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Revising neutrino oscillation parameter space with direct flavor-changing interactions
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We formulate direct, neutrino flavor-changing interactions in a framework that fits smoothly with the pa-
rametrization of two- and three-state mixing of massive neutrino states. We show that even small direct
interaction strengths could have important consequences on the interpretation of currently running and pro-
posed oscillation experiments. The oscillation amplitude and the borders of the allowed regions in two- and
three-flavor mixing parameter space can be sensitive to the presence of direct interactions when the transition
probability is small. We use extensively the high sensitivity of the NOMAD experiment to illustrate potentially
large effects from small, direct flavor violation. In the purely leptonic sector, we find that the cleannm andne

beams from am1-m2 collider could provide the sharpest tests of direct flavor violation.

PACS number~s!: 13.15.1g, 12.60.2i, 14.60.Pq, 14.60.St
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I. INTRODUCTION

The SuperKamiokande Collaboration’s zenith an
analysis of its data@1# may sway even a skeptic to the vie
that neutrino oscillations have been observed. The pre
form of the neutrino mass matrix and the number of neutr
species remain undetermined, however. The confusing
complicated nature of the whole collection of neutrino d
in laboratory and astrophysical settings makes for an exci
playing field for workers trying to establish a ‘‘standa
model’’ of neutrino physics. Vigorous efforts have be
made to determine whether one needs only three flavor
neutrinos, mixed either two by two@2# or with some form of
full three-state mixing@3,4#, or whether a fourth, sterile neu
trino is needed in the mixture@5,6#. There is not yet a com
pelling phenomenological or theoretical case for any of th
reasonable, and partially successful, approaches.

Direct violation in neutrino interactions is a feature of t
flavor-mixing puzzle that has received relatively little atte
tion. Most models that predict the existence of neutrino m
and mixing, and consequently neutrino oscillations, also c
tain direct neutrino flavor-violating interactions. In fac
some interesting models have no neutrino masses at the
level, but flavor-violating interactions generate them in lo
graphs@7,8,9,10,11#. Moreover, with the help of resonan
enhancement, massless neutrinos can mix in a nontrivial
in certain models and produce flavor transitions in flig
@12#. It seems natural to extend the phenomenological fra
work for oscillations of propagating neutrinos to include t
effects of direct interactions in a way that allows one
survey all effects at once. A formalism to carry out this pr
gram is sketched and illustrated in@13#, and we extend the
range of applications and uncover several new features in
present paper. Specific models are not discussed here,
we emphasize the model-independent features of
oscillation–plus–direct-flavor-violation analysis. Bounds
parameter combinations from a given model can be dire
obtained from the coefficients of our effective four-fermio
Lagrangian.
0556-2821/2000/61~11!/113007~14!/$15.00 61 1130
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As in @13#, our primary concern is with the accelerat
experiments@14,15,16#. The experimental constraints o
muonium-antimuonium conversion are now so tight@17# that
a purely direct interaction explanation of the muon decay
rest~DAR! signal reported in@14# can be rather convincingly
ruled out@18#. Here we emphasize effects that are significa
when combined with the oscillation phenomenon. For e
ample, we show in Sec. IV that direct effects can dest
oscillations in special circumstances. We also find that
high sensitivity experiments, where tight limits in regions
sin2 2u-Dm2 space are achieved, small, direct flavor violati
can change a boundary by more than an order of magnit
We illustrate this by showing examples of the effects on
largeDm2, small sin2 2u boundary of thenm↔nt mixing set
by the NOMAD Collaboration@19#. In another sensitive
comparison, we show the power of comparing the ‘‘wro
flavor’’ appearance signals from the cleannm andne beams
afforded by am1-m2 collider.

There are several studies where direct flavor violation
considered in the solar and atmospheric cases. In@20#, build-
ing upon earlier work on matter effects with direct lepto
flavor violation @21,22,23#, the combined oscillation and di
rect effects are applied to an analysis of the resonant con
sion of electron neutrinos to other species as the explana
of the solar neutrino deficit@24,25,26,27#, while in @28# and
@29#, an explanation of the zenith angle effect reported in@1#
using flavor changing neutrino-matter interactions was p
sented. In both cases significant effects were repor
though a complete explanation in terms of direct interactio
is probably not possible in the solar case. The situation is
settled in the atmospheric case. A critique of alternatives
the largenm-ne mixing solutions to the atmospheric neutrin
data such as those presented in@28,29,30# is given in@31#. A
model usingnm decay that answers the objection in@31# is
described in@32#.

We encourage the reader interested in the impact of sm
direct flavor violation on the analysis of experiments w
high sensitivity to ‘‘wrong flavor’’ appearance to go straig
to Sec. IV. The background is given in the next two sectio
©2000 The American Physical Society07-1
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In the following section, the parametrization and notation
defined, and the notion of a generalized transition probab
factor is explained. In Sec. III the experimental constrai
on flavor-violating parameters defined in Sec. II are summ
rized. As just remarked, the formalism is applied to a num
of examples drawn from current or future accelerator exp
ments in Sec. IV. We keep the constraints on flavor-violat
parameters clearly in mind in the discussion of these ap
cations. The formalism and results of its applications
summarized and several conclusions are drawn in Sec
and VI. The general forms of the probability factors th
apply to the case wherem decay provides the source of ne
trinos are given in the Appendix.

II. FORMALISM

In this section we develop a compact parametrization
direct interaction effects in neutrino flavor-changing pr
cesses. We represent the low-energy effective interact
involving neutrinos, charged leptons and first generat
quarks by the four-fermion semileptonic~S! and leptonic~L!
Lagrangians1

LS52&GFKAi j
h ~ l̄ iGAPhU jana!@ d̄GA~aPL1bPR!u#†

1H.c. ~1!

and

LL52&GFFAi jkm
hh8 ~ l̄ iGAPhU jana!~ l̄ kGAPh8Umbnb!†,

~2!

whereUia is the unitary matrix that relates mass basis Fo
space states to flavor states. The flavor states form an
proximate Fock basis in the extreme relativistic limit@33#.
Further discussion is given below in Sec. II A. Repeated
dices are summed in Eq.~1!. The coefficientsK and F,
whose indices arei , j ,k,..., represent the coupling strength
for the different lepton flavor combinations, while the indic
a,b,... label the mass eigenvalues. The coefficientsa andb
allow for different strengths forL and R couplings to the
quark currents. The Lorentz structure of the bilinear forms
labeled byA5S, V or T andPh denotes the left- and right
helicity projections. The expression in Eq.~2! is a generali-
zation of the generic muon-decay, four-fermion interact
to include lepton flavor violations of all types. By a Fie
transformation one can show thatFT

LL andFT
RR are both iden-

tically zero. Restricting application of Eq.~2! to muon decay
and~unobserved! massless neutrinos, one can show that i
not possible to test lepton number conservation from
available observables@34#.

