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Gravitino production after inflation
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We investigate the production of gravitinos in a cosmological background. Gravitinos can be produced
during preheating after inflation due to a combined effect of interactions with an oscillating inflation field and
the absence of conformal invariance. In order to get insight into the conformal properties of a gravitino we
reformulate phenomenological supergravity in an SU~2,2u1!-symmetric way. The Planck mass andF and D
terms appear via the gauge-fixed value of a superfield that we call the conformon. We find that in general the
probability of gravitino production is not suppressed by the small gravitational coupling. This may lead to the
copious production of gravitinos after inflation. The efficiency of the new nonthermal mechanism of gravitino
production is sensitive to the choice of the underlying theory. This may put strong constraints on certain classes
of inflationary models.

PACS number~s!: 98.80.Cq
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I. INTRODUCTION

The possibility of excessive production of gravitinos
one of the most complicated problems of cosmological m
els based on supergravity. Such particles decay very late
lead to disastrous cosmological consequences unless the
of the number density of gravitinosn3/2 to the entropy den-
sity s is extremely small. For example, the ratio of the nu
ber density of gravitinosn3/2 to the entropy densitys should
be smaller thanO(10214) for gravitinos with a massO(100)
GeV @1,2#. The standard thermal mechanism of graviti
production involves scattering of particles at high tempe
ture in the early universe. To avoid excessive production
gravitinos one must assume that the reheating temperatu
the universe after inflation was smaller than 108– 109 GeV
@1,2#.

However, gravitinos can be produced not only in the th
mal bath after reheating, but even earlier, during the osc
tions of the inflaton field at the end of inflation. We alrea
know that bosons as well as spin-1

2 fermions can be copi-
ously produced by the coherently oscillating inflaton fie
Quite often this effect occurs in a nonperturbative way d
ing the stage of preheating@3,4#. Similar effect may occur for
gravitinos. According to Ref.@5#, nonthermal gravitino or
moduli production may rule out certain classes of inflatio
ary models which otherwise would be quite legitimate.

The theory of the cosmological gravitino production
very complicated. Recently production of transversal gr
itino components~helicity 3

2! was studied in Ref.@6# ~see also
Ref. @7# where an attempt has been made to study this q
tion using perturbation theory!. In this paper we will inves-
tigate production of all gravitino components, transver
~helicity 3

2! and longitudinal~helicity 1
2!. As we will show,

the production rate of the longitudinal gravitino compone
can be much greater than that of the transversal gravi
0556-2821/2000/61~10!/103503~10!/$15.00 61 1035
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Since gravitino is a part of the gravitational multiplet, on
could expect that their production must be strongly su
pressed by the small gravitational coupling. Indeed, usu
the production of particles occurs because their effec
mass changes nonadiabatically during the oscillations of
inflaton field @3#. This is the main effect responsible for th
production of the gravitinos with helicity32. The gravitino
massm at small values of the inflaton fieldf is proportional
to M P

22W, whereW is a superpotential. Thus the amplitud
of the oscillations of the gravitino mass is suppressed
M P

22. That is why production of the gravitino componen
with helicity 3

2 is relatively inefficient@6,7#.
There is another mechanism to be considered, whic

related to breaking of conformal invariance@5#. It is well
known, for example, that expansion of the universe does
lead to production of massless vector particles and mass
fermions of spin1

2 because the theory of such particles
conformally invariant and the Friedmann universe is conf
mally flat. Meanwhile, massless scalar particles minima
coupled to gravity~as well as gravitons! are created in an
expanding universe because the theory describing these
ticles is not conformally invariant. The rate of scalar partic
production is determined by the Hubble constantH[ȧ/a
5M P

21Ar/3, wherer is the energy density. If similar effect
are possible for gravitinos, they could be much stronger t
the effects discussed in the previous paragraph. Indeed,H is

1In flat spacetime, transversal components, which exist eve
supersymmetry is unbroken, correspond to the helicity3

2, while lon-
gitudinal components with nonvanishingc0 andg ic i correspond to
the helicity 1

2. Although the helicity concept has a less preci
meaning in Friedmann-Robertson-Walker~FRW! metrics, we still
will use this loose definition as a shortcut to the transversal
longitudinal components.
©2000 The American Physical Society03-1



io
er
m

a
na
f

an

a

rs
nt
ex
c
d
n
f
-
in

a-

a-
os
th
iv
s

or
ta

r-
b

ial

e
-
-
ow
e
n
re

e
le
u
g

er
ge
qu
ic
-

n
s

is
ino
th

ro-
ry

b-
f

su-
pid
ics

the

ity
lly

of
y,
ed

the
ts.
ity

ant
-

n-
nc-

-
f:

ing

ul-
let,

KALLOSH, KOFMAN, LINDE, AND VAN PROEYEN PHYSICAL REVIEW D 61 103503
suppressed only by the first degree ofM P
21. As a resultH

typically is much greater thanm3/2 after inflation, so its time
dependence may lead to a more efficient particle product

The issue of conformal invariance of gravitinos is rath
nontrivial, and until now it has not been thoroughly exa
ined. For gravitinos with helicity32 the effects proportional to
H do not appear, and therefore the violation of conform
invariance for such particles is very small, being proportio
to their mass@6#. However, as we will show, the theory o
gravitinos with helicity 1

2 is not conformally invariant, and
therefore such particles will be produced during the exp
sion of the universe even if one neglects their mass.

