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Mass hierarchies and the seesaw neutrino mixing
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We give a general analysis of neutrino mixing in the seesaw mechanism with three flavors. Assuming that
the Dirac andui-quark mass matrices are similar, we establish simple relations between the neutrino parameters
and individual Majorana masses. They are shown to depend rather strongly on the physical neutrino mixing
angles. We calculate explicitly the implied Majorana mass hierarchies for parameter sets corresponding to
different solutions to the solar neutrino problem.

PACS numbds): 14.60.Pq, 12.15.Ff

One of the most pressing questions in particle physics hadereU, andV, are left-handedLH) and right-handedRH)
been the determination of the intrinsic properties of the neurotations, respectivelynd®is a diagonal matrix with eigen-
trinos, namely, their masses and mixing angles. The receNaluesm; (i=1,2,3). The Majorana mass eigenvalues are
atmospheric neutrino dafa] suggest strongly that neutrinos given by Mi=1/Ri2 (i=1,2,3). For simplicity, we assume
do have masses, and that, unlike the quark sector, at leagiatu, andV, are reali.e., we ignoreC P violating effects.
some of the mixing angles are large. The most appealingote thatv, also contains contribution from the diagonaliza-
model for small neutrino masses derives from the seesayjon of M ~2, and thus it may contain large angles. However,

mechanism(2]. In doing so, however, one also introducesye will restrict our discussions to reasonably small angles
additional unknowns in the form of the Dirac and Majorana < /4) in v,,.

mass matrices. We do have a harj(_ile on the Dirac r_natrix, It is convenient to WritdjalmeﬁUO:NNT, where
since, from the ideas of grand unified theor@&UTS9), it
should be similar to that of the quark sector. Not much is my Ry
known about the Majorana mass matrix. The challenge iN:mgiag\/OM— 12_ m, Vo R,
then to find out what the Majorana matrix is like in order for
the effective neutrino mass matrix to come out correctly. M3 Ry

In this paper, we will analyze the general structure of the (2)
seesaw mass matrix. Without loss of generality, we willFor hierarchical Dirac masses, to a good approximation
work in the basis in which the charged lepton and Majorana

- . . . ml lell 0 0
mass matrices are diagonal. As a starting point, we assume
that the Dirac mass matrix, in analogy with the quark mas m, Vo=|[ MVyr myVy, 0 . (3)
matrix, has hierarchical eigenvalues and small left-hande ms MaVa; MgV MsVas

mixing angles. Even in this case, large mixing can occur .
through the interplay of the Dirac and Majorana matricesHere V;;=(Vo);; are the matrix elements &fy. More pre-

[3-7]. cisely [8], the leading correction to this approximation is a
In the seesaw mechanism, the effective neutrino mass m&H rotation with rotation angles
v ie eff —1.T ; ;
trix is given bym _diTDM- mp. Thfa Dirac m?tlrl?( can be my Vo My Vig My Vg
written asmp=U,m3°%, in the basis whert! ~! is diag- (12,013,029 =| — o — T — |-
My Vo 'M3 Vg Mg Vg
onal,
This can be absorbed intd,, and will be ignored hence-
R 0 O forth.
v-i-l 0 RZ o . If M~1ocl, thenNNT will be diagonal andm®™ will be
- 2 : (1) diagonalized byU,. WhenM ™1 deviates from the identity
0 0 R} matrix, the product/,M ~*/2 is no longer orthogonal; then
N=UNY9, whereU and W are LH and RH rotations,
respectively. The LH rotatiot) is induced byM ~*/2 so that
*Email address: tkkuo@physics.purdue.edu (U™ tUg hm®f(UU) = (N9392, Thus, the mixing angles
"Email address: wu@dirac.uoregon.edu for the effective neutrino mass matrix come frodyU,
*Email address: mansour@physics.purdue.edu while the eigenvalues dfl are justym®, with m*" denoting
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the effective neutrino masses. To the extent that we mayhus we find

