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Coherence of neutrino flavor mixing in quantum field theory
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In the simplistic quantum mechanical picture of flavor mixing, conditions on the maximum size and mini-
mum coherence time of the source and detector regions for the observation of interference—as well as the very
viability of the approach—can only be argued inaahhocway from principles external to the formalism itself.

To examine these conditions in a more fundamental way, the quantum field theoBatieditix approach is
employed in this paper, without the unrealistic assumption of microscopic stationarity. The fully normalized,
time-dependent neutrino flavor mixing event rates presented here automatically reveal the coherence conditions
in a natural, self-contained, and physically unambiguous way, while quantitatively describing the transition to
their failure.

PACS numbds): 14.60.Pq, 13.15.g, 26.65:+t

I. INTRODUCTION tion probability.”? In addition, Refs[1-3,5,§ are restricted

Several recent works have examined neutrino flavor mixto particular neutrino production and detection reactions,
ing by considering the neutrino production mixing or detec-while Ref.[4] employs idealized two-state systems as source
tion as a single process in the context of quantum field theorand detector. Since one would hope to justify the use of the
(QFT) [1-8]. Such a framework clarifies several conceptualsimple QM model in general circumstances, such restrictions
difficulties associated with the familiar guantum mechanicalshould not be required.
(QM) model of the flavor mixing processee Refs[9,10] Another potential pitfall is a failure to distinguish between
for lists of some of thege One conceptual difficulty9] as-  macroscopic stationarity and microscopic stationarome
sociated with the simplified QM picture is that it postulatesprevious studies invoke microscopic stationarity, either im-
neutrino flavor eigenstates of indefinite mass, while in QFTplicitly [3,7,8] or with explicit reference to bound statfes6]
external particlegasymptotic statgsare generally required in the source and/or detector. While sources and detectors as
to be on shell. Hence the usual methods of calculating net® whole can sometimes be considered stationary on a mac-
trino production rates in QFT would be rates for neutrinos offoscopic basis, the claim that individual particles in the
a particu]ar maséll]’ prec|uding interference between neu- Source and/or detector remain UnperturbEd in coherent states
trino states of different mass. In a QFT description of a neu©Ver macroscopic time scales is dubidusgood example is
trino mixing experiment, this problem is resolved by consid-the Sun: While macroscopic variables such as density, pres-

ering the neutrinos to be virtual particleéfter all, it is the ~ Suré, and so on may be stationary, zooming in to atomic

measurable, on-shell external charged leptons associa%&""leS one sees a roiling thermodynamic bath of particles

with the neutrino production and detection processes th eing created, destroyed, and scattered on rapid time scales.

operationally define what is meant by “neutrino flavor mix- Iear!y there is no hope_of app_ealmg to bound state_s of t_he
nuclei and electrons which collide to produce neutrinos in

Ng™ the_ r.]el.Jt”.no.S themselves are not dlrectly_observeg. Ir{he Sun. Even in detectors which have bound state particles,
the relativistic limit, the same factors that constitute the 0S-it is difficult to conceive of these states as being coherent
cillation amplitude” in the simplified quantum mechanical over macroscopic time scales. For example watmeakov
picture can be identified in the amplitude for the overall neUetectors see charged lepton wave packets with finite energy
trino production-mixing-detection process. and time spreadafter all, an “event time” is recorded
While descriptions of neutrino flavor mixing in QFT have \yhose uncertainty is much smaller than, for example, the
provided insight, some shortcomings remain. As noted in
Ref. [8], one problem is that the calculatiofk—7] are not
carried out to normalized event rates. Without normalization,

. . o . A normalized probability is given in Ref7], but it is not the
one cannot definitely say that one has identified an OSCIIIa'experimentally relevant one, which is identified by making a com-

plete connection of the squared amplitude for the production-
mixing-detection process with the fortneutrino fluy (oscillation

*Electronic mail: Christian.Cardall@sunysb.edu probability) (neutrino cross section8].

In addition to the works cited aboJ@—8], it is noted here that SThis critique applies only to QFT analyses of mixing experi-
Ref.[10] involved a similar approach employing neutrinos as inter-ments, which by their very nature purport to describe microscopic
mediate states in a quantum mechanical calculation, and that Rgfrocesses in the source and detector. Once the feasibility of the use
[9] mentioned the approach of treating the neutrinos as virtual paref flavor eigenstates in a simplified model is established, macro-
ticles. A sum over intermediate neutrino states was a familiar aspeatcopic stationarity can be sensibly employed, as in Ref].
of neutrinoless double beta decay, and a conceptual link between*The “macroscopic time scale” at issue here is the signal travel
this process and neutrino oscillation experiments was made in Refime between source and detector. In the case of astrophysical neu-
[12] and[13]. trino sources, this time is macroscopic indeed.
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signal travel time between the Sun and Earthile the

overall chain of the processes of detection can be rather com- ~ dI'= (277)454< Z (— 1)d'p|>V1_'|M({p})|2
plex, one would expect that at least part of the reason for the

finite spread of these detected charged leptons is the limited 1 F dp;/

|
coherence time of the bound state particles with which the X H oE . (2
initial detection interaction takes place. '

