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Axion model in extra dimensions with TeV scale gravity
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Department of Physics, Tohoku University, Sendai 980-8578, Japan

~Received 7 September 1999; published 20 March 2000!

A simple axion model is proposed in the scenario of large extra dimensions where the gravity scale is as low
as 1 TeV. To obtain an intermediate-scale decay constant of the axion, the axion is assumed to live in a
subspacetime~brane! of the whole bulk. In this model there appear Kaluza-Klein modes of the axion which
have a stronger interaction than those of the graviton. The axion brane plays the role of an absorber of the
graviton Kaluza-Klein modes. For these reasons, the phenomenology and cosmology of the axion become
highly nontrivial. We discuss various cosmological constraints as well as astrophysical ones and show that the
model is viable for certain choices of the dimensionality of the axion brane. The structure of the model
proposed here provides a viable realization of the fat brane idea to relax the otherwise very severe cosmologi-
cal constraints.

PACS number~s!: 04.50.1h, 14.80.Mz, 98.80.2k
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I. INTRODUCTION

It has been suggested that the fundamental scale of na
can be as low as TeV, whereas the largeness of the effe
Planck scale or the weakness of the gravity at a long dista
can be explained by introducing large extra dimensio
@1–4#. When there existn of such extra dimensions, the re
lation between the gravitational constant 8pGN51/M pl(4)

2 in
4 dimensions and the fundamental scaleM pl(41n) in (4
1n) dimensions is given by

M pl(4)
2 ;VnM pl(41n)

n12 , ~1!

whereVn is the volume of the extra-dimensional space. F
M pl(41n);1 TeV, the size of the extra dimensionsr n is
computed as

r n;Vn
1/n;1032/n26MTeV

22/n21MeV21;1032/n217MTeV
22/n21cm,

~2!

whereMTeV[M pl(41n) /TeV. The casen51 is excluded be-
cause the gravitational law would change at a macrosc
level, but the casesn>2 are allowed by gravity experiments

There are also astrophysical and cosmological bounds@3#
because there is a tower of graviton Kaluza-Klein~KK !
modes which contribute to the supernova cooling@5#, the
total mass of the universe, and the late-time photon prod
tion @6#, etc. We may avoid some of these problems by
suming an extremely low reheating temperature of the e
universe.

To have an inflation model with such a low temperature
already a tough subject, especially with the cosmolog
moduli problem@7#. Furthermore, we need baryon asymm
try after the inflation while the temperature is quite low a
we knew that the process which generates baryon asymm
should not induce proton decay. It is better to have a hig
reheating temperature for many reasons, but it is very har
avoid known restrictions.

There is another problem in TeV scale gravity. The si
plest model of this type would not provide intermedia
scales which are necessary to explain phenomenologica
0556-2821/2000/61~8!/084005~11!/$15.00 61 0840
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sues such as the apparent gauge coupling unification@8#,
small neutrino masses, and the strongCP problem. It was
pointed out@3# that particles dwelling in extra dimension
other than a graviton, can have similar effective interact
terms in four-dimensional physics. This type of interaction
suppressed as gravity and thus gives extremely weak in
action between bulk matter and normal matters. For the n
trino, there have been many discussions and much rese
about how to extend the minimal setting to obtain the sm
neutrino masses and mixing@9–11#, but the axion as a solu
tion of the strongCP solution has not been studied tho
oughly in this context. In this paper we will propose an axi
model in TeV scale gravity for various numbers of the ex
dimensions, with special emphasis on cosmological c
straints: the addition of the axion in the large-extr
dimension model substantially alters the cosmology. In
following sections, we will use the conventionM pl[M pl(4)
5 reduced Planck mass andM* [M pl(41n)5 fundamental
scale.

II. PQ SCALE IN EXTRA DIMENSIONS

If an axion is a boundary field confined on 4 dimension
the Peccei-Quinn~PQ! scale f PQ is bounded by M*
;1 TeV. To obtain a higher PQ scale, the axion field has
be inevitably a bulk field. If it lives in the whole
(41n)-dimensional bulk, the PQ scale will bef PQ;M pl .

However, the damped coherent oscillation of the ax
vacuum at the early universe withf PQ;M pl would overclose
the universe. A conventional argument gives an upper bo
f PQ<1012 GeV. Even when an entropy production tak
place after the QCD phase transition~e.g., the reheating tem
perature is smaller than;1 GeV), f PQ cannot be much
larger than 1015 GeV.

In Ref. @12#, it was shown that the late thermal inflatio
can raise the bound of the PQ scale up to 1015 GeV. This
argument can be applied to our case, provided that the
herent oscillation of the inflaton is followed by the reheati
process. Then the bound onf PQ is

f PQ,1015 GeVS h

0.7D S p/2

u D S MeV

TR
D 1/2

, ~3!
©2000 The American Physical Society05-1
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where h is from Hubble constant in units o
100 km sec21Mpc21, u is the initial value of PQ vacuum
angle, andTR is the reheating temperature after inflatio
Thus the axion model suffers from the overclosure probl
if there are no other scales thanM* andM pl .

In this paper, we propose that a natural way to realize
intermediate scale axion is to make it live in
(41m)-dimensional subspacetime@(31m) brane# (m,n)
of the whole (41n)-dimensional bulk. The idea of usin
subspacetime to realize an intermediate scale already
peared in Ref.@10# in the context of neutrinos.

