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Photon production of axionic cold dark matter
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Using the nonequilibrium quantum field theory, photon production from the coherently oscillating axion
field in a flat Robertson-Walker cosmology is reexamined. First neglecting the Debye screening of the baryon
plasma to photons, we find that the axions will dissipate into photons via spinodal instability in addition to
parametric resonance. As a result of the pseudoscalar nature of the axion-photon coupling, we observe a
circular polarization asymmetry in the photons produced. However, these effects are suppressed to an insig-
nificant level in the expanding universe. We then briefly discuss a systematic way of including the plasma
effect which can further suppress the photon production. We note that the formalism of the problem can be
applied to any pseudoscalar field coupled to a photon in a thermal background in a general curved spacetime.

PACS number~s!: 14.80.Mz, 95.35.1d, 98.80.Cq
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I. INTRODUCTION

It is compelling that most of the matter in the universe
in the form of nonbaryonic cold dark matter. If it exists,
would play an important role in the structure formation
the universe@1#. Axions, the pseudo Goldstone bosons, a
among the most promising candidates for nonbaryonic c
dark matter. They arise from the spontaneous breaking o
global U(1) symmetry of Peccei and Quinn~PQ!, which is
introduced to solve the strongCP problem of QCD@2–4#. In
standard big-bang cosmology, after the spontaneous br
down of PQ symmetry, the expectation value of the ax
field ~i.e., the axionic condensate! takes some random valu
in the interval @0,2p# and is approximately constant ove
length scales that are smaller than the horizon size@5#. If
inflation occurs either after or during PQ symmetry breaki
then the expectation value can be nearly constant throug
the entire universe@6#. At high temperatures above theLQCD

scale, the axion is massless; however, at low temperatu
the axion develops a mass due to QCD instanton effects@7#.
Once the axion mass becomes greater than the univers
pansion rate, the expectation value of the axion field beg
to oscillate coherently around the minimum of its effecti
potential that is near the origin. The oscillating axion fie
then dissipates mainly due to the universe expansion as
as particle production@2,3#.

In the original papers@2#, simple estimates of the therma
dissipation of the homogeneous axionic condensate w
given. These authors considered instabilities arising from
parametric amplification of quantum fluctuations that co
pump the energy of the homogeneous axionic conden
into its quantum fluctuations via self-couplings, as well
into quantum fluctuating photon modes via a coupling of
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axion to electromagnetism due to the color anomaly of
symmetry. This dissipational dynamics via quantum parti
production exhibits the features of unstable bands and
exponential growth of the quantum fluctuating modes t
are characteristics of parametric resonance. The growth
the modes in the unstable bands translates into profuse
ticle production. A given unstable mode will grow as long
it lies within the unstable band. However, eventually it w
be redshifted out of the band as the universe expands,
then the instabilities of parametric resonance are shut off
Ref. @2#, it has been shown that for the PQ symmetry bre
ing scalef a.1012 GeV, because the axion is very weak
coupled, the time it takes to be redshifted out of the unsta
band is too short to build up an appreciable growth of
quantum fluctuating modes. Thus, all of these effects
insignificant. The condensate is effectively nondissipat
and pressureless. It would survive in the expanding unive
and it behaves like cold dust at the present time. Inter
ingly, if f a;1012 GeV, it could constitute a major compo
nent of the dark matter of the universe.

Recently, the authors of Ref.@8# were motivated by the
recent understanding of the important role of spinodal ins
bility and parametric resonance which provide the nonlin
and nonperturbative mechanisms in quantum particle p
duction driven by the large amplitude oscillations of the c
herent field@9–13#. They reexamined the issue of the diss
pation of the axion field resulting from the production of i
quantum fluctuations. They confirmed that the presence
parametric resonance would lead to an explosive growth
quantum fluctuations if the universe was Minkowskian. Ta
ing account of the expansion of the universe, quantum fl
tuations of the axion do not become significant. This res
confirms the conventional wisdom.

