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More on the tensorial central charges inNÄ1 supersymmetric gauge theories: BPS wall
junctions and strings
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We study the central extensions of theN51 superalgebras relevant to the soliton solutions with the axial
geometry—strings, wall junctions, etc. A general expression valid in any four-dimensional gauge theory is
obtained. We prove that the only gauge theory admitting BPS strings atweak couplingis supersymmetric
electrodynamics with the Fayet-Iliopoulos term. The problem of the ambiguity of the~1/2,1/2! central charge
in the generalized Wess-Zumino models and gauge theories with matter is addressed and solved. A possibility
of existence of the BPS strings at strong coupling inN52 theories is discussed. A representation of different
strings within the brane picture is presented.

PACS number~s!: 11.27.1d
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I. INTRODUCTION

In the last several years much has been said about
domain walls in various supersymmetric field theories
four dimensions@1#. The existence of the Bogomol’nyi
Prasad-Sommerfield~BPS! saturated domain walls is in one
to-one correspondence with the central extension ofN51
superalgebra, with the central chargeZab lying in the repre-
sentation$0,1% or $1,0% of the Lorentz group@for brevity we
will refer to such charges as the~1,0! charges#. In the non-
Abelian gauge theories the~1,0! central charge emerges as
quantum anomaly in the superalgebra@2–4#. The possibility
of the existence of the tensorial central charges inN51
superalgebras was noted in the brane context in Ref.@5#. The
general theory of the central charges inN51 superalgebras
was revisited recently@6#.

In this paper we will discuss, in various theories, the c
tral extensions ofN51 superalgebras with the central char
Zaḃ lying in the representation$1/2,1/2% of the Lorentz
group @to be referred to as the~1/2,1/2! charges#. Such cen-
tral charges are related to BPS objects with axial geome
in particular, saturated strings. The fact that they exist is v
well known in the context of supersymmetric QED~SQED!
with the Fayet-Iliopoulos term; see Refs.@7,8# and especially
Ref. @9#, specifically devoted to this issue. In Ref.@9# it is
shown, in particular, that if the spontaneous breaking of U~1!
is due to the superpotential~the so-calledF model!, then the
Abrikosov strings cannot be saturated. At the same time
the spontaneous breaking of U~1! is due to the Fayet-
Iliopoulos term~the so-calledD model, with the vanishing
superpotential!, then the Abrikosov string is saturated, on
half of supersymmetry is conserved, and the string tensio
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given by the value of the central charge.1

Another physically interesting example where t
~1/2,1/2! charges play a role is the wall junction. The fa
that generalized Wess-Zumino~GWZ! models with a global
symmetry of the U~1! or ZN type may contain BPS wal
junctions was noted in Ref.@10#. Interest in the wall junc-
tions preserving one-quarter of the original supersymme
was revived recently after the publication of@11,12#, discuss-
ing such junctions in some GWZ models.

In this work we calculate the central extension of theN
51 superalgebra of theZaḃ type for a generic gauge theory
with or without matter. As will be seen, a spatial integral
a full spatial derivative of the appropriate structure does
deed emerge. It will be explained how the mass of the sa
rated solitons with axial geometry depends on the comb
tion of the ~1,0! and ~1/2,1/2! central charges. For the
solitons that are pure BPS strings~i.e. they possess axia
geometryand their energy density is completely localize
near some axis! only the~1/2,1/2! charge can contribute. We
found that in the Wess-Zumino models, as well as in
gauge theories with matter, the expression for this cen
chargeper secontains certain terms with coefficients whic
are ambiguous. Of critical importance is the ambiguity in t
coefficient of the squark term. Using this ambiguity, we w
prove that inweak couplingthe only N51 gauge model
admitting the BPS strings is SQED with the Fayet-Iliopoul
term. We then present some speculative ideas as to the
sibility of the BPS strings in the non-Abelian models
strong coupling. For the objects of type of the wall junction
the ambiguity mentioned above conspires with a related
biguity in the ~1,0! central charge, so that the resultin

1The statements above refer toN51 theories. In certainN52
extensions of QED one finds BPS saturated strings without
Fayet-Iliopoulos term. See Secs. IV and IX C.
©2000 The American Physical Society01-1
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TABLE I. General structure of the supercharge anticommutators
1

2L
$QQ% .

Q̄1̇ Q̄2̇
Q1 Q2

Q1
M

L
2rakdxk

0 A 0

Q2 0 M

L
1rakdxk

0 B

Q̄1̇ Ā 0 M

L
2rakdxk

0

Q̄2̇ 0 B̄ 0 M

L
1rakdxk
.

tra
-

b
e

th

d
ak

ed

rge

PS

f
ck-

y

the
ical
the
er-
al
tral

re-
tu-

ve

of

-
S

er-
energy of the wall junction configuration is unambiguous

II. GENERALITIES

Let Qa ,Q̄ȧ be supercharges of theN51 four-
dimensional field theory under consideration. The cen
charge relevant to strings,Zaȧ , appears in the anticommuta
tor

$Qa ,Q̄ȧ%52Paȧ12Zaȧ

[2H Pm1E d3x «0mnx]naxJ ~sm!aȧ , ~1!

where Pm is the momentum operator, andan is an axial
vector specific to the theory under consideration. It must
built of dynamical fields of the theory. In other words, th
~1/2,1/2! central charge is

Zm5E d3x «0mnx]nax. ~2!

The corresponding tensor current

j rm5«rmnx]nax

is obviously conserved nondynamically, irrespective of
concrete form of the axial currentax.

Assume that the string is aligned along the vectornm ~it is
normalized by the conditionnmnm521), andL is the length
of the string (L is assumed to tend to infinity!. Then the
second term in Eq.~1! can be always represented as

Zm5E d3x «0mnx]nax5TLnm , ~3!

whereT is a parameter of dimension mass squared. The
rection ofnm can always be chosen in such a way as to m
T in Eq. ~2! positive. We will always assumeT.0.

In the rest frame of the string lying along thez direction
~i.e., n5$0,0,1% or nm5$0,0,0,21%) the superalgebra~1!
takes the form

$Qa ,Q̄ȧ%52FM2TL 0

0 M1TLG
aȧ

, ~4!
08500
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where M is the total mass of the string. For the saturat
strings

M5TL; ~5!

i.e., the mass of the string coincides with the central cha
appearing in theN51 superalgebra~1!. The parameterT is
then identified with the string tension. If the state of the B
string is denotedustr&, then

Q1ustr&5Q̄1̇ustr&50. ~6!

In other words,Q1 andQ̄1̇ annihilate the string—this half o
supersymmetry is conserved in the saturated string ba
ground. The action ofQ2 and Q̄2̇ on ustr& produces the fer-
mion zero modes.

Any four-dimensionalN51 theory can be dimensionall
reduced to two dimensions, where it becomesN52 theory.
If the latter has topologically stable instantons, elevating
theory back to four dimensions gives us strings. Class
descriptions are totally equivalent. Distinctions occur at
level of quantum corrections, which are to be treated diff
ently in two- and four-dimensional theories. The topologic
charge of the two-dimensional theory is related to the cen
charge of the centrally extended algebra~1!. This simple
observation allows one to use a wealth of information
garding various two-dimensional models in analysis of sa
rated strings in four dimensions at the classical level.

