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Neutrinos on Earth and in the heavens

Howard Georgi* and S. L. Glashow†

Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138
~Received 28 May 1999; published 4 April 2000!

Recent data suggest a simple and intriguing form of the neutrino mass matrix. We show how the data may
constrain solar neutrino oscillations to be nearly maximal@and rule out the small-angle Mikheyev-Smirnov-
Wolfenstein ~MSW! explanation of solar neutrino observations# if relic neutrinos comprise at least three
percent of the critical mass density of the universe.

PACS number~s!: 14.60.Pq
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Cosmologists differ on whether or not neutrinos play
essential role in the evolution of the large-scale structure
the universe@1#. In this paper, we assume that they do, a
that the sum of their masses is several electron volts so
relic neutrinos comprise several percent of the critical m
density. Under this hypothesis, we demonstrate how a w
range of observations and deductions relating to neutr
can be explained in terms of a specific effective neutr
mass matrixM involving a suggestive pattern of neutrin
masses and mixings. Although many of our arguments m
be found elsewhere in part or in other contexts@2#, a cogent
synthesis may be useful.

The literature is rife with both experimental and theore
cal claims regarding neutrino properties, many of them
conflict with one another. Below is a somewhat arbitra
selection of neutrino ‘‘facts’’ we shall accept and describ
They are consistent with one another and are suggeste
current data, but they are not decisively established. We
not intend to argue that these particular facts should be
cepted as true@3#, but rather that, if true, they constrain th
neutrino mass matrix to have a form that we find both fas
nating and a bit bizarre@4#.

Fact 1. There exist precisely three chiral neutrino sta
with Majorana masses,m1 , m2 , and m3 ~taken to be real
and non-negative!. In particular we do not consider the exi
tence of additional neutrinos, sterile or otherwise.

Fact 2. Atmospheric neutrinos rarely oscillate into ele
tron neutrinos. This is a plausible, but not inescapable@5#,
interpretation of recent data from the Super-Kamiokan
Collaboration@6# and from CHOOZ@7#.

Fact 3. Atmospheric muon neutrinos suffer maximal,
nearly maximal, two-flavor oscillations into tau neutrinos,

sin2 2u.0.82, ~1!

and the required neutrino mass-squared differenceDa satis-
fies @6#. The relevant mixing angle satisfies@8#

1023 eV2,Da,731023 eV2. ~2!

Fact 4. Oscillations are needed to resolve the discrepa
between the observed and computed solar neutrino flu
@9,10#. A relevant neutrino squared-mass different in t
range
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6310211 eV2,Ds,231025 eV2 ~3!

provide Mikheyev-Smirnov-Wolfenstein~MSW! explana-
tions for larger values ofDs , and just-so explanations fo
smaller values. It has been suggested@11# that the solar neu-
trino deficit may result from maximal time-averaged vacuu
oscillations. If so, the boundDs,1023 eV2 is obtained from
reactor experiments@7#. It is premature and unnecessary f
us to choose among these proposed solutions to the s
neutrino puzzle.

Fact 5. Here we assume that neutrino masses are l
enough to play a significant cosmological role and take

m11m21m3

3
[M;2 eV. ~4!

This is the least well established fact in our list, but it
crucial to our discussion.

Fact 6. Careful studies of many nuclear species h
failed to detect neutrinoless double beta decay. These ex
ments provide bounds onMee, the ee component of the
Majorana neutrino mass matrix in the charged lepton fla
basis—a weighted average of neutrino masses. In this pa
we adopt the strongest published bound,Mee,B
50.46 eV@12#.