In this paper, we will reexamine the damping dynamics
the axion arising from photon production in an expandi
universe in the context of nonequilibrium quantum fie
theory. The goal of this study is to present a detailed a
©2000 The American Physical Society03-1
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systematic study of the above-mentioned problem usin
fully nonequilibrium formalism@9–13#. We will derive the
coupled nonperturbative equation for the axion field and
mode equations for the photon field in a flat Roberts
Walker spacetime within the nonperturbative Hartree
proximation which is implemented to consistently take t
back reaction effects into account. We then try to study b
numerically and analytically how the nonperturbative effe
of spinodal instability and parametric amplification of qua
tum fluctuations trigger photon production from the oscil
tions of the axion field. At this stage, it is worthwhile t
mention that our approach can be generalized to any p
doscalar field coupled to the photon field in a more gene
curved spacetime. Because of the pseudoscalar nature o
coupling between the axion and the photon, the axion fi
affects the left- and right-handed circularly polarized photo
differently. This leads to production of the two polarize
photons in different amounts. This polarization asymme
if it survives, may have interesting effects on the polarizat
of the cosmic microwave background.

To consider the fermionic plasma effect on photon p
duction, one must systematically obtain the nonequilibri
in-medium photon propagators and the off-equilibrium effe
tive vertices between the axion and the photon by integra
out the fermionic field to deal with this problem@12#. In a
plasma, the transverse photons are dynamically scree
@14#. However, in the literature@2#, the arguments stated fo
including the fermionic plasma effect in support of their co
clusions amount to adding by hand the electron plasma
quency into the propagating photon mode equations. Th
problematic when we consider propagating photon mode
the presence of a thermal background. In fact, the con
quence of the Abelian ward identities reveals that the tra
verse photons have vanishing static magnetic mass in
orders of perturbation theory@14#. This means that the in
medium transverse photon propagators must be nonloc
nature, and cannot be approximated by the local propag
as suggested in Ref.@2# even in the low-energy limit@12#. In
addition, in a fermionic plasma, the effective coupling b
tween the axion and the photon resulting from integrating
the fermionic thermal loop can be modified at finite tempe
ture as well as out of equilibrium@12#. Therefore, to fully
consider the plasma effect, the nonequilibrium in-medi
photon propagators as well as the off-equilibrium effect
vertices play essential roles. Incorporating these nonequ
rium effects is a challenging task that lies beyond the sc
of this paper, but certainly deserves to be taken up in the n
future. In the following, we will totally ignore the fermionic
plasma effect in order to focus on understanding whether
particle production due to spinodal instability as well
parametric amplification is effective or not in the cosmolo
cal context.

In Sec. II, we introduce the axion physics and its coupl
to the photon. An effective action of the axion-photon sy
tem in the expanding universe is derived. Section III is d
voted to the formalism of the problem in terms of noneq
librium quantum field theory. We obtain the equation
motion for the classical axion field and the photon mo
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equations. In Sec. IV, we present the numerical results. S
tion V is our conclusions.

II. EFFECTIVE ACTION OF AXION-PHOTON COUPLING
IN AN EXPANDING UNIVERSE

The physics of the axion and its implications for astr
physics and cosmology can be found in the review artic
@3,15#. The axion does not couple directly to the photo
However, at tree level, the axion fieldf has a coupling with
the fermionic fieldc,

Lfc5gfc̄c. ~2.1!

Therefore, the axion can couple to the photon via a fermio
loop. As a consequence of the color anomaly of the PQ c
rent, similar to the pion-photon system, the effective L
grangian density for the axion-photon coupling is

LfA5c
f

f a
eabmnFabFmn , ~2.2!

where Fmn5]mAn2]nAm . In Eq. ~2.2!, the scale f a
[ f PQ /N, wheref PQ is the PQ symmetry breaking scale an
N is the color anomaly of the PQ symmetry. The coupli
constant c5a(EPQ /N21.95)/(16p), where EPQ is the
electromagnetic anomaly of the PQ symmetry anda is the
fine structure constant. Henceforth, we assume an axion
corporated into the simplest grand unified theories~GUTs!
with EPQ /N58/3, such thatc.1.0431024 @16#.