For the solitons of the wall junction type, which preser
a quarter of the original supersymmetry~more generally, for
the BPS solitons with the axial geometry!, it is necessary to
consider, simultaneously, the~1,0! charge, which appears in
the commutator

$QaQb%524i ~sW !abE d3x ¹W S̄, ~7!

whereS̄ is a scalar operator built of the dynamical fields
the theory, and

~sW !ab5$2t3 ,i ,t1%ab . ~8!

For the BPS strings the~1,0! charge must vanish; how
ever, for the wall junctions and other axial geometry BP
solitons both the~1,0! and ~1/2,1/2! charges do not vanish
~see Sec. III!. In this case the general structure of the sup
1-2
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charge anticommutators is as in Table I where the integ
above are taken in the plane perpendicular to the axis of
soliton~i.e., in thex,y plane!, along a closed path of radiusR
~it is assumed thatR→`), dnk is the element of the length
of the curve~see Fig. 1! (dnW is perpendicular todxW ),

A522i E d2x@~2]1S11]2S2!1 i ~]1S21]2S1!#,

B522i E d2x@~]1S11]2S2!1 i ~2]1S21]2S1!#,

and, finally,

$S1 ,S2%5$ReS,ImS%, ~9!

so that

R akdxk5E d2x~]xay2]yax!

5E d2x@2 i ]z~ax1 iay!1 i ]z̄~ax2 iay!#,

~10!

R dnkSk5E d2x@]zS1]z̄S̄#, ~11!

and the complex coordinatesz,z̄ are introduced below in Eq
~15!.

It is helpful to adopt a phase convention~to be referred to
as astandard convention!. Namely, the phases ofz and the
superpotential will be adjusted in such a way that~i! there is
no phase in Eq.~14!; ~ii ! the phase of the superpotentialW
on the solution increases in the anti-clockwise direction;~iii !
one of the walls in the junction runs along thex axis in the
positive direction. Then it is not difficult to show that

R dnkSj«k j50,

B/(22i ) is real and positive, and

B522i R dnkSk.

The BPS bound on the soliton mass is obtained from
requirement of vanishing of the determinant of the abo
matrix, which implies

M

L
52 R akdxk12 R dnkSk . ~12!

For saturated objects the master equation~12! expresses the
tensions in terms of two contour integrals over a large circ

III. GENERALIZED WESS-ZUMINO MODELS

In this section, as a warmup exercise, we will discuss
GWZ models which give rise to the BPS solitons with ax
08500
ls
e

e
e

.

e
l

geometry, and derive the~1/2,1/2! central charge in these
models. The full expression for the~1,0! central charge was
found previously@4#. The Lagrangian has the form

L5
1

4 (
i
E d2ud2ū F̄ iF i1H 1

2E d2uW~F i !1H.c.J ,

~13!

whereF i is the set of the chiral fields, and the superpoten
W is an analytic function of the fieldsF i . The original
~renormalizable! Wess-Zumino model implies thatW is a
cubic polynomial inF i . We shall not limit ourselves to this
assumption, keeping in mind that GWZ models with mo
contrived superpotentials can appear as low-energy limit
some renormalizable microscopic field theories. The cas
more general Ka¨hler potential will be considered later.

The equations of the BPS saturation for the solitons w
the axial geometry in this model were first derived2 in Ref.
@4#; they have the form

]f i

]z
5

1

2

]W̄
]f̄ i

, ~14!

where

z5x1 iy ,
]

]z
5

1

2 S ]

]x
2 i

]

]yD . ~15!

The soliton axis is assumed to lie along thez axis, while the
soliton profile depends onx,y. Note that it isnot assumed
that the solution of Eq.~14! is analytic inz ~in fact, one can
prove that it must depend on bothz and z̄ in the general
case!. A constant phase, which could have appeared on
right-hand side of Eq.~14!, is absorbed inz.

Given the solution of Eq.~14!, one gets two constraint
determining the parameter of the residual~conserved! super-
symmetry,

2See Sec. III D of Ref.@4# entitled, rather awkwardly, ‘‘BPS-
saturated strings.’’ In fact, the authors meant BPS solitons with
axial geometry.

FIG. 1. The integration contour in thex,y plane. The soliton axis
~the solid circle! lies perpendicular to this plane.
1-3
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~11t3!«50,
2 i

2
~12t3!«5 «̄, ~16!

where the spinorial indices of«,«̄ are suppressed~both are
assumed to be the upper indices!, and we follow the nota-
tions and conventions collected in@4#. The first constraint
implies that« has only the lower component, which reduc
the number of supersymmetries from 4 to 2; the second c
straint further reduces the number of the residual supers
metries to 1.

In order to calculate the~1,0! and~1/2,1/2! central charges
one needs the expression for the supercharges. In fact,
we focus on full derivatives, we need to know the superc
rent Ja

m5(1/2)(s̄) ḃbJabḃ , rather than the superchargesper
se. The corresponding expression is well known~see, e.g.
Ref. @4#!:

Jabḃ52A2( @~]aḃf̄ !cb2 i ebaFc̄ ḃ#

2
A2

3 ( @]aḃ~cbf̄!1]bḃ~caf̄!23eba]ḃ
g
~cgf̄!#.

~17!

The superchargeQa is defined as

Qa5E d3xJa
0 , Ja

m5
1

2
~ s̄m!bḃJabḃ . ~18!

The term in the second line in Eq.~17! is conserved by itself.
Moreover, in the supercharge it is represented as an inte
over the full derivative. Below we will discuss the impact
deleting this term. We will keep it, however, for the tim
being, since we want to use the supercurrent which ente
one supermultiplet with the geometricR current@13# ~some-
times called theR0 current!. TheR0 current is conserved in
conformal theories.

It is not difficult to find the full derivative terms in

$QaQ̄ḃ% by computing the canonic commutators of the fie
at the tree level@the ~1/2,1/2! central charge appears alrea
at the tree level#. The task is facilitated if one observes th
in order to get the~1/2,1/2! central charge it is sufficient to
keep only terms of mixed symmetry in$Q̄ȧJabḃ%, namely,
symmetric ina,b and antisymmetric inȧ,ḃ or vice versa.

The result of this calculation reduces to Eq.~2! with

am5
1

4
a(c)

m 2
1

6
a(f)

m , ~19!

wherea(c)
m anda(f)

m are the fermion and boson axial curren
respectively;

a(c)
m 52( csmc̄, a(f)

m 52 i( f ]Jmf̄. ~20!

The expression for the~1,0! central charge in the GWZ
model found previously@4# at the tree level takes the form o
Eq. ~7! with
08500
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,

S̄5W̄2
1

3 ( F̄
]W
]F̄

. ~21!

One can check thatonly thecombinedcontribution of the
central charges above correctly reproduces the mass o
BPS solitons with the axial geometry, e.g. the wall junctio
Indeed, Eq.~12! implies that in the model at hand,3

M

L
5E d2xF]kf̄]kf1U]W

]f U2

2
1

3
]k]k~f̄f!G

522S 12
2

3D E d2x@]zf]z̄f̄2]zf̄]z̄f#

12E d2xF ]zS W2
1

3
f

]W
]f D1]z̄S W̄2

1

3
f̄

]W̄
]f̄

D G .

~22!