Let x be a complex scalar field which contains PQ axi
in 41m dimension;ã. If the axion field lives only on (4
1m)-dimensional subspacetime wherem,n and the vol-
ume of extra dimension isVm ,

Lx5E dx41m]Mx* ]Mx1E dx4
ã~xA50!

^x&
FF̃, ~4!

where xA means an extra-dimension coordinate. Assum
that the vacuum expectation value of thex field does not
depend on the extra-dimension coordinates, we obtain

f PQ;AVm^x&;r n
m/2M

*
11m/2;M* S M pl

M*
D m/n

;103(115m/n)MTeV
12m/n GeV. ~5!

Here we have defined the 4D axion field asa5AVmã(xA

50) and assumed that the sizer n is common for all extra
dimensions.

A lower bound off PQ comes from astrophysical observ
tions, e.g., red giant and supernova cooling by axion em
sion. It is known thatf PQ should be larger than 109 GeV. In
extra dimension physics, Kaluza-Klein~KK ! modes also
contribute to supernova cooling if their masses are sma
than the core temperature (;30 MeV). We discuss this in
the next section.

To have 109 GeV , f PQ<1015 GeV, we need 2/5
,m/n<4/5. Possible sets of (m,n) with f PQ whereM* 51
and 10 TeV can be found in Tables I and II.

TABLE I. PQ scales and lifetimes of axion and graviton K
modes forM* 51 TeV, whereM100[mA/100 MeV.

(m,n) r n
21@MeV# f PQ@GeV# tg@sec# ta@sec#

(1,2) 4310210 531010 23107M100
24 63107M100

23

(2,3) 631025 231013 13106M100
25 831012M100

23

(2,4) 231022 531010 231011M100
25 63107M100

23

(3,4) 331014 33107M100
26 331015M100

23

(2,5) 0.7 13109 231014M100
25 53104M100

23

(3,5) 231012 131012M100
26 731010M100

23

(4,5) 231015 93109M100
27 131017M100

23

(3,6) 7 531010 231015M100
26 63107M100

23

(4,6) 231013 131014M100
27 831012M100

23
08400
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III. LABORATORY AND ASTROPHYSICAL
CONSTRAINTS

Experiments on detecting an axion from the nuclear re
tor and the sun give bounds on PQ scale,104 GeV ~lab!,
104 GeV , f PQ,106 GeV ~Sun!. However, this limit
strongly depends on the photon axion coupling and
method of detecting the axion. Furthermore the laborat
bound is much weaker than the astrophysical bound.

The strongest bound from astrophysics is supernova c
ing. In SN 1987A observations, it was calculated that

1

f PQ
2

,10218 GeV22. ~6!

Since the axion KK modes interact exactly the same way
the conventional axion, the effective interaction of the K
modes at the core temperatureT.30 MeV is

1

f PQ
2

3~Trn!m;
Tm

M
*
m12

,10218 GeV22. ~7!

This gives a bound on the fundamental scale:

M* .~101830.03m!
1

m12 GeV. ~8!

For m51, M* .300 TeV and form52, M* .5 TeV.1

M* ;1 TeV is allowed only ifm.2. This suggests that th
number of extra dimensions should be at least 3 to incl
PQ mechanism as a solution of the strongCP problem in
TeV scale gravity model.

In the near future, high energy accelerator experime
may probe the axion KK mode emission. The graviton K
mode signals in a collider were discussed in detail rece
@14#. The scattering cross section of the graviton KK mo
emission from high energy scattering with center of ma
frame energyAs is

1It was argued that there arise large quantum corrections in
case of one extra dimension in general, which would destabilize
gauge hierarchy@13#. This argument would exclude them51 case.

TABLE II. PQ scales and lifetimes of axion and graviton K
modes forM* 510 TeV.

(m,n) r n
21@MeV# f PQ@GeV# tg@sec# ta@sec#

(1,2) 431028 231011 23109M100
24 63108M100

23

(2,3) 331023 431013 33109M100
25 431013M100

23

(2,4) 0.6 231011 231014M100
25 63108M100

23

(3,4) 631014 131012M100
26 931015M100

23

(2,5) 20 63109 131017M100
25 83105M100

23

(3,5) 431012 231016M100
26 531011M100

23

(4,5) 331015 431015M100
27 331017M100

23

(3,6) 160 231011 231019M100
26 63108M100

23

(4,6) 431013 331019M100
27 431013M100

23
5-2
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s}
1

M pl
2 ~Asrn!n;S As

M*
D n12 1

s
, ~9!

while the KK axion production is

s}
1

f PQ
2 ~Asrn!m;S As

M*
D m12 1

s
. ~10!

Since the energy dependence of the axion KK mode c
section is different from the graviton KK mode cross sectio
it might be possible to detect this difference at TeV sc
collider experiments.

