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(Meta)stable closed vortices in 31 dimensional gauge theories with an extended Higgs sector
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In gauge theories with an extended Higgs sector the classical equations of motion can have solutions that
describe stable, closed finite energy vortices. Such vortices separate two disjointed Higgs vacua, with one of
the vacua embedded in the other in a manner that forms a topologically nontrivial knot. The knottedness
stabilizes the vortex against shrinkage ir-B dimensional space time. But in a world with extra large
dimensions we expect the configuration to decay by unknotting. As an example, we consider the semilocal
Ow— /2 limit of the Weinberg-Salam model. We present numerical evidence for the existence of a stable
closed vortex, twisted into a toroidal configuration around a circular Higgs vacuum at its core.

PACS numbgs): 11.27:+d, 11.15.Tk

[. INTRODUCTION from a collapse by a finite energy barrier, very much in anal-
ogy with the mechanism that has been introduced in the case
In unified field theory models the existence of severalof one dimensional models in Reff4]. Indeed, following
degenerate Higgs vacua is gendtid. This degeneracy has Ref.[4] we propose that such a finite energy barrier persists
numerous consequences, and leads to the appearance of @yen at low coupling, where semiclassical methods become
main Wa”s[Z] and Vorticeia]_ The role and properties of reliable. This means tha.t quantum mechal:'ﬂca.”y the vortex
such configurations have been widely discussed. They afédn have a very long lifetime, even though it may eventually
expected to be highly relevant in a variety of problems indecay by a tunneling proceps)]. S
high energy physics and early Universe cosmology. The_: sample field theory mode! that we consider in the
The energy of a line vortex scales with its length and afollowing is related to the Weinberg-Salam model. It
stable vortex is expected to have an infinite energy. Anyemerges when we take the limit where Weinberg artje
isolated, finite length vortex such as a vortex loop in the— 7/2. This suggests that our configurations may have rel-
standard Abelian Higgs model with a single complex scala€vance to standard model physics, at energy scales which
field is expected to rapidly collapse. But here we proposénay be reachable_m the future accelerators such as (_ZERN
that (metgstable, or at least very long-lived, finite length Large Hadron CollidefLHC). As a consequence, a detailed
closed vortices can actually be present in unified field theorynspection of knotted vortices in realistisupersymmetric
models with anextendecHiggs sector. Even though the en- €xtensions of_ t_he stan_dard mod_el could become re_wardlng:
ergy of these vortices does scale in proportion to their lengthSince a nontrivial knot is topologically stable exactly in three
they can still be prevented from shrinking by their topologi- SPace dimensions, the existence of stable knotted solitons
cal nontriviality. This becomes possible when the vortex ismay provide a direct test of the dimensionality of space time
deformed so that it forms a knot, separating two Higgs vacu&t the TeV scale, presently under an active debasé]. If
which are tangled around each other in a nontrivial manne€xtra dimensions can indeed be seen by the standard model
The topological nontriviality of a knotted structure then pro-2at TeV scales, it should be difficult to preserve the stability
vides a repulsive force which stabilizes the vortex and pre©f any TeV (or highej scale knotted configuration. Such a
vents it from collapsing. conf|gurat|qn sho_uld rapidly decay, by unknot_tlng |Fself via
An actual dynamical stability of a knotted finite energy the extra dimensions. Instead of_knotted vortices, in an ex-
closed vortex depends on the dynamical details of the undefension of the standard model with TeV scale extra dimen-
lying field theory model, and must be verified separately bysions it becomes relevant to inspect the stability of knotted
inspecting the classical equations of motion. But we shalfonfigurations with co-dimensionality two in the extended
argue that with a properly extended Higgs sector dynamica{vorid.
stability can occur. The vortex becomes classically protected

Il. MODEL
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"Email address: Palo@ebi.ee its self-linkage, and the ensuing linking number coincides
*Email address: Sami@focus.hut.fi with the Hopf invarian{7]. This is an integral invariant that
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relates self-linking to the 74(S%) ~ m5(S?) homotopy 11 11

classes. In the case of static and localized configurations such A=-—-—(02'2-2"0,2)+ ~ ——IiFj;. (4)
as a knot, we may compactifg®— S%. This suggests that in 27'z 47"z