These ‘‘facts’’ dramatically constrain the form of the ne
trino mass matrix. In addition, they compel solar neutri
oscillations to be maximal, thereby ruling out the small-an
MSW solution of the solar neutrino puzzle. We begin
considering the well-known implications of fact 1. The mo
general mass matrix involving three chiral neutrinos is a 333
complex symmetric matrixM. It may be written

M5eihU0* D0U0
† , ~5!

whereU0 is an element of SU~3! andD is a diagonal matrix
with real non-negative entriesmi . The mass matrix would be
real wereCP conserved, but it is not. ConsequentlyM in-
volves nine convention-independent parameters. Judic
choice of the phases of the flavor eigenstates allows u
rewrite Eq.~5! as

M5U* DU†, ~6!

whereU is a unitary ‘‘Kobayashi-Maskawa’’ matrix~involv-
ing three anglesu i and a complex phased! expressing flavor
eigenstates in terms of mass eigenstates. In standard
tion,
©2000 The American Physical Society01-1
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with si and ci standing for sines and cosines ofu i . The
remaining five parameters appear in the diagonal matrixD,
which may be written

D5S m1eif 0 0

0 m2eif8 0

0 0 m3

D . ~8!

Each of the phase factors (eid,eif,eif8), if not real, isCP
violating.

The amplitude for atmospheric muon neutrinos with e
ergy Ea to oscillate intone over a distanceRa is

(
j

Um jUe j* eimj
2Ra/2Ea. ~9!

According to fact 2, this amplitude must be small over t
range ofRa andEa relevant to atmospheric neutrinos, arou
2Ea /Ra'1023 eV2. It follows that umj

22mk
2uRa/2Ea must

be small for some pair of neutrino mass eigenstatesj andk.
To prove this, we assume the contrary. It follows that
amplitude~9! is small for a rangeRa andEa if and only if
Um jUe j* is small for eachj. But fact 3 requires thatnm is not
close to a mass eigenstate. ThusUm jUe j* can be small for
eachj only if ne is close to a mass eigenstate. This wou
lead us to the so-called small-angle MSW solution that
quires Ds,231025 eV2: small compared to 2Ea /Ra and
contrary to the hypothesis—QED.

Thus the neutrino mass eigenstates associated with a
spheric oscillations must have a squared-mass differe
Da.531024 eV2, while those associated with solar osc
lations must have a much smaller squared-mass differe
Ds!Da . Without loss of generality, we takeDa[um3

2

2m2
2u and Ds[um2

22m1
2u. This may all sound rather obvi

ous, and indeed it is the standard wisdom. But notice that
argument of the previous paragraph rules out the possib
of the time-averaged solar neutrino solution withDs near the
CHOOZ bound.

We assume that all differences of squares of neutr
masses are less than 731023 eV2. Yet according to fact 5
@and Eq.~4! in particular# the sum of the neutrino masse
must be several eV.1 Thus the three neutrinos must ha
equal mass to a precision of at least 1023 if they are to play
a role in large-scale structure formation. From the point
view of particle theory, this is truly a bizarre result and not
all what one would expect from the simplest seesaw mec

1The boundM,4.4 eV follows from a recent measurement of t
tritium beta spectrum@13#.
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nisms. It is nonetheless an immediate consequence of
facts we have accepted. We now proceed to a more deta
discussion of the mass matrix~6!, from which additional
constraints can be found.

We may express thein vacuaenergy-dependent surviva
probabilities for solar and atmospheric neutrinos in terms
the parameters so defined. Because the path lengthRs of a
solar neutrino is roughly an astronomical unit, Eq.~2! yields
DaRs /E@1. Using this relation, we obtain

P~ne→ne!usolar.12
sin2 2u2

2

2cos4u2 sin2 2u3 sin2~DsRs/4E!. ~10!

Because the path length of an atmospheric neutrinoRa can
be no greater than Earth’s diameter, Eq.~3! yields DsRa /E
!1. Using this relation we obtain

P~nm→nm!uatmospheric5124sin2u1cos2u2~1

2sin2u1cos2u2!sin2~DaRa/4E!.

~11!

These oscillations produce electron or tau neutrinos in
ratio

P~nm→ne!

P~nm→n r !
U

atmospheric

.
tan2u2

cos2u1
. ~12!

Note that none of Eqs.~10!, ~11!, and~12! involve theCP-
violating parameterd.

