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Neutrino masses and mixings in a seesaw framework

D. Falcone*
Dipartimento di Scienze Fisiche, Universita` di Napoli, Mostra d’Oltremare, Pad. 19, I-80125, Napoli, Italy

~Received 3 September 1999; published 4 April 2000!

Assuming the seesaw mechanism for hierarchical neutrino masses, we calculate the heavy neutrino masses
under the hypotheses that the mixing in the Dirac leptonic sector is similar to the quark mixing (VD

;VCKM) and thatM n;Mu or Me , whereM n is the Dirac mass matrix of neutrinos. As a result we find that
for M n;Mu the vacuum oscillation solution of the solar neutrino problem leads to a scale for the heavy
neutrino mass well above the unification scale, while for the MSW solutions there is agreement with this scale.
For M n;Me the vacuum solution is consistent with the unification scale and the MSW solutions with an
intermediate scale. The mass of the lightest heavy neutrino can be as small as 105 GeV.

PACS number~s!: 12.15.Ff, 14.60.Pq
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In the minimal standard model~MSM! @1# the neutrino is
massless. This is because with only the left-handed neut
nL we cannot build a Dirac mass term, and with only t
Higgs doubletf we cannot build a Majorana mass term f
nL after spontaneous symmetry breaking. However, str
indications for a nonzero neutrino mass come from solar
atmospheric neutrino experiments and on the theoretical
there are several extensions of the MSM that lead to a n
zero neutrino mass@2#.

The simplest one is to add the right-handed neutrinonR in
order to have the analogue of the quarkuR in the leptonic
sector. When this is done, it becomes possible to give a D
mass to the neutrino by means of the same mechanism
for the other fermions. Thus we expect this mass to be of
same order of magnitude as the other fermion masses. M
over, it is now also possible to have a bare Majorana m
term for nR , and the corresponding value of the mass is
constrained if the gauge group is the same as the MS
Therefore we have a new mass scale in the extended th
@3#, and it is a key problem to understand if this new scale
associated with new physics—that is, a larger gauge grou
and at what energy it eventually happens.

If the Dirac mass of the neutrino is of the same order
the other quark or lepton masses, the seesaw mechanis@4#
relates the smallness of the neutrino mass to a very la
scale in the Majorana term. Of course we have three gen
tions of fermions and we expect three light neutrinos a
three heavy ones. We assume that the light neutrino m
spectrum is hierarchical as happens for quark and cha
lepton mass spectra. We denote bym1 , m2 , m3 the Dirac
masses, byM1 , M2 , M3, the heavy neutrino masses, and
mn1

, mn2
, mn3

the light neutrino masses. From solar a
atmospheric neutrino experiments we can infer@5#, with
some uncertainty, the values ofmn2

and mn3
, and of the

neutrino mixing matrixU,

na5Ua in i , ~1!

where U is unitary and connects the mass eigenstatesn i
( i 51,2,3) to the weak eigenstatesna (a5e,m,t).
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The aim of this paper is to calculate the heavy neutr
masses under simple hypotheses of the Dirac masses of
trinos and of the matrix

VD5Vn
†Ve , ~2!

which is analogous to the Cabibbo-Kobayashi-Maska
~CKM! matrix in the Dirac leptonic sector. Namely, we a
sumeVD;VCKM and M n;Mu or M n;Me . For mn1

we
allow a variation of three orders in the hierarchical regim
We are mostly interested inM3 ~the mass of the heavies
right-handed neutrino!, which is related to the new mas
scale of the theory, and inM1 ~the mass of the lightest right
handed neutrino!, which has some importance in baryoge
esis via leptogenesis@6,7#. In grand unified theories~GUTs!
M3 is associated with unification or intermediate scales@8#;
thus we match our results with these scales. General con
erations on heavy neutrino masses in the seesaw mecha
can be found in Ref.@9#. In the present paper we give
numerical analysis based on the hypotheses above and
experimental data on solar and atmospheric neutrinos.