IV. THERMAL PRODUCTION OF AXION KK MODE

Since the axions dwell in the extra-dimensional bra
their masses are proportional tor n

21 and they have stronge
couplings than the graviton KK modes to the normal matt
in general cases. If there is no hidden particle which coup
to the axion or if the mass of the KK mode axion is low
than the sum of three pion masses;500 MeV, the main
decay channel of light KK axion is to two photons. Th
lifetime of each KK mode for a given (n,m) can be found in
Tables I and II:

GaKK→2g.
Cag

2

64p S a

p D 2 mA
3

f PQ
2

;331028Cag
2

mA
3

f PQ
2

, ~11!

wheremA is the mass of the axion KK mode andCag is the
model dependent axion-photon coupling which is usua
within 0.1 to 1. This decay can be cosmologically dangero
For instance, forf PQ51012 GeV andmA51 MeV, the life-
time of the KK mode istA;1017 sec, which is about the ag
of the universe.

The graviton KK modes have similar cosmological pro
lems because they can overclose our universe or decay
the photons at a late stage of cosmological evolution. Or
nally it was suggested that a ‘‘fat brane’’@3# can solve the
cosmological problems by absorbing most of the decay pr
ucts of the KK modes. However, massless particles in
higher-dimensional braneare not massless in our four
dimensional universe since they have momenta in the e
dimensions which appear masses in our universe@5#. An-
other way to avoid this difficulty is assuming a large numb
of four-dimensional lattices in the bulk. But we need at le
106 emptyuniverses. Or we should assume the existence
four-dimensional hidden sector which has 106 times more
degrees of freedom than those of the standard model, w
they should not be produced significantly by the reheat
process after inflation.

If we add an axion as a ‘‘brane particle’’ in this mode
the graviton ‘‘bulk particle’’ will decay to the ‘‘brane’’ axion
more efficiently, since its decay width will be enhanced b
factor (MGr n)m. The graviton KK mode with massmG will
have decay width to the axion
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G~gKK→2a!;O~1023!
mG

3

M pl
2

3~mGr n!m. ~12!

After some period, instead of the massive graviton K
fields, we will have the axion KK fields with about sam
masses. Since the massive axion KK mode can decay
the photon pairs and the lifetime of the graviton KK mo
becomes much shorter, the primordial graviton KK mo
will not overclose the universe. Instead, it will contribute
the cosmological background radiation. This can be a sev
constraint to the axion model. Also axions can be produ
thermally during the reheating process. For these reasons
have to check whether the axion model can survive the c
mological constraints.

To estimate the constraints for various cases, we calcu
the amount of the thermal axion produced at the rehea
temperatureTR and the axion KK modes from the gravito
KK modes decay. In Appendix A, we derived the Boltzma
equation for the yieldY5r/s for four different sources of
the axion KK modes:~I! decay of graviton KK modes from
the inverse decay (2g,e1e2,n̄n→gKK); the energy of the
KK modes are concentrated onmA;TR ; ~II ! decay of gravi-
ton KK modes produced from the scattering (eg
→egKK ,e1e2→ggKK); this contribution is significant only
if mA,TR ; ~III ! the axion KK mode from the pion scatterin
(pp→paKK); this process dominates ifTR.10 MeV; ~IV !
the axion KK mode from the two photon inverse dec
(2g→aKK); this gives a significant contribution whenmA
;TR .

For each case,

Y1.3310223S TR

100 MeVDA1 , ~13!

Y2.2310223S TR

100 MeVDA2 , ~14!

Y3.6310210S 1012 GeV

f PQ
D 2S TR

100 MeVD
3

A3 ,

~15!

Y4.2310216S 1012 GeV

f PQ
D 2S TR

100 MeVDA4 , ~16!

where

A15S 10

g* ~TR! D
3/2S mA

TR
D 3

, ~17!

A25S 10

g* ~TR! D
3/2F lnS TR

3

mA
2me

D 20.8G , ~18!

A35Cap
2 S 10

g* ~TR! D
3/2S I ~TR!

1000D , ~19!
5-3
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A45Cag
2 S 10

g* ~TR! D
3/2S mA

TR
D 3

. ~20!

For the details of these calculations and the definition
function I (T), see Appendix A@we present the numerica
plot of I (T) in Fig. 5#.

V. COSMOLOGICAL CONSTRAINTS

In this section we would like to discuss various cosm
logical constraints on the model for a given (m,n) set. No-
tice that in Tables I and II,n>5 in both theM* 51 and 10
TeV cases andn54 in the 1 TeV case are cosmological
safe if TR is low enough (;1 MeV). If the minimal KK
mode mass is greater than 1 MeV, the KK modes are
generated in the thermal bath of such a low reheating t
perature. On the other handm<2 in M* 51 TeV andm
51 in M* 510 TeV is forbidden by the astrophysic
bound. The casesn54,m53 at M* 51 TeV andn53,m
52 atM* 510 TeV are not trivially allowed or ruled out b
the cosmological constraints. Details on these cases are
cussed in Appendix B.

A. Big bang nucleosynthesis

At the temperature of the universe around 1 MeV, it
required that there should not be additional particles wh
contribute to the energy density significantly. Otherwise4He
would be produced more than what is observed now beca
the universe should expand faster than the standard scen

We apply a rather loose bound that the energy den
contribution by the KK mode should be smaller than o
neutrino energy density atT51 MeV. At high TR
(.10 MeV), axion KK mode production dominated by pr
cess III. In case III, one may practically have maximal ma

m1[max$mp ,TR% ~21!

for the KK mode which is produced in the thermal bath.
Thus the bound from big bang nucleosynthesis~BBN! is

rA

s
uBBN.DE

m0

m1
dmA3~mAr n!mYA.m1Y3~m1r n!m

.231023
M plTR

3m1
m11

M
*
m12f p

2
A3,0.1 MeV, ~22!

where D is normalization constant which is equal tom in
torus compactification with universal distancer n . In our cal-
culations we restrict ourselves to this case.