In short, if one employs a QFT description of flavor os-

cillations in order to overcome the conceptual difficulties of Here V is the three-volume in which the entire process oc-
the simplified QM model, one should also pay the price ofcurs,| andF are the numbers of particles in the initial and

being realistic about the lack of microscopic stationarity infinal states, and the components of the on-shell four-
order to complete a convincing picture. In this paper, this ismomentap; are (Epi,pi). This mnemonic for arriving at

accomplished by treating all of the initial and final state ex-event rates is possible because the interactions of interest
ternal particles as wave packets which have finite overlap il@ccur in a Sing|e' small Spacetime volume. It is more con-
space and time in the source and detector. Thus it is similajincingly justified, however, by a wave packet description
in spirit to Refs.[1,5], but in pursuit of generality the treat- (e.g., Ref[16]).

ment does not specify particular neutrino production and de- One of the reasons one considers a QFT description of
tection mechanisms or specific functional forms for the waveneutrino flavor mixing is that the standard picture of requir-
packets of the external particles involved in the productioning external particlegsasymptotic statgsto be on-shell pre-
and detection processes. Another difference of the presestudes the existence of massive neutrino flavor eigenstates
treatment is a greater emphasis on the coordinate spa¢assuming that each charged lepton couples to multiple neu-
Green's function, as in Ref8], where it was used to make trino fields of different massg49]. Accordingly, one con-
direct contact with the standard simple coordinate space foSiders the neutrinos as virtual particles in a Feynman diagram
malism for the Mikheyev-Smirnov-WolfensteiMSW) ef- in which the charged leptons at the source and detection

fect. In this work no integration is performed over the time Vertices identify the neutrino flavor([1-8]; see also
coordinate of the detection event, since many experiments—.9:12,13). Neutrino flavor mixing then results from the in-
including those employing water efenkov detectors—  terference of diagrams whose intermediate neutrinos have

record this time(An integrationis performed over the unob- d'ffliriﬁit mailstsers. it is not ible t mpute event rat

served time coordinate of the emission evefRinally, the . S picture 1t 1S not possibie 1o compute event rates
) : . . directly from the S matrix with the usual mnemonic de-

detailed connection of the squared amplitude for the micro-

Sscopic neutrino production-mixina-detection process to macscribed above. This is because a neutrino oscillation experi-
piC | P ) 9 proc ment involves neutrino production and detection regions
roscopic event rates will be made. Only this complet

. ; €which are widely separated in space. In contrast to the case
connection—with all factors accounted for—enables one tQy accelerator particle collisions, the interactions of interest
define an oscillation probability. do not all occur in a single volume element. In addition, as
argued in Sec. I, in this microscopic picture the production
and detection of a single neutrino will be separated in time as
Il. SMATRIX APPROACH TO NEUTRINO MIXING well as space.
PROCESSES In order to describe the spacetime localization one must

A licati f OFT is the d . ¢ fall back on a wave packet description of the external par-
_ A common application of QFT is the description of par- e jn which the amplitude is a superposition of plane
ticle collisions in accelerators. Rates or cross sections assgj,ye amplitudes:

ciated with these processes can be obtained in a heuristic
manner directly from the plane wave scatteriSgmatrix
computed from Feynman diagrams,

ol i (2m3(2E,,)

1+Fp Is+Fg

A= | 11 [dpldoitp;.p) L] [dkIdsiki k)

X[S({k},{p})—1], ©)
S({p})—lz(zw)“ﬁ“(EI (—1)“'p|)iM({p})- 1) thh- APt

where(for example [dp;]=dp; /[(277)3‘/2Epj], {k} are the

external momenta connected to the vertex causing neutrino
In this expressiodp} is the set of external particle momenta production, andp} are the external momenta connected to
pi, di=1 for incoming and 0 for outgoing particles, ald  the vertex associated with neutrino detection. The quantities
iS.the 5'functi0n‘fr.e§ matrix element. The event rate Ob'{k} and{p} denote the peak of the wave packets’ distribution
tained from Eq(1) is of three-momenta. There atg incoming andF s outgoing

particles connected to the production vertex, and 1 incoming

and F outgoing external particles at the detection vertex.