On the other hand, for the BPS-saturated solution one
write

05E d2xF2]zf2
]W̄
]f̄

G F2]z̄f̄2
]W
]f G

5E d2xF]kf̄]kf1U]W
]f U2G

12E d2x@]zf]z̄f̄2]zf̄]z̄f#22E d2x@]zW1]z̄W̄#

~23!

or

M

L
522E d2x@]zf]z̄f̄2]zf̄]z̄f#12E d2x@]zW1]z̄W̄#.

~24!

At first sight it might seem that Eqs.~22! and ~24! con-
tradict each other, since the axial current contribution to
soliton mass in these two expressions@corresponding to the
~1/2,1/2! central charge# has different coefficients@cf. 22
1(4/3) in the first case and22 in the second#. Upon inspec-
tion one sees that Eq.~22! has a different expression for th
~1,0! central charge too. The difference is

3The term2(1/3)]k]k(f̄f) is irrelevant both for strings and wal
junctions, since it vanishes in both cases. It contributes, howeve
the energy of the axial geometry solitons of the type discusse
@4#. This term occurs in passing from the canonic energ
momentum tensor

umn
canonic5]mf̄]nf1]nf̄]mf1fermions2gmnL

to the one which is traceless in the conformal limit:

umn
traceless5umn

canonic1
1

3
~gmn]a]a2]m]n!f̄f.
1-4



he

t

i-

rg

n
rm

o

s-
d

ted

ng

ig.

-

the

ss
at

tion

t the

the
not
s
not

our-
tral
nc-

. As

MORE ON THE TENSORIAL CENTRAL CHARGES IN . . . PHYSICAL REVIEW D61 085001
2
2

3E d2xF ]zS f
]W
]f D1]z̄S f̄

]W̄
]f̄

D G .

For the BPS saturated solitons satisfying Eq.~14! it is easy to
show that

2
2

3E d2xF ]zS f
]W
]f D1]z̄S f̄

]W̄
]f̄

D G
52

4

3E d2x@]zf]z̄f̄2]zf̄]z̄f#2
1

3E d2x]a]af̄f.

~25!

This relation immediately implies the coincidence of t
soliton masses ensuing from Eqs.~22! and~24!, respectively.

In fact, the superficial difference between them is due
the ambiguity in the choice of supercurrent@the terms with
the full derivatives in Eq.~17!# and the corresponding amb
guity in the energy-momentum tensor. Equation~22! is de-
rived on the basis of the supercurrent and the ene
momentum tensor with the properties«abJabḃ50, um

m50 in
the conformal limit. Passing to the minimal supercurrent a
the canonic energy-momentum tensor one drops all te
containing the factor 1/3 in Eq.~22! and recovers Eq.~24!.
The mass of the soliton stays intact due to a reshuffling
contributions due to~1/2,1/2! and ~1,0! charges.

To illustrate the point let us consider, for instance, aZN
model suggested in Ref.@14#, with the superpotential

W5NH F2
N

N11 S F

N D N11J , ~26!

where F is a chiral superfield. The model obviously po
sesses aZN symmetry, and the vacuum manifold correspon
to N points,

fk5N expS 2p ik

N D , k50,1,2, . . . ,N21, ~27!

while the vacuum value of the superpotential is

W~fk!5N2expS 2p ik

N D , N→`. ~28!

FIG. 2. The domain wall junction in the theory withZN sym-
metry. The ‘‘hub’’ is denoted by the closed circle.
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The solution of the BPS saturation equation for an isola
wall exists; it was discussed in@14#. ~Here and belowN will
be assumed large, and only leading terms inN will be kept.!
The tension of the minimal wall connecting the neighbori
vacua is

T52uDWu54pN. ~29!

Consider the BPS wall junctions of the type depicted in F
2. Assuming that there is a solution of Eq.~14!, to the lead-
ing order inN one can write~at uzu→`)

f5Neia(g), a~0!50, a~2p!52p, ~30!

which entails, in turn,

R
uxu5R→`

akdxk5
N2

3
@a~2p!2a~0!#5

2p

3
N2. ~31!

We also observe that

2 R dnkwk52N2RE dg cos~a2g!54pN2R,

$w1 ,w2%5$ReW,Im W%, ~32!

which is exactly the mass ofN isolated walls inside the con
tour. Furthermore,

2 R dnkSk54pN2R2
4p

3
N2. ~33!

The total mass of the junction configuration comes out
same from both expressions, Eqs.~22! and ~24!,

M

L
54pN2R22pN2 ~34!

~see also@15#!. The first term can be interpreted as the ma
of the ‘‘spokes’’ joined at the origin, while the second as th
of the ‘‘hub.’’

Let us remark that the stringy~‘‘hub’’ ! contribution to the
total mass equals twice the area of the contour on thef
plane covered by the solution. Since we consider the junc
with N ‘‘minimal’’ domain walls connecting the neighboring
vacua, the contour is closed. The closeness is nothing bu
equilibrium condition at the junction line.

Summarizing, we observe an ambiguity in the~1/2,1/2!
central charge. This ambiguity is due to the fact that both
supercurrent and the energy-momentum tensor are
uniquely determined. Both admit certain full derivative term
which are conserved by themselves and, therefore, do
affect the supercharges and the energy-momentum f
vector. They do affect the expressions for the cen
charges, however. For the soliton solutions of the wall ju
tion type the ambiguity in the~1/2,1/2! central charge com-
bines with another ambiguity, in the~1,0! central charge, to
produce an unambiguous expression for the soliton mass
we will see shortly, the same ambiguity~and a similar con-
spiracy! takes place in the gauge theories with matter.
1-5
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Practically, it is more convenient to work with minima
supercurrents~and the canonic energy-momentum tenso!.
Then, one omits the second line in Eq.~17!. The expression
for am in the ~1/2,1/2! central charge then becomes

am5
1

4
a(c)

m 2
1

2
a(f)

m , a(f)
m 52 i( f ]Jmf̄, ~35!

while S̄ in the ~1,0! central charge becomes

S̄5W̄.

IV. SQED WITH THE FAYET-ILIOPOULOS TERM

The simplest theory~and the only one in the classN51;
see below! where saturated strings exist in the weak coupl
regime is supersymmetric electrodynamics~SUSY QED, or
SQED!, with the Fayet-Iliopoulos~FI! term. In superfield
notation the Lagrangian of the model has the form

L5H 1

8e2E d2uW21H.c.J 1
1

4E d4u~S̄eVS1T̄e2VT!

2
j

4E d2ud2ūV~x,u,ū !, ~36!

wheree is the electric charge,S andT are two chiral super-
fields with electric charges11 and21, respectively, andj
is the coefficient of the Fayet-Iliopoulos term. The mod
with one chiral superfield is internally anomalous. Topolo
cally stable solutions in this model and its modificatio
were considered more than once in the past@7–9#. We com-
bine various elements scattered in the literature, with a s
cial emphasis on the algebraic aspect. The supersymmet
this model is minimal,N51.

If jÞ0, the vacuum state corresponds to the spontane
breaking of U~1!. The spectrum of the model is that of
massive vector supermultiplet~one massive vector field, on
real scalar and one Dirac fermion, all of one and the sa
mass!, plus a massless modulus~one chiral superfield! pa-
rametrized by the productST:

F52ST. ~37!