But the most surprising effect which we have found is th
the production of the gravitinos of helicity12 by the oscillat-
ing scalar fieldf in general isnot suppressed by any powe
of M P

21, and therefore their production can be very efficie
The magnitude of the effect is model dependent. For
ample, this effect is very strong in the theory with the effe
tive potentiallf4/4. Gravitinos in this theory are produce
very quickly, within about ten oscillations of the inflato
field, with occupation numbersnk;1/2 over a large range o
momentak<Alf, which is very different from usual per
turbation theory. Meanwhile, this effect is not so dramatic
the simplest model of a single chiral multiplet with a qu
dratic effective potentialmf

2 f2/2.
This result may have important cosmological implic

tions, since it may allow to rule out certain classes of c
mological theories. The nature of this effect resembles
well known fact that the longitudinal components of mass
vector bosons at high energy behave in the same way a
Goldstone boson that was eaten by the vector field@8#. A
similar effect is known to exist in the theory of technicol
@9#. A more direct analogy is the transmutation of gravi
tional interactions of gravitinos with helicity12 to weak inter-
actions found by Fayet@10#. In our case the effect is nonpe
turbative, and its adequate interpretation is achieved
finding solutions of the gravitino equations in a nontriv
self-consistent cosmological background.

In order to study conformal properties of gravitinos w
reformulated the standardN51 phenomenological super
gravity in an SU~2,2u1!-invariant way, which makes the con
formal properties of the theory manifest and explains h
the conformal symmetry is broken. Our formulation d
scribes arbitrary number of chiral and vector multiplets a
is flexible enough to allow investigation of regimes whe
the superpotentialW vanishes.

In application to the theory of gravitino production, w
concentrate on the simplest models with one chiral multip
F and arbitrary superpotential. We present classical eq
tions of motion and constraints for the transverse and lon
tudinal gravitino in the expanding Friedmann universe int
acting with the moving inflation field. We use the gau
where the goldstino is absent. Then we solve classical e
tions for gravitino. This solution confirms the generic pred
tion from the SU~2,2u1!-symmetric theory that the longitudi
nal gravitinos are not conformal.

We represent equations describing gravitino compone
with helicities 3

2 and 1
2 in a form analogous to the equation
10350
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for the usual spin-12 fermions with time-dependent mass. Th
allows to reduce, to a certain extent, the problem of gravit
production to the problem of production of particles wi
spin 1

2 after preheating@4#.
Finally, we estimate the number density of gravitinos p

duced by the oscillating scalar field in several inflationa
models, and show that in some models the ration3/2/s may
substantially exceed the boundn3/2/s<O(10214). A detailed
account of our investigation will be given in a separate pu
lication @11#. Here we will only outline the main points o
our study and present the most interesting results.

II. SUPERGRAVITY LAGRANGIAN AND CONFORMAL
PROPERTIES OF GRAVITINO

Fundamental M theory, which should encompass both
pergravity and string theory, at present experiences ra
changes. One may still expect that the low-energy phys
will be described by theN51 d54 supergravity@12# and
address the issues of the early universe cosmology in
context of the most general phenomenologicalN51
supergravity–Yang-Mills–matter theory@13#.

We are interested in conformal properties of supergrav
fields, which include various spin fields, in the conforma
flat FRW metric describing the early universe:

gmn~x!5a2~h!hmn . ~2.1!

In particular, we will be interested in conformal properties
gravitino. Supergravity is not a conformally invariant theor
despite the fact that it has a long history of being deriv
using the superconformal tensor calculus@14# as a technical
tool. Therefore it is difficult even to address this issue as
supergravity fields do not have specific conformal weigh
To solve this problem, the idea is to view the supergrav
theory as a gauge-fixed version of the conformally invari
theory describing the most generalN51 gauge theory super
conformally coupled to supergravity@11#. The derivation
SU~2,2u1! invariant Lagrangian of N51 supergravity
coupled ton11 chiral multiplets~with complex scalarsXI
and fermionsV I! and Yang-Mills vector multiplets~with
gauginosla and vectorsWm

a! superconformally will be pre-
sented in Ref.@11#. It has no dimensional parameters. It co
sists of three parts, depending, respectively, on a real fu
tion N, a holomorphic functionW and a gauge group two
tensorf ab . Each of them is conformally invariant by itsel

Lsuperconf5@N~X,X̄!#D1@W~X!#F1@ f ab~X!l̄L
alL

b#F .
~2.2!

The statement of the SU~2,2u1! symmetry of the action~2.2!
includes, among others, the symmetries under the follow
set of local dilatations, with parameterss(x), for the metric
and gravitino, for the scalars and spinors of the chiral m
tiplets, and for the vectors and spinors of the gauge multip
respectively:

gmn8 5e22s~x!gmn , cm8 5e2~1/2!@s~x!#cm ,

XI85es~x!XI , V I85e3/2s~x!V I , ~2.3!
3-2
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Wm
a85Wm

a , la85e3/2s~x!la.

The function of scalarsN(X,X̄) codifies the information on
Kähler manifold. The holomorphic function of scalarsW(X)
codifies the superpotential. They transform as follows un
local dilatations:

N~X8,X̄8!5e2s~x!N~X,X̄!,
~2.4!

W~X8!5e3s~x!W~X!, f ab~X8!5 f ab~X!.

The important term in the conformal action which allows
to distinguish between conformal properties of helicity63

2

and61
2 gravitino is the following:

@N#De215
1

6
N~X,X̄!@R1c̄mRm1e21]m~ec̄•gcm!#1¯ .

~2.5!

The gauge fixing of the local dilatation of the conforma
invariant action presented in Ref.@11# leads to the standard2

Poincare´ supergravity theory.
The dimensionful constants, Planck mass, andF and D

terms appear via the gauge fixed value of the confor
compensator superfield, which we callconformon. The origi-
nal n11 complex variablesXI are split into one complex
scalar conformon fieldY, andn physical complex scalarszi ,
which are Hermitian coordinates for parametrizing t
Kähler manifold in the Poincare´ theory. One defines

XI5YxI~zi !, ~2.6!

and the local dilatation takes the form in which only t
conformon Y transforms and the physical scalars do n
transform under the local dilatation

Y85es~x!Y, zi85zi . ~2.7!