the case of a Yang-Mills-Higgs model, a knotted vortex ) . . ]
might be present when the Higgs vacuum sector allows for &Y Sending\ —c we forceZ 2= |‘D|EA1’ and if we define a
nontrivial S*— S® or S*— S2 mapping. This is possible when three component unit vector by=2"¢Z and use Eq(4) to
the symmetry group of the Higgs vacuum sector contains &liminateA; from Eq. (1), we find that Eq(1) reduces to
SU(2) subgroup. A familiar example is the Weinberg-Salam
model, and we shall exemplify our ideas by considering its
simplified version, the so-called semilocal, i.@y= /2
limit of the Weinberg-Salam modéB]. This is an Abelian
gauge theory with a two component complex Higgs scalaihe first two terms that we have presented in &j.repro-
and renormalizable Lagrangian duce the model studied in Reff8] and[9]. There, it has
been established that E() admits stable knotlike solitons
with a nontrivial Hopf invariant. Those results then suggest,
that at least for large values af[10] the model(1) should
o _ o either support stable knotted configurations with nontrivial
whereD ,=d,—iA,, is theU(1) covariant derivative and @, or then it should describe metastable knotted configu-
rations with a lifetime that approaches infinity &as- .

A 1 . . -
L—>|(?Mn|2+4—e(n-dn><dn)2+(higher derivatives (5)

1 _
L:—ZFwar D,Z'D,Z-\(Z'Z-1)?, 1)

b1
7_ ( P1 _ |q)| b2 ) IIl. STABLE TOROIDAL VORTICES
P2 3

The previous arguments are suggestive but not sufficient
N to conclude that for finite, even for weak the model(1)

) _ ) 5 _ could support stable closed vortices. The equations of motion
the Higgs field, and we normaliz&¢i=1. The Higgs  gre highly nonlinear and for finite coupling the higher order
vacuum manifold of Eq(1) is then characterized byP|  tormsin Eqy(5) cannot be ignored. Consequently, an explicit
=1 which determines the topology (33 In this model  construction with a finite. becomes imperative. For this we
Higgs mechanism occurs, the gauge fiéld and one com-  remind that Eq(1) supports stable, infinitely long line vor-
ponent of the complexp, combine into a massive vector tices[3,10]. If we construct a finite energy vortex in E€.)
field. In addition we have a massive scalar and two Goldby cutting a piece of the line vortex studied in R which
stone bosons. . ~ we then deform into the shape of a finite radius torus by

The model (1) is known to support straight, infinite- ioining the ends, the resulting configuration becomes un-
length, infinite-energy line vortices as stable classical solusiaple against shrinkage. However, if we form such a toroidal
tions to its equations of motion, and the properties of thes¢qriex ring by first twisting the line vortex once around its
vortices have been widely discusg@. In the following we  ¢ore pefore joining its ends, the nontriviality of the twist
argue that the modefl) also supports static, finite length, might produce a repulsive interaction that stabilizes the con-
and energy knotted vortices as stable solutions. The.vorteﬁguraﬂOn against shrinkag@]. In order to form an appro-
now appears as a domain wall that separates two differenfijate configuration that allows for the introduction of a non-
Higgs vacua. Modulo globaU(2) rotations we can select tjyia| twist, we recall that the present model reduces to the
these two Higgs vacua so that RP they coincide with the  standard Abelian Higgs model in the limit where we truncate
preimages of the tw', which are determined by setting one of the two complex fieldg,. In the standard Abelian
either [@o|(x)=1 or [¢4|(x)=1 [with [P|(x)=1]. In the  Higgs model the number of degrees of freedom is insuffi-
sequel we shall denote these two vacuaSag and Si,,  cient for describing a nontrivial twist around the core of a
respectively. For a potentially stable closed vortex to occuryortex, and a toroidal configuration is unstable. But in the
these two vacua should be linked with a nontrivial Iinking present case the Higgs sector is extended with the broken
number which is computed by the Hopf invariady; [8]: phase containing two additional Goldstone bosons. This en-

L sures that the number of degrees of freedom is now sufficient
for describing a nontrivial twist around the core of a vortex.
:EJ €k Gidd/NddAd gy 3 For this, we form a toroidal configuration in such a manner
that outside and inside of a toroidal surface we have a dif-
We note that this coincides with they(S®) winding number ~ ferent asymptotic large distance Higgs vacuum of the stan-
of the field ¢, . dard line vortex in the conventional Abelian Higgs model.
We argue that for a nontrivi@H the vortex which sepa- This means that outside of the toroidal surface we select,

rates the two Higgs vacua can be classicéietastable, at  €.9., the Higgs vacuurs;,, which is characterized bjd]|
least for some range of values for the coupling constant =|@,|=1, and inside of the torus we select the Higgs
Indeed, the classical equation of motion obtained by varyinggacuums:, with |®|=|¢,|=1. These two Higgs vacua be-
Eq. (1) with respect toA; is (we consider static configura- come then separated by a toroidal domain wall configuration
tions in theAy=0 gauge that interpolates between the two vacua. We identify this

