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Inflation and gauge hierarchy in Randall-Sundrum compactification
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We obtain the general inflationary solutions for the slab of five-dimensional AdS spacetime where the fifth
dimension is an orbifoldS1/Z2 and two 3-branes reside at its boundaries, of which the Randall-Sundrum model
corresponds to the static limit. The investigation of the general solutions and their static limit reveals that the
RS model recasts both the cosmological constant problem and the gauge hierarchy problem into the balancing
problem of the bulk and the brane cosmological constants.

PACS number~s!: 04.50.1h, 11.25.Mj, 98.80.Cq
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The huge gap between the electroweak scaleMW and the
Planck scaleMP, MP/MW;1016, has been a long standin
puzzle in unifying the standard model and gravity. Recen
the extra dimensional models addressing it have drawn m
attention@1,2#. Introducing the extra dimensions has a lo
history from Kaluza-Klein theory to string theory. What
new is that ordinary matter is confined to our fou
dimensional brane while gravity propagates in the wh
spacetime. One motivation for such models is the heter
M theory, whose field theory limit is the 11-dimensional s
pergravity compactified onS1 /Z2 with supersymmetric
Yang-Mills fields residing on two boundaries@3#.

The large extra dimension model@1# brings the funda-
mental gravitational scale around the weak scale to solve
gauge hierarchy problem and reduce the strength of the f
dimensional gravity by having large extra dimensions, wh
avoiding conflict with experiments by confining the standa
model fields to a 3-brane in the extra dimensions. This mo
translates the gauge hierarchy to the hierarchy between
fundamental scale and the size of the extra dimensions.

More recently, Randall and Sundrum~RS! proposed a
five-dimensional model with nonfactorizable geometry su
ported by negative bulk cosmological constant and op
sitely signed boundary 3-brane cosmological constants
this model, the gauge hierarchy problem can be explained
the exponential warp factor even for the small extra dim
sion. The model is quite interesting and has drawn m
attention because it might be realizable in supergravity
superstring compactifications@3–6#. However, its geometry
is based on the very specific relation between the bulk
the brane cosmological constants. Then the question aris
to how precisely this relation should hold to preserve
necessary geometry. In this paper, we try to answer
question by finding cosmological inflationary solutions w
general sets of the bulk and the brane cosmological cons
and comparing them with the static solution given by R
The cosmological aspect of the extra dimensional models
been discussed by many authors@7–9#. Especially the infla-
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tionary solutions were obtained for flat bulk geometry@10#,
and for AdS bulk geometry@11,12#, where the condition is
imposed among parameters such that the extra dimen
does not inflate. Here we obtain the general inflationary
lutions for the AdS bulk geometry and focus on the conn
tion to the gauge hierarchy problem.

We consider the five-dimensional spacetime with coor
nates (t,xi ,y) where t and xi , i 51,2,3, denote the usua
four-dimensional spacetime andy is coordinate of the fifth
dimension, which is an orbifoldS1/Z2 where theZ2 action
identifiesy and 2y. We choose the range ofy to be from
21/2 to 1/2. We consider two 3-branes extending in t
usual four-dimensional spacetime residing at two orbifo
fixed pointsy50 andy51/2, so that they form the bound
aries of five-dimensional spacetime. This five-dimensio
model is described by the action

S5E
M

d5xA2gFM3

2
R2LbG

1 (
i 51,2

E
]M ( i )

d4xA2g( i )@Li2L i #, ~1!

whereM is the fundamental gravitational scale of the mod
Lb and L i are the bulk and the brane cosmological co
stants, andLi are the Lagrangians for the fields confined
the branes. Since we are interested in the cosmological s
tion, we assume that the three-dimensional spatial sectio
homogeneous and isotropic. Further we consider it to be
for simplicity. The most general metric satisfying this can
written as

ds252n2~t,y!dt21a2~t,y!d i j dxidxj1b2~t,y!dy2.
~2!

For the above action and metric, we obtain the followi
Einstein equations corresponding to~00!, ~ii !, ~55!, ~05!
components, respectively:
©2000 The American Physical Society03-1
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~3!

1

n2 F2
ä
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ȧ

a
S 2

ṅ
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b2

a8

a S n8

n
1

a8

a D5M 23Lb , ~5!