If TR;mp , approximately

M* .1020/(m12)3mp . ~23!

For m51, this readsM* .600 TeV, and form52, M*
.15 TeV. But if the reheating temperature is as low as
MeV, this bound is not important sinceA3(TR) is suppressed
exponentially.
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B. Overclosure of Universe

The total energy of the axion KK modes at present m
not exceed the critical density:

rA,rc5331026s0h2 MeV, ~24!

wheres0.3000 cm23 is the entropy of the present univers
For the case that the KK modes decay into some rela

istic particles, we can divide the bound in two parts; dec
before the present time and do not decay until now:

rA

s0
.DE

m0

m2
dmA~mAr n!mYA1DE

m2

m1
dmA~mAr n!m

YAT0

T~mA!

,331026h2 MeV, ~25!

where the axion KK mode with massm2 decays at the
present time, andm1 is defined in Eq.~21!.

C. Light element destruction

Energetic photons from heavy axion KK modes whi
decay after 104 sec can destroy the light elements made d
ing the nucleosynthesis. Therefore there are several bou
on the density of the KK modes which weigh 10 MeV. The
are @15#

rA

s
<10212 GeV ~26!

for tA>107 sec,

rA

s
<1026210210 GeV ~27!

for 104,tA<107 sec. Usually these bounds are less imp
tant than cosmological microwave background bound giv
below.

D. Cosmological microwave background radiation

If the massive KK modes decay aftertA>106 sec but
before the recombination era, the produced photons may
a distortion of the cosmological microwave background
diation ~CMBR!. The Cosmic Background Explorer~COBE!
observations give a bound@16#

Drg

s
<2.531025TD , ~28!

whereTD is the temperature at the KK mode decay.

E. Diffuse photon background

Observations of diffuse photon backgrounds at the pres
universe give upper bounds on additional contributions to
photon spectrum. For example, for the energy ran
800 keV ,E,30 MeV @17#

dF
dV

.E3A~E/E0!2a.78S E

1 keVD 21.4

. ~29!
5-4
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Constraints on other ranges of the photon energy can
found, e.g., in Ref.@18#.

The theoretical prediction is

dF
dV

5
nAc

4p
3Br ~30!

for the lifetime of the KK mode shorter than the age of t
universe, and

dF
dV

;Br3
nAc

4p

GaKK→2g

BrH0
S 2E

mAc2D 3/2

~mAr n!m ~31!

for its lifetime longer than the age of the universe@19#. Here
we have introduced Br as a branching ratio of axion de
into two photons.

In our brane picture, there isa priori no reason that the
axion brane contains only our four-dimensional wall. Rath
it will be natural to imagine that there is a parallel un
verse~s! or another four-dimensional wall in the brane. O
one can just imagine that there are some unknown parti
on our wall itself. Then one can consider the situation t
thermally produced KK modes of graviton will mainly deca
into the axion in the brane and axions both from the gravi
decay and from the thermal production will decay into t
parallel wall if this wall has some kind of QCD and/or U~1!
type of interactions.@Or it can decay into some hidden QCD
U~1! fields in our universe.# Since the axion decay width i
highly suppressed by (a/p)2 with a being the fine structure
constant, it is easy to get a low branching ratio to decay i
the photon; in other words, most of the axions decay into
other wall ~invisible section! if the coupling constant, the
color factor of the other gauge interaction, and/or the num
of the fermions with PQ charges in the decay loop diagr
in the other wall~invisible section! are large enough.

F. Results

Here we summarize the results we obtained. The rea
should refer to Appendix B for more detail.~We approxi-
mateh50.7.)

I. n54, m53 andM* 51 TeV case
~1! BBN bound

TR,90A3
21/3 MeV.80 MeV. ~32!

~2! Overclosure bound

TR,12S Cag
2

A3
2Br

D 1/6

MeV.30 MeV ~for Br51).

~33!

~3! CMBR bound ~for mA>100 MeV and TR
.10 MeV)

TR,231022S Cag
2

A3
2Br3D 1/6

MeV. ~34!

~4! Diffused photon bound, forTR.10 MeV,
08400
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TR,231022S Br

Cag
D 20.63S mA

10 MeVD 20.53

A3
21/3 MeV,

~35!

for TR,10 MeV,

TR,0.3 Br20.73 MeV, ~36!

where Br,Ga→2g /H0, and

TR,5Cag
20.48 MeV, ~37!

where Br.Ga→2g /H0.
II. n53, m52 andM* 510 TeV case
~1! BBN bound

TR,100A3
21/3 MeV.90 MeV. ~38!

~2! Overclosure bound

TR,28S Cag
2

A3
2Br

D 1/6

MeV.40 MeV ~for Br51).

~39!