Qn

085020-2



(META)STABLE CLOSED VORTICES IN 31... PHYSICAL REVIEW D 61 085020

domain wall as our closed vortex, wrapped around the toroi-
dal surface. 3
The two Higgs vacus', and S}, are now linked in a
nontrivial manner. If we assume thak|+#0 everywhere, the
Hopf invariant(3) is everywhere well defined and it com- =z
putes the linking number of these two Higgs vacua. A non-
vanishing Hopf invariant provides topological stability for
the toroidal vortex that interpolates these Higgs vacua, the !
vortex can unwind only if the nor®| in Eq. (2) vanishes
for somexeR® so that the Hopf invariant becomes ill-
defined. The Higgs potential provides an energy barrier that_’
preventd ®| from vanishing. For finitex this energy barrier =—
is finite. It increases with an increasingand becomes infi-
nitely high in the limit wherex —oo. For finite values ofx
the vortex can then be stable, provided the equations of mo
tion indeed restrict the Higgs field so that it is everywhere
constrained t¢® (x)|>0. In this manner classicéinetgsta-
bility becomes a dynamical issue, it can be resolved only by FIG. 1. A typical profile(7) for a stable configuration with
actually solving the equations of motion. =1 andk=2 and\=0(10). At thecenter of the torus, here at a
Following Ref.[4] we note that since the energy barrier is distanceR~3.8 from thez axis, we have® = corresponding to
finite, quantum mechanically the vortex may still decay. Itthe Higgs vacuunie,|=1 and ¢,=0. Outside of the torus we
may unwind itself by barrier penetration, when the Higgs@PProach the Higgs vacuum wifip,| =1 and¢,=0. The closed
fields fluctuates so that for some region of spaBéx)| van- vortex is a toroidal qomaln yvall that interpolates between these two
ishes. However, if the classical solution des(x)|%1 as we nggg vacua. Also in the figure we have the contours fo_r energy
. density, which peaks ne&r= 7 but at a somewhat smaller distance
expect, e.g., for large, the vortex has an exponentially long R from the z axis
guantum mechanical lifetime. Indeed, since the present situ- '

ation is quite similar to the one dimensional case stud|ed_ i oupled equations for six unknown functions, which we then
Ref. [4], we expect that also in the present case a classic

Ui ins stabl f lativel Il values of udy numerically. We use the following boundary condi-
solution remains stable even for relatively small values of - oo Both atp=0 and for p large 6(p) vanishes and

®(p)=1, corresponding to our Higgs vacuum configuration
IV. A NUMERICAL SOLUTION St... For some point at a distange=p, we haved(p.,0)

out*
The equations of motion for Eql) are highly nonlinear, =7 With ?(Pcio): 1, corresponding to our Higgs vacuum
to the extent that an analytical investigation of an actuafonfigurationS;,. These boundary conditions determine a
vortex configuration appears entirely hopeless. Consetoroidal vortex wrapped around the cir@, , it appears as a
quently, we resort to numerical methods. We have performedomain wall that separates the Higgs vacusfp from the
an extensive search for(lbcally stablg vortex configuration —asymptotic Higgs vacuurSéut. The Hopf invariant of this
in a toroidal shape. For this, we specify a torus on thgY  configuration(when® #0 everywhergis Qy=Kk-n so that
plane, oriented so that the toroidal symmetry axis coincideshe vortex is topologically stable: It wraps the tolkigmes,
with the z axis. With (p,z,) cylindrical coordinates, we use and twistsn times around its center. We expect that this twist
rotation invariance to argue that the most gen&&x2) produces a repulsive force that balances the vortex against
X SO(2) invariant ansatz for the Higgs field can be repre-shrinkage, resulting into émetastable configuration.
sented in the functional form We have employed our ansatz to perform very extensive
numerical simulations to search for a toroidal vortex con-
1 figuration. In our simulations we have used the techniques
cosky-sinz 6(p,2) described in Ref[8], by extending the Hamiltonian equation
into a parabolic flow equation with respect to an auxiliary
time variable and then following the flow towards a fixed
point of the Hamiltonian. We have found definite conver-
Z=®(p,z)- 1 ' (6) gence towards torus-shaped configurations, that appear stable
cosﬁ(p,z)~cos§ 0(p,z) under our parabolic flow. This indicates that the Hessian is
positive definite when evaluated at the fixed point, which is a
) 1 manifestation that our final configuration is indeed classi-
sind(p,z)- cos; 6(p,2) cally stable. As an example, in Fig. 1 we describe a solution
for k=2 andn=1. In this figure we plot the profile for the
where 0<9<2mn and 0<6#< andk,n are integers. For angular variable
the gauge fieldA; the rotation invariance restricts the com- ™
ponents into functions ofg(,z) only. With this ansatz the _ f1
static equations of motion for Eql) reduce into a set of Olp.2)=2 arctaré—). ™