We illustrate the notation by applying it to the standa
model ~SM! effective, low-energy Lagrangian. The lepton
neutral-current term

1The Cabibbo-Kobayashi-Maskawa~CKM! factors multiplying
GF play no direct role in our discussion, so they are suppresse
the notation.
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LSM
LNC5&GF† l̄ i@2sW

2 gmPR1gm~2sW
2 21!PL# l i‡~n jg

mPLn j !
~3!

can be Fierz transformed into an equivalent charged-cur
form

LSM
LNC5&GF†@ l̄ i~2sW

2 21!gmPLn j #~n jg
mPLl i !

22@ l̄ i2sW
2 PLn j #~n j PRl i !‡. ~4!

Next we add the SM leptonic charged-current effective L
grangian

LSM
LCC52&GF@ l̄ igmPLn i #~n jg

mPLl j ! ~5!

and the semileptonic effective Lagrangian

LSM
S 52&GF@ ūgmPLd#~ l jg

mPLn j !1H.c. ~6!

The F andK coefficients can now be read off from the S
effective low-energy Lagrangian as given in Table I.

A. Lepton flavor-changing transitions

In the usual analysis of lepton flavor oscillations, the ne
trinos are treated as massless in the matrix element kine
ics. Approximating the plane wave phase factors for
propagating neutrino to leading order in the masses, one
tors out the transition amplitude to write2

^nd~ t !uns~0!&5(
a

^nduna&e
2 ima

2t/2E^nauns&

5(
a

Uda* e2 ima
2t/2EUsaMdMs, ~7!

wheres andd indicate the source and detected neutrino fl
vors. However, this factorization is not valid when the d
pendence ofM on neutrino masses is taken into accou
@33#. Though we work in the ultrarelativistic limit, where th
neutrino massesma are set to zero in the arguments of th
matrix elementsMs,d, allowing them to be factored out as i
Eq. ~7!, we find the process dependence as discussed in@33#
to be a useful setting for the intermediate stages of our
velopment. We generalize the SM weak-process initial sta
to include new physics; for example,

in 2In the ultrarelativistic limit, one may taket5L, the propagation
length, in the following expressions.

TABLE I. F and K coefficients appropriate to the standa
model.

KV j j
L FVii j j

LL ( iÞ j ) FViii i
LL FVi j j i

LL ( iÞ j ) FSi j i j
LR

1 1 (sW
2 11)/2 (2sW21

2 )/2 22sW
2

7-2
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unm&WP;(
a

una&^na ,m1uLSM
S up1&

→Sauna&^na ,m1uLSup1&, ~8!

with LS defined in Eq.~1!. Similarly, we create a weak
process final state for the detector and use it with Eq.~8! to
construct the transition amplitude. More generally, denot
initial and final states byuI s,d& and uFs,d&, we define

Ma
s5^Fs~na!uLS1LLuI s& ~9!

and

Ma
d5^FduLS1LLuI d~na!& ~10!

as the source and detector transition matrix elements inv
ing a mass eigenstate ofna . We can write the full transition
amplitude, including direct new interactions, from creation
detection of the neutrino as

^nd~ t !uns~0!&NI5^nduna&e
2 ima

2t/2E^nauns&NI

5Ma
de2 ima

2t/2EMa
s , ~11!

where a sum over the labela of mass eigenstates is implic
here and in the rest of the paper, unless stated otherwise
subscript ‘‘NI’’ indicates that new interactions are include

As an example, let us consider a SM process that
background to electron appearance experiments,3 namely,
p1→e1ne followed by neNi→e2Nf , whereNi , f designate
initial and final hadronic~nuclear! states. We expand the SM
to include the possibility of neutrino oscillation for illustra
tion. The transition matrix elements for the source and
tector processes are~no sum ona!

Ma
s52&GFKV11

L ^e1neu~ l̄ 1gmPLU1ana!†u0&^0uOV
mup1&

~12!

and

Ma
d52&GFKV11

L ^Nf uOV
m†uNi&^e

2u l̄ 1gmPLU1anaune&,
~13!

whereOV
m designates the quark current operatord̄gmPLu ap-

propriate to the SM in Eq.~1!. In the following, we will
continue to useO to designate the hadronic current operat
In the ultrarelativistic limit, the neutrino masses are set eq
to zero in the spinors and only the leading phase depend
on masses is kept. The transition amplitude squared can
be factorized into a SM product of matrix elements squa
times the oscillation probability, involving a sum over ma
eigenstates:

3These are experiments that look for signals of neutrino flavj
interactions in a beam of neutrinos created with flavoriÞ j .
11300
g

v-

he
.
a

-

.
al
ce
en
d

uMa
de2 ima

2t/2EMa
su25~2&GF!4u~ ēgmPLn!* ~ ēglPLn!

3^0uOV
muud̄&

3^Nf uOV
l†uNi&u2uU1a* e2 ima

2t/2EU1au2,

~14!

where we have used the fact thatKV1151 in the SM. Sche-
matically, we can write the above as

uMa
de2 ima

2t/2EMa
su2;Fes~neNi→e2Nf !Pe→e . ~15!

In Eq. ~15!, Fe designates thene flux, s(neNi→e2Nf) the
SM electron-neutrino charged-current cross section,

Pe→e5uU1a* e2 ima
2t/2EU1au2 the probability that an electron

neutrino produced at the source appears as an electron
trino at the target. Our next task is to achieve an equa
transparent factorization that includes direct violation of le
ton flavor.