Now we write down the effective action for the axion
photon system in the expanding universe:

S5E d4xAgS Lf1LA1
1

Ag
LfAD , ~2.3!

where 1/Ag is added in front ofLfA , given by Eq.~2.2!,
becauseeabmn is a tensor density of weight21 @17#. In the
following, for simplicity, we will assume a flat Robertson
Walker metric:

ds252gmndxmdxn5dt22a2~ t !dxW2, ~2.4!

where the signature is (2111), and a(t) is the cosmic
scale factor. In Eq.~2.3!,

Lf52 1
2 gmn]mf]nf2V~f,T!, ~2.5!

LA52 1
4 gamgbnFabFmn , ~2.6!

where the axion potential has a temperature-dependent m
term due to QCD instanton effects, which is of the form@3#

V~f,T!5ma
2~T! f a

2S 12cos
f

f a
D , ~2.7!

ma~T!.0.1ma0S LQCD

T D 3.7

, ~2.8!
3-2
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where ma0 is the zero-temperature axion mass, satisfy
ma0f a.6.231023 GeV2. Also, we useLQCD.200 MeV.

It is well known that the minimal coupling of photons t
the metric background is conformally invariant@18#. As
such, in the conformally flat metric~2.4!, it is convenient to
work with the conformal time,dh5a21(t)dt. Hence, defin-
ing f5x/a, the action~2.3! becomes

S5E dh d3xW L5E dh d3xWF1

2 S ]x

]h D 2

2
1

2 S ]x

]xW
D 2

1
1

2a

d2a

dh2
x22a4VS x

a
,TD2

1

4
hamhbnFabFmn

1c
x

a fa
eabmnFabFmnG , ~2.9!

wherehmn is the Minkowski metric. In terms of conforma
time, the effective action now has analogy with the effect
action in Minkowski spacetime with a time-dependent m
term and interactions.

III. EQUATIONS OF MOTION

The nonequilibrium effective Lagrangian in the clos
time path formalism@9–11# is given by

Lneq5L@x1,Am
1#2L@x2,Am

2#, ~3.1!

where1 ~2! denotes the forward~backward! time branches.
We then decomposex6 into the axionic mean field and th
associated quantum fluctuating fields:

x6~xW ,h!5w~h!1c6~xW ,h!, ~3.2!

with the tadpole conditions

^c6~xW ,h!&50. ~3.3!

We will implement the tadpole conditions to all orders in t
corresponding expansion to obtain the nonequilibrium eq
tions of motion.

To take account of the back reaction effects on the
namics of the axion field from quantum fluctuating phot
modes, we adopt the following Hartree factorization, wh
is implemented for both6 components@9–11#:

cFF̃→c^FF̃&. ~3.4!

As seen later, the expectation value can be determined
consistently. It must be noted that there is noa priori justi-
fication for such a factorization. However, this approxim
tion provides a nonperturbative framework that allows us
treat photon fluctuations self-consistently@11#. In contrast,
we will ignore the quantum fluctuations of the axion, whi
can be produced via self-couplings, as the study of Ref.@8#
has shown that these effects are insignificant.

With Eq. ~3.2!, we first expand the nonequilibrium La
grangian density~3.1! in powers ofc and keep the terms u
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to linearc to ignore its quantum fluctuation effects. Togeth
with Eq. ~3.4!, the Hartree-factorized Lagrangian then b
comes

L@w~h!1c1,Am
1#2L@w~h!1c2,Am

2#

5H 2U~h!c12
1

4
Fmn

1 F̃1mn1
c

a fa
w~h!Fmn

1 F̃1mn

1
c

a fa
c1^F1mnF̃mn

1 &J 2$1→2%, ~3.5!

where

U~h!5ẅ~h!2
ä~h!

a~h!
w~h!1a3~h!ma

2~T! f a sinF w~h!

a~h! f a
G .

~3.6!

The overdot means the time derivative with respect to c
formal time.

With the tadpole conditions~3.3!, we obtain the following
equation of motion for the axionic mean field:

ü~h!12
ȧ~h!

a~h!
u̇~h!1a2~h!ma

2~T!sinu~h!2
1

a2~h!
S c

f a
2D

3^FF̃&~h!50, ~3.7!

where we define the dimensionless fieldu(h)
5w(h)/@a(h) f a#.