5The conventions for the metriey matrices, and normalizations The origin of the source wave packets is taken to be the

employed here are the same as those of Ré&. spacetime poinks:
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bsi(ki k) =asi(ki— ki)e—i(—l)diki X, (4) ?ng x (y) to always corr_espond to the sourcketectoy. That
- - is, for neutrino oscillations of flavora to flavor
and similarly for the detector wave packets with origig. B, the propagator is iGP*(y,x)=(T{rP(y)v*(X)})o
The real functiona(k—k) is peaked abouk. In order that =i fd*s(27) %e 'SV~ YGPY(s) (with T{} and(), denot-
Eg. (3) describe the amplitude for interaction of one local-ing a time-ordered product and vacuum expectation value
ized external particle of each type, the wave packet normalrespectively, while for antineutrino oscillationsr— 3, the
ization must be, e.g. for the source packets, labeling is iG*#(x,y). V—A interactions have been as-
sumed;P, and Py are the left- and right-handed projection
dk; ) dk; ) operators, withiM ; andM, column and row vectors in spinor
J’ (277)3|¢Si(ki 1Ei)| —J (277)3|aSi(ki_ki)| =1 (5 space respectively. For neutrino mixing,;=M,({k}) and
M,=M,({p}) are respectively associated with the neutrino
It is convenient to define the transform production and detection reactions. For antineutrino mixing,
M,=M,({k}) andM ;=M ({p}) are respectively associated

dk; I, with the production and detection reactions. The partially
¢Ei(x):f w%i(ki—ki)e H=1ykex, (6)  transformed propagatd@®(s®,y,x) is defined by
ds _ _ das® _ 07,0_0
wheres; behaves the same as ttieof Eq. (1). The normal- f e is Y 0G(g) = f — " G (s,y,X).
ization of this function is (2m)* 2
9
f dx| ¢, ()|*=1, (7)  Itis assumed that the wave packa(k—k) are sufficiently
B well peaked that integrals of the following form can be
which follows from Eq.(5). evaluated in an approximate manner:
The next step is to transform the momentum-based equa-
tion (3) into a coordinate space expression. Bmatrix in f [dk]dsi(ki ke D7k XM (k;)
Eq. (3) can be expressed as -
Kk —1—J dy exgi> (—1)% :fLas-(k-—k-)e“”S'ki‘“s’M(k)
S(ikh{p)—1= | dly expgiz, (=1)%p;-y (2m)P 25, T i

el (—1)%ki- (x—xg)
~ = th[(x—X9) = (X"=xg)Vi, IM (Ky).
. 5
xif (::)4e”5'(yX)MQPLG(S)PRMl, (10
In Eqg. (10), Vi, is the wave packet's group velocity
(Vkik?)|ki:ki=ki_/Eki, and wave packet spreading has been
in which s is the off-shell neutrino propagator momentum. neglected. Similar expressions hold for the detector wave

The upper(lower sign of + in the exponential is for packets. With this approximation, the amplitude of E8).
neutrino (antineutring mixing. This arises from choos- becomes

XJ d*x exr{iZ (—1)%K,-x

Ig+Fg 1 1+Fp 1
,4:( II —)( I1 )fd“xd“yexp[@ (—1)%k- (X—xg) exp[@ (=1)%pi-(y=Yo)

T OV2E )\ T 2B,
IstFg

[T [ x=x9) = (= xQvig]

1+Fp dSO
. —ic0r,0_0
H Yo [(y=Yp) = (' = YD)V ] If—e*'s OTOMLPLG(S”, Y, X) PrM

X
2

(11)

in which the underbars i, and M, signify that these quantities have been evaluated at the peak momenta of the wave
packets. o o

Ill. APPROXIMATION OF THE WAVE PACKET OVERLAP

It is convenient at this stage to adopt an approximation regarding the overlap of the wave packets that captures the essential
physics while maintaining mathematical simplicity. The initial and final state wave packets in the sfmrexample,
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traveling with their various group velocities, overlap in awherel\N/Iz andiﬂl are respectively the two-component sub-
limited region of space for a limited time. To give a specific gpinors that remain nonzero |M ,P_ and PgM;, and

definition to this spacetime volume of the overlaf, cen-
tered onxg, it is convenient to define

Is+Fg -1
Esx—x9)=| 11 #i(xs9)

Igt+Fg

[T ol[x=x9=0"ve]), (12
where the notation
‘//Ei(XSvX(S)):wki[(x_xs)_(xo_Xg)VEi]|x=xS,x0=xg (13)

has been adopted in the first factor. Thénis defined by

f d*x[ Eg(x— Xs)]2

=J d*x exp[z In

X (X—Xg)*(X—Xg)"+ - -

1
1- E(WS)/.LV
772

~ =V, (14

VDef(Ws),, ]

where

2

(WS);LVE - ES(X_XS) (15)

