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Cosmology with the Dp-brane gas
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We study the effect of the Dp-brane gas in string cosmology. When one kind of Dp-brane gas dominates,
we find that the cosmology is equivalent to that of Brans-Dicke theory with perfect-fluid-type matter. We
obtaing, the equation of state parameter, in terms ofp and the space-time dimensions.
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Recent developments of string theory suggest that,
Planck length regime, the quantum fluctuation is very la
so that the string coupling becomes large and conseque
the fundamental string degrees of freedom are not wea
coupledgoodones@1#. Instead, solitonic degrees of freedo
such asp-branes or Dp-branes @2# are more important.
Therefore it is a very interesting question to ask what
effect of these new degrees of freedom on spacetime s
ture is, especially whether including these degrees of fr
dom resolves the initial singularity, which is a problem
standard general relativity.

What should be the starting point for investigation of t
p-brane cosmology? It should be a generalization of gen
relativity. Brans-Dicke theory is a generic deformation
general relativity allowing variable gravity coupling. In fa
the low energy theory of the fundamental string@3# contains
Brans-Dicke~BD! theory with a fine-tuned deformation pa
rameter (v521). Moreover, Duff andet al. @4# found that
the natural metric that couples to thep-brane is the Einstein
metric multiplied by a certain power of the dilaton field.
terms of this new metric, the action that gives thep-brane
solution becomes the BD action with definite deformati
parameterv depending onp. In our previous papers@5,6#,
we have studied this kind of BD model and found exa
solutions depending on two arbitrary parameters. Furth
more, according to the range of parameters involved, we
have classified all possible behaviors of the BD cosmolo
and found solutions resolving the initial singularity proble
for some regions@7#. However, it remains an open questio
as to how to determine the equation of state parameterg. In
this paper, we will determineg from the relation between
this BD theory and string theory with a Dp-brane.

We start by reviewing BD theory in which perfect-fluid
type matter is included. Let us assume that our universe
D-dimensional homogeneous isotropic one. The general
action is given by

S5E dDxA2ge2f@R2v¹mf¹mf#1Sm , ~1!

wheref is the dilaton field andSm is the matter part of the
action. The equations of motion of BD theory become@8,9#
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Tmn1vH ¹mf¹nf2

gmn

2
~¹f!2J

1$2¹m¹nf1¹mf¹nf

1gmnD 2f2gmn~¹f!2%,

05R22v¹2f1v~¹f!2. ~2!

R is the curvature scalar and the cosmological metric
given by

dsD
2 52Ndt21e2a(t)d i j dxidxj ~ i , j 51,2, . . . ,D21!,

~3!

where ea(t) is the scale factor andN is a ~constant! lapse
function. Now, we assume that all variables are functions
time t only; then the curvature scalar@10# in D dimensions is
given by

R5g00R001gi j Ri j , ~4!

where

g00R005
D21

N @ä1ȧ2#,

gi j Ri j 5
D21

N @ä1~D21!ȧ2#, ~5!

whit ȧ5¹ ta. With the equation of statep5gr, the energy-
momentum tensor of perfect-fluid-type matter is given by

Tmn5pgmn1~p1r!UmUn , ~6!

whereUm is the fluid velocity. Under the hydrostatic equ
librium condition, the energy-momentum conservation is

ṙ1~D21!~p1r!ȧ50. ~7!

Using p5gr, we get the solution

r5r0e2(D21)(11g)a. ~8!

In our previous papers, the parametersg andv were consid-
ered as free parameters. In this paper, however,g will be
related to the dimension of the world volume of thep-brane.
©2000 The American Physical Society14-1
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If we consider only the time dependence, the equation
motion ~2! and the energy-momentum conservation~7! fol-
low from the action

S5E dte(D21)a2fF 1

AN $2~D22!~D21!ȧ2

12~D21!ȧḟ1vḟ2%2ANr0e2(D21)(11g)a1fG .

~9!

Now, we introduce a new time variablet by

dt5e(D21)a2fdt. ~10!

Then the action can be written as

S5E dtF 1

AN @2~D22!~D21!a82

12~D21!a8f81vf82#2ANr0e(D21)(12g)a2fG ,

~11!

where a prime means the derivative with respect to the n
time variablet andr0 is considered as a positive real co
stant. Note that the variation over the constant lapse func
gives a constraint equation. So far we have discussed
theory.

Now we consider the string cosmology by th
D-dimensional effective action withn-form field strength
that is coming from the appropriate compactification of te
dimensional low energy effective string theory. In the E
stein frame, the action reads

S5E dDxA2gEFR2
1

2
¹mf¹mf2

e2x(n)f

2n!
Hn

2G ,
~12!

wherex is given by

x2~n!542
2~n21!~ ñ21!

n1ñ22
, ~13!
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with the dual dimensionñ5D2n. From this action, we can
obtain an action in another frame by a conformal mappi
The p-brane frame is defined by the conformal mapping

gp
mn5ex(n)f/(n21)gE

mn , ~14!

wheregE
mn (gp

mn) means the metric in Einstein (p-brane!
frame. In thisp-brane frame@4#, the action is written as

S5E dDxA2gpe2(D22)a(n)f/2(n21)FR2v¹mf¹mf

2
1

2n!
Hn

2G , ~15!

wherev becomes@4#

v52
~D21!~n23!2~n21!2

~D22!~n23!2~n21!2
. ~16!