Let us briefly explain the effect of the seesaw mechan
on leptonic mixing. The part of the Lagrangian we have
consider is

ēLMeeR1 n̄LM nnR1gn̄LeLW1 n̄L
cMR8nR , ~3!

whereMe and M n are the Dirac mass matrices of charg
leptons and neutrinos, respectively, andMR8 is the Majorana
mass matrix of right-handed neutrinos. If we assume the
ements ofMR8 to be much greater than those ofM n , the
seesaw mechanism leads to the effective Lagrangian

ēLMeeR1 n̄LML8nR
c 1gn̄LeLW1 n̄L

cMR8nR , ~4!

where

ML85M nMR8
21M n

T ~5!

is the Majorana mass matrix of left-handed neutrinos~in this
context the left-handed neutrinos are called light neutrin
and the right-handed neutrinos are called heavy neutrin!.
Diagonalization ofMe , ML8 gives ~renaming the fermion
fields!

ēLDeeR1 n̄LDLnR
c 1gn̄LVlepeLW1 n̄L

cMR8nR . ~6!
©2000 The American Physical Society02-1
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Of course we can also diagonalizeMR8 without changing
other parts of this Lagrangian. The unitary matrixVlep @10#
describes the weak interactions of light neutrinos w
charged leptons. The following steps clarify the structure
Vlep .

If in Eq. ~3! we first diagonalizeMe andM n , obtaining

ēLDeeR1 n̄LDnnR1gn̄LVDeLW1 n̄L
cMRnR , ~7!

then the seesaw mechanism gives

ēLDeeR1 n̄LMLnR
c 1gn̄LVDeLW1 n̄L

cMRnR , ~8!

with

ML5DnMR
21Dn . ~9!

Then, we diagonalize alsoML ,

ēLDeeR1 n̄LDLnR
c 1gn̄LVsVDeLW1 n̄L

cMRnR , ~10!

and, comparing with Eq.~6!, we recognize that

Vlep5VsVD , ~11!

where

VsMLVs
T5DL . ~12!

We also understand that

Vlep5U†, ~13!

and point out thatMR8 (ML8) differs from MR(ML) by a uni-
tary transformation; hence they have the same eigenvalu

In the Lagrangian~3! it is possible to diagonalizeMe or
MR without changing the observables quantities. The sam
not true forM n . Moreover,Me andMR can be diagonalized
simultaneously. In the Lagrangian~4! the following matrices
can be diagonalized:Me , ML , MR , bothML andMR , both
Me andMR . When we setMe5De in Eq. ~4! we haveML
5UDLUT, and when we setML5DL we getMe5U†DeU if
Me is chosen to be Hermitian orMeMe

†5U†De
2U if Me

contains three zeros@11#.
Experimental information on neutrino masses and m

ings is increasing rapidly. To be definite we refer to@5#,
where the matrixU is written as

U5S c12 s12 0

2s12c23 c12c23 s23

s12s23 2c12s23 c23

D . ~14!

There is a zero in position 1-3, although it is only co
strained to be much less than 1@12#. The experimental data
on oscillation of atmospheric and solar neutrinos lead
three possible numerical forms forU, corresponding to the
three solutions of the solar neutrino problem: namely, sm
mixing ~SM! and large mixing~LM ! Mikhieyev-Smirnov-
Wolfenstein ~MSW! effect @13#, and vacuum oscillations
09730
f

s.

is

-

o
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~VOs! @10,14,15#. Choosing the central values of neutrin
masses and ofs12 and s23 from Ref. @5#, we have always
mn3

55.7310211 GeV, and

U5S 1 0.04 0

20.032 0.80 0.60

0.024 20.60 0.80
D [U1 , ~15!

mn2
52.8310212 GeV, for the small mixing MSW effect,

U5S 0.91 0.42 0

20.336 0.726 0.60

0.252 20.544 0.80
D [U2 , ~16!

mn2
54.4310212 GeV, for the large mixing MSW effect

and

U5S 0.80 0.60 0

20.474 0.632 0.61

0.366 20.488 0.79
D [U3 , ~17!

mn2
59.2310215 GeV, for vacuum oscillations. We als

consider maximal and bimaximal@16# mixing as limiting
cases ofU1 andU3, respectively:

Um5S 1 0 0

0 1/A2 1/A2

0 2 1/A2 1/A2
D , ~18!

