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Observables in the decays ofB to two vector mesons

Cheng-Wei Chiang* and Lincoln Wolfenstein†
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~Received 12 November 1999; published 10 March 2000!

In general there are nine observables in the decay of aB meson to two vector mesons defined in terms of
polarization correlations of these mesons. Only six of these can be detected via the subsequent decay angular
distributions because of parity conservation in those decays. The remaining three require the measurement of
the spin polarization of one of the decay products.

PACS number~s!: 13.25.Hw, 11.30.Er
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The decay of theB meson into two vector mesonsB
→V11V2, such asB→r1C or B→r1K* , has been calcu
lated in many models@1–9#. Here we are concerned wit
observables from a model-independent viewpoint. We li
this discussion to the case ofB6 decays orB0 (B̄0) in the
absence ofB0-B̄0 mixing effects.

To take advantage of extracting theCP-odd andCP-even
or T-odd andT-even components more easily, the angu
distribution is often written in the linear polarization~or
transversity! basis. Let us define the amplitude ofB→V1V2
in the rest frame ofV1. According to their polarization com
binations, the amplitude can be decomposed into@1#

A~B→V1V2!5A0eV1
* LeV2

* L2
Ai

A2
e V*
W

1

T
•e V*
W

2

T

2 i
A'

A2
e V*
W

1
3e V*
W

2
•p̂, ~1!

and similarly forB̄→V̄1V̄2. In Eq. ~1!, eV1
W and eV2

W are the

unit polarization vectors ofV1 andV2, respectively.p̂ is the
unit vector along the direction of motion ofV2 in the rest

frame ofV1 , eVi
* L[e V*

W
i
•p̂ ande V*

W
i

T5e V*
W

i
2eVi

* Lp̂. It is easy to

see thatA' is odd under the parity transformation because

the appearance ofeV*
W

1
3e V*
W

2
•p̂, whereasA0 andAi are even.

For B decays, the square of the amplitudeA* A should
determine 9 observables proportional to products of the th
transversity amplitudes. We can choose these as given

K15uA0u2, K45Re@A0* Ai#, L45Im @A0* Ai#,

K25uAiu2, K55Im @A0* A'#, L55Re@A0* A'#,

K35uA'u2, K65Im@Ai* A'#, L65Re@Ai* A'#. ~2!

Then

A* A5K1X11K2X21K3X31K4X41L5X51L6X61L4Y4

1K5Y51K6Y6 .
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The observablesXi and Yi represent polarizations or pola
ization correlations of the final vector mesons depending
the vectorp̂. They are given explicitly in the Appendix.

The polarization state of a spin-1 particle is given@10# in
terms of the spinSi and a second rank traceless tensorT i j .
Sometimes the tensor polarization is referred to as alignm
or orientation. The observables can be classified accordin
their properties with respect to parityP and motion reversa
T. By ‘‘motion reversal’’ @11# is meant the reversal of al
spins and momenta; a nonzero value of aT-odd observable
signifies time-reversal violation when there are no final st
interactions. We find

The terms which have opposite behavior underP andT are
necessarily proportional to the spin polarizationS1 or S2.

The polarization state ofVi is analyzed via its subsequen
decay. If this is a strong or electromagnetic decay into t
particles whose angular distribution is measured, then i
impossible to detect the spin polarizationSi and onlyT i j can
be detected. This is a consequence of parity conserva
since the final decay cannot depend onS¢•k¢ , wherek¢ is the
relative momentum of the decay products. As a result,
cannot determineL4 , L5, andL6 in this way.

In general, the angular distribution of the decay in t
transversity basis can be written as

d3G

d cosu1d cosu2df
5(

i 51

6

Ki f i~u1 ,u2 ,f!, ~3!

whereKi ’s andLi ’s are the amplitude bilinears that conta
the dynamics and in the case ofB0 would evolve with time,1

and f i(u1 ,u2 ,f) are the corresponding angular distributio
functions which are orthogonal to one another. Hereu1 ~or
u2) denotes the polar angle of one of theV1 ~or V2) decay

1The time evolution effects will be addressed in a separate pu
cation @12#.
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products measured in the rest frame ofV1 ~or V2) relative to
the motion ofV1 ~or V2) in the rest frame of theB meson,
and f is the angle subtended by the two planes formed
decay products ofV1 andV2, respectively.

For the case in which the decays ofV1 and V2 are both
into two pseudoscalar mesons, one can immediately tran
the tensor correlations into angular distributions as show
the Appendix. The resulting normalized angular distributi

of the decaysB→V1(→P1P18)V2(→P2P28), whereP1
(8) and

P2
(8) denote pseudoscalar mesons, is

1

G0

d3G

d cosu1d cosu2df

5
9

8pG0
H K1 cos2u1 cos2u21

K2

2
sin2u1 sin2u2 cos2f

1
K3

2
sin2u1 sin2u2 sin2f1

K4

2A2
sin 2u1 sin 2u2 cosf

2
K5

2A2
sin 2u1 sin 2u2 sinf2

K6

2
sin2u1 sin2u2 sin 2fJ .