B. Lepton flavor-changing probability factor

To identify a flavor-changing factor that includes dire
flavor-violation effects and plays the same role as the os
lation probability factorPe→e in Eq. ~15!, we use the ampli-
tudes defined in Eqs.~9!, ~10!, and~11! and follow the pat-
tern of our preceding discussion of Eqs.~12!–~15!. Our new
‘‘probability’’ factor should reduce to the oscillation prob
ability when the direct flavor-violating couplings are turne
off, of course. For this purpose, we continue to use the p
decay source and nucleon-nucleus detector example, but
we will extract a lepton appearance probability factor fro
combined oscillations and direct interactions. We adopt
illustrative model with aV2A current withKV2l

L Þ0, with l
5t or e, but with all other non-SM coefficientsKAi j

h 50.
This model produces ap1→m11n l transition at the source
but leaves only the SM processn l1Ni→ l 21Nf active at
the target. We shall refer to this as a ‘‘source-only’’ situ
tion. The electron production rate at the detector is prop
tional to

uMa
de2 ima

2t/2EMa
su2

5u^ l 2Nf uLSunaNi&e
2 ima

2t/2E^m1nauLSup1&u2,

~16!

where the right-hand side, after spelling out the terms fr
Eq. ~1! and taking the ultrarelativistic limit, reads

~2&GF!4u l̄ glPLn^Nf uOV
l uNi&u2

3u^0uOV
sup1&n̄gsPLmu2

3u~U2a1KV2l
L Ula!e2 ima

2t/2EUla* u2, ~17!

whereKV1151 has been used. Then l appearance probability
factor, including the direct flavor-violation coefficientKV2l

L ,
is given by the final expression within absolute magnitu
7-3



a

is

ill
g

n
b
am
e
ta

us
c-
e.
lu
s

an

e

-
e-

fla-
en

tau
olli-
izes
or
the
and,
sti-
r-
hs.
ect
ted

ing
that

n
n-
ing
e-
im-
oup

ber
en-
io-
uo-

-
m

he
ly
The

ing
ect,
ons
be-

g

en-
nge

ely
ere.
l-
-
ntal
ro-
the

LORETTA M. JOHNSON AND DOUGLAS W. McKAY PHYSICAL REVIEW D61 113007
signs in Eq.~17!. The first term in this expression is the usu
oscillation amplitude for transition fromnm to n l between
source and detector.

To make the notation more compact in the following d
cussion, we define

~mb
22ma

2!t/2E[2x

KV2l
L [tance2if,

where the choices ofa and b in the definition ofx and the
values ofc and f depend upon the situation, and we w
illustrate the two-flavor mixing and the three-flavor mixin
with dominance by one mass scale@3#. We have chosen the
parametrization ofKV2l

L by tanc to emphasize that the
flavor-violating amplitude could, in principle, be larger tha
the flavor-conserving one. In practice it is constrained
experiment to be small compared to the standard model
plitude, but the parametrization reminds us that the dir
flavor-violating amplitude cannot be represented as a uni
rotation to a ‘‘source basis’’ except in the small tanc limit
with f negligible. In addition, the special circumstance m
occur that the effective flavor-violating four-fermion intera
tions have aV2A structure to match the SM structur
Nonetheless, we will refer to the transition factor modu
squared as a probability or probability factor in what follow
As we show below, the survey of direct effects on the st
dard two- and three-family mixing plots withDm2 vs
sin2(2u) contours or tan2 u13 vs tan2 u23 for fixed Dm2, for
example, can be straightforwardly extended to include dir
lepton number violation.

Isolating the probability factor in Eq.~17!, we write

Pm→15uU2ae2 ima
2t/2EUla* 1tance2ifUlbe2 imb

2t/2EUlb* u2,
~18!

no sum onl, which labelse or t. With f50, in ‘‘mock’’
unitary form,4 we have

Pm→ l5ucoscU2ae2 ima
2t/2EUla*

1sincUlbe2 imb
2t/2EUlb* u2/~cosc!2, ~19!

and, approximating the overall (cosc)22 factor by 1 to order
c2, Eq. ~19! can also be recast as

Pm→ l.uV22U2ae2 ima
2t/2EUla* 1V2lUlbe2 imb

2t/2EUlb* u2.
~20!

We have identifiedV225cosc and V2l5sinc in Eq. ~20!,
which suggests the interpretation that them from p decay is
accompanied by anm with amplitudeV22 and followed by
propagation and an oscillation tone with amplitude

U2ae2 ima
2t/2EU1a* or is accompanied by an l lÞm with ampli-

4In this paper we do not explore the possibility of largeCP-
violating angles (f;1). As Fig. 1 shows,f50.1 produces insig-
nificant effects.
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Ulbe2 imb
2t/2EUlb* to remainn l . This picture, though only ap

proximately valid and only then in the circumstances d
scribed above, is useful for seeing how the direct lepton
vor violations can be worked in with the oscillation betwe
flavors in a reasonably seamless fashion.

III. CONSTRAINTS ON THE STRENGTHS
OF DIRECT LEPTON FLAVOR VIOLATIONS

The identities of electron neutrino, muon neutrino, and
neutrino are preserved to good accuracy in decays and c
sions. Within neutrino data alone, the constraints on the s
of lepton flavor violations, though tight, often leave room f
violations at the 1/2% level in cross sections and rates. In
realm of purely charged-lepton processes, on the other h
the high degree of experimental control has lead to fanta
cally small limits on some of the ratios of lepton-numbe
violating to lepton-number-preserving interaction strengt
In this section we briefly survey the constraints that aff
our analysis the most directly. The considerations presen
here govern our choice of parameter values in the follow
sections as we illustrate some of the possible effects
direct interactions produce in concert with oscillations.