IxXHax” 3
X*XS

G(sy,x) is the nonzero ~ X2 submatrix in
P_G(s°y,x)Pr. Because the overlaps of the wave packets
are restricted to the vicinity ofs andyp, and becausgyp
—Xg>Lg,Lp (whereLgandL are the length scales of the
wave packet overlaps in the source and detg¢c¢ha leading
contribution from the Green'’s function is of the fori@]

G*A(s%y,x)~— EK U iU i

o S0 I: eiskI:-(y—x)
X| "= 7Sk O
|89

.17

Am|yp—Xg|

In this expression, the flavor and mass fields are related by
o (X) = 2U sthi(X), s¢=(s9)Z—m2, in which my is the
mass associated with the neutrino figld x), o is the three-
vector of Pauli matrices, and the vectbr= (Yo—X9)/|Yp
—Xg points from the source to the detector. For neutrino
oscillations, is the flavor of the charged lepton associated
with the source reaction, and is the flavor of the charged
lepton associated with the detection reaction. For an-
tineutrino oscillations these assignments are reversed.

With these preparations the remaining integrations in Eq.
(11) can be performed. Employing Eq4.2), (16), and(17),
and employing a similar approximation to that employed in
Eq. (14) for the x andy integrals, the amplitude becomes

's*Fs  (Xg,X2)

The timelike (spacelike components of Ws) ,, reflect the
spread of energymomentum available in the reaction,
while the timelike(spacelik¢ components of\(Vg 1)W char-
acterize the extent in timéspace of the wave packet over-
lap. Similar considerations apply to the detector region.

It is only necessary here to consider the Green’s function
for neutrino propagation through the vacuum. Inspection of
Ref.[8] indicates that the vacuum propagator results will be
applicable in a relatively direct way to the case of neutrino
propagation through a medium of constant density. Generali-
zation to the case of a medium of varying density would be
more complicated, however. While interference terms for

i 2Eki
y 1ﬁf’ U, (Y0.YD) | (4V)(4Vp) S U U
i \/ZEEJ_ Amlyp—xg X ak™ pk

% d_soe:is°(y%—x2)+isk|yo—x5|—Dk(s°)|\7|
2 -2
0

| 9= > g oL | M (18
|SO| k _11

this case have been calculated in the context of the simplﬁ] which the function exp-Dy(<%)], with

guantum mechanical mod¢l7], they are not relevant to

current observations of astrophysical neutrinos. Hence the

effort to study the microscopic origin for the damping of

interference terms already deemed irrelevant does not seem

to be worthwhile at present.

Focusing on the vacuum case—for which the interference
termsare of current experimental interest—the final factors
in Eqg. (11) can be expressed as

MoPLG(s%y, X)PeM;=M,G(s%y,x)M,,  (16)
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lowed by the finite overlap in space and time of the external Is*Fs |y (Xg,x9)|2][ L+ Fo |, (Y Y2
particle wave packets. In E4L9), the notation l42=| [ — 1 -
i (2Ex) j (2Ep)
4(Ve)*(Vp)? ( 77) w2
ke=— >, (—1)%, 20 — =21 UuUhd =
s §|: (=)7K (20 Ayo—x2 |7 kB2

X expl—iM(yp—Xg) +isk(A) Yo —xd

pDE+E| (_l)d|p|, (21) _Ck(£k1X81yD)_Dk(£k)]
- 2
XMZ[ik_Sk(Ek)U'I:]Ml ; (24)
ékE(iSOJ: V(SO)Z_mk) (22) where
1 d?Dy(N)
2_
has been employed. =5 o2 - (25
N

If plane wave final states and stationary initial source -

and/or detector particle states had been employed, the ﬁni@tudy of the explicit expression fd’i shows that it is essen-

energy spread indicated in E¢L9) would have been re- a1 ‘the sum of the squares of the time and length scales of
placed by an energy delta function, suggesting the idea thage \wave packet overlaps in the source and detector, i.e.,
the neutrinos are energy eigenstates. In such a case, one finds

s%=+p2=+k? (it will be recalled that the upper sign is for I~ (T9)?+(Le)?+ (Tp)?+(Lp)? (26)
neutrino emission at the source and the lower sign for an-, th bvi tation This i ticularly t t
tineutrino emission It is easy to see by considering sample.('n rather obvious nota ion 1S 1S particularly transparen
neutrino production and detection processes ki3aand p? in the limit of relativistic neutrinos.
. y b The factor exp—C, (A Xs,Yp)], with

should be positive quantities. —

While Eq.(19) indicates that a range &f contributes to 1 1 2

i i f—call it (%), —whi Ci(\Xs,Yp) = 72| (Yo =X ——Iyp—Xdl | , (27)