The vacuum valley is represented by the one-dimensio
complex manifold with the Ka¨hler function

K~F,F̄!5Aj21FF̄. ~38!

In a generic point nonsingular Abrikosov strings donot exist
@8#. There is one special point, however,F50, where the
theory supports the saturated string.

In components the Lagrangian of SQED, Eq.~36!, has the
form ~in the Wess-Zumino gauge!

L52
1

4e2
FmnFmn1~Dmf!†D mf1~Dmx!†D mx

2
e2

2
~f†f2x†x2j!21fermions, ~39!
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wheref andx are the lowest components of the superfie
S andT, respectively, with the electric charges61, e.g.,

Dmf5]mf2 iAmf, @Dm ,Dn#f52 iF mnf. ~40!

Without loss of generality we can assume thatj.0.
For static field configurations, assuming in addition th

all fields depend only onx andy andA05A350, one gets an
energy functional in the form

E5E dxdyH 1

2e2
F12

2 1 (
i 51,2

~Dif!†Dif1
e2

2
~f†f2j!2J

[E dxdyH U 1

A2e
F121

e

A2
~f†f2j!U2

1@~D11 iD2!f#†~D11 iD2!fJ 1Q, ~41!

whereQ is the surface~topological! term:

Q5E dxdyH jF122
i

2
] i~f†DJ jf!« i j J , i , j 51,2. ~42!

We will discuss the value of the surface term later.
The saturation equations are

F1252e2~f†f2j!,

~D11 iD2!f50. ~43!

The ansatz which goes through these equations is

f5Ajheia,

Ai5a
]a

]xi
, i 51,2, ~44!

where

a5Arg z, z5x1 iy , ~45!

and h, a are some functions depending onr. This must be
supplemented by the standard boundary conditions, nam

h~r !, a~r !→H 0 at r→0,

1 at r→`.
~46!

For the given ansatz the saturation equations~43! degenerate
into a system of first-order equations

a85e2jr ~h221!,

h852
h~12a!

r
, ~47!

where the prime denotes differentiation overr. Its solution is
well known.

It is instructive to compare the topological term in E
~42! with the central charge of the superalgebra. To der
1-6
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the central charge one needs an expression for the supe
rent in SQED, which takes the form~in the spinorial nota-
tion!

Jabḃ5
2

e2
~ iF bal̄ḃ1ebaDl̄ ḃ!12A2( ~D aḃf†!cb

2
A2

3 ( @]aḃ~cbf†!1]bḃ~caf†!

23eba]ḃ
g
~cgf†!#. ~48!

Above it is assumed that there is no superpotential. The
pression in the square brackets may or may not be adde
will. @The expression in the square brackets in Eq.~48! is
conserved by itself; in the supercharge it presents a full s
tial derivative, hence, its contribution vanishes.# The sum
runs over various matter supermultiplets, in particular,Sand
T in the case at hand.

To find the central charge one must compute the antic
mutator$Qa ,J̄ḃġd%. Moreover, we decompose the anticom
mutator above with respect to irreducible representation
the Lorentz group, by singling out the symmetric and an
symmetric combinations of the indices with and witho
overdots. The one which is symmetric with respect to b
pairs, (a,d) and (ḃġ), is the Lorentz spin 2~the energy-
momentum tensor!, which contributes toPaȧ , rather than to
the central charge. The combination which is antisymme
with respect to both pairs, (a,d) and (ḃġ), is Lorentz sin-
glet; it represents the trace terms in the energy-momen
tensor. To single out the central charge we must isolate
terms of the mixed symmetry, i.e., symmetric with respec
(a,d) and antisymmetric with respect to (ḃġ), and vice
versa.

Keeping in mind this remark, and using the canonic co
mutation relations and equations of motion for theD field,
we get an expression similar to that in the Wess-Zum
model, plus an extra contribution due to theD term:

$QaQ̄ȧ%5 i jE d3x@Fba«bȧ2F̄ ġȧ«ġa#. ~49!

This implies

Zm5E d3x «0mnrS j]nAr2(
i

2
]n~f̄DJrf!1

1

4
]nRr

1
1

4
]na(c)

r D , ~50!

where Rr is the photino current, whilea(c)
r is that of the

electrons:

Rr52
1

e2
lsrl̄, a(c)

m 52( csmc̄. ~51!

Note that the coefficient of thef̄DJrf ~i.e., the selectron
axial current! term is ambiguous—it depends on whether t
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expression in the square brackets in Eq.~48! is included in
the definition of the supercurrent. The result quoted ab
refers to the minimal supercurrent, with the second line
Eq. ~48! discarded. Since the~1,0! central charge is irrelevan
for the string solution, this ambiguity alone shows that t
f̄DJrf term cannot contribute to the central charge un
consideration. It is certainly the case, sinceD rf falls off
sufficiently fast atr→` ~wherer is the distance to the string
axis! for the string solution. At the same time, the phot
four-potentialAr falls off slowly, as 1/r . Thus, the~1/2,1/2!
central charge is saturated by thej term exclusively. The
latter is unambiguously fixed in Eq.~50!; i.e., it does not
depend on the full derivative terms in the supercurrent. T
~1/2,1/2! central charge is obviously proportional toj and to
the magnetic flux of the string,

M

L
5jF, ~52!

where

F5E dxdyF125 R Akd xk . ~53!

Note that the very same saturation equations~43! are ob-
tained inN52 SQED with the vanishing Fayet-Iliopoulo
term and linear superpotential; see Sec. IX C.

V. KÄ HLER SIGMA MODELS

In this section we present some arguments concern
strings in the four-dimensionals models on the Ka¨hler
manifolds. The two-dimensional reductions of these mod
are well studied; in the Euclidean formulation they adm
instantons, which are the solutions of the first order se
duality equations. In the supersymmetric version the s
duality equations in two dimensions are reinterpreted as B
equations in higher-dimensional theories~e.g., @16#!. It is
obvious that the instantons of the two-dimensional mod
are BPS strings in four dimensions. Thus, the fo
dimensionals models on the Ka¨hler manifolds do have the
BPS strings at the quasiclassical level, at weak coupl
Keeping in mind the assertion we are going to prove la
~Sec. VIII! we discuss where the Ka¨hler sigma models stand
compared to other models.

Let us start with theCP1 model. In a sense, this mode
can be obtained as a limiting case of SQED with a somew
different matter content compared to that of Sec. IV~see, for
instance,@17#!. Indeed, assume that the matter superfieldS
andT have both charges11, rather than61. As a quantum
theory, it is anomalous, but for the time being we limit ou
selves to the classical consideration. The limit to be take
e2→`. Let us have a closer look at Eq.~39!, with the sign of
the charge of thex field reversed@correspondingly, theD
term takes the formD5e2(f†f1x†x2j)]. In this limit the
photon mass tends to infinity; the photon becomes non
namical and can be eliminated. It drags with itself two re
scalar degrees of freedom. The remaining two scalar deg
of freedom are massless. Their interaction reduces to
1-7
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sigma model on a sphere. This is most easily seen from
~39!. In the limit e2→` the D term must vanish, which
implies thatf†f1x†x5j. In fact, gauge freedom allow
one to identically eliminate one out of four degrees of fre
dom residing inf, x. The remaining three are subject to th
constraint, telling us that the radius of the sphere isj.