assumdJ, to be nearly the identity matrix, the case of large al a a
.. . . . . . . . 2 3
mixing angles receives its main contribution frdgy which ,
is induced byM. N{ =R (23JNRr(23)=| O wp O [, 9
From Eq.(2), we have 0 0 pus
RimVy, 0 0 where (,,as)=(a-],a-¢)Rg(23). Note that the mixing
N=| Rimy,V,, Ro,m,V,, 0 _ (4)  angle 5, is maximal wherb?=c?. Also, a mass hierarchy,
RiMsVa; RoMsVay RaMsVas w3 wo, implies thatb-c~c?, i.e.,b andc are nearly par-

allel. Since|as|<=a<us, a LH (13) rotation R (13), with

While we have assumed that the Dirac mass eigenvatjes 0ﬁ3~|a3|/,u3<1, removes the13) element ofN/ without

have the hierarchical structure of the quark masses, little iﬁhanging the other elements appreciably. Summarizing, we

known about the values @, . w2 o2
see that, ifa*<c?,
The problem within the seesaw model is then twofold.
One, given the parametens , R;, andV;;, what is the LH ai a, O
rotation matrixU as defined bjN=UN®*W? Conversely, if N=R_ (13R (23INRR(23=| 0 p, 0 |, (10)

we know U, i.e., the physical mixing angles for the neutri-
nos, what can we deduce about these parameters? We will 0 0 wus

d'SE”tSS thetset issues in this e whereR, (13)=1, R is defined in Eq(6), and the rotation
et us start from a genera matrix angles inR_ g(23) are given in Eq(7). The final diagonal-

a; a, as ization of N can be achieved by a combined LH and RI2)
N=| b, b, bgl. (5) rotation. In particular, maximal mixing is possible if,
~ u,. We emphasize that as long as {i8) rotationR (13)

Ci C2 C3 is small, the diagonalization dfl can be decomposed into

Anticipating the applications to the neutrino sector, we will that of two 2<2 matrices. This is a very useful simplifica-

2 2.2 .2 tion.
assumea”<b”~c",where we have used the notatien Of particular interest in neutrino physics is the possibilit
=(a;,a,,a3), etc. We have shown elsewhd®] that when P phy P y

a matrix is brought into the upper triangular form, we can®f large mixing angles. Assumintg|<|c|, which ensures
obtain the LH mixing angles easily. Now, it is always pos- that #1;<1, maximal(23) rotation, 035= /4, is obtained if
sible to find a RH rotation so th&t becomes upper triangu- |b|=|c|. There are now two possibilities:
lar. In fact, ge»ometrically, this amounts to a new coordinate (A) |b-c|>|bxc|2.
system where is aligned with the thi[d a>§is,ewhile tt]e Sec-  In this case, from Eq(8) we find that,u§z|5>< c|?/(c?
ond and first axes are in the direction® (bxc) andbxc,  +b?)<u3. Under this condition, we can have bimaximal
res_,pectively. It is then clear that, for an appropriate RH ro-mixing, 6},= /4. This is achieved ifr,= u,. Note that, for
tationR, |bxc|<|b-c|, we have the bounftan2633<|bxc|/|b-c]|.
Thus|sing3a- ¢|<u,, so the condition,= u, can also be

, () Written ‘E‘Sé'jzﬂ{

(B) |b-c|~|bXxc]|.

In this caseu,~us. All of the components ofa are
where =bx¢/[6x¢|, j=cx(6xE)/(|c||6x¢]), and ¢  smaller than u,, in particular, |us|>a,. Thus, 6,
—=&/|¢]. Note that, since the physical mass matrix is given by | ®2//|#2|<1, and we can only have single maximal mix-

NN, the matrixN in Eq. (5) is arbitrary up to any RH Knowina N. the ab vsis vields th . L
rotation. The matrix in Eq(6), however, is constructed en- nowing N, the above analysis yields the neutrino mixing

L . . .