In these variables the gauge-fixing of the dilatational inva
ance~2.3!, ~2.7! is given by

N~Y,z,z̄!523uYu2 expF2
1

3
K~z,z̄!G523M P

2 , ~2.8!

where the first equation definesK(z,z̄), which is the Ka¨hler
potential, and the second is the gauge fixing. HereM P

[MPlanck/A8p;231018 GeV. Thus the conformon fieldY

is frozen to uYu5M P exp@ 1
6K(z,z̄)#, i.e., it becomes a func

2In fact two different gauges can be used to fix theR part of the
superconformal symmetry. With the first choiceW5W* we get the
N51 phenomenological supergravity@13# depending onG, while
the second oneY5Y* gives the version which is nonsingular in th
limit of the vanishing superpotentialW50. This version is closer to
the one in Ref.@15# which was obtained by the superspace metho
The limit W50 from the first version has been discussed at the
of Ref. @16#. However, we find the second version more suitable
cosmology. It will be presented below.
10350
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The theory becomes that of the Poincare´ supergravity theory
with

@N#De2152
1

2
M P

2 ~R1c̄mRm!1¯ . ~2.9!

Here Rm5gmrsDrcs , whereDr is a covariant derivative.
The local dilatation of the metric and gravitino in Eq.~2.3! is
not compensated anymore by the local dilatation of scala

Y5Y8Þes~x!Y, N~X,X̄!5N~X8,X̄8!Þe2s~x!N~X,X̄!.
~2.10!

The same happens with theW part of the theory:

W~X!5Y3M P
23W~z!⇒W~X!5W~X8!Þe3s~x!W~X!.

~2.11!

We have chosen here to giveW mass dimension 3.
Thus, after the freezing of the conformon field some p

of the transformation cannot be performed and theref
some parts of the phenomenological supergravity Lagrang
are not invariant under dilatations. One can try to change
dilatational weight for these fields to compensate the app
ance of powers ofM P . However, this does not help, sinc
the terms with derivatives on the conformon field are abs
after the gauge fixing. The gravitino field equation whi
follows from the superconformal action is

Rm2gmcn]n ln A2N1g•c]m ln A2N1¯50.
~2.12!

In the FRW cosmological problems only time derivatives
the scalar fields are important, therefore incn]n ln A2N
only the termc̄0]0 ln A2N is relevant. After gauge fixing
the conformal symmetry will be broken for configuration
for which either

g•cÞ0 or c0Þ0. ~2.13!

Only such terms will be sensitive to the absence of the te
]0 ln A2N due to gauge fixing3 when2N53M P

2 . The grav-
itino in the general theory with spontaneously broken sup
symmetry will be massive. The states of a free massive s
3
2 particle were studied by Auvil and Brehm in Ref.@18# ~see
also Ref.@2# for the nice review!. A free massive gravitino
hasg•c50. Helicity 63

2 states are given by transverse spa
components of gravitinoc i

T . Helicity 61
2 states are given by

.
d
r

3In Ref. @17#, where an attempt to study conformal properties
gravitino has been made, it was assumed thatg•c5c050 and
conformal symmetry of gravitino was deduced in the context
pure supergravity. Without scalars, however, pure supergravity d
not support a cosmological background. In the presence of ma
the assumption thatg•c5c050 is not valid and conformal sym
metry is broken.
3-3
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the time component of the gravitino fieldc0 . In cases when
gravitino interacts with gravity and other fields, we will fin
that g•cÞ0. It will be a function ofc0 . Thus the consider-
ation of superconformal symmetry lead us to a conclus
that helicity 61

2 states of gravitino are not conformall
coupled to the metric. When these states are absent,
63

2 helicity states are conformally coupled~up to the mass
terms, as usual!. Thus the conformal properties of gravitin
are simple, as it is known for scalars: if the action has
additional term 1

12 f2R, the massless scalars are conform
If this term is absent, the scalars are not conformal. Note
both these statements are derivable from the superconfo
nd

,

10350
n

he

n
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action. We will see the confirmation of this prediction in th
solutions of the gravitino equations below.

As we already explained, our formulation starting wi
superconformal action@11# provides flexibility in the choice
of the form of N51 phenomenological supergravity. If w
takeW5W* gauge forR-symmetry, we get the action@13#
depending on the combination of the Ka¨hler potential and the
superpotential, calledG. Here we use theY5Y* gauge forR
symmetry and present the form of the phenomenological
grangian in which the Ka¨hler potential and the superpotenti
are not combined in one function. This allows to avoid pro
lems which sometimes appear when the superpotentiaW
vanishes. The action can be written as
e21L52
1