Thus, SQED with the Fayet-Iliopoulos term, in the lim
e2→`, gives rise to a model with the action

S5
1

2g2E d4xd2ud2ū ln~11F̄F!, ~54!

whereF is a chiral superfield:

F~xL ,u!5f~xL!1A2uaca~xL!1u2F~xL!. ~55!

The coupling constant 2/g2 has the dimension of mas
squared and is equal toj. The string tension will be propor
tional to 2/g25j. The metric of the sphere in the target spa
G in this case is

G5
2

g2

1

~11F̄F!2
. ~56!

The energy functional for the stringy solution takes a fo
which looks exactly as the action in the Euclidean tw
dimensional sigma model whose world volume is transve
to the string. It is easy to rewrite it in terms of a topologic
charge plus a positive definite contribution,

E
L

5E d2xH 8

g2U ]z̄f

11f̄f
U2

1
1

g2
«mn]mS f̄ i ]Jnf

11f̄f
D J ,

~57!

where the second term, the integral over the full derivati
presents the topological charge and the integral runs in
plane transverse to the string. Instantons saturate the t
logical charge; sincep2(S2)5Z, the saturated solutions ar
labeled by an integern, equal to the topological charge. Th
surface term contribution in Eq.~57! is thus proportional to
g22n5jn.

In four dimensions the instantons present the BPS s
rated strings. These strings are rather peculiar. Since the
dimensional theory is classically~super!conformally invari-
ant, the two-dimensional instantons can have any s
~correspondingly, the cross section of the string in fo
dimensional theory can be arbitrary!. The larger the trans
verse size of the string, the smaller the energy density in
string. However, the string tension remains constant prop
tional tog225j. This is the limiting profile of the Abrikosov
string in SQED with the Fayet-Iliopoulos term—the profile
acquires when the vector field mass tends to infinity wh
the remaining degrees of freedom of the matter fields rem
massless.

For our purposes it is important to interpret the surfa
term contribution in the string tension in terms of th
~1/2,1/2! central charge of four-dimensional SQED. Upo
inspecting Eq.~50! we conclude that this contribution come
from the first term in Eq.~50!. The fieldAm is not dynamical
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in the limit under consideration, and is expressible in ter
of the residual scalars. Since our consideration is quasic
sical, it is not surprising that the current of the matter ferm
ons does not contribute. The second term in Eq.~50! does
not contribute either—as was discussed, its coefficient is
biguous.

The O~3! ~or CP1) model belongs to a more general cla
of CPN models. The latter can be derived as the low-ene
limit of SQED with the FI term and withN11 chiral matter
superfields~all of them have charge11!, in the limit e2

→`. One can eliminate the nondynamicalAm field, much in
the same way as inCP1, arriving in this way at a nonlinea
sigma model.

One has to introduce complex coordinateswi
j5f i /f j

whereiÞ j which can be considered as scalar component
the chiral superfieldsF i

j . The action can be written in term
of F i

j as follows:

S5
1

2g2E d4xd2ud2ū lnS 11(
i , j

F̄ i
jF i

j D . ~58!

The identificationj51/g2 is transparent since both param
eters determine the size of the target manifold in two form
lations.

The general expression for the central charge is@12#

Z5E d2x$]z~Kf]z̄f2K f̄] z̄f̄ !1]z̄~K f̄]zf̄2Kf]zf!%,

~59!

where the complex variablez is defined in Eq.~15! and the
subscriptsf, f̄ denote thef, f̄ partial derivatives of the
Kähler metric.

More generally, we expect similar strings for all toric v
rieties which can be presented as low energy limits of gau
linear sigma model. In Sec. IX we shall encounter one m
example of the Ka¨hler sigma model coupled to the Abelia
gauge field—the low-energy effective action forN52
SUSY Yang-Mills theory in four dimensions.

VI. SUPERSYMMETRIC GLUODYNAMICS

To begin with, consider the simplest non-Abelian gau
model, SUSY gluodynamics. The Lagrangian is

L5
1

4g2E d2u Tr W21H.c., ~60!

where W5WaTa, and Ta are the generators of the gaug
group G in the fundamental representation. Although t
gauge groupG can be arbitrary, for definiteness we lim
ourselves to SU(N). In components,

L5
1

g2 H 2
1

4
Gmn

a Gamn1 ilaaD aḃl̄aḃJ . ~61!

There is a supermultiplet of the classically conserved c
rents~for a recent review see e.g.,@18#!,
1-8
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Jaȧ52
4

g2
Tr@eVWae2VW̄ȧ#

5Raȧ2$ iubJbaȧ1H.c.%22ubūḃJaȧbḃ1•••,

~62!

whereRaȧ is the chiral current,Jbaȧ is the supercurrent, an
Jaȧbḃ is a combination of the energy-momentum tens
qaȧbḃ5(sm)aȧ(sn)bḃqmn and a full derivative appearing
in the central charge, namely,

Raȧ52
4

g2
Trlal̄ȧ ,

Jbaȧ5~sm!aȧJm,b5
4i

g2
Tr Gabl̄ȧ ,

Jaȧbḃ5qaȧbḃ2
i

4
«ab]g$ḃRȧ%

g
1

i

4
«ȧḃ]ġ$bRa%

ġ ,

qaȧbḃ5
2

g2
Tr@ il$aDb%ḃl̄ ȧ2 i ~Db$ḃla!l̄ȧ%1GabḠȧḃ#.

~63!

The symmetrization overa,b or ȧ,ḃ is marked by the
braces. In fact, since the chiral current is classically c
served~so far we disregard anomalies!, symmetrization in
the third line is superfluous: the corresponding express
are automatically symmetric. To obtain the expression on
right-hand side from Tr@eVWae2VW̄ȧ# we observe that the
expression forJaȧbḃ has mixed symmetry: the part symme
ric in $a,b% and $ȧ,ḃ% is the ~1,1! Lorentz tensor; it repre-
sents the~traceless! energy-momentum tensor. The remai
der, i.e. the part symmetric in$a,b% and antisymmetric in

$ȧ,ḃ% or vice versa, is the ~0,1!1~1,0! Lorentz tensor. The
part antisymmetric in both$a,b% and $ȧ,ḃ% is ~0,0!. It rep-
resents the traces which vanish in the classical approxi
tion. It is quite obvious that the only part relevant for th
central charge is~0,1!1~1,0! piece inJaȧbḃ . This means, in
particular, that the inclusion of the traces will have no imp
on the central charge.

It is easy to see that

$Qg ,J̄ḃȧa%52Jaȧgḃ . ~64!

Combining this equation with the third line in Eq.~63! we
conclude that the centrally extended algebra is given by
~1! with

an5
1

4
Rn. ~65!

Unlike the central extension relevant for the doma
walls, which appears@2–4# as a quantum anomaly, in th
problem at hand the algebra gets a full-derivative term at
tree level. The presence of the anomaly manifests it
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through the fact that the energy-momentum tensor cease
be traceless, and]nRn no longer vanishes. On gener
grounds it is clear, however, that Eqs.~1!, ~65! stay intact.