~3! CMBR bound

TR,431022S Cag
2

A3
2Br3D 1/6

MeV. ~40!

~4! Diffused photon bound forTR.10 MeV

TR,331022S Br

Cag
D 20.63S mA

10 MeVD 20.2

A3
21/3 MeV,

~41!

for TR,10 MeV,

TR,0.1 Br21.2 MeV, ~42!

where Br,Ga→2g /H0, and

TR,3 MeV, ~43!

where Br.Ga→2g /H0. In both cases (n54, m53, and
M* 51 TeV and n53, m52, and M* 510 TeV), life-
times of axion KK modes up tomA;1 GeV are quite long
and so the constraint from the light element destruction w
not give any further bound.

We also performed computer calculations on both then
54, m53, and M* 51 TeV and then53, m52, and
M* 510 TeV cases. Figures 1 and 2 show that the diffus
photon background radiation~DPBR! is the stringent bound
if the branching ratio is small. But in an extremely sma
branching ratio case, CMBR is dominant. This is because
lifetime of the axion KK modes becomes shorter th
1013 sec, and so the produced photons will disturb t
CMBR spectrum. One can see that BBN is independen
the branching ratio. Note that these behaviors are consis
with what we observed from the analytical computatio
given above.
5-5
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In Figs. 3 and 4, we present combined cosmological lim
for all possible combinations ofn,m in Tables I and II. We
find that the reheating temperature is allowed to be sign
cantly large if the branching ratio to the photon is sm
enough.

VI. CONCLUSIONS

In this paper, we discussed the axion model in the ex
dimensions whose PQ scale lies in an intermediate s
f PQ<1015 GeV. This intermediate scale can be obtained
introducing a (31m)-dimensional brane in the
(41n)-dimensional bulk.

If we include the axion as a brane particle, it will chan
the phenomenology of the extra dimension physics, es
cially cosmology. Since the graviton KK mode will deca
into the axion KK mode, the overclosure problem is not
serious as the original model of Arkani-Hamedet al. On the
other hand, the argument from stars and supernova coo
will give a more strict bound on the axion productio
Among other things, the most severe cosmological bo
comes from photon emission through the decays of the
modes of the axion. We found that the astrophysical ar
ment restricts the number of the dimensionality of the s
spacetime where the axion lives:m.2 for M* 51 TeV and

FIG. 1. The bound ofTR and Br forM* 51 TeV andn54,m
53, The upper and right side of each line is excluded region.

FIG. 2. The bound ofTR and Br for M* 510 TeV andn
53,m52. The excluded region is the same as in Fig. 1.
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m.1 for M* 510 TeV. The latter cosmological argume
requires quite a low reheating temperature after the inflat

To lift this bound, we can introduce the hidden matte
gauge fields to another four-dimensional wall~or even to our
wall itself! which has much stronger coupling to axio
and/or much more generations of particles~or maybe much
lower QCD phase transition scale, etc!. This can significantly
lower the branch ratio of the axion KK mode decay in
photons.

The whole picture can be used to improve the origin
fat-brane idea. This higher-dimensional object plays a role
an absorber of the KK graviton modes. If the fat bra
couples to four-dimensional wall~s! with interaction stronger
than gravity, the produced particles in the fat brane may t
decay into relativistic particles on the four-dimension
wall~s!. This mechanism can solve the problem of the ov
closure of the universe by the KK modes. Note that the f
brane particles are not necessarily the axions as we
cussed, but can be any other weakly interacting partic
living in a higher-dimensional brane. Moreover if the pa
ticles produced by the fat-brane particle decays do not c
tain photons or any other cosmologically dangerous p
ticles, then we can avoid other cosmological problems s
as the ones related to the cosmic photon backgrounds.

FIG. 3. The bound ofTR and Br for M* 51 TeV. The upper
and right side of each line is the excluded region.

FIG. 4. The bound ofTR and Br for M* 510 TeV. The ex-
cluded region is the same as in Fig. 3.
5-6
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worth mentioning that some mechanisms of generating sm
neutrino masses have a similar structure, which will be d
cussed elsewhere@20#.

In this paper, we did not consider an alternative solut
to the strongCP problem such as a spontaneousCP break-
ing model. This typically requires very heavy quarks. If w
want to keep all particles carrying standard-model ga
charges in four dimensions, the maximum scale we can h
is the fundamental scale, i.e., around TeV. For this reas
this type of model is not favorable in the extra-dimensi
scheme.

ACKNOWLEDGMENTS

This work was supported in part by the Grant-in-Aid f
Scientific Research from the Ministry of Education, Scien
Sports, and Culture of Japan, on Priority Area 707 ‘‘Sup
symmetry and Unified Theory of Elementary Particles,’’ a
by the Grant-in-Aid No. 11640246 and No. 98270. S.
thanks the Japan Society for the Promotion of Science
financial support.

APPENDIX A: ESTIMATION OF THE PRIMORDIAL
AXION KK MODE DENSITY

The production rate of the axion KK mode from initia
particlesi and j can be calculated from the Boltzmann equ
tion:

ṅA13H~ t !nA5(
i j

^sv& i j ninj , ~A1!

wherenA ,H(t),s,ni represent axion KK mode number de
sity, Hubble constant, scattering cross section, and num
density of initial particlei.