Weak SU~2! invariance of any new physics interactio
Lagrangian that produces lepton number violation will ge
erally relate the purely leptonic processes to those involv
neutrinos@18#. The severe experimental limits on the kin
matically allowed leptonic processes then translate into l
its on processes involving leptons and neutrinos, up to gr
theory factors and SU~2!-violating mass splittings among
members of boson multiplets that mediate the lepton num
violations. The purely leptonic processes whose experim
tal limits impose the strictest bounds on lepton number v
lation in muon-source experiments are muonium to antim
nium conversion@17#, m→eee, t→mee, andt→mme @35#.
There are similar constraints@35# on the strengths of semi
leptonic processes violating lepton number that follow fro
t→p1e, t→p1m and fromm conversion toe on Ti nu-
clei @36#. The constraints are summarized in Table II. T
‘‘experimental constraints’’ shown in Table II are actual
those that apply to the charged-lepton processes listed.
relationship to the bounds on the lepton-number-violat
coefficients for the neutrino processes is somewhat indir
since group theory factors, ratios of masses of virtual bos
mediating the processes, and effects due to differences
tween, say,S and V structure must be included. Followin
the model-independent guidelines of@18#, we allow a pos-
sible factor of 2 from Clebsch-Gordan coefficients and a g
erous factor of 4 in the ratio of masses squared of excha
bosons within the same SU~2! multiplet. The coefficients
shown in Table II are bounded by roughly 8 times the pur
charged-lepton process experimental constraints listed th
This value is given in the column labeled ‘‘mode
independent constraint’’@18#, so that bounds that apply di
rectly to neutrino processes can be read off without a me
conversion. The precise value of the factor for a given p
cess is model dependent. In Table II and in the rest of
7-4
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paper, a superscriptL is to be understood if none is show
explicitly.

IV. IMPACT ON ANALYSIS OF APPEARANCE
EXPERIMENTS

The very term ‘‘neutrino oscillation’’ implies path-length
dependent variation of the probability that a given flavor
neutrino appears in the beam. Moreover, neutrino oscilla
and neutrino mass are so tightly linked that evidence for
former is considered tantamount to proof of the latter
certainly in the case of vacuum oscillations. Conversely,
absence of oscillations in a neutrino flavor-violating effec
tantamount to elimination of neutrino mass as an explana
of its origin. This is not necessarily so when flavor violatio
is expanded to include direct interactions. This point
among a number that we make in the present section.
examples chosen are all consistent with the bounds desc
in the previous section and summarized in Table II.

At the beginning of this section we take the neutri
source to bep decay. We explore the interplay in th
nm↔nt case between the mass-induced, oscillating am
tude and the directly induced, nonoscillating amplitud
While it is true that small masses generally lead to vacu
oscillations, it is not strictly true that the absence of oscil
tions proves that the neutrinos are massless. In a sense t
a complement to the well-known result that massless ne
nos can oscillate as they pass through matter. These ef
are shown in Figs. 1 and 2. In Fig. 3, we show the resul
including the flavor-violation parameter ‘‘axis’’c in the
analysis of the probability bounds in the sensitive NOMA
experiment. The result is dramatic. Then we make the p
that the bound on the oscillation mixing angle for fixedDm2

depends in general on the value of the direct flavor-violat
parameterc. This is shown in Fig. 4, which includes th
possibility that the same direct flavor violation occurs at b
the source and the detector. This discussion is followed
the expansion of the analysis to the three flavor situat
Figures 5 and 6 show how different tan2 u13-tan2 u23 bound-

TABLE II. Limits on charged lepton processes and the cor
sponding neutrino process coefficientsF and K. The model-
independent constraints on theF andK coefficients are taken to b
roughly 8 times the charged lepton process limits. ForK constraints
we takeh5L, a51, andb50 in Eq. ~1!.

Coefficient Process
Experimental

constraint

Model
independent
constraint

FV2111 m→eee 1.031026 8.031026

FV2112 muonium-antimuonium 3.031023 2.431022

FV2113 t→m1ee 2.931023 2.331022

FV2213 t→e2mm 3.331023 2.631022

FV2311 t→m2ee 3.231023 2.531022

FV2312 t→e1mm 2.931023 2.331022

KV21 m2e conversion 1.831027 1.531026

KV31 t→ep0 8.231023 6.631022

KV32 t→mp0 8.531023 6.831022
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aries appear as different fixedc and Dm2 ‘‘slices’’ of the
parameter space are taken. Figure 5 is appropriate to
upcoming MiniBooNE experiment, while Fig. 6 applies
the reported NOMAD probability bound.

In the last part of this section, we show the power of t
cleannm andne beams from proposedm1/m2 storage rings
to make sensitive tests for direct flavor violation in th
purely leptonic sector. Of particular note is the prospect
advancing another order of magnitude into the param
space of directne↔nm flavor violations.

A. p decay as the neutrino source

Restricting ourselves at first to mixing of two mass eige
states, we write Eq.~19! for the probability of lepton appear
ance in the pion decay as the source in an ‘‘all-angles’’ fo
and definingFV2l

L 5tance2if:

Pm→ l5ucosc~2cosu sinueix1sinu cosue2 ix!

1since2if~cos2 ueix1sin2 ue2 ix!u2cos22 c.

~21!

As defined above,x5(m2
22m1

2)t/4E in application to Eq.
~21!, and the two-flavor mixing matrix is written as

U5S cosu sinu

2sinu cosu D . ~22!

Rearranging terms and consolidating them, we arrive at
rather transparent form of Eq.~21!:

Pm→ l5tan2 c1
sin 2u sin 2~u2c!sin2 x

cos2 c

14 tanc sin 2u sinf sinx

3~cos 2u sinf sinx2cosf cosx!. ~23!

Equation~23! has the obvious and expected feature tha
c50, we havePm→ l5sin2 2u sin2 x, the usual two-flavor,
pure mass-mixing, oscillation formula in terms of the mixin
angle u and the factorx5Dm2L/4E. Equally obvious and
expected is the relationshipPm→ l5tan2 c that holds when
u50 or x50. What is not expected is that, whensinf50,
Pm→ l5tan2 c, independent of x, whenu2c5pn/2, wheren
is an integer. Looking back at Eq.~21!, we see that whenu
2c5pn/2 and whenf50 the coefficient ofeix from the
nm→n l oscillation cancels against its coefficient from th
n l→n l term in the direct flavor-violation amplitude. The re
maining overall phase from thee2 ix factor disappears in the
modulus squared, and one is left with simplyPm→ l5tan2 c
5tan2 u. This somewhat surprising result in the case wh
there is direct flavor violation in the decay-in-flight~DIF!
source dramatizes the implications of Eq.~23! for interpret-
ing signals for oscillation, or lack thereof, in variable bas
line experiments. There are counterparts to this source e
in the muon decay case@14,16# as well as in the cases wher
direct flavor violation occurs only at the detector or in bo

-
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FIG. 1. Dependence ofPm→ l on x for u
50.03 and several different values ofc and with
Dm251 eV2, so L/E is in units of m/MeV or
km/GeV. A Gaussian smearing model has be
adopted withs50.37, which we use as an illus
trative example here and in Fig. 2. The top thr
curves, which are barely distinguishable from o
another, show the very weak dependence on
CP-violating phasef.
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the detector and source. We will comment further on th
situations and on three-flavor mixing below.