2
M P

2 @R1c̄mRm1LSG,torsion#2M P
2gi

j@~ ]̂mzi !~ ]̂mzj !1x̄ jD” x i1x̄ iD” x j #1~Ref ab!F2
1

4
Fmn

a Fmnb2
1

2
l̄aD”̂ lbG

1
1

4
i ~ Im f ab!@Fmn

a F̃mnb2 ]̂m~ l̄ag5gmlb!#2M P
22eK@23WW* 1~DiW!gi

21 j~DjW!#2
1

2
~Ref !21abPaPb

1
1

8
~Ref ab!c̄mgnr~Fnr

a 1F̂nr
a !gmlb1H M P

2gj
i c̄mL~]”̂zj !gmx i2

1

4
f ab

i x̄ ig
mnF̂mn

2alL
b1

1

2
eK/2Wc̄mRgmncnR

1c̄R•gF1

2
ilL

aPa1x ie
K/2DiWG2eK/2~DiD jW!x̄ ix j1

1

2
i ~Ref !21abPa f bg

i x̄ il
g22M P

2ja
i gi

j l̄ax j

1
1

4
M P

22eK/2~D jW!gj
21i f ab i l̄R

alR
b2

1

4
f ab

i c̄R•gx i l̄L
alL

b1
1

4
~Di] j f ab!x̄ ix j l̄L

alL
b1H.c.J

1M P
2gj

i S 1

8
e21«mnrsc̄mgncrx̄ jgsx i2c̄mx j c̄mx i D1M P

2 S Ri j
kl2

1

2
gi

kgj
l D x̄ ix j x̄kx l1

3

64
M P

22@~Ref ab!l̄agmg5lb#2

2
1

16
M P

22f ab
i l̄L

alL
bgi

21 j f gd j l̄R
glR

d 1
1

8
~Ref !21ab~ f ag

i x̄ il
g2 f ag i x̄

ilg!~ f bd
j x̄ jl

d2 f bd j x̄
jld!. ~2.14!
The L and R denote left and right chirality, e.g.,lL5 1
2 (1

1g5)l, while for the x, the chirality is indicated by the
position of the index:x i is left chiral, whilex i is right chiral.
For the scalars,zi is the complex conjugate ofzi . The Kähler
metric isgi

j , which is used also for covariant derivatives a
Kähler curvature

G i
jk5gi

21l] jgl
k , Ri j

kl[gi
m] jGm

kl . ~2.15!

Extra i indices on quantities, e.g.,f ab
i denote derivatives

here the derivative off ab with respect tozi . Other covariant
derivatives and notations are~antisymmetrization@mn# with
weight 1, metric signature~2,1,1,1!, notation ] i5]/]zi
andg55 ig0g1g2g3!

F̂mn
a 5Fmn

a 1c̄ [mgn]l
a, Fmn

a 52] [mWn]
a 1Wm

bWn
g f bg

a ,

F̄mna5
1

2
e21«mnrsFrs

a , «01235 i , ]̂m5]m2Wm
ada ,
Rm5gmrsDrcs ,

D[mcn]5S ] [m1
1

4
v [m

ab~e!gab1
i

2
A[m

B g5Dcn] ,

D̂mla5F]m1
1

4 S vm
ab~e!1

1

4
~2c̃mg [acb]1c̄agmcb! Dgab

1
i

2
Am

Bg5Gla2Wm
g lb f bg

a ,

Dmx i5S ]m1
1

4
vm

ab~e!gab2
i

2
Am

BDx i

1G i
jkx j ]̂mzk2Wm

ax j]
jdazi ,

Am
B5

i

2
@~] iK !]̂zi2~] iK !]̂zi13Wm

a~r a* 2r a!#,
3-4
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DiW5] iW1W] iK,
~2.16!

DiD jW[] iD jW1~] iK !D jW2Gk
i j DkW,

whereda is a symbol for the transformation under the gau
group for all fields. For the conformon fieldY and for the rest
of the scalarszi we have

daY5Yra~z!, dazi5ja i~z!, ~2.17!

where r and j are n11 holomorphic functions for every
symmetry, such that the quantities in Eq.~2.2! are invariant.
That determines also

Pa~z,z* !5 iM P
2 @ja i~z!] iK~z,z* !23r a~z!#

5 iM P
2 @2ja

i ] iK~z,z* !13r a* ~z* !#. ~2.18!

See Ref.@11# for details.
The appearance ofM P5uYue2K/B in various places in

this Lagrangian shows that the conformal symmetry is b
ken. One can rescale the fields withM P so that they have
standard kinetic terms. For our purpose it will be conveni
to replace the scalar fieldzi by F i /M P , chiral fermionsx i by
x i /M P , and similar for the gravitino,cm→cm /M P .

III. GRAVITINO EQUATIONS

In general background metrics in the presence of comp
scalar fields with nonvanishing vacuum expectation val
~VEV’s!, the starting equation for the gravitino has in the l
hand side the kinetic partRm and a rather lengthy right han
side which will be given in@11#. Apart of varying gravitino
massm5M P

22eK/2W, the right hand side contains a chir
connectionAm

B @see Eq.~2.16!# and various mixing terms
such those in the fourth, fifth, and sixth lines of the pheno
enological Lagrangian~2.14!. For a self-consistent setting o
the problem, the gravitino equation should be supplemen
by the equations for the fields mixing with gravitino, as w
as by the equations determining the gravitational backgro
and the evolution of the scalar fields.

Let us make some simplifications. We consider the sup
gravity multiplet and a single chiral multiplet containing
complex scalar fieldz5F/M P with a superpotentialW and a
single chiral fermionx. This is a simple nontrivial extensio
which allows us to study gravitino in the nontrivial FRW
cosmological metric supported by the scalar field. A n
feature of this model is that the chiral fermionx can be
gauged to zero so that the mixing betweencm andx in Eq.
~2.14! is absent. We also can choose the nonvanishing V
of the scalar field in the real direction, ReF5f/&, Im F
50, so thatAm

B50. The fieldf5& ReF plays the role of
10350
e
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t
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t
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e

V

the inflation field.4 Then from Eq.~2.14! we can obtain the
master equation for the gravitino field

D” cm1mcm5S Dm2
m

2
gmDgncn , ~3.1!

where gravitino massm5m@f(h)# is given by

m5eK/2
W

M P
2 . ~3.2!

Gravitino equation~3.1! is a curved spacetime generalizatio
of the familiar gravitino equation (]”1ma)cm50 in a flat
metric, wherem0 is a constant gravitino mass.

The generalization of the constraint equations]mcm50
andgmcm50 reads

Dmcm2D” gmcm1
3

2
mgmcm50, ~3.3!

3

2
m2gmcm1m8a22g0g ic i52

1

2
Gmngmcn,

~3.4!