tirely from rotational invariants, and is given in terms of 2nglesé; . In Eq.(4), Nis given in terms of the parameters
physical quantities. There is still some ambiguity in Eg), ™M Ri_v andVj; . There are generally two classes of possi-
in that the diagonal elements can be of either sign, correbilities: (A) Al R; are of the same order, ¢B) there is a

sponding to the choice of orientation of the axes. strong hierarchy in the Majorana sector.
To diagonalizeN, we first diagonalize it$23) submatrix For the case of no Majorana hierarctigy~R;~R3, we
explicitly by R, (23) andRg(23), with can find approximately the rotation angles, which give
N S s > > 2 2 2
2|b-c 2|b-c||bxc = m; Ry m; Ry m;R;
tan 265,= u tan 205,= |9 - L 9| —. (n R-= RIZ(_2V21 Rig| ——Va1|Rasl ——Va2|, (11
c?—b? c*+(b-c)?—(bxc)? myR3 mzR3 mMgR3
Further, the eigenvalues of are u, and w3, with so thatR NN'R/=N3_,.In other words, the induced neu-
2 1o o s 1o io e 1 trino mixing angles are given approximately by
maz=7 (C°+bH)FA, A=z (c*+b)*—|bxc[> B  ~(mMy/mM,)Vy, (1,9)=(1,2),(2,3),(1,3).Unless there
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is a stronger hierarchy in the Majorana sector in comparisofNote that, as in Eq(6), the entries ofN in Eq. (15) are
to the Dirac sector, all neutrino mixing angles are negligibleuniquely determined by the physical neutrino parameters,
whenV;; is reasonably small. while Eqg.(13) is not.

To analyze the situation when there is a strong hierarchy A Similar analysis can be done fe?s,. Here, Eqs(13)
in R, we will limit our discussion to situations which are and(15) are no longer valid. To lowest order & ande and
physically interesting. For this purpose, it is actually moreWith ¢=m/4, we obtain

convenient to reverse our procedure above, i.e., given the €N, 0 0

physical mixing angles, we deduce the form of the maltix 5

We note that, experimentally, it is quite suggestive that the N3 Sanz N2 [ Se 0

neutrino masses are hierarchical, and that the neutrino mixs _ \/5( 25n§) \/E(C" e) (16)

ing matrixU, (a=e,u,r;i=1,2,3) is given approximately

by N3 S24n5 ny e\ V2n,
32 et

U=Rosl ¢)R1s( €) Ryl 0) 21 2em 2

We may now compare Ed4) to Egs.(15) and(16). Given

the neutrino parameters,, s,, and e, this method gives
, (12 immediately the Majorana masséé;, assuming that we

may identify the Dirac masses with the quark masses. We

emphasize that this comparison is viable because the lower
where tagp~©O(1) and e<1 [9]. We have kept only the triangular form for theN matrix is unique, there being no
leading terms of in U. Here, ta can be either of order 1 more ambiguities due to RH rotations. Also, the structure in
(corresponding to the “bi-maximal” mixing scenajioor  these equations shows immediately that they are consistent
could be smalle*single-maximal” scenarid. In the latter ~ only if there is a very strong hierarchR,;>R,>R;. Next,
situation, we will discuss two possibilitie$A) e<s,, (B) we will discuss in detail the physical consequences of this

e>s,. Appropriate approximations can be obtained for eacHesult. _ _ _ . .
of them. Assuming hierarchical Dirac neutrino masses and small

For the case<s,, the matrixN is RH rotation angles, it is seen from Ed4) that theN matrix
is naturally of lower-triangular form. The discussion of

Cg Sg €
=~ _(80C¢+ €C05¢) (C0C¢_ 6595(15) S¢
(SgSp—€CyCy)  —(CySyt €SeCy)  Cy

np 0 O CoNy SyNo €ng physical constraints can be done most conveniently in this
lower triangular basis. In this section, we will start from Egs.
= 0 n, O |=[ —sycen CyCyn SeN ' .
N=U 2 Orell  MoREZ D413 (4), (15), and (16) and present the results for the neutrino
0 0 n3 SeSgN1  —CySgNa  CyNg parameters derived from different solutions to the solar and

13) atmospheric neutrino observations. To be concrete, we will
. . . usep=45°, andm;=(m,,m;,m,) (at the seesaw scaleal-

up to an arbitrary RH rotation. From Eq13),ZW|2th thf a;s- though different choices can be accommodated.
sumptionn; <n,<ng, it is readily seen thab</sj, = c/cj, (A) e<s,:

_n2_ ff '
=n3z=mg’, and Depending one, Eq. (15) gives rise to three different
patterns, with the largest elements located in (@e(2,2),
(3,2, (b) (i,)),i=1,2,(c) (2,1, (3,1 positions, respectively.
It can be seen that only tyda) with e< mgﬁl mgﬁ is natural,
which we will concentrate on. In this limit, with tan

These two equations imply thatandc are nearly parallel to >ny/ny,

|bXc| cynong  cyny
Sahi IS - <1. (14)
Ib-c|  sycen3  SeCeNs

leading order inn,/n;. Also a<b,c, so that our general SgN, 0 0
analysis is applicable tbl.
We can put Eq(13) in the lower triangular form through ic ot 0
a RH rotation. We have N= 27 2 17)
a 0 0 1 1 ng
- > ——=CpNy —=N3 V2 =
b-a/a  |axb|/a 0 2 V2 s
N= > (axb)-(axc) (axb)-c where we identifyn?=m¢". Comparison to Eq4) immedi-
c-ala —— 5> ately yields(with V=V ~Vzz~1
alaxb| |axb| vy (eﬁ . “(R 22)2/33 )2/ -
m2 :n2: 1m1 S,=M /S 13
\Vean3+s2n5+ €°n3 0 oo

=| (CgspConz+sgeni)/a  sys4nn3/a

(— s¢sgc9n§+ cd,eng)/a SeCyNaNz/a  Ny/sgs,

mgﬂ: n§= 2(R2m2)2= 2m§/M 25
mS"=n?=sj(Rymy)®/2= S;M7/2M5. (18)

—V31/Va1= V3 Vap = My/mz = me/my.. (19
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Quite surprisinglymS" scales asn? rather tharm? . This is : _3 off 7 _ —5

. . ~5X A~ =+oX .
because in Eq(17) the (22) element is one of the largest. SIIF 2650~=5 1072, M1~ JAMg= V5 X 10 e(\én
This gives a scale foM, much lower than one would ex-
pect,

They imply M;~7x10® GeV, M,~6X10° GeV, M3/r
o 2mg ~4x 10 GeV (r>1). These results were obtained under
M= \/W__ the assumption that—0. Thus, ife>n,/n;, Eq.(17) is no
aum longer valid. Also, ife>s,, Eq.(15) should be replaced by
where we have useah.(M,)=0.4 GeV, andngff: W/Amaztm Eq. (16). This condition is actually very likely to be valid for
=/3x10 3, which will also be used in the following. the case of the SAM solution. We treat this case in detail
Note also thatVs, is independent of the Majorana mass Next.
M; and that it scales linearly witm./m;. This means that (B) e>s, (SAM-II): ,
the Majorana sector decouples owing to its very large hier- The parameters fop and m3" are taken as in SAM-I.

2
6x10° GeV, (20

archy. Similarly, we have However, we now use E@16) instead of Eq(15). Also, the
numerical result depends on the valueepfwhich, for defi-
Vo1 my m, niteness, we will take to be=0.1. We obtainM;~2

(2D x10° GeV, My~1x10" GeV, Mj/r~2x101% GeV (r
>1). In summary, we find that if the physical neutrino pa-
rameters are known, we can obtain the Majorana masses di-
N = — ] (22)  rectly when we identify the Dirac masses with the quark
Vi V2targm;, V2targm, masses. The Majorana masses have rather strong dependence
on the physical mixing angles, so that their values span a
I;aoer:]reEg;.;lng), (20), (21), we see that all of the RH angles wide rapngye. Numeric%lly,git is noteworthy thamﬁf?
1) "