Within the Hartree approximation, photon production pr
cesses do not involve photons in intermediate states@11,13#.
To avoid gauge ambiguities, we will work in the Coulom
gauge and concentrate only on the physical transverse g
field, AW T(xW ,h) @11,13#. Then, the Heisenberg field equatio
for AW T(xW ,h) can be read off from the quadratic part of th
Lagrangian in the form

d2

dh2
AW T~xW ,h!2¹W 2AW T~xW ,h!14cu̇~h!¹W 3AW T~xW ,h!50.

~3.8!

It is more convenient to decompose the fieldAW T(xW ,h) into
the Fourier mode functionsVlkW(h) in terms of circularly
polarized states,

AW T~xW ,h!5E d3k

A2~2p!3k
AW T~kW ,h!

5E d3k

A2~2p!3k
$@b1kWV1kW~h!eW 1kW

1b2kWV2kW~h!eW 2kW#e
ikW•xW1H.c.%, ~3.9!

where b6kW are destruction operators, andeW 6kW are circular
polarization unit vectors defined in Ref.@11#. Then the mode
equations are
3-3
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d2V1k~h!

dh2
1k2V1k~h!24kcu̇~h!V1k~h!50,

d2V2k~h!

dh2
1k2V2k~h!14kcu̇~h!V2k~h!50, ~3.10!

with the expectation values given by@11#

^FF̃&~h!5
1

p2E k2dk cothF k

2Ti
G d

dh

3~ uV1k~h!u22uV2k~h!u2!, ~3.11!
n

u
e

a
al

te

08500
where we have assumed that at initial timeh i , the photons
are in local equilibrium at the initial temperatureTi . Clearly,
the photon mode equations~3.10! are decoupled in terms o
the circular polarization mode functions. The axion field a
as the time-dependent mass term thats triggers photon
duction. The effective mass terms have opposite signs for
two polarizations due to the pseudoscalar nature of
axion-photon coupling. This will lead to production of th
differently polarized photons in different amounts, resulti
in a polarization asymmetry in photon emission. The exp
tation value of the number operator for the asymptotic p

tons with momentumkW is given by@11#
^Nk~h!&5
1

2k
@AẆ T~kW ,h!•AẆ T~2kW ,h!1k2AW T~kW ,h!•AW T~2kW ,h!#21

5
1

4k2 cothF k

2Ti
G@ uV̇1k~h!u21k2uV1k~h!u2#2

1

2
1

1

4k2 cothF k

2Ti
G@ uV̇2k~h!u21k2uV2k~h!u2#2

1

2

5N1~k,h!1N2~k,h!, ~3.12!
e
ta-

.

li-
which is the number of photons with momentumkW per unit
comoving volume.

IV. NUMERICAL RESULTS

In this section, we will compute the photon productio
from the axionic condensate withf a51012 GeV, which has
a zero-temperature massma0.6.231026 eV. As we will
show below, the photon production takes place mainly d
ing the radiation-dominated epoch. So, we simply assum
radiation-dominated universe.

At temperatureT, the Hubble parameter is

H[S ȧ

a
D 2

5
5

3
g1/2~T!

T2

mpl
, ~4.1!

whereg(T) is the number of effective degrees of freedom
temperatureT, mpl is the Planck scale, and the cosmic sc
factor is

a~h!5
h

h1
, ~4.2!

whereh1 is the time when the axion field starts to oscilla
defined by a temperatureT1 such that 3H(T1)5ma(T1). As
such,h1

215ma(T1)/3. For f a51012 GeV, from Eqs.~2.8!
and ~4.1! we find T1.0.9 GeV andg(T1).60.

Changing the variableh into a, the equations of motion
~3.7! and ~3.10! become
r-
a

t
e

,

d2u

da2
1

2

a

du

da
19a2

ma
2~T!

ma
2~T1!

sinu2
9c

ma
2~T1!a2f a

2 ^FF̃&50,

~4.3!

d2V1j

da2
1j2V1j24jc

du

da
V1j50,

d2V2j

da2
1j2V2j14jc

du

da
V2j50, ~4.4!

wherej5kh1 and

ma
2~T!

ma
2~T1!