The condition for exact cancellation of theL/E depen-
dence is unlikely, of course, but the interplay between thc
andu dependence is generic, and it affects, possibly radic
if mixing angles are small, the interpretation of signals th
show a variation with path length. We illustrate th
L/E-dependent effects caused by the interference betw
the pure oscillation term and the direct flavor violation
Figs. 1 and 2.

Figure 1 illustrates the variation ofPm→ l with L/E for
fixed u50.03, or sin2 2u50.0036, for various values ofc.
Figure 2 shows the variation forc520.02 and various val-
ues ofu. Several combinations ofu andc can lead to a given
curve, which suggests that it would not be straightforward
disentangle the oscillation parameters from the compar
of the x dependence of the probability with data if sma
direct effects were included in the analysis.
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For completeness, we also show in Fig. 1 the~weak! in-
fluence off on the two-flavor oscillation amplitude. Com
paring the top three curves, we see that including
f-dependent effects for reasonablef values leaves the pic
ture essentially unchanged, as one expects when a smal
violating phase rests upon a small flavor-violating amplitu
A CP-violating phase of order one is needed if it is to ma
an observable impact. We reserve the analysis of effe
from large CP-violating phases@37# for a future study.

We see that the behavior of the probability is govern
essentially by the second term in Eq.~23!. This term makes
it clear that even smallc values can have a large effect if th
mixing angleu is of the same order of magnitude asc.

Are there circumstances where the sizes of these di
effects could be big enough to be observable? A glanc
Table II shows thatKV21(5tanc) is constrained to be far too
small, even with generous allowance for SU~2!-breaking ef-
fects, to modify the pure oscillation picture ofnm from p
FIG. 2. Dependence ofPm→ l on x for c
520.02 and several different values ofu and
with Dm251 eV2, so L/E is in units of m/MeV
or km/GeV.
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FIG. 3. Model of the NOMAD 90% C.L. limit
on nm→nt oscillations for several values ofc
with f50. The curves correspond toP
50.0006.
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decay oscillating tone . The KV32 bound is much looser
however, and interesting effects could occur innm→nt two-
flavor mixing with tanc<0.02 if umt were of the order of 0.1
or less. A large mixing angle is required betweennm and
another species by the two-flavor fit to the atmospheric n
trino anomaly. Thus mixing with a sterile neutrino is r
quired, in order to have a direct interaction effect that sho
up in a ~weakly! mixed nm↔nt sector and significantly
modifies thent appearance signal from a pion decay sou
of nm . For small appearance probabilities, the change in
nal depends rather sensitively on the value of the direct
teraction strength. We give some detail in an example in
m decay case in Sec. IV B below.

1. Impact on boundaries inm-t mixing space

Failure to detectnt’s in an appearance search allows o
to set confidence level curves inm-t mixing space, and this
gives another slant on the application of our formalism. T
recent NOMAD results@19# give the smallest probability an
tightest largeDm2 limits on the allowed region of paramete
space for two-flavor,nm↔nt mixing. To illustrate the impact
of small direct interaction effects on the NOMAD bound, w
approximate their boundary curve, which corresponds t
P50.0006 appearance probability, by the simple Gauss
smearing model@35# with parameters fit to reproduce th
main features of the NOMAD boundary in the sin2 u vs Dm2

plane for mixing ofnm and nt . Keeping these paramete
fixed, we replot the contour in the sin2 2u-Dm2 plane for
several small values ofc. As before, the smallf effects are
not interesting for our present point, and we setf50. The
result is shown in Fig. 3.

The boundaries of the null search results are significa
revised even when small direct effects, consistent with
bounds from other experiments, are introduced. NOMAD
high sensitivity to a small appearance probability in the la
Dm2 region is the reason that the inclusion of small dire
amplitudes has such a pronounced effect.

A few comments on the shape of the different curves
in order. NOMAD has a small averageL/E value, so it is
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sensitive only to largeDm2. Their L/E distribution is broad,
so the smearing almost completely damps the oscillation
the boundary curve at largeDm2. The Gaussian model is
even more extreme in this respect than the actual fit to
data. Because of the factor sin 2(u2c) in the expression for
Pm→t , for 0<u<p/2 the positivec values reduce the am
plitude and the sin2 x factor has to compensate. This event
ally drives the curve to higherDm2 for a givenu value. The
opposite behavior occurs whenc is negative. The role of the
term tan2 c is most apparent at large values ofu, where thec
in the argument of sine is inconsequential, but the addition
tan2 c to the probability allows a fit with somewhat smalle
Dm2 at u5p/2. The crossing of positivec curves with the
c50 curve is forced by the largeDm2 and smallDm2 be-
haviors just described.

2. Direct flavor-change bounds inc-u space

Proposed high-sensitivity experiments to probe sma
Dm2 and sin2 2u regions can also place discovery limits an
upper bounds on direct, flavor-violating interactions invo
ing neutrinos. For example, Fermilab@38# and CERN@39#
proposals aim to pushPm→e bounds down to 1024 at 90%
C.L., while the Fermilab-Soudan experiment, MINOS@41#,
is shooting for a bound of 1022 on Pm→t . Similar sensitivity
is proposed in muon collider sources of purene and nm
beams.

Let us consider the situation wherenm’s originate fromp
decays, which will be the case in the MiniBooNE experime
@38#. If the new flavor physics is only at the source, Eq.~23!
applies. If one has the same new physics amplitude at
source and detector, the corresponding expression is

Pm→ l54 tan2 c cos2 x1sin2 2u sin2 x

22 tanc sin 2u sin 2f sin2x. ~24!