~4!

Here u1 (u2) is the angle between theP1 (P2) three-
momentum vector in theV1 (V2) rest frame and theV1 (V2)
three-momentum vector defined in theB rest frame, andf is
the angle between the normals to the planes defined byP1P18
and P2P28 , in the B rest frame. An example is the deca
B2→K* 2r0→(Kp)2(p1p2).

In order to determineL4 , L5, and L6 it is necessary to
measure the spin polarization of a decay product. For
ample, if V2 decays intom1m2 and V1 decays intoP1P18
then, as shown in the Appendix, the polarization of eith
muon is given by

1

A2
sin 2u1 sinu2~L4 sinf2L5 cosf!1

L6

2
sin2u1 cosu2 ,

~5!

divided by the sum of the first six terms in Eq.~A11!, where
u1 (u2) is, as before, the angle between theP1 (m2) three-
momentum vector in theV1 (V2) rest frame and theV1 (V2)
three-momentum vector defined in theB rest frame, andf is
the angle between the normals to the planes defined byP1P18
andm1m2 in the B rest frame. For the case ofL6 it is only
necessary to measure the polarization of one muon inde
dent of observing the decay ofV1. The maximum value of
the polarizations is 1 for each of the terms proportional
L4 , L5, or L6.

For the case in whichV1 andV2 are bothCP eigenstates,
the amplitude given byA' corresponds to a final state wit
an oppositeCP eigenvalue from the other two. This by itse
has nothing to do withCP violation, but it leads to the pos
sibility that the coefficientsK5 , K6 involving A' may be
good places to look forCP violation.
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In particular, in the absence of final state interaction~FSI!
it follows from CPT invariance that only ‘‘T-odd’’ terms
will be odd underCP, so that

Ki5K̄ i , for i 51,2,3,4;

Ki52K̄ i , for i 55,6;

L55L̄5 , L65L̄6 , L452L̄4 ; ~6!

and the only signals ofCP violation areL4 , K5, andK6. In
fact, in the absence of FSI a nonzero value ofL4 or K5,6 by
itself is a signal of time reversal violation. On the other han
in the absence ofCP violation ~as expected in decays lik
B→CK* ) a nonzero value ofK5,6 is a signal of significant
final state phases.

In order to haveCP violation there must be two contri
butions with different weak phase factors; we label these
Th and Ph whereh50,i ,'. Then each of the three ampl
tudes entering Eq.~1! has the form

Ah5eiuh~Th1Pheifweidh!, ~7!

whereuh , dh are strong phases andfw is the relative weak
phase between the two contributionsTh and Ph , for ex-
ample, in a picture where the weak amplitude is decompo
into a tree and a penguin contributions. We obtainĀh by
changingfw to 2fw . There are in general 12 paramete
Th , Ph , dh , fw , and two relative phases of theuh .

In many cases,fw is expected to be large, leading to th
possibility of largeCP violation. Thus for decays such a
B→K* r or Bs→rw, fw5g and forB→rr or Bs→K* r,
fw5b1g. For the parametersK5 andK6 as well asL4, the
CP violation is given by

Im@AhAh8
* #2Im@ĀhĀh8

* #

52 sinfw@PhTh8 cos~uh2uh81dh!

2Ph8Th cos~uh2uh82dh8!#. ~8!

Assuming the strong phases are not very large, the m
requirement for a large effect in the aboveCP asymmetry
quantities is thatPh /Th be quite different fromPh8 /Th8 for
h5” h8. For the case ofK1 to K3, theCP violation is given
by

uAhu22uĀhu2

uAhu21uĀhu2
5

22ThPh sinfw sindh

Th
21Ph

212ThPh cosfw cosdh

~9!

requiring as noted a significant value for sindh . For the pa-
rametersK4 , L5, andL6, theCP violation is measured by

Re@AhAh8
* #2Re@ĀhĀh8

* #

522 sinfw@PhTh8 sin~uh2uh81dh!

2Ph8Th sin~uh2uh82dh8!#. ~10!
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These require a significant value of sin(uh2uh8) or sin(dh
2dh8) to have a large effect.

To summarize this paper, we have discussed in a mo
independent way the observables in the decay of aB meson
to two vector mesons and the relations among them. An
ternative way of getting the differential angular distributio
is provided in the Appendix. We have also explicitly show
how one can determineL4,5,6 defined in the text by measur
ing the polarization of one of the decay products in the fi
state.