The occurrence of a full-derivative term in the algeb
presents a precondition for a nontrivial central extensi
Whether or not this term actually vanishes is a dynami
issue which depends on the presence of the string-like s
tons. These may be strings or domain-wall junctions, as
Ref. @12#. SUSY gluodynamics is a strongly coupled theor
therefore, one cannot use quasiclassical consideration
search and analyze solitons. The hope is that there is a
description in terms of effective degrees of freedom,
which quasiclassical analysis may be relevant. Within t
dual description the second term in Eq.~1! is mapped onto
some relevant operator of the effective theory. It is clear t
the second term in Eq.~1! is the necessary but not sufficien
condition for the existence of the saturated strings. If it we
absent, there would be no hope.

VII. GENERIC NON-ABELIAN MODEL WITH MATTER

The ~1/2,1/2! central charge in the generic non-Abelia
theory is obtained by combining the expressions we h
derived in the previous sections. The operatoram in Eq. ~1!
receives contributions from the gluino term, as in Sec.
which is unambiguous, and the contributions from mat
~both the scalar and spinor components of matter enter!, as in
the generalized Wess-Zumino model~Sec. III!, whose coef-
ficients are not fixed—they depend on how one defines
supercurrent in those terms that are total derivatives. T
ambiguity derives its origin from that in the definition of th
supercurrents,

Jabḃ5
2

g2
~ iGba

a l̄ ḃ
a
1ebaDal̄ ḃ

a
!12A2( @~D aḃf†!cb

2 i ebaFc̄ ḃ#

2
A2

3 ( @]aḃ~cbf†!1]bḃ~caf†!

23eba]ḃ
g
~cgf†!#, ~66!

where the sum runs over all matter supermultiplets, andDa

andF are the correspondingD andF terms. The second line
is conserved by itself, nondynamically; the spatial integral
the time-like component reduces to an integral over the t
derivative for the second line. Therefore, it may or may n
be included in the definition of the supercurrents. This is
supersymmetric analogue of the ambiguity in the ener
momentum tensor in nonsupersymmetric theories with
scalar fields. The ambiguity in the choice ofJabḃ leads, with
necessity, to the fact that the coefficients of the matter te
in am in Eq. ~1!, namely,a(c)

m and a(f)
m , are not uniquely

fixed.
Because of this ambiguity, the matter component ofam

cannot contribute toZ for strings~it could contribute, though,
for the wall junctions and other similar object with axi
geometry!.
1-9
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VIII. STRINGS CANNOT BE SATURATED IN NÄ1
NON-ABELIAN GAUGE THEORIES IN WEAK COUPLING

Here we will prove that in the absence of the U~1! factors,
even if the theory under consideration does support str
like solitons in the quasiclassical consideration~some ex-
amples are discussed e.g., in Ref.@19#!, the central charge
necessarily vanishes. Therefore, these stringscannot be satu-
rated.

In weak coupling~i.e., for the string solitons in the qua
siclassical treatment! the ~1/2,1/2! central charge must b
saturated by the term with thebosonicaxial current.~We
recall that the FI term is absent.! As was explained, the co
efficient of this term is not unambiguous—it depends on
definition of the supercurrent~e.g., minimalversusconfor-
mal!. Since we are interested in string solitons, rather th
wall junctions, this ambiguity cannot be canceled by that
the ~1,0! central charge, since the latter must identically va
ish. This is dictated by Lorentz symmetry arguments. T
means that the~1/2,1/2! central charge must vanish ident
cally.

The consideration above shows that if BPS objects w
axial geometry exist in the quasiclassical limit~in non-
Abelian gauge theories!, the stringy core must be accomp
nied by objects with~1,0! charges. In four dimensions do
main walls do the job. Within the brane picture it is possib
to consider four-dimensional theories as that on the br
embedded in M theory. For instance, the expected dom
wall junctions inN51 Yang-Mills theory—the gauge ana
logue of the junctions in the GWZ models—can be identifi
as a junction of M5 branes, so that the definition of t
current for the theory on M5 removes any ambiguity.

IX. STRINGS IN THE SEIBERG-WITTEN NÄ2 MODEL

Here we will speculate on possible BPS strings at stro
coupling. As we already know, such strings do not appea
weak coupling. The~1/2,1/2! central charge~appearing in the
anticommutator$Q,Q̄%) is not holomorphic—it need not de
pend holomorphically on the chiral parameters, in contrad
tinction with the~1,0! charge. This means that even if bo
the weak and strong coupling regimes are attainable in
and the same theory, generally speaking, nothing can be
regarding BPS strings in the strong coupling regime from
behavior at weak coupling.

A. Strings in pure NÄ2 Yang-Mills theory

We turn now to a discussion of theN52 Yang-Mills
theory without matter hypermultiplets. The exact solution
the low-energy effective action, as well as the exact spect
of the BPS particles, is known@20#. Now we address the
issue of possible stringy central charges, besides the stan
ones, saturated by particles@21#. From the discussion abov
we saw that it can be attributed only to the gluino ax
current since there is no FI term in the model. Let us rest
ourselves to the SU~2! gauge group.

The key features of the Seiberg-Witten solution can
summarized as follows. The vacuum manifold develops
Coulomb branch which is parametrized by the global co
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dinate, the order parameteru5^trf2&. At low energies the
effective theory becomes Abelian and is described by
single holomorphic function—the prepotentialF which de-
termines the effective coupling constant of the theoryt
5]2F/]a2, as well as the Ka¨hler metric on the Coulomb
branch of the moduli space, which appears to be a o
dimensional special Ka¨hler manifold. The Ka¨hler potential
can be found from the prepotential as follows:

K~a,ā!5Im aDā , ~67!

wherea is the vacuum value of the third component of t
scalar field andaD5]F/]a. The variablea can be expressed
in terms of variableu as follows:

a~u!5E
2Au1L2

2Au2L2 x2dx

pA~x22u!22L4
. ~68!

Unlike the variableu, the variablea cannot be considered
as a global coordinate on the moduli space since the Ka¨hler
metric Imt(a) has zeros~heret is the complexified coupling
constant!. Therefore, to analyze the complex plane ofa, an
explicit expression fora(u) is needed. Direct inspection
shows that the region of smalla is essentially removed from
the complex plane so thatua(u)u.const3L.

The lower bound ona can be seen also geometrically
we recall that it is just the mass of theW boson, which can be
represented in the theory on D3 probes as a pronged s
connecting the probe and a split O~7! orientifold @22#. It is
clear that the minimal mass of theW boson geometrically is
the distance between the 7-branes on theu plane; it is, thus,
proportional toL. Therefore, we see thatp1 of the scalar
field manifold is nontrivial—topologically stable object
with the axial geometry are expected, provideda winds
around the ‘‘forbidden’’ region.

Whether these objects are strings~i.e., have finite energy
per unit length! depends on dynamics, on how fast the vo
ume energy density dies off as we go away from the axis
the perpendicular direction. The convergence could be
sured by an appropriate form of the Ka¨hler metric, as in the
sigma models. It is quite obvious that in this case the str
tension

T5const3L2. ~69!