Assuming that the CP-violating phasef is small, we can
readily illustrate the influence of thex and u values on the
limits on c imposed by a given 90% C.L. bound onPm→ l .
7-7
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FIG. 4. Contours of 90% C.L. upper bound
in c-u space forx51 and Pm→e51024. The
cases where the new physics is at the source o
and where it is at both the source and detec
with equal amplitudes are shown.
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In Fig. 4 we show the boundaries inc2u space for a fixed
value of x51.27(L/E)Dm251 when Pm→ l<1024 is im-
posed. Figure 4 gives the source-only case and the sou
plus-detector case boundaries. The specifications of M
BooNE areL.500 m and typically 0.5<E<1.0 GeV @38#,
so x.Dm2 for purposes of translating the graphs
MiniBooNE’s capabilities.

In Fig. 4 the areas within the ‘‘egg-shaped’’ regions a
allowed at the 90% C.L., and the maximum allowed dire
flavor-violation parameter is evidently a function of bothu
and x. It is generally assumed that the best bound on
flavor-violating amplitudes is obtained when the oscillatio
are not present, but the ‘‘tilted egg’’ in Fig. 4 shows that th
is not necessarily the case. The interference between th
cillation and direct amplitudes in the source-only situati
makes the biggest direct flavor violation effect occur at n
zerou. When the same flavor violation is assumed to ap
at the source and detector, the symmetry of the setup ens
that the maximum allowed value ofc occurs atu50, which
is the usual expectation.

With the Dm2 value chosen, the bounducu<1.631022

results, which is an order of magnitude stronger than
current direct bound from neutrino processes, but still mu
weaker than the bound that can be inferred from the limits
m→e transitions in heavy nuclei as listed in Table II.

3. Three-flavor system

Distinct new possibilities are created whene, m, and t
flavors are all included in the picture with mixing plus dire
flavor violation. Here we reexamine thep source,e and t
appearance possibilities with three flavors, using the ‘‘o
mass-scale-dominance’’ model@3#.

Since the experimental constraint onKV21 makes it irrel-
evant for our purposes~see Table II!, we do not include it in
the expressions below. With flavor violation at the sou
and restricting ourselves toV-A structure, we need only con
sider theKV22 and KV23 coefficients. To the first order in
flavor violation, we have
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Pm→e5sin2 2u13sin2~u231cm!sin2 x cos22 cm ~25!

and

Pm→t5tan2 cm14 sin2 x cos2 u13cosu23cos22 cm

3sin~u231cm!@2sincm1cos2 u13cosu23

3sin~u231cm!#, ~26!

whereK23[tancm and the mixing-angle convention is tha
of @35#; namely, U135sinu13e2d13, U235sinu23cosu13,
andU335cosu13cosu23. We have assumedd1350 and real
KVi j values.Pm→e(Pm→t) includes the amplitude thatnm is
produced at the source and oscillates tone (nt) plus the
amplitude thatnt is produced at the source and oscillates
ne ~remainsnt!. Note that, as in the two-flavor case, th
special conditionu1c5np destroys the oscillation ampli
tudes, and in them→t case there is a second condition wh
this can happen. The lack of symmetry betweenPm→e and
Pm→t results from our neglect of theK21 coefficient in the
amplitudes. Figure 5 shows the effect of choosing differenx
values~i.e., differentDm2 values for fixedL/E! and nonzero
cm values on thePm→e51024 boundary in the tan2 u13 vs
tan2 u23 plane, which is appropriate for the MiniBooNE@38#
parameters.

For Dm251 eV2 the change in the small tan2 u23 region as
cm is turned on is noticeable already atcm50.01. The dis-
tortion grows rapidly withc, and the log tan2 u23 minimum
value moves well below 1026 when cm50.02 andDm2

51. The symmetry of the graph about the tan2 u1351 line is
a consequence of the equivalence of theu values below and
abovep/4 caused by the sin2 2u factor.

The influence of flavor violations int flavor processes is
not so tightly constrained experimentally as for strictlye plus
m, and we look at this situation next. We contrast the bou
on thet appearance probability in the cases that the fla
violation is at the source alone and the source and dete
both. In Fig. 6 we again look at the tan2 u13 and tan2 u23 plane
7-8
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FIG. 5. Contours of 90% C.L. upper bound
in tan2 u13 vs tan2 u23 space for several sets o
cm , Dm2 values and with fixed valuePm→e

51024. The new physics effects are taken to b
at the source only.
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boundaries forPm→t5631024, as in the NOMAD experi-
mental boundary, discussed in Sec. IV A 1 above in the tw
flavor model. Plots withDm259, 6, and 3 eV2 are shown,
with oscillation only in the 9 and 6 eV2 cases, but withcm
50.02, 0.0, and20.02 for the source-only case atDm2

53 eV2 and, for comparison,cm50.01 and20.01 in the
source-plus-detector case atDm253 eV2.

The most noteworthy feature of Fig. 6 is that there is
‘‘confusion effect.’’ The boundary curves forDm253 and 6
eV2 for different flavor-violation situations crowd togethe
and give a portrayal of the complications that arise wh
direct flavor violations and oscillations become competiti
The smaller values ofc used in the ‘‘source-plus-detector
situation compared to the ‘‘source-only’’ are forced by t
lack of solutions to the probability equation whenucu is 0.02.
The reason is that there is a leading term 4 tan2 c, so that
there is no way to obtainP50.0006 when the lead term i
0.0016 and the sin2 x term is as small as it is in the NOMAD
experiment because of the smallL/E.
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B. m decay as the neutrino source

With muon decay as the neutrino source, there are e
tron and muon neutrino appearance examples within
two-state system involving the flavor-violating coefficien
FV2111, FV2212, andFV2112. We give general expressions fo
cases wherene→nm , ne→nt , nm→ne , andnm→nt in the
Appendix. Again, restricting ourselves to a V-A form for th
new interactions, the general form of the probability fac
for n̄m→ n̄e transition, assumingm1 is the source, is

Pm̄→ ē5u22i sinxe2 ix sinu cosuFV2211

1~122i sinxe2 ix sin2 u!FV2111u2

1u22i sinxe2 ix sinu cosuF2212

1~122i sinxe2 ix sin2 u!FV2112u2. ~27!