the amplitude, there is a value ef—call it (s”),—which k(MisXs,Yp 412 Yb e Yo~ Xg|| »
makes the largest contribution to the amplitude. This is the k
value of s° for which Dy(s®) has its minimum value. The suppresses contributions from neutrinos that do not follow a
relative degrees to which overall energy and momentum arelassical spacetime trajectory between the production event
conserved compete in determiningf),. Since the external at (xg,xs) and the detection event ay?( ,Yp) [the neutrino
particles travel at speeds less than the speed of light, howelocity is given byvk:Sk(ik)/lk]-s
ever, the timelike components of the tensdﬁg@)w will
be larger than the spacelike components. This means that, in IV. MACROSCOPIC EVENT RATE

analogy with the stationary situation mentioned abog),( To make contact with experiments it is necessary to mag-
may be taken to be positivénegative for neutrino (@n-  pify the probability of Eq.(24) up to macroscopic scales. For
tineutring emission at the source. This, together with thethis purpose, the normalization in E€) suggests thatfor
fact that only the region in the vicinity 0%?)1( will be taken example |l//ki(XS=Xg)|2 be interpreted as théer particle
into account in.the approximate evaluation of fche inte_gral,vmume density of particles with momentuknat positionxs
:)nveea:n: ;Z?nt/ tc:grilgtt)elgr,a\l/vci)t\éelcs%nrga;izﬁcbi/i tI)I}" 'tﬂt;?r:?;'_on and timex(s’, Where the Ia_st two qgantities are now thought of

. : . ! . as macroscopic spacetime variables. Employing the usual
grand. OTh'S new mtegral is dominated by the region N€aktatistical methods for free particles, these particle densities
EKEKE )|, determined by are taken to bedk; /(2)%] f(k; ,xs,x2) for initial state par-
ticles (wheref is the phase space dengignd[dk;/(27)%]
for final state particles. In connection with tll@ow macro-

0= % (23)  scopig variablesxs, x3, yp, andyg, one factor of PsVp)
in which D(\) is given by Eq. (19 with & 5The above procedure in which a “neutrino energy; is deter-

" . mined only from the minimum ob(\) implicitly assumes that the
= (N ,LYA*—my). ExpandingD,(\) to second order about ppase— ) (y8—x%) +s,(\)|yp—xd in Eq. (18) is essentially sta-
Ay, the rest of the argument of the exponential to first orderonary over the range of for which exfi—D,(\)] is appreciably
the rest of the integrand to zeroth order, performing Xhe nonzero. It is easy to see that the quantity[ex@,(\y Xs.Yp)] €n-
integration, and squaring the amplitude yields the result  forces this very condition, so that the procedure s self-consistent.
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is interpreted asixgdx2dyp dy2 . At the macroscopic level, T =— 1= M) (YR =X — Cr(A i, Xs,Yp)
a sum over external particle spins is performed; the average - -
over initial spins is accounted for by leaving the spin degen- ~Crr (M Xs,Yp)- (33

eracy out of the phase space distribution functibnhe ) )

expected number of events detected from neutrino interacl€Ms With k#k’ represent quantum interference terms.
tions with the[dp/(27)3]f(p.yp ,y3) particles of momen- For & given time of detectloyD', eXF[_le(Ak-XS'yD)] .anq

tum p in detector volumedyy during timedy2 resulting in &AL~ Ci (M *),(S’VD)] tend to pick out different emission
final state detector particles of momentfipy.}, arising from times forkj& k". If the d|fferencg in emlssmn.tlmes is greater
neutrinos produced from the interaction of the set ofth"’ln the width of exp-C], the interference is suppressed. .
([dk; /(2m)%]f (K, ,xs,xg)} detector particles with momenta The gradual loss of coherence can be expressed quantita-

KT Tolumelxe during timeds iting in final tively. The leading contribution to terms withe=k’ comes
{Tii In source vot_u:n X? uring Lr;ke] }XS_ resuiting N final 4om the interval near the average emission time
state source particles of momentyk.}, is

1
dN=dxg dx2 dyp dy2d K(xs) dK’ dP(yp) dP’ XY =y2— ——|yp—xg, (34)
- Uk
4V, 2 U U 1/2 - .
7T4|yD_XS|2 &l % ak" gk |E where C.(\y,Xs,Yp) + Cw(Ak/ ,Xs,¥Yp) has a minimum.