Ub5S 1/A2 1/A2 0

2 1
2

1
2 1/A2

1
2 2 1

2 1/A2
D . ~19!

Experimental data on oscillations only giveDm32
2 , Dm21

2 ,
from which, for hierarchical light neutrino masses, we yie
the values ofmn3

, mn2
, becauseDm32

2 .mn3

2 , Dm21
2 .mn2

2 .

For mn1
we will assumemn1

<1021mn2
. From the unitary

matrices written above we see that leptonic mixing betwe
second and third families is large, while the mixing betwe
first and second families may be large or small. It is w
known that in the quark sector all mixings are small.

Our determination ofM1 , M2 , M3 is based on the fol-
lowing assumptions. Looking at Eq.~11! we see thatVs
could be responsible for the enhancement of lepton mix
@17#. Therefore, it is suggestive to assume that the matrixVD
has just the form of the CKM matrix

VD5S 12 1
2 l2 l l4

2l 12 1
2 l2 l2

l32l4 2l2 1
D . ~20!

This is similar to the form which might originate from GUT
@18#,
2-2
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VD5S 12 1
18 l2 1

3 l l4

2 1
3 l 12 1

18 l2 l2

1
3 l32l4 2l2 1

D , ~21!

the difference being in the elementVD12, and this, in turn, to
the VD which results from the analogy of Ref.@19#, where
VD23.2l2. We also assumeM n;Mu or M n;Me . In par-
ticular,

M n5Dn5~mt/mb! Du , ~22!

where the factor is due to running@20# or

M n5Dn5De . ~23!

We use quark~and charged lepton! masses at the scaleMZ as
in Ref. @21#. It is important to notice that the value
M1 ,M2 ,M3 do not depend on the assumptionM n5Dn , be-
causeMR undergoes a unitary transformation. AlsoVD does
not change if we rotateeL as nL . In fact, one can always
diagonalizeMu without changingVCKM @22# and M n with-
out changing bothVD and M1 ,M2 ,M3. We vary mn1

by

three orders down frommn1
51021mn2

to mn1
51024mn2

. In
the tables we report our results~in GeV!. They are obtained
in the following way. From Eq.~11! we have

Vs5VlepVD
† ; ~24!

using Eq.~12! we get

ML5Vs
TDLVs , ~25!

and from Eq.~9! we obtain

MR5DnML
21Dn ~26!

and then its eigenvalues. We see that in the caseM n;Mu the
VO solution leads to a scale forM3 well above the unifica-
tion scale~around the Planck scale!, while the MSW solu-
tions are consistent with this scale.M2 is around the inter-
mediate scale. In the caseM n;Me the VO solution gives
M3 near the unification scale, while the MSW solutio
bring it near an intermediate scale. Also we notice thatM1
may be of the order 106, a relatively small value@19,6#. The
huge value ofM3 in the VO case is due mainly to the lowe
values ofmn1

, mn2
with respect to the MSW case. There

no substantial change if the factormt /mb is erased from Eq.

TABLE I. VD;VCKM ,M n;Mu .