The corresponding expression forne→nm, Pe→m, is ob-
tained by the interchangesFV2111↔FV2212 and cosu↔sinu.
s

or
or
h
first
FIG. 6. Contours of 90% C.L. upper bound
in tan2 u13 vs tan2 u23 space forDm259, 6, and 3
eV2. The curves are designated as source
source and detector according to whether flav
violation is included at the source only or bot
the source and the detector. In paretheses the
number is theDm2 in eV2 and the second is the
value of cm . For c50 there is no direct flavor
violation, so the ‘‘source’’ and ‘‘detector’’ labels
are not meaningful.Pm→t50.0006, appropriate
for NOMAD.
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FIG. 7. Dependence ofPe→m for a m-decay
source onL/E for u50.1, cem50.0, and several
different values ofcmm and withDm251 eV2, so
L/E is in m/MeV or km/GeV.
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As in thep-decay case, Fig. 1, unless phases of theF’s are of
order 1, they play an insignificant role in the probabili
factors and we take them to be zero in the following disc
sion. Referring to Table II, we see that we may drop
FV21115tancee term since it is several orders of magnitu
smaller than the other lepton number-violating coefficients
m decay. We takeFV221151 and expand the resulting ex
pressions using the parameterizationsFV21125tancem and
FV22125tancmm . The resulting expressions are given by

Pm→e5tan2 cem1sin2 x sin2 2u~11tan2 cmm2tan2 cem

22 cot 2u tancmmtancem!, ~28!

wherePm̄→ ē5Pm→e whenF’s are real, and

Pe→m5tan2 cmm1@sin2 x sin 2u sin 2~u1cmm!#cos22 cmm

1tan2cem~12sin2x sin2 2u!. ~29!

Dropping thecee in the expressions forPm→e and Pe→m
produces the lack of symmetry between the two equatio

It is clear from Eq. ~27! and the restrictionuFV2112u
[u tancem u<830.00350.024 that the effect of direct inter
actions on the amplitude ofm→e oscillation will be impor-
tant only if it turns out thatPm→e<531024 and experi-
ments can explore that region@40#. We return to this issue
below. Thee→m oscillation amplitude can be more strong
affected, because the branching fraction form→e1nm1nm
is not directly constrained by bounds on isospin relat
purely charged-lepton processes. Therefore, on these gro
alone, sizable effects cannot be excluded in thene→nm ap-
pearance case.5 TheL/E dependence ofPe→m in Fig. 7 dem-
onstrates the strong effect that thec value has on the ampli
tude.

5In specific models, indirect constraints onFV22125tancmm from
m→eg limits apply to a combination of amplitudes that includes
tancmm .
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Here we show the oscillation probability as a function
L/E for several choices ofcmm with cem50 andu50.1. The
effects ofcem are negligible with the chosen values ofcmm
andu in this case also, as one anticipates from inspection
Eq. ~29! and the bound on tancem mentioned above. Note
that the factor sin 2(u1cmm) in Eq. ~29! destroys the oscilla-
tions in the casec520.1, simply because the choiceu
50.01 is made for the graph.

1. Comparison ofne appearance tonµ appearance

The behavior ofPe→m shown in Fig. 7 can translate int
significant differences in the appearance probability foe
compared tom in neutrino experiments whose beams a
extracted from muon collider storage rings, for example.
Fig. 8 we show the ratio ofPm→e to Pe→m as a function of
cmm , with u50.003 andDm251 eV2, chosen to be in a
range allowed by the liquid scintillation neutrino detect
~LSND! and not excluded by other experiments.

The parameters chosen for Fig. 8 are guided by a rec
proposal for a medium baseline appearance search win
beams fromm decay@40#. In Table III we summarize the
relevant parameter values.

As Fig. 8 shows, the value of the ratio changes rapidly
a function ofc and offers a possible method to directly co
strainc down to 0.01 or less by comparing thenm→ne os-
cillation signal to its inverse. We can put this another way
comparing estimates of the number ofe2 events with the
number ofm1 events detected downstream fromm2’s de-
caying in flight. In a purely oscillation picture, thee2 result
from nm oscillating tone , while them1 result fromne os-
cillating to nm . In Fig. 9 we show a plot of the number o

TABLE III. Parameter values from@40# used in Figs. 8 and 9.

sin2 2u50 ^L/E& s sin2 2u51

nm events511600m2 0.66 0.20 ne events56400e2

ne events55070e1 0.75 0.26 nm events53280m1
7-10
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FIG. 8. Dependence of the ratioPm→e /Pe→m

for a m decay source oncmm for sin2 2u50.003,
and with Dm251 eV2. See text for treatment o
L/E.
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events expected vsc for the sin2 2u and Dm2 values as-
sumed, given the SM event rates estimated in the se
experiment proposed in@40#.

Figure 9 makes evident that interference between the
cillation and direct amplitudes greatly enhances them1 ap-
pearance rate estimate asc grows, while there is little effect
~a factor of sec2 cmm! on the e2 rate. The numbers forc
50 correspond to the pure oscillation numbers given in@40#,
but decreased by the factor sin2 2u50.003 forDm251 eV2,
since the numbers there refer to sin2 2u51. We see again tha
looking for new physics may be quite fruitful in the compa
sons of appearance signals in ‘‘pure’’ neutrino beams p
vided by muon colliders. The currentdirect limit on cmm can
be extracted from the limit@42# s(nm1e2→m21n)/s(nm
1e2→m21n)5tan2 c<0.05 or tanc<0.22. As Figs. 8 and
9 indicate, findingNe2>Nm1 is sufficient to improve the
bound roughly toc<0.02, an order of magnitude better tha
the bound inferred from@42#. Allowing ucemu50.025 has
little effect on this statement.

2. Impact on boundaries in e-µ mixing space

Referring next to Eq.~28!, let us consider what a pro
posed reach toPm→e<3.531024 at 90% C.L.@40# affects
the impact of direct interactions on theDm2 vs sin2 2u con-
tour. Specifically, how dom2→e2nmnm and →e2nenm
sources affectne appearance fromm2 sources~or ne appear-
ance fromm1 sources!? From Eq.~28! one can show tha
tan2 cem<Pm→e/(12tan2 cmm sin2 x), which essentially mean
that tan2 cem<Pm→e for small tancmm . In particular, for
u tancmm u<0.2 andPm→e53.531024, 0.0187<(tancem)max
<0.0193. This range is slightly less than the mod
independent estimate, albeit on the generous side, of
bound ucemu<0.024, which follows from the experimenta
limit on muonium-antimuonium transition@17#.