The “average velocity’v . 1s given by
X expl=iN(Yp —x8) FisiMolyo =X .
- - ) viw (Ig+1g)

Uk’

= . (39
’ - (IEUk+I§’Uk’)

_Ck(ﬁkvX&yD)_ Dk(ik)]&z[ik_sk(ik)a' I:]El

(28) The portion of the argument of the exponential that depends
on xg—that is, 7y Of EqQ. (33)—can be expressed as
where the notation

| —i (A=)
dK (%9 ﬁ dk; f(k 0 29 Tgo=—"—""—|yp—Xg
Xg) = T e— i Xg,Xa), ’
O 2mi2E,) e Zkk( .
- Uk~ Uk’
- lyp—xg/?
q ,:ﬁ dk; (30 4vﬁvi,(|§vk+|i,vk/) poe
" (2m)%2E,)’ 222 (12412
- A=Ay i+ 1)
dp (12+12) 4122,
dP(yp)=—— ——f(p.yo.¥D), (3D . o
(2m)*(2Bp) = 201202, (A= he) |2
. x x%—(x%mf—ﬁ . (39
d i’ - !
' pj (32) k" Tk

H 37 . . .
i (2m) (ZEEj’) The second term yields an exponential falloff witiip

) —xg/? in interference between neutrinos with different
has been introduced for the phase space factors. massesiand hence different velocitig$ Setting Egs.(33)

While virtual_ly gll neutrino expgriments recqrd data that 5 (36) into Eq. (29), integrating overxcs’ and the unob-
sum over contributions from all initial momenta in the source
and detector, all source final momenta, and all source emis——
sion times, some experiments—such as those with water _ _ _
Cerenkov detectors—record the detector event time @hd ~  Unlike the case of Eq(18) in which there was a self-consistent
least somg detector final state particle momenta. Hence itWay t0 assume a stationary phase, here it is necessary to include the
would not be correct to integrate over these last quantitie?ase in completing the square & It s this which gives rise to
Also, dividing by dyoD gives an expected event rate as a_the sec_ond term |r21 Ed36), which causes a loss of cohc_arence W!th
function of detector timwg. |ncrea3|2qu—xs| . It can be shown that the %xpogentlal falloff in

In the integration over all source timez% the formalism |yD_)-(S| also ensures that_ the phasex(yD—xs)+sk()\)|_yD

i - vt —Xg| in Eq. (18) remains stationary over the range)offor which

automatically “knows” that neutrinos emitted at macro- exi{ —Dy(\)] is appreciably nonzero, fo determined by the av-
scopically different source times are not allowed to interferesrage velocity, . [see Eq.34)]. It will be recalled that the sta-
coherently. Each term in the squared sum of the formijonarity of this phase ensures that the minimumD{\) domi-
[Zh(K)|2== = h(k)h* (k') in Eqg. (28) has a factor nates the integral(i.e., the “neutrino energy” becomes a
exd — 7w 1, where meaningful concept
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served external momenta, and dividingtHJyg gives the ex- where the explicit forms fob\, and 5Iﬁ are determined by

pected event rate in the detector at tigfe. Egs. (23) and (25) respectively. It will be assumed that?
can be neglected everywhere except when appearing with the
V. RELATIVISTIC LIMIT macroscopic distandgip, —Xg| in the argument of the expo-

. . L ) nential, which magnifies its impact. This means that the third
Here the event rate in the limit of relativistic neutrinos term in Eq.(36) can be neglected, and that

will be exhibited. The zeroth order neutrino energyand

coherence width are given by Eqgs(23) and (25) respec- Di(A)=D(N), (38
tively, with m,=0. To first order, - —

where D(N\) is given by Eq.(19) with & replaced byé¢

)\k: )\ + 5)\k y n —
- - = =(A\,\L). It also means that
m? o
Sk =N+ O 5, Mo\ =S Mo LIMi~Mo[A—No-L1M4
, =[Ms({k}, M Mp({ph )],
m
ve=1- 2—;2 (39)
- where Mg and My, are thes-function-free matrix elements
12=12+ 612, that would appear in the plane waSenatrices[see Eq(1)]
describing the source and detector reactions with a massless
(mﬁ+ mi,) neutrino of momentum_\I:, with the other particles having
Ve =1—————, (37 momentalk} (source and{p} (detectoy [8]. The event rate

2
an at detector timeyp is

8VsVp

773|YD_XS|2

_ns|M3<{5},5>|2}LpEmslMDdg},plﬂ

spi

ar(y8)=ap [ axs [ ayo [ dkxellgs [ dk [ apyo)

|\ 1? (mi_mir)|YD_Xs| (mi_mir)2|yD_XS|2
—2D(™) * —j —
X ﬁz) e k% UaUzU 50 Ugoexg —i 2% T (40
|