This research is supported by the Department of Ene
under Grant No. DE-FG02-91ER40682.

APPENDIX: CORRELATIONS OF POLARIZATIONS

Analyzing the correlations of polarization vectors appe
ing in the decay rate provides a way of understanding w
only six of the nine amplitude bilinears show up in the d
ferential cross section. The polarization state of a spin 1 p
ticle is described by the density matrix@10# which can be
written as a sum of a scalar, vector, and traceless sec
rank tensor. Witha51,2 for V1 andV2 mesons, these are

1i j 5d i j , scalar;

Si
a5

1

2i
« i jke j

aek
a* , vector;

T i j
a 5

1

2 S e i
ae j

a* 1e i
a* e j

a2
2

3
e•e* d i j D , tensor.

~A1!

Therefore, we have

e i
ae j

a* 5T i j
a 1 i« i jkSk1

1

3
1i j , ~A2!

provided that the polarization vectoreaW are normalized to 1.
From Eq.~1!, one can get the polarization vector corre

tions for each of the amplitude bilinears. After simplificatio
we obtain the following results: ForuA0u2:

X15e1* Le1Le2* Le2L

5~ p̂•T1
•p̂!~ p̂•T2

•p̂!

1
1

3
p̂•~T11T2!•p̂1

1

9
. ~A3!

For uAiu2:

2X25e1* TW
•e2* TW e1TW

•e2TW

5Tr@T1
•T2#1~ p̂•T1

•p̂!~ p̂•T2
•p̂!2

1

3
p̂•~T11T2!•p̂

22p̂•T1
•T2

•p̂1
2

9
22~ p̂•S1!~ p̂•S2!1S1

•S2. ~A4!

For uA'u2:
07403
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2X35e1*W 3e2*W •p̂e1W3e2W
•p̂

5« i jk« lmnT i l
1T jm

2 pkpn

2
1

3
p̂•~T11T2!•p̂1

2

9
. ~A5!

For A0Ai* ~apart from an overall minus sign!:

e1* Le2* Le1TW
•e2TW5p̂•T1

•T2
•p̂2~ p̂•T1

•p̂!~ p̂•T2
•p̂!

2 i p̂•~T2
•p̂!3S12 i p̂•~T1

•p̂!3S2

2S1
•S21~ p̂•S1!~ p̂•S2!.

For A0* Ai ~apart from an overall minus sign!:

e1Le2Le1* TW
•e2* TW 5p̂•T1

•T2
•p̂

2~ p̂•T1
•p̂!~ p̂•T2

•p̂!1 i p̂•~T2
•p̂!3S1

1 i p̂•~T1
•p̂!3S22S1

•S21~ p̂•S1!

3~ p̂•S2!.

So the net result forA0Ai* andA0* Ai is

X45A2@~ p̂•T1
•p̂!~ p̂•T2

•p̂!

2p̂•T1
•T2

•p̂2S1
•S21~S1

•p̂!~S2
•p̂!#,

Y45A2@ p̂•~T1
•p̂!3S21p̂•~T2

•p̂!3S1#.
~A6!

For A0A'
* ~apart from ani ):

e1W3e2W
•p̂e1* Le2* L5p̂•~T1

•p̂!3~T2
•p̂!2p̂•S13S2

2 i p̂•T2
•S1

1 i p̂•T1
•S22 i ~ p̂•T1

•p̂!~ p̂•S2!

1 i ~ p̂•T2
•p̂!~ p̂•S1!.

With a similar expression forA0* A' , we obtain

X55A2@ p̂•T2
•S12p̂•T1

•S21~ p̂•T1
•p̂!~S2

•p̂!2~ p̂•T2
•p̂!

3~S1
•p̂!#,

Y55A2@ p̂•~T1
•p̂!3~T2

•p̂!2p̂•S13S2#. ~A7!

For AiA'
* ~apart from ani ):

e1W3e2W
•p̂e1* TW

•e2* TW 52p̂•~T1
•p̂!3~T2

•p̂!

1« i jk~T1
•T2! i j pk1

2

3
i p̂•S1

2
2

3
i p̂•S21 i ~ p̂•T1

•p̂!~ p̂•S2!

2 i ~ p̂•T2
•p̂!~ p̂•S1!.
1-3
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With a similar expression forAi* A' , we obtain

X65
2

3
p̂•~S22S1!1~ p̂•T2

•p̂!~S1
•p!2~ p̂•T1

•p̂!~S2
•p̂!,

Y65« i jk~T1
•T2! i j pk2p̂•~T1

•p̂!3~T2
•p̂!. ~A8!