Gmn[Rmn2
1

2
gmnR,

where primes stand for conformal time derivative]h . It is
important that the covariant derivative in these equatio
must include both the spin connection and the Christo
symbols, otherwise equationDmgn50 used for the deriva-
tion of these equations is not valid.

The last equation will be especially important for us. N
ively, one could expect that in the limitM P→`, gravitinos
should completely decouple from the background. Howev
this equation implies that this is not the case for the grav
nos with helicity 1

2. Indeed, from Eq.~3.4! one can find an
algebraic relation betweeng0c0 andg ic i :

g0c05Âg ic i . ~3.5!

Here Â is a matrix which will play a crucial role in our
description of the interaction of gravitino with the varyin
background fields. Ifr and p are the background energy
density and pressure, we haveG0

05M P
22r, Gk

i 5

2M P
22pdk

i , and one can represent the matrixÂ as follows:

Â5
p23m2M P

2

r13m2M P
2 1g0

2m8a21M P
2

r13m2M P
2 5A11g0A2 . ~3.6!

4Typical time evolution of the homogeneous inflation field sta
with the regime of inflation whenf slowly rolls down. One can
construct a superpotentialW which provides chaotic inflation for
f.M P . Whenf(t) drops below.M P , it begins to oscillate co-
herent oscillations around the minimum of its the effective poten
V(f).
3-5
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Note that in the limit M P→` with fixed F in z
5FM P

21, one hasm5M P
22W. If W does not blow up in this

limit, this matrix Â is given by

Â5
p

r
1g0

2Ẇ

r
, ~3.7!

where the overdot stands for derivative] t , and the relation
between physical and conformal times is given bydt
5a(h)dh. In the limit of flat case without moving scalar
A521.

For definiteness, we will consider the minimal Ka¨hler po-
tentialK5zz* 5FF* /M P

2 . In the models where the energy
momentum tensor is determined by the energy of a class
scalar field andF depends only on time we have

r5uḞu21V, p5uḞu22V,
~3.8!

V~F!5eKS U]FW1
F*

M P
2 WU2

2
3

M P
2 uWu2D .

We will use the representation of gamma matrices wh
g05diag (i,i,2i,2i). Then in Eq.~3.6! the combinationA
5A11 iA2 emerges. For a single chiral multiplet we obta
uAu51. ~One can show thatuAu51 for the theories with one
chiral multiplet even if the Ka¨hler is not minimal.! Therefore
A can be represented as5

A52expS 2i E
2`

t

dtm~h! D . ~3.9!

Using the Einstein equations, one obtains form ~for minimal
Kähler potential, and real scalar field!:

m5M P
22eK/2~DDW1W!13~HM P

21Ḟ2mm1!

3
m1

M P
22Ḟ21m1

2
,

m1[m85M P
22eK/2DW, H[ȧa215a8a22. ~3.10!

The expression form becomes much simpler and its in
terpretation is more transparent if the amplitude of osci
tions of the fieldF is much smaller thanM P . In the limit
F/M P→0 one has

m5]F]FW. ~3.11!

This coincides with the mass of both fields of the chi
multiplet ~the scalar field and spin-1

2 fermion! in rigid super-
symmetry. When supersymmetry is spontaneously brok
the chiral fermion, goldstino, is ‘‘eaten’’ by gravitino whic

5Initial conditions at inflation ath→2` correspond top52r,
m850, andA521, which givesm(2`)50. Alternatively, we can
start with inflation oscillations ath50, which defines the phase u
to some constant. The final results depend only onm.
10350
al

e

-

l

n,

becomes massive and acquires helicity61
2 states in addition

to helicity 63
2 states of the massless gravitino.

The matrixÂ does not become constant in the limitM P
→`. The phase~3.9! rotates when the background scal
field oscillates. The amplitude and sign ofA change two
times within each oscillation. Consequently, the relation
tweeng0c0 andg ic i also oscillates during the field oscilla
tions. This means that the gravitino with helicity1

2 ~which is
related toc0! remains coupled to the changing backgrou
even in the limit M P→`. In a sense, the gravitino with
helicity 1

2 remembers its goldstino nature. This is the ma
reason why the gravitino production in this background
general is not suppressed by the gravitational coupling.
main dynamical quantity which is responsible for the gra
itino production in this scenario will not be the small chan
ing gravitino massm(t), but the mass of the chiral multiple
m, which is much larger thanm. As we will see, this leads to
efficient production of gravitinos in the models where t
mass of the ‘‘Goldstino’’ nonadiabatically changes wi
time.

We shall solve the master equation~3.1! using the con-
straint equations in the form~3.4! and ~3.3!. We use plane-
wave ansatzcm;eik "x for the space-dependent part. Thenc i

can be decomposed6 @19# into its transverse partc i
T , the

traceg ic i and the tracek•c:

c i5c i
T1S 1

2
g i2

1

2
k̂i~ k̂•g! Dg jc j1S 3

2
k̂i2

1

2
g i~ k̂•g! D k̂•c,

~3.12!

where k̂i5ki /uku, so that g ic i
T5 k̂ic i

T50. We will relate

g ic i with c0 and with k̂•c, so that, after use of the field
equations there are two degrees of freedom associated
the transverse partc i

T , which correspond to helicity63
2; and

two degrees of freedom associated withg ic i ~or c0! which
correspond to helicity61

2.
For the helicity63

2 states we have to derive the equati
for c i

T . We apply decomposition~3.12! to the master equa
tion ~3.1! for m5 i and obtain7

S gada
m]m1

a8

2a
g01maDc i

T50. ~3.13!

In the limit of vanishing gravitino mass, the transverse p
c i

T is conformal with a weight11
2. The transformationc i

T

5a21/2C i
T reduces the equation for the transverse part to

free Dirac equation with a time-varying mass termma. It is
well known how to treat this type of equation~e.g., see Ref.