It can be shown that had been made, wherg=(E,,E,L). Hence the leading

12 contritéution to the macroscopic event rate in the detector at

- :
(W) e*ZDQ):f que72D(Eq), (41) time yp can be expressed as
s dk
and consistency _With th(_a earlier approximate evaluation of dr(yOD):f dXsf dYDJ IT—
the s° (or \) integration means thafMg({k},\)|?, i (2m)®
[ Mp({p},\)|?, and the factors summed ovkrk’ can be fk 0
taken inside this integral as functionsBf rather than. In <Lk 'XS’XS)|X(§:V%*\VD*XS\]
addition, if the phase space densities change little with en- q
ergy variations and momentum variations of ortlet, then v p f( 0) dr({k},{p}.x )
the leading contribution to Eq40) is the same as if the (2m)3 LRLRE XriPyXs:Yo),
replacement
(43)
4
e 2D(Eq)_, ™ where the single particle event rate is
-1 -1
VDe{(Wsh),.,]VDel(Wph),,.] Ly )_J o] arigEy
X 8%(—kstq)8*(pp—q) =TS b N yp—xg2dQq dE,

8
54(_ks+q)54(pD_q) (42) X[Pmix(Eq1XSayD)][dU({E}aEq)]-

- VsVb (44)
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In Eq. (44),
VI. DISCUSSION
dI'({k},E . -
dE, ({2—} @ The calculations presented here concern the description of
lyp—Xg|“dQqdE, neutrino flavor mixing as a quantum field theoretic process,

with the neutrinos as virtual particles connecting the “on
B shell” external particles involved in the neutrino production
lyp— X2 (277)3(2Eq) and detection rgactlons[l—S]; see a}lso[9,12_,1:_i). This
framework provides a more realistic description of and
Fs dk. deeper physical insight into the flavor mixing process than
|! . .
X H f; the naive quantum mechanical model. Development beyond
i’ (277)3(2Egi,) previous works has been sought in this study by considering
general production and detection processes and wave packet
x 2 |Ms({5},Eq)|2(27T)454(—ks+Q) (45) functlongl forrT\s, ay0|d|ng Fhe unre_allstlc assumpuqn of mi-
spins croscopic stationarity, leaving the time of the detection event

. ) N (but not the emission evenain observable quantity, and
is the flux of neutrinos of enerd, at positionyp due to an  making a complete connection to fully normalized event

interaction aixs, as would be computed with standard planeaies The final results are given in EG63—(47). Note that

wave methods, Eq. (47) has a damping factor for interference terms in addi-
tion to the usual oscillatory factor; this should formally be
considered part of the “oscillation probability,” which
(without ambiguity, in the present fully normalized treat-
men) includes everything outside of the neutrino emission
2 4 flux and detection cross section.
XSF%JMD({E}'Eq)l (2m)*5'(pp—a) The free external particle wave packet picture is conve-
nient for a number of reasons. Unlike descriptions involving
(46) bound states in the source, it is a suitable description for

is the cross section for a massless neutrino interaction in th strophysical neutrino sources such as the Guodulo the

detector(assuming nonrelativistic initial state detector par—inzﬁjgren; or?zﬂlSé?r?ocja;eafﬁlg?azllic(ln?Iétgtri](l)cnha::i?na?ﬁss:I;Ztt):}l-
ticle momentunp, so that the Mber velocity is equal to }, pern L y }
and rally due to the finite duration of the wave packets’ overlap.

The matter of normalization is simple since free particle
states are employed. Furthermore, the dynamics is already

Is 1
* (2Ey)

2
1 E2dE,

Fo dp;/
i (2m)%(2Ep,)

dO’({E}, Eq) = (2Eq)(2EQ)

PmiX(Eq,xS,yD)=Z UakU’B‘kUZk,UBk, built into the S matrix, making the description of neutrino
K.k’ oscillations a matter of working out the kinematics.
. (mﬁ_mi,)|yD_xS| This S matrix framework could be generalized without
Xexpg — >E much difficulty to include bound states for some of the
q source and detector particlé$he remaining particles would

(mE_mEI)2|yD_XS|2 still be considered free particle wave packets. In this frame-
— i (47) Wo_rk, the coherence times of_ the source and d_etector—which
32E,| ultimately result from complicated microscopic many-body
, . o . physics not considered here—can be considered as input pa-
is the flavor mixing(or “oscillation”) probability. rameters which ultimately manifest themselves in the finite
Except for two differences, Eqe43)—(47) are just what  frae particle wave packet sizgdhe analogue of th& ma-
one would write down for a macroscopic event rate using thgjx \ould be the amplitude for particular plane wave states
naive QM model of the neutrino flavor mixing process, t0- 14 jnteract with particular bound states. A superposition of
gether with elementary considerations for the production flux,.p, amplitudes over several plane wave momenta—in order
and detection cross sections. The first difference is one thay create time-dependent wave packets for the external free
could also have been put in by hand, namely, the causal timg,ticles—would constitute the amplitude for the overall

delay between emission and detectiofihe second differ-  heutrino production-propagation-detection process, with the

ence is the damping of coherence at very large distancefeytrino production and detection localized in spacel

discussed earlier in this section. time. In going to the macroscopic rates, the square of bound
state wave functions would be replaced by a sum over the
phase space distribution of the relevant bound state quantum

