(V) there is no contribution from the
a2 term since such a term corresponds to the transition ofLb
to a light baryon instead ofLc .

On the other hand, the general form for the amplitudes
Lb→LcP(V) are

M ~Lb→LcP!5 i ūLc
~P8!~A1Bg5!uLb

~P!,

~57!
M ~Lb→LcV!5ūLc

~P8!e* m~A1gmg51A2Pm8 g5

1B1gm1B2Pm8 !uLb
~P!.

Alternatively, the matrix element forLb→Lc can be ex-
pressed as the following on the ground of Lorentz inva
ance:

^Lc~P8!uJmuLb~P!&5ūLc
~P8!@ f 1~q2!gm1 i f 2~q2!smnqn

1 f 3~q2!qm2~g1~q2!gm

1 ig2~q2!smnqn

1g3~q2!qm!g5#uLb
~P!, ~58!

wheref i , gi( i 51,2,3) are the Lorentz scalars. The relatio
betweenf i , gi andFi , Gi are
11601
c

f

-

s

f 15F11
1

2
~mLb

1mLc
!S F2

mLb

1
F3

mLc
D ,

f 25
1

2 S F2

mLb

1
F3

mLc
D ,

f 35
1

2 S F2

mLb

2
F3

mLc
D ,

~59!

g15G12
1

2
~mLb

2mLc
!S G2

mLb

1
G3

mLc
D ,

g25
1

2 S G2

mLb

1
G3

mLc
D ,

g35
1

2 S G2

mLb

2
G3

mLc
D .

The decay widths and the up-down asymmetries forLb
→LcP(V) are available in Refs.@29,30#:
G~Lb→LcP!5
uPW 8u
8p F ~mLb

1mLc
!22mP

2

mLb

2
uAu21

~mLb
2mLc

!22mP
2

mLb

2
uBu2G ,

~60!

a~Lb→LcP!52
2uPW 8uRe~A* B!

~ELc
1mLc

!uAu21~ELc
2mLc

!uBu2
,

whereA andB are related to the form factors by

A5
GF

A2
VcbVUD* a1f P@~mLb

2mLc
! f 1~mP

2 !1mP
2 f 3~mP

2 !#,

B5
GF

A2
VcbVUD* a1f P@~mLb

1mLc
!g1~mP

2 !2mP
2g3~mP

2 !#, ~61!

and

G~Lb→LcV!5
uPW 8u
8p

ELc
1mLc

mLb

F2~ uSu21uP2u2!1
EV

2

mV
2 ~ uS1Du21uP1u2!G ,

a~Lb→LcV!5
4mV

2Re~S* P2!12EV
2Re~S1D !* P1

2mV
2~ uSu21uP2u2!1EV

2~ uS1Du21uP1u2!
, ~62!
5-9
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TABLE II. Predictions for the decay rates@in units 1010 s21a1
2, which is defined in Eq.~54!#, and the

asymmetry parameters forLb→LcP(V).

Process G0 G1/mQ
G1/mQ1QCD a1/mQ1QCD

Lb
0→Lc

1p2 0.30 ~0.56! 0.36 ~0.67! 0.29 ~0.55! 21.00
Lb

0→Lc
1r2 0.44 ~0.78! 0.51 ~0.94! 0.42 ~0.77! 20.89

Lb
0→Lc

1Ds
2 1.03 ~1.57! 1.16 ~1.81! 1.02 ~1.59! 20.98

Lb
0→Lc

1Ds*
2 0.78 ~1.17! 0.89 ~1.35! 0.76 ~1.15! 20.38

Lb
0→Lc

1K2 0.022 ~0.039! 0.026 ~0.048! 0.021 ~0.039! 21.00
Lb

0→Lc
1K* 2 0.023 ~0.041! 0.027 ~0.049! 0.022 ~0.040! 20.85

Lb
0→Lc

1D2 0.037 ~0.057! 0.042 ~0.066! 0.036 ~0.057! 20.98
Lb

0→Lc
1D* 2 0.027 ~0.041! 0.031 ~0.048! 0.026 ~0.040! 20.42
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where

S52A1 ,

D52
uPW 8u2

EV~ELc
1mLc

!
~A12mLb

A2!,

~63!

P152
uPW 8u
EV

S mLb
1mLc

ELc
1mLc

B11mLb
B2D ,

P25
uPW 8u

ELc
1mLc

B1 ,

with

A152
GF

A2
VcbVUD* a1f VmV@g1~mV

2 !1g2~mV
2 !~mLb

2mLc
!#,

A2522
GF

A2
VcbVUD* a1f VmVg2~mV

2 !,

~64!

B15
GF

A2
VcbVUD* a1f VmV@ f 1~mV

2 !2 f 2~mV
2 !~mLb

1mLc
!#,

B252
GF

A2
VcbVUD* a1f VmVf 2~mV

2 !.