6We use nowc i with i 51,2,3 for the space components ofcm ,
while for gamma matricesg i are space components of flatga, and
similarly for the 0 index.

7A similar equation obtained in Ref.@6# has a different coefficient
in the term (a8/2d)g0 since they have omitted the Christoffel sym
bols in the covariant derivative. One can still use their equatio
one replaces the curved space gravitino vectorcm for which the
equation was derived by the tangent space vectorca5ea

mcm .
3-6
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@4#!. The essential part ofC i
T is given by the time-dependen

part of the eigenmode of the transversal componentyT(h),
which obeys second-order equation

yT91~k21VT
22 iVT8 !yT50, ~3.14!

where the effective mass isVT5m(h)a(h).
The corresponding equation for gravitino with helicity1

2 is
more complicated. We have to findkic i andg ic i . The equa-
tion for the componentskic i can be obtained from the con
straint equation~3.3!

ik•c5S 2
a8

a
g01 ig•k2maDg ic i . ~3.15!

Combining all terms together, we obtain the on-shell deco
position for the longitudinal part

c i5c i
T1S k̂ig• k̂1

i

2k2 ~3ki2g ik•g!S a8

a
g01maD Dg jc j .

~3.16!

Now we can derive an equation forg jc j . From the zero
component of Eq.~3.1! we have

3a8

2a
g0c01S 3

2
ma1 ik•g Dc05~g ic i !82

ma

2
g0g ic i .

~3.17!

This equation does not contain the time derivative ofc0 .
Substitutingc0 from Eq. ~3.5! into Eq. ~3.17!, we get an
equation forg ic i

~]h1B̂2 ik•gg0Â!g ic i50, ~3.18!

where

Â52expS 2g0E
2`

t

dtm~h! D ~3.19!

and

B̂52
3a8

2a
Â2

ma

2
g0~113Â!. ~3.20!

We can split the spinorsg ic in eigenvectors ofg0 , g ic i
5u11u2 , and u65 1

2 (17 ig0)g ic i . From the Majorana
condition it follows thatu6(k)* 57Cu7(2k), whereC is
the charge conjugation matrix. In a representation with di
onalg0 the componentsu6 correspond to theg0 eigenvalues
6 i . Acting on Eq.~3.18! with the Hermitian conjugate op
eration gives us a second-order differential equation on
u1 . We choose for eachk a spinor basisu1,2(k) for the two
components ofu1 , and two independent solutions of th
second-order differential equationsf 1,2(k,h). The general
solution is given by

u15 (
a,b51

2

aab~k! f a~k,h!ub~k!,
10350
-

-

e

u25
A*

uAu2

k•g

k2 ~]h1B!u1

52C21 (
a,b51

2

a* ab~2k! f a* ~2k,h!ub* ~2k!.

~3.21!

The last equality determines reality properties of the coe
cients. Here we representedB̂ as B11g0B2 and definedB
5B11 iB2 , by analogy with the definitions for the matrixÂ.
By the substitution f a(k,h)5E(h)yL(h), with E
5(2A* )1/2exp(2*hdh ReB), equation for the functions
f a(k,h) is reduced to the final oscillatorlike equation for th
time-dependent mode functionyL(h):

yL91~k21VL
22 iVL8 !yL50. ~3.22!

Here

a21VL5m2
3

2
H sin 2E mdt1

1

2
mS 123 cos 2E mdtD .

~3.23!

In the derivation of Eq.~3.22! it was essential thatA has the
form ~3.9!.

Finally we give the expression for the energy density
the longitudinal mode

a3T0
052

3

4k2 c̄ i~2k!g iF ig•kS ma2
a8

3a
g0D

2S ma2
a8

a
g0D 2G S ma1

a8

a
g0Dg jc j~k!.

~3.24!

In the flat spacetime limitA1521, g ic j;k/m0 . From T0
0

we can define the occupation number of gravitinosnk of
energyvk at given modeT0

05*d3kvknk , wherenk is ex-
pressed through a bilinear combination of mode functio
yL(h).

IV. GRAVITINO PRODUCTION

One could expect that the gravitino production may be
already at the stage of inflation, due to the breaking of c
formal invariance. However, there is no massive particle p
duction in de Sitter space~i.e., as long as one can neglect th
motion of the scalar field during inflation!. Indeed, expansion
in de Sitter space is in a sense fictitious; one can always
coordinates in which it is collapsing or even static. An inte
nal observer living in de Sitter space would not see any tim
dependence of his surroundings caused by particle pro
tion; he will only notice that he is surrounded by partic
excitations at the Hawking temperatureH/2p.

Gravitino production may occur at the stage of inflati
due to the~slow! motion of the scalar field, but the mos
interesting effects occur at the end of inflation, when t
scalar fieldf rapidly rolls down toward the minimum of its
3-7
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effective potentialV(f) and oscillates there. During thi
stage the vacuum fluctuations of the gravitino field are a
plified, which corresponds to the gravitino production~in a
squeezed state!.

Production of gravitinos with helicity3
2 is described in

terms of the mode functionyT(h). This function obeys Eq
~3.14! with VT5ma, which is suppressed byM P

22. Nona-
diabaticity of the effective massVT(h) results in the depar
ture of yT(h) from its positive frequency initial condition
eikh, which can be interpreted as particle production. T
theory of this effect is completely analogous to the theory
production of usual fermions of spin12 and massm @4#. In-
deed, Eq.~3.14! coincides with the basic equation which w
used in@4# for the investigation of production of Dirac fer
mions during preheating.

The description of production of gravitinos with helicity1
2

is similar but somewhat more involved. The wave functi
of the helicity 1

2 gravitino is a product of the factorE(h) and
the functionyL(h). The factorE(h) does not depend on
momenta and controls only the overall scaling of the so
tion. It is the functionyL(h) that controls particle production
which occurs because of the nonadiabatic variations of
effective mass parameterVL(h). The functionyL(h) obeys
Eq. ~3.22! with the effective massVL(h), which is given by
the superposition~3.23! of all three mass scales in the pro
lem m, H, andm.