8n settingx3=y2 —|yp— x4l in Eq. (43), it has been assumed that numbers.

the phase space densitiésvary on time scales slower than 8 While not new to this study, three basic insights into the

X101 s [(mi+m;,)/eV2](MeVHEZ)(lyp—X¢/km), for all k  neutrino flavor mixing process are listed here for complete-

andk’, in order that the phase space densities could be taken out ¢fess. First(1) an “oscillation probability” independent of

the sum. the details of production and detection can only be defined in
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the relativstic limit This limit allows the neutrinos to be- spatial and temporal resolution of the detector begins to

come effectively on shelii.e., masslegsas far as production distinguish the separating neutrino mass eigenstates.

and detection are concerned. Assuming chiral interactions, It is true that the three insights above can, to some extent,

the relativistic limit also causes only one neutrino spin tobe achieved without the elaborate machinery presented here.

contribute, so that the overall squared amplitydd|?> can  As far as insight(1) goes, common knowledge that weak

factorize into separate production and detection squared annteractions ard/— A makes the irrelevance of the neutrino

plitudes| M |* and| M p|2. This process has been shown in spin degree of freedom in the relativistic limit somewhat

detail in this paper, culminating in Eq&13)—(47). obvious. The relativistic limit also makes the notion of

The second insight is a condition ¢2) the maximum size “real” flavor eigenstates reasonableero mass is on shell

of the external particle coordinate space wave function overOne can then adopt the simplified quantum mechanical pic-

lap in the source(Ls) and detector(Lp) that allows neu- ture. In connection with this simplified quantum mechanical

trino states of different mass to interfere coherently picture, condition(2) can be argued from the uncertainty
principle, AxAp=1, whereAx corresponds to the oscilla-
tion lengthL,s. and Ap corresponds to the inverse source
and detector sizelsg j, [18]. Condition(3) follows from not-

(48)  ing that a real sourcédetectoy will have some finite line-
width (resolution. In order that interference terms not wash

When expressed in terms of the “oscillation length” this out when binned over this energy rand&, it is necessary

condition is intuitively obvious. Its necessity can be seen(e.g., [18,14]) that the variation in the oscillation phase,

mathematically in Eqs(19) ar]d (24). From_ these equations A[(mﬁ—m§,)|YD—Xs|/E]~(|YD—YS|/Los<)(AE/E)a be

one can see that the “neutrino energy” is determined by &majier than 2, which is essentially conditiof8).

compromise between the degrees to which energy and mo- gyen if these arguments can be made in some fashion in

mentum are conserved in the source and detector. HOWev&fgnnection with the simplistic formalism, the whole picture

the tendency towards energy conservation generally has janqs itself to conceptual difficulties at some lef&0]. Fur-

greater impact; i.e. the timelike componentWg")o  thermore, the conditiond)—(3) must be invoked from prin-

~(T9)? and Wp)oo~(Tp)? (Where Tg,Tp are the time  ciples outside the formalism itself. In contrast, the QFT de-

scales of the wave packet overlaps in the source and detegeription of the neutrino production, propagation, and

tor) are larger than the spacelike\Ngl)“~(Ls)2 and  detection presented here exhibits all of these conditions in a

(WpY)ii~(Lp)? since the external particles travel slower natural, self-contained, and physically unambiguous manner,

than the speed of light. To the extent that the energy is morand describes the transition to the failure of these conditions

well determined, there must be a greater spread in momenA a quantitative way.

tum in order for interference to occur, which is why the

condition expressed above is couched in terms of the spatial

(as opposed to tempojapread of the wave packet overlap. ACKNOWLEDGMENTS
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=L/ (4).

E,
<
Ls, Lp=0.2 m (MeV

eV?
o

|mi_mk’

lyp— X
Nose———

I
=7 )~ 5g (49)

LOSC
[see Eq. (47)]. Here the “coherence width” | Note that if Ts or Tp—, coherence is restored for infinite
~(Te)?+(Tp)*+(Lg)*+(Lp)” [see Eqs(25) and (26)],  propagation distances. This dependence on the coherence time in
and the detector resolutiohE,=App has been taken as a addition to the spatial extent of the detector was noted explicitly in
crude estimate of this quantity. Thus many oscillations inRefs.[19], [4], and[5], though it was implicitly present in Ref1]
space should be visible before decoherence sets in as the well.
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