In four dimensions, the BD parameterv is given by v
52 4

3 for the 0-brane (p50) andv52 3
2 for the instanton

(p521), etc. Hence, the BD parameterv can be varied
according to thep-branes included. However, it is not clea
whether the matters come from NSp- or Dp-branes in the
p-brane frame.

In the string frame, by an appropriate conformal mappi
the action is given by

S5E dDxA2gFe2f$R1¹mf¹mf%

2
emf

2n!
Hm1•••mn

Hm1•••mnG . ~17!

Notice that the BD parameterv is fixed as21. For m
521, ann-form field strength comes from the compacti
cation of Neveu-Schwarz–Neveu-Schwarz~NS-NS! three-
form in ten-dimensional theory.m50 for n-form coming
from the Ramond-Ramond~R-R! sector. The dual form in
NS-NS sector is defined by@4#

* H5e2fH, ~18!

for the solitonic NSp-brane, andm51 for this case.
Under the ansatz
FIG. 1. The behavior of the scale factor with the D-particle.
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FIG. 2. The behavior of the scale factor with the D-string.
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Hm1 ,•••,mn
5ANAnem1 ,•••,mn21

¹0A~ t !, ~19!

wherem1 , . . . ,mn21Þ0, the Bianchi identity

¹ [mHm1 ,•••,mn]50 ~20!

is always satisfied, since we assume thatA(t) is a function of
t only. AN should be used for obtaining the correct co
straint equation. In terms ofA(t), f(t), anda(t), the action
~17! for the cosmology becomes

S5E dte(D21)a2fF 1

AN $2~D22!~D21!ȧ2

12~D21!ȧḟ2ḟ2%1
AN
2

Ȧ2e22(n21)a1(m11)fG .

~21!

Using the new time variablet defined in Eq.~10!, the action
is given by

S5E dtF 1

AN @2~D22!~D21!a82

12~D21!a8f82f82#1
AN
2

A82e22(n21)a1(m11)fG .

~22!

From this, we can obtain the equations of motion

2~D21!~D22!a922~D21!f92~n21!

3~A8!2e22(n21)a1(m11)f50, ~23!

2~D21!a922f92
~m11!

2
~A8!2e22(n21)a1(m11)f50,

~24!

¹t@A8e22(n21)a1(m11)f#50, ~25!

where the lapse functionN is set to 1 after calculation. Th
solution of Eq.~25! is given by

A85A2qe2(n21)a2(m11)f, ~26!

with a constantq. Substituting this into Eqs.~23! and ~24!,
the resulting equations of motion are written as
08351
-

2~D21!~D22!a922~D21!f9

22~n21!q2e2(n21)a2(m11)f50, ~27!

2~D21!a922f92~m11!q2e2(n21)a2(m11)f50.
~28!

These equations of motion can be derived from the follow
action:

S5E dtF 1

AN @2~D22!~D21!a82

12~D21!a8f82f82#2ANq2e2(n21)a2(m11)fG .

~29!

Comparing this action with that of BD theory given by E
~11!, the action of BD theory is equivalent to that of strin
theory with the Dp-brane gas (m50) if we setr05q2 and
2(n21)5(D21)(12g). From these, the BD parameterg
is related top, the spatial dimension of the world volume o
the p-brane:

g5
D22p23

D21
. ~30!

This is the main result of our paper. Note that in stri
frame, the behaviors of the cosmology depend only onp
(5n22). In four-dimensional space-time,g of the instanton
gas (p521) is fixed to 1 and for the particle (p50) g
51/3 is consistent with the known value ofg for the radia-
tion dominant era. In our previous work@5#, the behavior of

FIG. 3. The behavior of the scale factor with the Dp-brane (p
52 or p53).
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the scale factor for generalg andv was classified. With the
D-particle gas (p50 andg51/3), the string cosmology ha
two phases as in Fig. 1. For the D-string gas,g521/3 which
is consistent with the value of the cosmic string gas@11#, the
behavior of the scale factor has two phases as shown in
2. For D2-brane or D3-brane cases (p52 or p53), the scale
factor behaves as in Fig. 3.

In this paper, we have shown that string theory with t
Dp-brane gas can be described by BD theory with perfe
fluid-type matter and the parameterg in BD theory is deter-
mined by the dimension of the brane. In string theory w
ten
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the NS- (m521) or the dual NS-brane (m51) gas, the
matter couples to the dilaton, and the energy-momentum
the perfect fluid is not conserved due to this coupling. Hen
we cannot consider the NS-type brane gas as a perfect fl
To describe the NS brane gas as a perfect fluid, we hav
study string theory in a frame where the dilaton does
couple with the brane. Details will be discussed in a la
work @12#.
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