Then from Eqs.~59!–~64!, we obtain the numerical re
sults for the decay widths and asymmetry parameters
Table II we list the results formD50.70 GeV. For other
values ofmD , the results change only a little. The numbe
without ~with! brackets correspond tok50.02 GeV3 ~k
50.10 GeV3). Again, the subscripts ‘‘0’’, ‘‘1/mQ’’, and
‘‘1/ mQ1QCD’’ stand for the results without 1/mQ and QCD
corrections, with 1/mQ corrections, and with both 1/mQ and
QCD corrections, respectively. In the calculations we ha
taken the following decay constants:

f p5132 MeV, f K5156 MeV, f D5200 MeV,

f Ds
5241 MeV, f r5216 MeV, f K* 5 f r ,
11601
In

e

f D5 f D* , f Ds
5 f D

s*
.

Since the changes for the up-down asymmetries cause
1/mQ and QCD corrections are very small, in Table II w
only listed a1/mQ1QCD. Furthermore, since to orde

O(asL̄/mQ) all the six form factorsFi , Gi( i 51,2,3) can be
expressed by one form factor, sayF1, which is canceled in
a, the up-down asymmetries are model independent. Th
fore, a does not depend onk. It can be seen from Table I
that the predictions for the decay widths show a strong
pendence on the parametersk in our model. In the future the
experimental data will be used to fix this parameter and
our model.

In our previous work@13,14#, the Lb→Lc semileptonic
and nonleptonic decay widths were calculated using a h
ronic wave function model in the infinite momentum fram
by combining the Drell-Yan type overlap integrals and t
results from HQET to order 1/mQ . Comparing the results in
our present BS model with those in Refs.@13,14#, we find
that there is overlap between these two model predictio
The results withk50.02 GeV3 in the present model are clos
to those in Refs.@13,14# if the average transverse momentu
of the heavy quark is chosen as 400 MeV.

The Cabibbo-allowed nonleptonic decay widths have a
been calculated in the nonrelativistic quark model appro
@29#, where the form factors are calculated at the zero-re
point and then extrapolated to otherv values under the as
sumption of a dipole behavior. It seems that the predictio
in this model are close to those in our present work if
choosek50.02 GeV3.

V. SUMMARY AND DISCUSSION

In the present work, we assume that a heavy baryonLQ is
composed of a heavy quark,Q, and a scalar light diquark
Based on this picture, we analyze the 1/mQ corrections to the
BS equation forLQ which was established in the limitmQ
→` in previous work@11#. We find that in addition to the
one BS scalar function whenmQ→`, two more scalar func-
tions, f1P(p) and f2P(p), are needed at order 1/mQ .
f2P(p) is related tof0P(p) directly @Eq. ~22!#. Furthermore,
with the aid of the reasonable constraint on the BS kerne
order 1/mQ , Eq. ~23!, and Luke’s theorem,f1P(p) can also
be related to the BS scalar function in the leading ord
5-10
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Hence we do not need to solve explicitly forf1P(p) and
f2P(p) anymore. The BS wave function in the leading ord
of 1/mQ expansion was obtained numerically by assum
the kernel for the BS equation in the limitmQ→` to consist
of a scalar confinement term and a one-gluon-exchange t
On the other hand, all the six form factors forLb→Lc are
related to each other to order 1/mQ , as indicated from
HQET. We determine these form factors by expressing th
in terms of the BS wave functions. We also show explici
that the results from our model are consistent with HQET
order 1/mQ . We also discuss the dependence of our num
cal results on the various parameters in our model. It is fo
that Fi , Gi( i 51,2,3) are insensitive to the binding energ
at order 1/mQ , and their dependence on the diquark ma
mD , is mild. However, the numerical solutions are very se
sitive to the parameterk.

Furthermore, we apply our solutions for the weak dec
form factors to calculate the differential and total dec
widths for the semileptonic decaysLb→Lcl n̄, and the non-
leptonic decay widths forLb→LcP(V). The QCD correc-
tions are also included, and found to be comparable with
1/mQ corrections. Again the numerical results for the dec
widths mostly depend onk. We also compare our result
with other models, including the hadronic wave functi
na
re

n

D

11601
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model and the norelativistic quark model, where 1/mQ cor-
rections are also included. Generally predictions from th
models are consistent with each other if we take into acco
the range of model parameters. Data from the future exp
ments will help to fix the parameters and allow one to t
these models.

Besides the uncertainties from the parameters in
model, higher order corrections such asO(1/mQ

2 ) and

O(asL̄/mQ) will modify our results. However, we expec
them to be small. Furthermore, we take a phenomenol
cally inspired form for the kernel of the BS equation and u
the covariant instantaneous approximation while solving
BS equation. In addition, when we consider the BS equa
at order 1/mQ , in order to have solutions forf1P(p), we
assume Eq.~23! which gives the relation between the kerne
K1(P,p,q) and K0(P,p,q). All these Ansätze should be
tested by the forthcoming experiments.
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