5H S T1

T D 7.4

5a7.4F g~T!

g~T1!G
7.4/4

, T@LQCD ,

102S T1

LQCD
D 7.4

, T!LQCD .

~4.5!

Note that g(T) does not change significantly fromT1 to
LQCD . Henceforth, we approximateg(T).g(T1).60,
whereT150.9 GeV. It is worth pointing out that the mod
equations~4.4! have unstable modes via the spinodal ins
bility for sufficiently low-momentum modes withj
,4cudu/dau, where the effective mass becomes negative

To solve Eqs.~4.3! and ~4.4!, we have to specify the
initial conditions for the axion and photon fields. The amp
tude of the axion field is frozen forh!h1, i.e.,

u51,
du

da
50 as a5ai!1. ~4.6!
3-4
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For the photon mode functions, we propose

V1j5V2j51,
dV1j

da
5

dV2j

da
52 i j as a5ai!1.

~4.7!

These initial conditions are physically plausible and sim
enough for us to investigate a quantitative description of
dynamics. To evaluate the^FF̃& in Eq. ~3.11! and the photon
number operator in Eq.~3.12!, we approximate the Bose en
hancement factor by

cothF k

2Ti
G5cothF j

2GG.
2G

j
, ~4.8!

where G[h1Ti>h1T1.1018, and we are interested inj
,100.

FIG. 1. Time evolution of the axion mean fieldu(a) and its time
derivativedu(a)/da, wherea is the cosmic scale factor.
08500
e
e

In Fig. 1, we plot the temporal evolution of the axion fie
and its time derivative by choosingai50.01, which corre-
sponds toTi5100T1. Due to the expansion of the univers
the field amplitude decreases with time. However, the rate
change of the amplitude increases with time. To underst
this, we redefineu[ũ/a in Eq. ~4.3!. The^FF̃& term can be
neglected, being extremely small as shown in Fig. 2, wh
we have evaluated the last term of Eq.~4.3! denoted by
S(a). Then the equation of motion forũ whenu!1 is given
by

d2ũ

da2
19a2

ma
2~T!

ma
2~T1!

ũ50. ~4.9!

From Eq.~4.5!, the solutions forũ are Bessel functions. By
matching the boundary conditions ata50 @Eq. ~4.6!# and
a58.4 ~whenT5LQCD), we find that

FIG. 2. Time evolution of̂ FF̃&, plotted with the quantityS(a)
given by the last term of Eq.~4.3!.
ũ5H 1.07a0.5J1/11.4~0.53a5.7!, T@LQCD ,

20.39a0.5J1/4~3917a2!21.76a0.5N1/4~3917a2!, T!LQCD .
~4.10!

This approximate solution is plotted in Fig. 3. ForT@LQCD , asymptoticallyũ} cos(0.53a5.7)/a2.35. For T!LQCD , ũ
} cos(3917a2)/a0.5. The latter shows that the axions behave like nonrelativistic matter.

For photon production, we calculate the spectral photon number densityN(j,a), equal to^Nk(h)& in Eq. ~3.12!. It is
convenient to define a ratio
3-5
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n~j,a![
N~j,a!2N~j,ai !

N~j,ai !
, ~4.11!

which is the excess photons above the thermal backgro
Three snapshots of the ratio ata50.75, 1.5, and 3 are
shown in Fig. 4. It is interesting to see that the product
duration of each nonzero mode is short, and high
momentum modes are produced at later times. This in
demonstrates a brief exponential growth of the unsta
mode due to the parametric resonance instability, which
shut off when the unstable mode has been redshifted ou
the unstable band. As a consequence, photon productio
limited, with an excess photon ratio typically at a level
1027. As we have mentioned above, the spinodal instabi
happens for low-momentum photon modes. We demonst
this numerically in Fig. 5, where we have chosenj,0.004
which lie within the spinodal region wherej,4cudu/dau.
The production ratio is also at a level of 1027, but it is
apparent that these low-momentum modes are produced
ing the first oscillating cycle of the axion field.

The ratio in Fig. 4 can be actually estimated as follow
First, let us find out the approximate form fordu/da from
Eq. ~4.10! and Fig. 1, which is given by

du

da
.3.6a1.35cos~0.53a5.7! for ai!a,8.4,

~4.12!