1.5

1
sink¢~sin§ 0(p,z)

[,

085020-3



ANTTI J. NIEMI, KAUPO PALO, AND SAMI VIRTANEN PHYSICAL REVIEW D 61 085020

It varies betweer®,;,= 7 at p.~3.8 and®,,,=0 outside of generic in gauge models with an extended Higgs sector.
the configuration, so that we indeed have a domain wall conMoreover, the solutions can be stable even in the weak cou-
figuration that separates the two Higgs va@jaandS,,,in  pling limit where semiclassical methods become reliable. If
the expected manner. In this figure we have also plotted ththese properties indeed persists i I3dimensions, we can
contours for the energy density, which we find peaks neaexpect that our vortices are generic in models with an ex-
pe~3.3 for this particular configuration. We note that whentended Higgs sector, even in the low coupling limit where
we approach the axis, the energy density vanishes. Thesemiclassical methods become reliable. If so, they should
qualitative behavior of the energy density is consistent witthave relevance in a number of physical scenarios, including
the expected behavior of the Higgs field near the two vacuapplications to CERN Large Hadron CollidérHC) physics

Sk andSt,,. When we approach the Higgs vacugh, we  and early universe cosmology.

expect thai®|~1+ O(|p—p|") so that withn=1 the de-

rivative term; in Eq.(1) yield a finite contribution to the V. CONCLUSIONS

energy density even at=p., and when we approach ttze

axis we expect®|~1+ O(p*) so that withk=2 the energy In conclusion, we have argued that closed finite energy
density vanishes on theaxis. knotted vortices may be generic in gauge theories with an

The equations of motion, even with the simplified ansatzextended Higgs sector. These vortices appear as domain
(6), are highly complex and practical simulations becomewalls that separate two different Higgs vacua. They are to-
very time consuming. A typical run consumes over a hun{ologically nontrivial if the vacua are tangled into knots with
dred hours of CPU time, when we use a finite elemeng nontrivial Hopf invariant. The actual dynamical stability of
method implemented with thepe2p program[11] and a a closed vortex depends on the details of the model. For this
single EV56 processor in a Digital AlphaServer 8400. Wethe Higgs potential should provide a sufficiently high, “tip
have inspected the solutions to the classical equations of m@f the Mexican-hat,” type energy barrier so that in combina-
tion for various values of the coupling and found evidence tion with the derivative terms it prevents the vortex from
of convergence even for moderately small values \of unwinding. Studies of an analogous behavior in one dimen-
~O(1). However, for such small values afthe simulations ~ Sion suggests that closed vortices could be generic in theories
become increasingly involved, and numerical convergenc#ith an extended Higgs sector, and their stability could per-
becomes increasingly sensitive to the choice of an initiaist even at low coupling where semiclassical methods be-
condition. This is expected: When we use the analogy witttome reliable. If present, these configurations should have
Ref. [4], we conclude that for convergence towards a stabléelevance to LHC physics and early Universe cosmology. In
vortex we need to locate an initial configuration which can-particular, since knots are topologically stable only when
not “slip off the tip of the Mexican hat,” using the analogy €mbedded in three space dimensions, the very existence of
with the discussion in Ref4]. When\ decreases the choice (metastable knotted vortices could develop into a viable
of a suitable initial configuration becomes then increasinglymethod for experimentally testing the dimensionality of the
more difficult, and the ensuing simulation similarly increas-World, as seen by the standard model at TeV scales.
ingly more time consuming. Unfortunately, at the moment
we do not have access to sufficiently effective computers and
numerical methods to locate a lower bouxndfor the exis-
tence of(locally) stable solutions in a reliable manner. In-  A.N. thanks Ludvig Faddeev for many discussions. A.N.
deed, it appears that a detailed numerical investigation of thalso thanks T. Tomaras for drawing attention to the results in
properties of our vortices must be postponed to the futurdRef. [4] and for suggesting that there might be a similarity,
[12], when more powerful computers become availableand for discussions on the potential relevance of knotted vor-
However, we expect that these simulations will eventuallytices to standard model physics. We are grateful to the Cen-
reveal a qualitative behavior which is very similar to thatter for Scientific Computing in Espoo, Finland for providing
found in the lower dimensional analog(ié]. Among the us with access to their computers. The research by A.N. was
conclusions in Ref[4] are that the configurations should be partially supported by NFR Grant F-AA/FU 06821-308.
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