SM MSW LM MSW VO Max Bimax

M1 1.33106 6.83105 2.53106 1.13106 4.03106

1.63106 2.33106 3.13109 1.23106 3.73109

M2 3.131010 1.531010 1.731012 3.031010 1.431012

9.431011 2.031010 2.031012 1.131013 1.531012

M3 1.731015 2.831015 2.231018 2.231015 3.731018

4.731016 1.931018 1.931021 5.031015 3.331021
09730
~22!: the numerical results are rescaled by the value 2.8.
have introduced such a factor because the relationMu;M n

is typical of GUTs, where it is true at the unification sca
while the factormt /mb appears at low energy due to run
ning. It can be checked that there is not an essential dif
ence between the results obtained by Eq.~20! (VD;VCKM)
and those obtained by Eq.~21! (VD;VGUT). In fact, num-
bers differ by no more than one order of magnitude. Mo
over, comparing values in the two MSW cases, the effec
changes inmn1

is apparent: in the small mixing solutionM3

varies by one order, in the large mixing solution by thr
orders. If we wantM3 not to exceed the unification scale
thenmn1

cannot be much smaller thanmn2
, in the large mix-

ing MSW solutions. Maximal and bimaximal mixings con
firm the results obtained for small mixing MSW solution
and vacuum oscillations, respectively.

As a matter of factVD;VCKM andVD;VGUT are not so
different fromVD;I . In such a caseVlep.Vs . The opposite
case isVlep.VD and thenVs.I ; that is, whenM n5Dn also
MR5DR . From the seesaw mechanism we obtainMi

5mi
2/mn i

, which givesM3;1014, M2;1010, M1;106–109

~MSW!, M2;1013, M1;109–1012 ~VO! GeV in the case
M n;Mu ; M3;1010, M2;109, M1;105–108 ~MSW!, M2
;1012, M1;108–1011 ~VO! GeV in the caseM n;Me . In
the VO solution withM n;Me , M2 exceedsM3, and so can
M1.

Let us now briefly discuss the sensitivity to input mixin
angles of the results reported in the first three columns
Tables I and II. By allowings12 and s23 to vary inside the
ranges reported in Ref.@5# we have found that the numerica
values of right-handed neutrino masses change by no m
than one order of magnitude. The same happens ifUe3 is
different from zero up to 0.1. Therefore the above consid
ations on the physical scales do not change.

It is also interesting to match our results, obtained by
hierarchical spectrum, with the degenerate spectrum
democratic mixing@23#:

Ud5S 1/A2 1/A2 0

2 1/A6 1/A6 2/A6

1/A3 2 1/A3 1/A3
D . ~27!

Assuming as light neutrino massm052 eV, relevant for hot
dark matter, and the democrating mixingU5Ud , we obtain
M159.23102, M257.73107, M355.531012 GeV for M n

TABLE II. VD;VCKM ,M n;Me .

SM MSW LM MSW VO Max Bimax

M1 1.73105 8.63104 2.23105 1.43105 1.73105

2.03105 9.73104 1.33107 1.63105 1.43107

M2 2.13109 1.03109 1.231011 2.03109 9.331010

5.431010 1.33109 1.431011 3.831011 1.031011

M3 5.031011 7.931011 6.131014 6.231011 1.031015

1.531013 5.331014 5.231017 2.831012 9.331017
2-3
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;Mu and M151.23102, M255.33106, M351.53109

GeV for M n;Me , that is,M3 at the intermediate scale an
M1 even at the electroweak scale. From Eqs.~25!,~26! we
see that in the case of degenerate massesMR is proportional
to 1/m0 and one can easily obtainM3 whenm0 is lowered.

We have calculated the heavy neutrino masses in a
saw framework, under simple hypotheses of the Dirac se
and using experimental limits on light neutrino masses
mixings. The results have been matched with intermed
ro
,

th

c,

s.

le
E

e,

v.
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and unification scales. A key result is that the large mixi
MSW solution can be reconciled with GUTs. The analy
can be improved when more precise data will be availab
Also the effect of phases should be considered@24#. There
are several recent studies about the seesaw mechanism@25#,
based on various forms of mass matrices; a nice review i
Ref. @26#. Instead, in this paper, we work on the matrixVD
and onDn , that is, the leptonic quantities which correspon
in the quark sector, to the observable quantities.
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