We show thePm→e53.531024 contour in Fig. 10 with
several sets of values ofcmm andcem . The lack of sensitiv-
ity to cmm with cem.0, already evident from Eq.~28! and
Fig. 9 is indicated in Fig. 10 by the pileup of curves wi
11300
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cem<0.01. The situation changes drastically whenc
50.018, near its upper bound for solutions forP53.5
31024 to exist for someDm2,u range of values. As noted in
the Introduction, possible direct interaction contributions a
too small to affect the LSND oscillation signal fits. If LSND
results are not confirmed and the limits drop to the level
Pm→e'1024, then the interpretation of those bounds shou
include the possible range of direct interaction strengths
lowed by limits from other experiments. Correlated limits o
Dm2, sin2 2u, and tanull8 can then be studied with the ne
data.

V. SUMMARY OF RESULTS

Direct lepton number-violating interactions and neutri
mass terms often go hand in hand in physics beyond
standard model. With this in mind we developed a gene
parametrization of lepton number-violating interactions th
fits smoothly with the usual description of neutrino oscill
tions in terms of mixing angles. We defined generaliz
‘‘probability factors’’ and illustrated with a number of ex
amples drawn from accelerator appearance experimenta
ups. We concentrated on the case where the structure o
effective four-fermion, charged current, flavor-violating o
erators isV2A. This is the cleanest situation and lends its
to a parametrization in terms of angles that makes the rol
new interactions in the ‘‘wrong-flavor’’ appearance probab
ity factors rather transparent. For example, in Eq.~23! the
direct effects are expressed in terms of a leading term
gives all of the appearance probability when there is no
cillation, a second term that gives the interplay between
oscillation and direct effects and shows that there is a spe
condition u2c5 integer3p/2 where the usual oscillation
term can be zero even when there is a neutrino mass di
ence and a mixing between flavors. The role of the C
violating phase in the flavor-violating coupling is isolated
the last term, which is zero when the phase is a multiple
p, so the entire expression can be decomposed into rea
interpretable pieces.
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FIG. 9. The numbers ofe2 and m1 appear-
ance events as a function ofcmm , cem50, for
sin2 2u50.003 and withDm251 eV2. See text
for treatment ofL/E.
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Because the limits on lepton flavor violation are genera
tight, the impact on the oscillation picture of appearance
disappearance is limited to cases where the oscillation p
abilities are small and sensitive to the precise values of
mixing angles. We illustrate such situations in detail in S
IV, where the sensitive dependence of the appearance p
ability on the relative values of the flavor-violating anglec
and the mass-mixing angleu is shown in Figs. 1, 2, and 7 fo
the amplitude of the oscillation behavior, in Fig. 3 for the t
NOMAD, m→t, two-flavor mixing boundaries, and in Fig
6 for the corresponding three-flavor mixing boundaries in
one-mass-difference dominance model. The NOMAD
periment examples are carefully done within the limits i
posed on the size of the flavor violations, as summarize
Table II. We present similar considerations for the ca
where the source ism decay, and the boundaries appropria
to a proposedm storage ring environment are shown in Fi
10, again for realistic constraints on the flavor-violati
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Figure 4 illustrates another new effect that shows that c

must be taken in interpreting limits set by wrong-flavor a
pearance searches. The behaviors of thePm→e51024 bound-
aries for source only and source plus detector are quite
ferent as viewed in theu-c plane. The former boundary i
‘‘tilted’’ and so the bound onucu set by the 90% C.L. bound
ary is correlated with the value ofu so that, contrary to the
usual expectation, the bound onc is not obtained by setting
u50. The boundary for the latter situation, however, do
conform to the usual expectation.

We show how the comparison of electron appearance
muon appearance experiments in a cleanm storage ring en-
vironment could be used to increase the sensitivity to dire
neutrino flavor violations by an order of magnitude in t
discussion of Figs. 8 and 9. These show the rather str
sensitivity of the muon appearance effects on the value of
violation parametercmm .
FIG. 10. Pm→e53.531024 boundaries at
90% C.L. for several sets ofcmm ,cem values as
shown on the legend.
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VI. CONCLUDING REMARKS

A theme that recurs throught the analysis in Sec. IV is t
small, direct flavor violation can seriously complicate t
picture of wrong-flavor appearance in a number of exp
mentally realistic situations. In short, the interpretation o
signal can be quite ambiguous. To sort out the comp
picture, a number of measurements at various values ofL/E
in a variety of different channels is needed. Perhaps
cleanest and most flexible environment for such studie
provided by am1m2 collider with an associated facility fo
neutrino beams. Studies such as those exemplified in@40#
can put much more stringent tests on direct neutrino fla
violation than currently exist, while at the same time allo
ing detailed oscillation analysis. Direct flavor-violation e
fects in semileptonic processes require pion and kaon be
of course, and the BooNE experiment will provide an exp
ration of a wide range of parameter space, for example.

Though the direct flavor-violating strengths are co
strained to be small, the matter-enhancement effects can
to large transition probabilities, as analyzed in@28# and@29#,
and for small probabilities the ‘‘vacuum’’ effects in acce
erator experiments can lead to important modification of
oscillation description. We conclude that the crucial ro
neutrinos play in our understanding of particle and as
physics requires that data be analyzed with the relevant
vor violation included to properly interpret current and futu
experiments. The present work provides a framework for t
task and provides vivid, realistic examples of its applicati
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APPENDIX: MUON DECAY APPEARANCE
PROBABILITIES

We gather the general formulas for appearance proba
ties that apply when muon decay is the source of neutrin
The presence of two neutrinos in the final state, only one
which is detected by a choice of lepton flavor sensitive
tector, makes the analysis slightly different from the situat
when meson decay provides the source of neutrinos:

Pe→m5(
k

uF2k1 jU jc* e2 iEctU2cu2, ~A1!

Pm→e5(
k

uF2 j 1k* U jc* e2 iEctU1cu2, ~A2!

Pe→t5(
k

uF2k1 jU jc* e2 iEctU3cu2, ~A3!

Pm→t5(
k

uF2 j 1k* U jc* e2 iEctU3cu2. ~A4!

In all of the expressions, the repeated indices within the
solute square are understood to be summed. By choosi
given process, keeping the dominant flavor-transition ter
and parametrizing theF amplitudes by angles, them-decay
source expressions in the text can be reproduced from t
expressions.
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