Using the relationt50.5H(T)21, we can convert the time
parameter to inverse temperaturex[m/T, where H(T)
.(g* /10)1/2T2/M pl . If we assume that the KK modes a
produced by the particles in equilibrium, we can rewrite E
~A1! with the yield Y[nA /s. (s is entropy densitys
52p2/45g* sT

3, whereg* s.g* is approximately 10 for 1
MeV ,T,100 MeV.!

dY

dx
5

x

H~m!
GAYeq, ~A2!

where

GA5neq(
i j

^sv& i j . ~A3!

A similar equation can be derived for the inverse decay ca

dY

dx
5

x

H~m!
G~aKK→ALL !K mA

EA
L Yeq. ~A4!

The yield of the KK mode at the equilibriumYeq is about
0.28/g* s when initial particles are relativistic@or propor-
tional to exp(2x) if they are nonrelativistic#. After integrat-
08400
ll
-

n

e
ve
n,

,
-

.
r

-

er

.

e:

ing Eqs.~A2! and~A4! from the reheating temperatureTR to
present temperature, we will get a result with the form

Y.
G

H~TR!
Yeq~TR!;331022S 10

g* ~TR! D
3/2M plG

TR
2

,

~A5!

which can be used in most calculations reliably.
Let us estimate the sources of the axion KK mode p

duction. The KK modes of axion can be produced from
ther the thermal graviton KK mode decay or initial therm
bath. We will classify four relevant cases.

Class I. The KK mode of graviton which has mass arou
the reheating temperaturemG.TR generated dominantly
through the inverse decaygg→gKK , n̄n→gKK , ande1e2

→gKK @14#

GgKK→2g5
mG

3

80pM pl
2

, ~A6!

GgKK→ f f̄5
mG

3

160pM pl
2

~A7!

for initial spin averaged. For the tensor mode of graviton K
mode we should multiply 5 toG. This will generate

Y1.631024
TR

M pl
A1.3310223S TR

100 MeVDA1 ,

~A8!

where

A15S 10

g* ~TR! D
3/2S mA

TR
D 3

. ~A9!

Here we approximated thatmA.mG after the graviton de-
cay. This mode is most abundant atmA5TR and decreases
quickly if mA!TR .

Class II. The KK modes which have much less mass th
mG,TR will be produced dominantly by the scattering pr
cessese6g→gKKe6, e1e2→gKKg. If we choose a limit
that the KK mode mass is less thanTR but greater than the
electron mass, we can calculate the interaction rate from
amplitude presented in Ref.@14#:

Ge6g→gKKe6.^sv&nEQ.
a

M pl
2 S ln

TR
3

mG
2 me

2
7

8D 3~0.3!TR
3 ,

~A10!

Ge1e2→gKKg.
a

6M pl
2

3~0.3!TR
3 . ~A11!

The yield from scattering is

Y2.2310223S TR

100 MeVDA2 , ~A12!

where
5-7
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FIG. 5. The functionI (T) for variousmA in
the KK mode yield III.
tl

n

tio
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two

cay
if
o-
on
A25S 10

g* ~TR! D
3/2F lnS TR

3

mA
2me

D 20.8G , ~A13!

for each KK mode with massmA . This bound is valid only if
A2 is positive, i.e., the reheating temperature is significan
higher than the KK mode mass.

Class III. Thermal axion produced mainly by pion-pio
scatteringp6p0→p6a, p1p2→p0a, for TR.10 MeV.

G2p→apYEQ5
3

1024p5

Cap
2

f PQ
2 f p

2
T5S 45

2p2g* s
D 3I ~T!,

~A14!

whereCap is (12z)/3(11z) with z5mu /md . In the limit
of mA50, we can use the temperature-dependent func
I (T) in Ref. @21#

I ~T![E dx1dx2

x1
2x2

2

y1y2
f ~y1! f ~y2!

3E
21

1

dv
~s2mp

2 !3~5s22mp
2 !

s2T4
, ~A15!

wheref (y)51/(ey21), xi5upW i u/T, yi5Ei /T ( i 51,2), and
s52@mp

2 1T2(y1y22x1x2v)#. We justify using themA50
limit by presenting the plot produced by computer~Fig. 5!,
which shows that the mass dependence ofI (T) is indeed
small.

I (T) is around 103 for T.50 MeV, and is suppresse
exponentially atT,10 MeV. ForT!mp , we can approxi-
mate the functionI (T):

I ~T!5
p

8 S 3mp

T D 5

expS 22
mp

T D . ~A16!

We can estimate thermal axion KK mode yield from pio
scattering,
08400
y

n

Y3.231023
M plTR

3

f PQ
2 f p

2
A3.6

310210S TR

100 MeVD
3S 1012GeV

f PQ
D 2

A3 , ~A17!

where

A35S 10

g* ~TR! D
3/2

Cap
2 S I ~TR!

1000D . ~A18!

Class IV. Thermal axion can be generated through the
photon inverse decay,

GaKK→2g.
Cag

2

64p S a

p D 2 mA
3

f PQ
2

.2.731028Cag
2

mA
3

f PQ
2

,

~A19!

which leads to

Y4.8310210
M plTR

f PQ
2

A4.2

310216S 1012 GeV

f PQ
D 2S TR

100 MeVDA4 , ~A20!

where

A45Cag
2 S 10

g* ~TR! D
3/2S mA

TR
D 3

. ~A21!