FIG. 3. Approximate solution ofu(a)[ũ(a)/a from Eq. ~4.10!
for 0,a,3 ~the dashed line!. For comparison, the exact numeric
solution from Eq.~4.3! is plotted~the solid line!. It can be shown
that the approximate solution, Eq.~4.10!, is also well fitted to the
numerical solution of Eq.~4.3! for a.3.
08500
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FIG. 4. Three snapshots of the spectral number density r
n(j,a), defined in Eq.~4.11!, of the photons produced via parame
ric amplification ata50.75, 1.5, and 3. The dimensionless quant
j5kh1, wherek is the photon momentum andh1 is the conformal
time when the axion field starts to oscillate.

FIG. 5. As in Fig. 4, but for low-momentum photons produc
via spinodal instability.
3-6
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wherea58.4 is the scale factor whenT5LQCD . At instant
a, du/da is oscillating with an effective frequencyv
50.53a4.7. Inserting the approximate form~4.12! with v
treated as a constant into the mode equation ofV1j in Eq.
~4.4!, and changing variable toz5va/2, we have

d2V1j

dz2
1

4j2

v2
V1j258.1c

j

v2
a1.35cos~2z!V1j50.

~4.13!

This is the standard Mathieu equation@19#. The widest and
most important instability is the first parametric resonan
that occurs at j5v/2 with a narrow bandwidthd
.14.5ca1.35/v. But actually v is changing with time. As
such, the unstable mode will grow exponentially only duri
a brief period roughly given by

Dz.
vd

Dv/Dz
.

v2d

2Dv/Da
. ~4.14!

Consequently, this instability leads to growth of the occu
tion numbers of the created photons by a growth factor

e2mDz.112mDz, ~4.15!

where the growth indexm.d/2. Hence the mode numbe
density is increased by an amount approximately given b

2mDz.42.6c2a21.4.631027a21, ~4.16!

wherea is the scale factor when the modeV1j enters into the
resonance band. This estimation is of the same order of m
nitude as found in the numerical results. Interestingly,
a21 dependence of the mode production can also be see
Fig. 4. A similar estimation can also be done for the mo
function V2j .

The polarization asymmetry in the photons produced
defined as

J~j,a!5
N1~j,a!2N2~j,a!

N1~j,a!1N2~j,a!
. ~4.17!

We have input the mode solutions forV1j and V2j to Eq.
~3.12! to calculateJ(j,a) @Eq. ~4.17!#. A plot of the asym-
metry versus the momentum ata53 is shown in Fig. 6. The
numerical result shows that the asymmetry is fluctuat
about zero as the photon momentum varies. The fluctua
amplitude is about 1028 of the thermal background. Al
though the asymmetry averaged out over a wide range
momenta is nearly zero, at certain momenta the photons
duced are about 10% circularly polarized. However, sub
quently this polarization asymmetry will be damped out
photon-electron scattering in the plasma.

V. CONCLUSIONS

First we confirm that photon production via paramet
resonance is invalidated by the expansion of the unive
08500
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We find also that in addition to parametric resonance,
long-wavelength photon modes, a new dissipative chan
via spinodal instability is open. This open channel results
long-wavelength fluctuations of the photon modes. Aga
this production is suppressed in the expanding universe.
also observe polarization asymmetry in the circularly pol
ized photons produced as a result of the pseudoscalar n
of the coupling. However, it will be damped out effective
by the plasma. But it would be very interesting to s
whether it is possible to generate circular polarization asy
metry in the production of photons from certain pseudosca
fields such that it may leave an imprint on the polarization
the cosmic microwave background. As to the plasma dam
ing on photon production, we have pointed out the probl
in the naive approximation that simply introduces the el
tron plasma frequency into the photon modes. We have t
proposed a dynamical and nonequilibrium treatment wh
should be a better approach to consider the plasma effe
The actual calculations are rather difficult, but they certai
deserve further study.
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FIG. 6. Circular polarization asymmetryJ(j,a), defined in Eq.
~4.17!, of the photons ata53 for 0,j,40.
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