Notice that the observablesY4 , X5, andX6 are linear in
S1 or S2. As a result, as discussed in the text, they canno
detected via the angular distribution of the decays ofV1 and
V2. However, in principle they may be observed in mo
complicated decays, or in decays such asB
→K* (→PP)J/C(→ l 1l 2) by measuring the spin of one o
the leptons. In particularX6 containsp̂•S2 and p̂•S1 and so
could be observed by measuring the polarization of one
the mesons from the decay ofV1 or V2 without observing the
other decay.
07403
e

f

The above results can be directly applied to the dec
B→V1(→PP)V2(→PP) to obtain the angular distribution
Eq. ~4!, which is uniquely determined by the tensor polariz
tions of the vector mesons. The angular distributions ofB
→V1(→PP)V2(→ l 1l 2) andB→V1(→Pg)V2(→Pg) can
be obtained by taking into account that the lepton or pho
motions must be perpendicular to the parent particle po
ization vector and all possible spins are summed over.

For the case of decay into pseudoscalarsB→V1

(→P1P18)V2(→P2P28), one can go directly fromX1-X4 , Y5,
and Y6 to the angular distribution Eq.~4!. The polarization
vectors ofV2 directly convert to the outgoing relative mo
mentum vectors of the pseudoscalars. Choosingp̂5(0,0,1),

the momentum ofP1 , k1
W5(sinu1,0,cosu1), the momentum

of P2 , k2
W5(sinu2cosf,sinu2sinf,cosu2), we have
s

e1W→~sinu1,0,cosu1!, e2W→~sinu2 cosf,sinu2 sinf,cosu2!,

T1→S sin2u12
1

3
0 sinu1 cosu1

0 2
1

3
0

sinu1 cosu1 0 cos2u12
1

3

D , T2→S sin2u2 cos2f2
1

3
sin2u2 sinf cosf sinu2 cosu2 cosf

sin2u2 sinf cosf sin2u2 sin2f2
1

3
sinu2 cosu2sinf

sinu2 cosu2 cosf sinu2 cosu2 sinf cos2u22
1

3

D .

~A9!

Putting Eq.~A9! into Eqs.~A3!–~A8! one can immediately get Eq.~4!. Notice that terms involvingSa make no contribution
to the result.

For the case of the decayB→V1(→P1P18)V2(→ l 1l 2), suppose we observe thatl 2 is a right-handed particle and come

out in the directionk2
W5(sinu2 cosf,sinu2 sinf,cosu2) with p̂5(0,0,1) and the momentum ofP1 , k1

W5(sinu1,0,cosu1), we
have instead

e1W→~sinu1,0,cosu1!, e2W→ 1

A2
~cosu2 cosf1 i sinf,cosu2 sinf2 i cosf,2sinu2!,

T1→S sin2u12
1

3
0 sinu1 cosu1

0 2
1

3
0

sinu1 cosu1 0 cos2u12
1

3

D , S2→ 1

2 S sinu2 cosf

sinu2 sinf

cosu2

D ,

T2→ 1

2S cos2u2 cos2f1sin2f2
2

3
2sin2u2 sinf cosf 2sinu2 cosu2 cosf

2sin2u2 sinf cosf cos2u2 sin2f1cos2f2
2

3
2sinu2 cosu2 sinf

2sinu2 cosu2cosf 2sinu2 cosu2 sinf sin2u22
2

3

D . ~A10!
1-4
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Putting Eq. ~A10! into Eqs. ~A3!–~A8! one can immediately get the differential angular distribution for the decaB
→V1(→P1P2)V2(→ l 1l 2) with a right-handedl 2 coming out in the final state:

1

G0

d3G

d cosu1d cosu2df
5

9

16pG0
H K1 cos2u1 sin2u21

K2

2
~sin2u1 cos2u2 cos2f1sin2u1 sin2f!

1
K3

2
~sin2u1 cos2u2 sin2f1sin2u1 cos2f!1

K4

2A2
sin 2u1sin 2u2 cosf

2
K5

2A2
sin 2u1 sin 2u2 sinf2

K6

2
sin2u1 sin2u2 sin 2f1

L4

A2
sin 2u1 sinu2 sinf

2
L5

A2
sin 2u1 sinu2 cosf1

L6

2
sin2u1 cosu2J . ~A11!

Notice that terms involvingS1 do not contribute to the result. To obtain the result for the other possible final state w
left-handed outgoingl 2, one only needs to flip the sign ofS2 and thus the signs of the coefficients ofL4 , L5, andL6 ~namely,
the signs ofY4 , X5, andX6). The muon polarization is equal to the sum of the termsL4 , L5 , L6 divided by the sum of the
other six terms. For the case ofL6 it is seen that the polarization does not vanish after integrating overu1 andf and so the
observation can be made without observing theV1 decay.
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