In different models of the inflation, different terms ofVL
will have different impact on the helicity12 gravitino produc-
tion. The strongest effect usually comes from the larg
mass scalem, if it is varying with time. This makes the
production of gravitinos of helicity12 especially important.

To fully appreciate this fact, one should note that if i
stead of considering supergravity one would consider su
symmetry ~SUSY! with the same superpotential, then th
goldstinox ~which is eaten by the gravitino in supergravit!
would have the mass]F]FW, which coincides withm in the
limit of large M P , see Eq.~3.11!. As a result, Eq.~3.22!
describing creation of gravitinos with helicity12 at f!M P
looks exactly as the equation describing creation of Gold
nos in SUSY. That is why production of gravitinos wit
helicity 1

2 may be very efficient: in a certain sense it is no
gravitational effect.~On the other hand, the decay rate
gravitinosG;m3/M P

2 is very small because it is suppress
by the gravitational couplingM P

22.!
This does not mean that one can always neglect te

proportional toH andm as compared tom, and that produc-
tion of gravitinos with helicity3

2 can always be neglected. I
order to understand the general picture, we will consider s
eral toy models where the effective potential at the end
inflation has simple shape such asV;fn. We will not dis-
cuss here the problem of finding superpotentials which l
to such potentials~and inflation! at f.M P @20#, because we
are only interested in what happens after the end of inflat
which occurs atf;M P .

First consider the superpotentialW5 1
2 mfF2. At f

!M P it leads to the simple quadratic potentialV
5(mf

2 /2)f2. The parameterm in this case coincides with th
inflaton massmf . In a realistic inflationary model one
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should takemf;1013 GeV, which is equal to 531026 M P
@20#. Hubble constant during the field oscillations is given
mff0 /A6M P , where f0(t) here is the amplitude of the
field oscillations, which decreases during the expansion
the universe. The gravitino mass is given bym
5mff2/4M P

2 .
Thus, at the end of inflation in this model, which occurs

f;M P , all parameters determining the behavior of t
gravitino wave function are of the same order,m;mf;H
;m. However, later the amplitude off decreases asf0
;1.5M P /mft;M P/4N, whereN is the number of oscilla-
tions of the fieldf after the end of inflation@3#. Thus already
after a single oscillation there emerges a hierarchy of sca
m;mf@H@m.

Sincemf5const, after the first oscillation the paramet
m becomes nearly constant, the parametersH andm become
very small, and their contribution to the gravitino productio
becomes strongly suppressed. As a result, the dominant
tribution to the gravitino production in this model occu
within the first oscillation of the scalar field after the end
inflation. Each of the parametersm, H, andm at the end of
inflation changes byO(mf) within the timeO(mf

21). This
means that~because of uncertainty relation! gravitinos of
both helicities will be produced, they will have physical m
mentak5O(mf), and their occupation numbersnk will be
not much smaller thanO(1). This leads to the following
conservative estimate of the number density of produ
gravitinosn3/2;1022mf

3 .
Now let us assume for a moment that all energy of

oscillating field f transfers to thermal energy;T4 within
one oscillation of the fieldf. This produces gas with entrop
density s;T3;(mf

2 M P
2 /2)3/4. As a result, the ration3/2 to

the entropy density becomes

n3/2

s
;1022S mf

M P
D 3/2

;10210. ~4.1!

This violates the boundn3/2/s,10214 for the gravitino with
m;102 GeV by about 4 orders of magnitude. Thus one m
encounter the gravitino problem even if one neglects th
thermal production.

In this particular model one can overcome the graviti
problem if reheating and thermalization occurs sufficien
late. Indeed, during the post-inflationary expansion the nu
ber density of gravitinos decreases asa23. The energy den-
sity of the oscillating massive scalar fieldr5mf

2 f0
2(t)/2 also

decreases asa23. But the entropy produced at the mome
of reheating is proportional tor3/4, so it depends on the scal
factor at the moment of reheating asa29/4. If reheating oc-
curs late enough~which is necessary anyway to avoid the
mal production of gravitinos!, the ratio n3/2s;10210a23/4

becomes small, and the gravitino problem does not appe
But this simple resolution is not possible in some oth

models. As an example, consider the model with the sup
potentialW5AlF3/3, which atf!M P leads to the effec-
tive potentiallf4/4. The oscillations of the scalar field nea
the minimum of this potential are described by elliptic cosi
3-8
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GRAVITINO PRODUCTION AFTER INFLATION PHYSICAL REVIEW D61 103503
f(h)5(f0 /a)cn(Alf0h,1/&). The frequency of oscilla-
tions is 0.8472Alf0 and initial amplitudef0.M P @3#.

The parameterm for this model is given bym5A2lf. It
rapidly changes in the interval between 0 andA2lf0 . Ini-
tially it is of the same order asH andm, but thenH andm
rapidly decrease as compared tom, and therefore the oscil
lations ofm remain the main source of the gravitino produ
tion. In this case production of gravitinos with helicity1

2 is
much more efficient than that of helicity32.

The theory of production of gravitinos with helicity12 in
this model is similar to the theory of production of spin1

2

fermions with massA2lf by the coherently oscillating sca
lar field in the theorylf4/4. This theory has been invest
gated in Ref.@4#. The result can be formulated as follow
Even though the expression forV contains a small facto
A2l, one cannot use the perturbation expansion inl. This is
because the frequency of the background field oscillation
also proportional toAl. Growth of fermionic modes~3.22!
occurs in the nonperturbative regime of parametric exc
tion. The modes get fully excited with occupation numbe
np. 1

2 within about ten oscillations of the fieldf, and the
width of the parametric excitation of fermions in momentu
space is aboutAlf0 . This leads to the following estimat
for the energy density of created gravitinos:

r3/2;~Alf0!4;lV~f0!, ~4.2!

and the number density of gravitinos

n3/2;l3/4V3/4~f0!. ~4.3!