We turn to the consequences of our other tentatively
cepted facts. Fact 2 and Eq.~12! yield

u2.0, ~13!

expressing the absence of oscillations of atmospheric o
lations into electron neutrinos. This result greatly simplifi
Eqs.~10! and ~11!, which become

Pusolar.12sin2 2u3sin2~DsRs/4E!,
~14!

Puatmospheric.12sin2 2u1sin2~DaRa/4E!.

Thus u1 is the parameter controlling atmospheric neutri
oscillations, and we conclude from fact 3 and Eq.~1! that

sin 2u1.1, ~15!

expressing the observation that these oscillations are ne
maximal.
1-2
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Finally, we must address fact 6, the observed suppres
of neutrinoless double beta decay. The amplitude for
process is proportional to the quantityMee, on which the
bound is

Mee[um1c2
2c3

2eif1m2c2
2s3

2eif81m3s2
2ei2du,B. ~16!

We have seen that fact 5 requires neutrino masses to be e
to a precision sufficient to neglect their differences in E
~16!. Furthermore, Eq.~13! lets us put Eq.~16! into the
simple form

ucos2u3eif1sin2u3eif8u,B/M . ~17!

If we setM52 eV andB50.46 eV~the current experimen
tal upper bound!, we find that Eq.~16! can be satisfied iff
1f8.p and ucos 2u3u,0.23, or

sin2 2u3.0.95. ~18!

If M>2 eV, our six facts are mutually consistent if and on
if solar neutrino oscillations are nearly maximal. Somew
stronger bounds on neutrinoless double beta decay c
strengthen Eq.~18! enough to leave just-so oscillations@14#
as the only viable explanation of the solar neutrino data@10#.
Conversely, if the small angle MSW description of so
neutrino oscillations is correct, the sum of the neutri
masses is bounded above by 3B.1.4 eV. In this case, future
double beta-decay experiments may exclude the cosmo
cal relevance of relic neutrinos.

The neutrino matrix we are led to has approximately
following form:

M5MS 0
1

A2

1

A2

1

A2

1

2
2

1

2

1

A2
2

1

2

1

2

D . ~19!

This has several intriguing properties:MM† is approxi-
mately a multiple of the unit matrix andMee.0. To the
extent that these relations are satisfied, the following p
i
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cesses are forbidden at all orders in perturbation theory: n
trinoless double beta decay; muon decay intoe1g or into
e1e1ē; muonium-antimuonium transitions; muon-electro
conversion via capture; the induction of an electron elec
dipole moment. This point is academic because the detec
of any of the above processes~except neutrinosless doubl
beta decay! would require a radical revision of the standa
model.

Neutrino astronomy is a new science. Future observati
of neutrinos from nearby supernovae, or among ultrah
energy cosmic rays, are likely sources of new informat
about particles and the universe. These neutrinos, having
versed great distances, will experience time-averaged o
lations so that their composition at detection will not coi
cide with their composition at birth. LetDl be the number of
detected neutrinos with identitiesn l , andBl their numbers at
birth. With the above mixing parameters we find

S De

Dm

Dt

D 5
1

8 S 4 2 2

2 3 3

2 3 3
D S Be

Bm

Bt

D . ~20!

Half of the ne burst from a supernovae reach Earth asne ,
while cosmicnm’s are seen as 25%ne’s and 37.5%nt’s.

Let us summarize our results. There are nine parame
in the neutrino mass matrix, all but one of which are sever
constrained by the facts we have accepted. The three
trino masses are nearly~but not quite! the same. The angle
relating flavor and mass eigenstates take the follow
simple values:u1.u3.p/4 andu2.0. These simple rela-
tions may indicate a deeper underlying truth.

In this connection, note that just one of the threea priori
CP-violating parameters inM is unconstrained by ou
analysis: We must havef2f8.p to suppress neutrinoles
double beta decay and the parameterd is hors de combat
because it always occurs multiplied by sinu2, which nearly
vanishes.
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for comments. This work was supported in part by the N
tional Science Foundation under Grant No. NSF-PHY/9
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