x 10° GeV for a wide range of parameters. Also, the VO

_The other two heavy Majorana mass values depend on thg,ytion forM, (>4 x 107 GeV) seems too large for it to be
different solutions to the solar neutrino probldi0]. We viable. Finally, in some caseM, can be rather low
will use m§'= JAmZ,, ms'= JAmZ,,, while mf"is not  (_10f Gev).
known. However, we can derive a bound fdr; using the The observation that neutrino masses are tiny has a natu-
parameter =m$"/m$">1. From Eq.(18), we note thaM;  ral explanation in the seesaw model. However, its compli-
andMg, in addition to the usual Dirac mass squared, dependated structure also means that the neutrino mixing angles do
sensitively ors, as well as on the effective neutrino masses.not derive simply from the seesaw components, viz., the
This can be seen directly in the following equations: Dirac matrixmp and the Majorana matris ~. In fact, if
we write mp=UomE*V,, M~ 1=Uy(M g0, , mey de-
Mi_ M2 _ . 23) pends, roughly speaking, quadratically on all of the compo-
M, 2m§s§m§ﬁ’ Ms mfs?,mgﬁ nents that we displayed.
In this paper, we analyze the problem in several steps.
We will now turn to numerical estimates with inputs coming First, we writemq=NNT, so thatN depends linearly on the
from the three solutions to the solar neutrino problem,aforementioned components. Buihas the further ambiguity
vacuum oscillationgVO), large angle Mikheyev-Smirnov- of an arbitrary RH rotation. We will eliminate this ambiguity
Wolfenstein(MSW) (LAM), and small angle MSWSAM). by reducingN to the triangular form. The lower triangular
(A1) VO form arises naturally ifimp has a hierarchy. However, the
The neutrino masses and mixings are given [A9] ¢  upper triangular form is the easiest to use in order to extract
=45°, m{™~\/AMZ,,=\7x10 ™ eV. From Eq.(23), we  the LH, physical, neutrino mixing angles. By expressing the
find triangular matrix elements in terms of RH rotational invari-
2, eff ants, it is easy to transform back and forth between the dif-
M =2mi/m5" ~5x 10° GeV, (24 ferent forms ofN. Thus, given the parametersiim, andM,
we can deduce the neutrino mixing angles. Conversely,

Vi J2targm, - J2targm,’

Var my m,

2 eff 2 eff
M;  mymg My 4mgmy

~ 7 = eff Eﬁ> . . . .
Ms/r=~4x10"" GeV (r=m3/mi’>1). (29 given the physically plausible values of the neutrino masses
(A2) LAM and mixing angles, we can obtain the constraints that must be
Here we takd10] satisfied by the parametersnn, andM. Experimentally, we

have a fairly good idea about the intrinsic neutrino param-
SI 200=0.8, M~ \AmZ,,=3X10 > eV. (26)  eters. Their masses are most probably hierarchical(28e
mixing angle is almost maximal, and tkE3) mixing angle is

Going through the same analysis as in the VO Casesmall. From these parameters, we can infer the properties of

we haveM.-~1x10f GeV. Mo~6x10° GeV. Ma/r~4 the Majorana masses and the RH mixing anglemgf if we
% 10M Gev (r>1) P2 b3 assume thamp is similar to theu-quark mass matri, i.e.,

mp has small LH mixing angles andhj~(m,,m.,m,). It
(A3) SAM-I was found that there must be a large hierarchiylipropor-
We now havd 10] tional not only to the ratios of Dirac masses squared, but also
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to the squares of the mixing angles. In addition, the RHmalization, although it can be shown that the RGE effects are
mixing angles inmp combined withM ! must be very small[11]. We have also not discussed the case when either
small, and must be equal to the mass ratiosmip. Physi-  or both ofmp andM are complex. Although the22 prob-
cally, the large hierarchy iiM implies the existence of inter- lem can be solved, the>33 case does not seem to have a
mediate mass scales. It would be most interesting if thessimple solution. Nevertheless, it can be shown that, with hi-
conclusions can be corroborated by other sources. erarchical masses and small angles, complex phases do not
Using solar neutrino solutions as inputs, we calculated theontribute significantlj4]. We hope to return to this prob-
individual Majorana masses. Because of their strong deperem in the future.
dence on the physical neutrino mixing angles, a wide range Our research is supported respectively by DOE grant no.
of values was found. In particulaiM; is so large &4 DE-FG02-91ER40681(T.K.), DOE grant no. DE-FGO03-
x 10t GeV) for the VO solution which makes it highly dis- 96ER40969 (G.W.), and Purdue Research Foundation
favored. In this work we have not treated the issue of renor{S.M.).
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