The existence of such stable objects with axial geome
would be a purely strong coupling effect since at the class
level the pointa50 is attainable, and, correspondingly,p1
is trivial. If the strings do exist, they may be BPS satura
provided the term due to the gluino currentRm in the central
charge is nonvanishing. To this end the gluino current m
fall off at large distancesr from the axis as 1/r . Finiteness of
the string tension would imply then that effective degrees
freedom coupled toRm form a U~1! gauge interaction. If the
string tension is finite and the gluino current falls off at lar
distancesr from the axis faster than 1/r , the string is tension-
less.
1-10
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MORE ON THE TENSORIAL CENTRAL CHARGES IN . . . PHYSICAL REVIEW D61 085001
B. Strings in NÄ2 SQCD

Adding the matter hypermultiplets to the model discuss
in Sec. IX A we getN52 SQCD. Since there is no restor
tion of the SU~2! gauge symmetry at the generic point at t
Coulomb branch, the ‘‘forbidden’’ region on the complexa
plane exists in the theory with fundamental matter too. T
BPS strings may appear on the Coulomb branch, with
tension saturated by theR current of gluinos. The tension
now depends on the masses of the fundamental matter
can be determined, in principle, from the explicit express
for a(u,L,m).

Moreover, the Higgs branch~parametrized by the vacuum
expectation values of the fundamentals^Q&,^Q̃&) is possible,
and the question of the BPS strings on the Higgs branch
be addressed. We recall that geometrically the Higgs bra
is the hyper-Ka¨hler manifold @23# ~for a review see@24#!
whose metric can be determined classically. It is not ren
malized by quantum corrections. Actually, the Higgs bran
for SU(Nc) theory withNf flavors is the cotangent bundle o
the GrassmannianT* GrNc ,Nf

, with the antisymmetric

Nc-form. The metric on this manifold can be found from th
Kähler potential

K~Q,Q̃!5TrAk21MM†, ~70!

wherek is a solution of the equation

det~k1Nf
1Ak21Nf

1MM†!5det~QQ†!, ~71!

andM5QQ̃ is the meson matrix.
Since p2(Grn,k)Þ0, instantons in the two-dimensiona

sigma model onT* Grn,k are possible. The arguments pr
sented in Sec. V suggest that these instantons can be i
preted as strings on the Higgs branch. It would be interes
to understand whether a version of the string on the Hi
branch recently found in@25# can be BPS saturated.

The existence of the BPS string on the Higgs branch w
recently conjectured within the brane approach@26#. This
string was expected to be tensionless at the root of the H
branch, which qualitatively agrees with the discussion abo

C. Softly broken NÄ2 theory „strings in NÄ2 SQED…

If the softly brokenN52 Yang-Mills theory is consid-
ered near the monopole or dyon singularities, the effec
low-energy theory which ensues isN52 dual SQED. This is
the famous Seiberg-Witten result. A small mass term of
chiral superfields of the originalN52 non-Abelian theory is
translated in a small perturbation of the superpotential for
matter fields in SQED. If the monopole~or dyon! superfields
are denoted asM, M̃ , the superpotential in the low-energ
SQED can be written as

W5mu~aD!1M̃aDM , ~72!

whereaD is a chiral superfield which is theN52 superpart-
ner of the~dual! vector superfield. The second term in E
~72! is fixed by N52 supersymmetry. The parameterm in
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the first term is small. Genericallymu(aD) breaksN52 su-
persymmetry down toN51. However, in the linear approxi
mation, when

W5maDL1M̃aDM , ~73!

N52 is unbroken.
Let us forget about the origin ofN52 SQED and discuss

this U~1! theory with the superpotential~73! per se. Minimi-
zation of the potential stemming from Eq.~73! yields the
monopole condensation. Abrikosov strings obviously do
ist. Their tension is proportional tom. They were discussed
in the literature previously@27,28#. The classical equation
for the string reduce to Eq.~43!.4 Thus, the string is satu
rated. The question is how this could happen given that
~1/2,1/2! central charge must vanish in the absence of the
term.

The central charge in the anticommutator$QaQ̄ȧ% is in-
deed zero. One should not forget however, that SQED w
the superpotential~73! is an N52 theory—there exist two
superchargesQ,Q8 of the type~1/2,0! and two supercharge
Q̄,Q̄8 of the type~0,1/2!. Therefore, one should look for th
central extension in the anticommutator of the general fo

$QaQ̄ȧ% whereQ is a linear combination ofQ and Q8. A
nonvanishing central term of this type does exist.

If we now return to the original non-AbelianN52
theory, we conclude that at smallm the string is~approxi-
mately! BPS saturated. It becomes exactly saturated in
limit m→0, L→` with mL fixed @27,28#. The saturation is
approximate, rather than exact, since higher order terms im
@non-linear in aD terms in the superpotential of the low
energy U~1! theory# breakN52 and return us back to th
N51 theory. InN51 the extra superchargesQ8, Q̄8 disap-
pear, while the central charge in the anticommutator$QaQ̄ȧ%
vanishes.

X. BRANE PICTURE: HOW IT CORRESPONDS TO FIELD
THEORY

A. Fayet-Iliopoulos string as a membrane

With the brane picture in mind, we can look for the bra
configuration corresponding to the BPS strings discus
above. The interpretation of the strings whose tension is p
portional to the four-dimensional FI terms is rather simp
Let us consider the brane configuration relevant for the A
lian N52 Yang-Mills theory in the type IIA picture. It con-
sists of a pair of parallel NS5 branes with world volum
(x0,x1,x2,x3,x4,x5), plus a single D4 brane with world vol
ume (x0,x1,x2,x3,x6). The gauge theory is defined on th
world volume of the D4 brane, and the distance between
NS5 branes along thex6 direction plays the role of the in
verse coupling in the Abelian theory. Since the fou
dimensional FI terms have the meaning of the relative d
tance between the NS branes in (x7,x8,x9) @29#, the ‘‘FI

4It should be taken into account that on the solutionuM u5uM̃ u.
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A. GORSKY AND M. SHIFMAN PHYSICAL REVIEW D 61 085001
strings’’ are nothing but the D2 branes stretched between
NS branes in some of the (x7,x8,x9) directions. The rest of
their world volume coordinates coincide with the D4 one

This picture gets slightly modified if one considers t
Abelian N51 theory. According to the well-known proce
dure ~see, for instance,@29#!, one has then to rotate one o
the NS5 branes, which now has (x0,x1,x2,x3,x8,x9) as the
world volume. The Fayet-Iliopoulos term now has the me
ing of a displacement of the NS5 branes alongx7. The D2
brane stretched between the NS5 branes with world volu
(x0,x1,x7) plays the role of the BPS string.

Let us note that the FI string can be elevated smoothly
M theory. Indeed, the NS5 branes and the D4 brane ca
identified with the single M5 brane in M theory. The F
string can be considered as an M2 brane stretched betw
two components of the M5 branes. The tension of the
string is proportional to the length of the M2 brane along
x7 direction and, therefore, proportional to the value of the
parameterj, in full agreement with the field theory expect
tions. Recently a similar picture for the FI strings was d
cussed in@26#.

B. „Conjectured… strong coupling BPS strings via branes

The BPS saturated objects with axial geometry were
cussed in the brane picture previously. For instance, the
main wall junction inN51 supersymmetric gluodynamic
which is expected to saturate both the~1/2,1/2! and ~1,0!
central charges occurs as the intersection of the M5 bra
since the domain walls were identified as M5 bran
wrapped on 4-manifold in M theory@30#.