Now let us suppose that at some later moment rehea
occurs and the energy densityV(f0) becomes transferred t
the energy density of a hot gas of relativistic particles w
temperatureT;V1/4. Then the total entropy of such particle
will be s;T3;V3/4, so that

n3/2

s
;l3/4;10210. ~4.4!

This result violates the cosmological constraints on the ab
dance of gravitinos with mass;102 GeV by 4 orders of
magnitude. In this model the ration3/2/s does not depend on
the time of thermalization, because bothn3/2 and V(f0)3/4
decrease asa23. To avoid this problem one may, for ex
ample, change the shape ofV(f) at smallf, making it qua-
dratic.

The situation in models withV(f);fn for n.4 is even
more dangerous because the energy density of the oscilla
field f in such models decreases faster thana24, so the
entropy of the particles produced during reheating is s
pressed stronger than by the factor ofa23. The later reheat-
ing occurs in such models, the greater will be the result
ratio n3/2/s.

The most dangerous situation occurs in the class of in
tionary models where the effective potentialV(f) does not
have a minimum, but instead monotonically decreases
becomes flat atf→`. Such models have been studied r
cently by many authors@21,5#, which gave them many dif-
10350
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ferent names: deflation, kination, and quintessential inflati
Following Ref. @5#, we will call them nonoscillatory~NO!
models, which reflects an unusual nonoscillatory behavio
the scalar field after inflation. This behavior implies that t
standard mechanism of reheating does not work in NO m
els. Therefore until very recently it was assumed that in s
models all particles are produced gravitationally, due to
breaking of conformal invariance@21#. A typical model of
such type has the effective potential which is given
V(f)'lf4/4 at f,0, and then it rapidly vanishes asf
becomes positive, so thatV(f)→0 at f→`.

We will leave apart the question whether it is easy
obtain realistic versions of NO models in supergravity. F
us it is only important that in such models the parametersm,
H, andm change byO(Alf0)5O(H) during the time when
the field f rolls from f0;M P to 0. Just as in one of the
examples considered above, this should lead to productio
gravitinos with number density which can be estimated
;1022H3. This number is of the same order as the num
density of all other conformally noninvariant particles pr
duced by gravitational effects in the scenario of Ref.@21#.
Thus, barring the subsequent dilution of gravitinos by so
late-time entropy release, one hasn3/2/s5O(1), which con-
tradicts observational data by 14 orders of magnitude.

This problem of NO models can be resolved if one a
sumes that the scalar fieldf interacts with some other par
ticles s with a sufficiently large coupling constantg. This
leads to production of particles in the context of the inst
preheating scenario@22#. This mechanism is much more e
ficient than the gravitational particle production studied
@21#, and the entropys of produced particles becomes muc
greater thanO(H3). This leads to a strong suppression
n3/2/s @5#.

But do we really have the gravitino problem in all of the
models? In our investigation we studied only the mod
with one chiral multiplet. This is good enough to show th
nonthermal gravitino production may indeed cause a ser
problem, but much more work should be done in order
check whether the problem actually exists in realistic mod
with several different chiral and vector multiplets.

First of all, one should write and solve a set of equatio
involving several multiplets. Even in the case of one mult
let it is extremely difficult, and the results which we obtain
are very unexpected. The situation with many multiplets
even more involved. One possibility is to consider the lim
M P→`, since the most interesting effects should still ex
in this limit.

But this is not the only problem to be considered. In t
toy models studied in this section withW5 1

2 mfF2 and W
5 1

3 AlF3, the superpotentialW and the gravitino mass van
ish in the minimum of the potential atf50. Then after the
end of oscillations supersymmetry is restored, superhiggs
fect does not occur and instead of massive gravitinos
have ordinary chiral fermions. In order to study producti
of gravitino with helicity 1

2 with nonvanishing massm
;102 GeV one must introduce additional terms in the sup
potential, and make sure that these terms do not lead
large vacuum energy density.

Models with one chiral superfield which satisfy all o
3-9
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KALLOSH, KOFMAN, LINDE, AND VAN PROEYEN PHYSICAL REVIEW D 61 103503
these requirements do exist. The simplest one is the Pol
model with W5a@(22))M p1F#. One can introduce
various generalizations of this model. However, potentials
all models of this type that we were able to construct
much more complicated than the potentials of the toy mod
studied in this section. In particular, if one simply adds sm
termsa1bF1... to the superpotentials;F2 or F3, one
typically finds thatV becomes negative in the minimum o
the potential, which sometimes becomes shifted to the di
tion f2 , whereF5(f11 if2)/&. This problem can be eas
ily cured in realistic theories with many multiplets, which
another reason to study such models.

It would be most important to verify, in the context o
these models, validity of our observation that the probabi
of production of gravitinos of helicity12 is not suppressed b
the gravitational coupling. We have found, for example, t
the ration3/2/s for the gravitinos with helicity1

2 in the model
lf4/4 is suppressed byl23/4. This suppression is still rathe
strong because the coupling constantl is extremely small in
this model,l;10213. However, in such models as the h
brid inflation scenario all coupling constants typically a
S.

.

a,

v.

hy
t.
.
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O(1021) @23#. If production of gravitinos in such models i
suppressed only by powers of the coupling constants,
may need to take special precautions in order to avoid p
ducing excessively large number of gravitinos during p
heating. We will return to this question and present a m
detailed description of the effects discussed above in a s
rate publication@11#.
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