This shows that the axion produced from the inverse de
will dominate over the axion from the pion scattering III,
TR,10 MeV. The thermal axion can be produced with ph
ton electron scattering process II; we will ignore this axi
unless the reheating temperature is very low~compared with
the process IV, it should be less than a few MeV!.
5-8
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To estimate the energy density of the axion KK mode
a given T, multiply the entropy density at the temperatu
s(T) and the mass of axion KK mode to the yield. W
should count the number of KK modes for the allowed e
ergy range, (Ern)N whereE is typically TR . But for case III,
TR5max$mp ,TR%. N is the dimension of the bulk where th
produced particle exists.N5n andN5m for case$I, II % and
$III, IV %, respectively.

APPENDIX B: CALCULATION OF THE COSMOLOGICAL
BOUNDS

In this section we describe the details of these calculati
for two nontrivial cases,n54,m53 at M* 51 TeV andn
53,m52 at M* 510 TeV, though we have calculated wit
a computer all relevant cosmological bounds with allow
sets ofm andn and presented these results in Figs. 3 and

This is the case with relatively lowTR<O(100) MeV,
because of largef PQ;1014 GeV. Since the lifetime of the
axion KK mode is quite long formA,100 MeV and CMBR
is a stronger bound than the light element breaking bou
the bound from light element breaking is not relevant
these cases.

1. Big bang nucleosynthesis bound

The axion KK mode with mass below 100 MeV cann
decay before 1 sec and will be restricted by BBN bound
neutrino species. Let us assume thatTR.10 MeV; then

rA

s U
BBN

.DE
m0

m1
dmA ~mAr n!mYA

.m1Y3~m1r n!m;231023
M plTR

3m1
m11

M
*
m12f p

2
A3

,0.1 MeV, ~B1!

wherem15max$mp ,TR% and D is a normalization constan
defined as

DE
E1

E2
dmA3mA

m21r n
m

[No. of KK modes betweenE1 and E2 .

We used the torus compactification with uniform distan
approximationVn5r n

n ,Vm5r n
m so thatD5m. This gives a

bound forn54,m53 at 1 TeV

TR,90A3
21/3 MeV.80 MeV ~B2!

and forn53,m52 at 10 TeV

TR,100A3
21/3 MeV.90 MeV. ~B3!

2. Overclosure bound

We can divide this bound by the KK massm2. If mA
.m2, its lifetime is shorter than the age of the univers
08400
r

-

s

d
.

d,

n

e

;

otherwise it will remain as cold dark matter. ForTR
,10 MeV, the overclosure is not a problem in our region
interest. ThereforeY3 is most dominant source of axion KK
mode in this case. The total cold dark matter density will

rA

s0
.DE

m0

m2
dmA ~mAr n!mY3,331026h2 MeV,

~B4!

wherem2.10 MeV, m05r n
21.30 keV for n54,m53 at

1 TeV andm2.1 MeV, m0.5 keV for n53,m52 at 10
TeV. Using Eq.~A17!, Eq. ~B4! becomes

231023m2
m11

M plTR
3

f p
2 M

*
m12

A3,331026h2 MeV. ~B5!

We can get the bound onTR for n54,m53 at 1 TeV,

TR,70S h

0.7D
2/3

A3
21/3 MeV ~B6!

and forn53,m52 at 10 TeV

TR,350S h

0.7D
2/3

A3
21/3 MeV. ~B7!

We can consider another situation in which the axion K
mode can decay into some relativistic dark matterX domi-
nantly. In this case,

rA

s0
.DE

m2

m1
dmA ~mAr n!mY3

T0

T~mA!
,331026h2 MeV,

~B8!

whereT0;2310213 GeV is the current temperature of th
universe and

T~mA!.AGaKK→XM pl;231024CagBr21/2
mA

3/2M pl
1/2

f PQ
~B9!

is the temperature when axion KK mode with massmA de-
cays, where Br is the branching ratio for

Br5
GaKK→2g

GaKK→X1GaKK→2g
.

GaKK→2g

GaKK→X
, ~B10!

which is the case where the majority of axion KK mod
decays into the invisible relativistic dark matterX. Then Eq.
~B8! becomes

231029Br1/2
f PQ

Cag

M pl
1/2TR

3m1
m21/2

M
*
m12f p

2
A3 MeV,3

31026h2 MeV. ~B11!

For the reasonable range of Br, we can setm15mp . For n
54,m53 at 1 TeV,
5-9
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TR,12 Br21/6S h

0.7D
2/3

Cag
1/3A3

21/3MeV

.30 MeV ~for Br51), ~B12!

and forn53,m52 at 10 TeV,

TR,28 Br21/6S h

0.7D
2/3

Cag
1/3A3

21/3MeV

.40 MeV ~for Br51). ~B13!