Here we would like to add a few remarks on a possi
interpretation of strong coupling BPS strings in the bra
picture. Previous attempts to recognize BPS tension
strings in four dimensions, apparently seen within the br
approach@31#, were based on the intersection of the M
branes or the M2 brane stretched between two M5 bra
The BPS string on the Coulomb branch discussed in Sec
is nothing but a wrapped M5 brane, since its tension is p
portional to the area on the region on the Coulomb bran
However, the explicit geometry of intersection of the M
branes yielding saturation of the~1/2,1/2! central charge is
still to be clarified.

Another possible approach to the brane interpretation
BPS strings in Yang-Mills theories follows from the corr
spondence between Yang-Mills theories in four dimensi
and two-dimensional sigma models. It was recently rec
nized @32–34# that there is a close relation between tw
dimensionalCPN models ~which haveN52) and Yang-
Mills theories in four dimensions, withN51 or N52, with
or without fundamental matter. In the latter case the co
spondence relies on the coincidence of the spectra of
BPS domain walls in four dimensions and BPS solitons
two.

A more direct relation connects theN52 theory withNf
flavors at the root of the baryonic branch of the moduli sp
with the CP2Nc2Nf21 model @33,34#. The translation dic-
tionary between the two models looks as follows: the co
plex coupling in four dimensions corresponds to a comp
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parameter combining the two-dimensional FI term with theu
term; twisted mass terms ind52 correspond to the coordi
nates on the Coulomb branch in thed54 theory; finally, the
Riemann surfaces providing the BPS spectra in both theo
are the same.

The correspondence above has a rather simple expl
tion in the brane description of both theories. It appears t
the brane configurations for both theories are actually
same. Thed54 theory is defined on the world volume of th
D4 branes stretched between a pair of the NS5 branes.
coupling constant is just the distance between the N
branes. In M theory all branes above are elevated to a pa
M5 branes, one of which is flat and the second is wrapp
around the Riemann surface. The configuration is descri
by the holomorphic embedding into four-dimensional spa

~ t2LN!H tLN2Nf )
N2Nf

~v2m̃i !2)
N

~v2mi !J 50,

~74!

where the first factor represents the flat brane, while the s
ond the curved one, andmi ’s correspond to the masses of th
fundamental hypermultiplets.

Let us add a D2 brane and consider the Abelian ga
theory on its world volume. If the D2 brane is stretch
between the same NS5 branes, we arrive at theCPN model
in d52 where it has the extended supersymmetry,N52.
This explains the coincidence between the complexified c
pling constant in the four-dimensional theory and the FI te
in the two-dimensional theory. Therefore, the picture can
apparently interpreted as follows: thed52 sigma model,
with the twisted masses added, is the theory on the br
which is the probe for theN52 low-energy theory in four
dimensions.

In @33,34# it was shown that the spectrum of BPS particl
in N52 theory at the root of the baryonic branch exac
coincides with the spectrum of BPS dyonic kinks in the c
respondingCPN model. Moreover, the brane identificatio
shows that hypermultiplets ind54 and d52 arise essen-
tially in the same way. Therefore, we can use the relat
between the models in a twofold way. The existence of
stantons in theCPN model implies that one can expect BP
saturated strings at the root of the baryonic branch. In
opposite direction, the~1/2,1/2! central charge in four dimen
sions can be mapped onto the central charge of theN52
two-dimensional theory. Since in the formulation of th
sigma model with nondynamical vector field the gau
2-potential plays the role of the currentam in Eq. ~1!, the
central charge is actually mapped onto the Chern num
*Adx. Certainly, these issues need further clarification. W
hope to discuss them elsewhere.

XI. CONCLUSIONS AND DISCUSSION

In this paper we elaborated on the generic structure of
central charges in supersymmetric gauge theories in four
mensions. The central finding is that the~1/2,1/2! charge is
ambiguous in the part related to the matter fields, due
possible total derivative terms in the supercurrents. The
1-12



de
os
rm
P

v
c
th

d
e

th

d
le
ib
e
e
th
e

th
a
on
-
c
n

er
e

in
ur-
e-
uss

n
ng.
dual

ob-

ly
ons

ual-
bu-

ton

nt
n.

d
ne
-
e-
.G.
pi-
nt
ed

MORE ON THE TENSORIAL CENTRAL CHARGES IN . . . PHYSICAL REVIEW D61 085001
related to the gauge fields~including gaugino! is unambigu-
ous. That is why in the weak coupling regime the only mo
admitting BPS strings is SQED with the Fayet-Iliopoul
term. In the non-Abelian theories the Fayet-Iliopoulos te
is forbidden; hence, at weak coupling there can be no B
strings. Even if some strings exist, they are nonsaturated
necessity. These assertions are proved at the theorem le

The ambiguity we found does not preclude from existen
other BPS saturated objects with axial geometry, i.e.,
wall junctions. The ambiguity in the~1/2,1/2! charge is com-
bined with that in the~1,0! charge to produce a well-define
answer for the tension of the walls and the ‘‘hub’’ in th
middle. We presented some examples.

The strong coupling regime is a different story. Since
analyticity argument does not apply to the~1/2,1/2! charge,
the existence or non-existence of the BPS strings shoul
discussed separately at weak and strong couplings—the
sons we learn at weak coupling say nothing about poss
scenarios at strong coupling. We speculated on differ
cases when the BPS-saturated objects with axial geom
may appear in the strong coupling regime. We argued
saturation of the~1/2,1/2! charge at strong coupling can b
attributed to the M5 brane intersection.~The Fayet-
Iliopoulos BPS strings come from the M2 branes.! The BPS-
saturated strings may be expected in theN52 Yang-Mills
theories on the Coulomb branch.

In the N51 gauge theories an obvious candidate for
BPS saturation is the domain wall junction. One cannot
sert at the moment with absolute certainty that the str
coupling junction exists inN51 supersymmetric gluody
namics, but theM theory arguments suggest that such jun
tions do exist. Additional support in favor of this conclusio
is provided by field-theoretic models considered in@15#.

A comment is in order regarding the situation in sup
gravity coupled to Yang-Mills theory. Upon inspecting th
~1/2, 1/2! central charge one finds the termH5dB2K in the
,

K.

y,
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anticommutator$Q,Q̄%, whereB is the two-form field and
K5AdA2 2

3 A3 is the dual of the Chern-Simons current
the Yang-Mills theory. Therefore, we see that the axial c
rent of gluons enters into the central charge, if gravity d
grees of freedom are taken into account. We plan to disc
this point in more detail elsewhere.

Since theN52 Yang-Mills theory enjoys duality, one ca
pose a question of the duality partner of the BPS stri
Four-dimensional BPS strings can be viewed as objects
~in the Dirac sense! to localized objects. Indeed, since ind
space-time dimensions thep brane is dual to a (d2p24)
brane, the Dirac quantization condition amounts to the
servation that the (d2p24) brane is weakly coupled if thep
brane is strongly coupled andvice versa. Therefore, one can
expect that within the framework of duality the strong
coupled BPS string has something to do with the instant
at weak coupling.

To make a conjecture regarding the central charge d
izing the stringy one, let us observe that there is a contri
tion in the central charge for$Q,Q̄% in six dimensions, satu-
rated by instantonic strings. In five dimensions the instan
presents a particle with mass 1/g2, saturating@35# the central
charge*d4xF̃F. In four dimensions we can expect a remna
of this central charge resulting from dimensional reductio
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