3. Cosmological microwave background radiation

CMBR bound is the most severe during the time per
106,tA,1012 sec. The bound

Drg

s
<2.531025TD ~B14!

is actually weaker than other constraints if the branch
ratio Br is large. In this case, the reheating temperat
should be relatively smallTR,10 MeV. But if Br is very
small, it gives a stronger bound than other cosmological c
straints. TD is the same as Eq.~B9!. If we assumeTR
.10 MeV, and setDrg.Br3rA(TD), Eq. ~B14! becomes

231023Br mA
m11

M plTR
3

M
*
m12f p

2
A3

<531029CagBr21/2
M pl

1/2mA
3/2

f PQ
. ~B15!

If TR<mp , the maximal value of KK mode mass is aroun
mp . This leads to the bound, forn54,m53 at 1 TeV,

TR,231022Br21/2A3
21/3Cag

1/3 MeV, ~B16!

and forn53,m52 at 10 TeV,

TR,431022Br21/2A3
21/3Cag

1/3 MeV. ~B17!

To haveTR.100 MeV, we need a very small branchin
ratio ;1027. ~This bound is not valid ifTR,10 MeV.!

4. Diffused photon background

Since the lifetime of the axion KK mode is longer tha
1014 sec in the allowed region, we obtain the strongest bo
on the reheating temperature from the diffused photon ba
ground. Let us consider three cases.

Case 1.TR.10 MeV: In this case, the majority of KK
mode will decay before the present time. The obser
bound when 800 keV,E,30 MeV is

dF
dV

,78S E

1keVD 21.4

cm22 sr21 sec21 ~B18!

and corresponds with the theoretical prediction
08400
d

g
e

n-

d
k-

d

dF
dV

5
ngc

4p
.Br

Y3s0c

4p
~mAr n!m. ~B19!

Heres0c.931013cm22 sec21. This will give the inequality

Br3Y3~mAr n!m,6310216S E

MeVD 21.4

, ~B20!

whereE.mA /@2(11z)#

11z.431011~V0h2!21/3S tD

secD
22/3

. ~B21!

The time of axion KK mode decay into two photons is

tD.BrGaKK→2g
21 .3.73107Br

f PQ
2

mA
3

. ~B22!

Thus the present energy of diffused photon~for V0.1) is

E.10212S tD

secD
2/3S h

0.7D
2/3

mA

.10218Cag
24/3Br2/3S f PQ

GeVD 4/3S h

0.7D
2/3S 10 MeV

mA
D MeV.

~B23!

Inserting this result into Eq.~B20! and settingh50.7 leads
to

231023Br
M plmA

mTR
3

f p
2 M

*
m12

A3

,1010S f PQ

GeVD 21.9

Cag
1.9Br20.9S mA

10 MeVD 1.4

~B24!

and it gives a bound forn54,m53 at 1 TeV,

TR,231022S Br

Cag
D 20.63S mA

10 MeVD 20.53

A3
21/3 MeV

~B25!

and forn53,m52 at 10 TeV,

TR,331022S Br

Cag
D 20.63S mA

10 MeVD 20.2

A3
21/3 MeV.

~B26!

Case 2.TR,10 MeV, Br,GaKK→2g /H0. In this caseY

.Y4 and the axion KK mode will decay before the prese
time. H0.2310242h GeV is the Hubble constant of th
present universe. Then the relation with energy and lifeti
becomes the same as Eq.~B24!,
5-10
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Br Y4~mAr n!m58310210Br
M plmA

mTR

M
*
m12

A4

,1010S f PQ

GeVD 21.9

Cag
1.9Br20.9S mA

10 MeVD 1.4

~B27!

and it gives a bound forn54,m53 at 1 TeV

TR,0.06S Br

Cag
D 21.9S mA

MeVD 21.6

A4
21 MeV ~B28!

and inmA;TR limit,

TR,0.3 Br20.73MeV. ~B29!

For n53,m52 at 10 TeV

TR,0.03S Br

Cag
D 21.9S mA

MeVD 20.6

A4
21 MeV, ~B30!

and in themA;TR limit,

TR,0.1 Br21.2 MeV. ~B31!

Case 3.TR,10 MeV, Br.GaKK→2g /H0. In this case,
axion KK modes will not decay before the present tim
Then the theoretical prediction becomes~see references, fo
instance, Sec. 5.5 in Ref.@19#!

dF
dV

.Br3
Y4s0c

4p

GaKK→2g

BrH0
S 2E

mA
D 3/2

~mAr n!m ~B32!
B

li,

D

ell

h-
in
C

la
gh

08400
.

and this will lead to

2310217Cag
2 M plTR

M
*
m12H0

mA
m13/2E3/2

f PQ
2

A4

,6310216S E

MeVD 21.4

. ~B33!

Approximately, forn54,m53 at 1 TeV,

TRS mA

MeVD 9/2

,23106S h

0.7DCag
22A4

21S E

MeVD 22.9

MeV.

~B34!

We can approximatemA;TR;E, thenA4;Cag
2 and

TR,5.5S h

0.7D
0.12

Cag
20.48 MeV. ~B35!

In the casen53,m52 at 10 TeV, the majority of the therma
axion KK mode with TR.1 MeV will decay before the
present time. The condition Br.GaKK→2g /H0 and Eq.~B31!

will determine the reheating temperature

TR,2;3 MeV. ~B36!

We performed full calculations for all relevant sets ofm and
n with a computer and got consistent results. For instan
you can see three different regions of DPBR bound in Fig
and 2.
h-
,’’
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