3S ȧ

a

n8

n
1

ḃ

b

a8

a
2

ȧ8

a
D 50, ~6!

where the overdot and the prime represent the derivat
with respect tot andy, respectively. The equations with bu
and boundary sources are equivalent to the equations
bulk sources and proper boundary conditions. To give a n
singular geometry,n, a, andb must be continuous along th
extra dimension. But Eqs.~3! and ~4! imply that n8 anda8
are discontinuous aty50,6 1

2 so thatn9 and a9 have delta

function singularities there. Applying *02
01

dy and

* 1
2

2

1
2

152
1
2

1

dy to Eqs. ~3! and ~4!, we obtain the boundary

conditions

n8

n U
02

01

52
b~t,0!

3M3
~L122r123p1!,

a8

a U
02

01

52
b~t,0!

3M3
~L11r1!,

n8

n U
21/2

11/2

51

bS t,
1

2D
3M3

~L222r223p2!,

a8

a U
21/2

11/2

51

bS t,
1

2D
3M3

~L21r2!. ~7!
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Sinceb9 does not appear in the equations, no boundary c
dition is imposed onb8.

Equations~3!–~6! and the boundary conditions~7! consti-
tute the starting point of the cosmology of the fiv
dimensional model considered in this paper. It is difficult
solve the whole bulk equations with generic sources, bu
the brane boundaries, the~55! and ~05! equations give the
Friedman-like equation

S ȧ

a
D 2

5S Lb

6M3
1

L i
2

36M6D 1
L i

18M6
r i1

1

36M6
r i

2 . ~8!

The implications of this equation are quite interesting@7–9#,
but we will not pursue them here.

In this paper, we consider the cosmological const
dominated cases, and neglect the matter and radiation en
densities of the branes. Then the above equations allo
static solution, the so-called RS solution@2#, when the bulk
cosmological constant is negative (Lb,0) and related to the
brane cosmological constants by

k5k152k2 , ~9!

where k5(2Lb/6M3)1/2 and ki5L i /6M3. We take the
brane with positive cosmological constant to be aty50. The
metric of the static solution is given by

ds25e22kb0uyuhmndxmdxn1b0
2dy2, ~10!

whereb0 is a constant which determines the length of t
extra dimension. In this model, the four-dimensional Plan
scale is given by

MP
25

M3

k
@12e2kb0#, ~11!

and for 1
2 kb0*1 it is k rather than1

2 b0 that determines it. RS
@2# argued that, due to the warp factore2kb0y which has
different values at the hidden brane (y50) and at the visible
brane (y5 1

2 ), any mass parameterm0 on the visible brane
corresponds to a physical massm5m0e(21/2)kb0 and the
moderate value1

2 kb0;37 can produce the huge rati
M P /MW;1016. Thus the gauge hierarchy problem is co
verted to the problem related to geometry, fixing the size
the extra dimension. Then it is an important question as
how precise the relation~9! must be in order for the RS
solution to work since the exact relation is assumeda priori
to get Eq.~10!.

Now we try to answer this question by solving the Ei
stein equations with the bulk and the brane cosmolog
constants, but without the fine-tuned condition~9!. Boundary
condition ~7! suggestsn5a, and we first try a separabl
function n5a5g(t) f (y). Then the~05! equation yieldsb
5b(y). After separate coordinate transformations oft andy,
we come to an ansatz

n5 f ~y!, a5g~t! f ~y!, b5b0 , ~12!
3-2
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whereb0 is a constant. Now subtracting the~ii ! equation by
the ~00! equation, we obtain (ġ/ġ)50. So we define (ġ/g)
[H05const. Then the~55! equation gives

S f 8

b0
D 2

5H0
21k2f 2, ~13!

and the~00! and ~ii ! equations just give a redundant equ
tion. ForLb,0, the solution to this equation consistent wi
the orbifold symmetry is

f 5
H0

k
sinh~2kb0uyu1c0!. ~14!

The boundary condition~7! imposes

k15k coth~c0!, 2k25k cothS 2
1

2
kb01c0D . ~15!

Therefore, the solution is allowed whenk1 , k2 , andk sat-
isfy k,k1,2k2 and they are related to the length of th
extra dimensionL55 1

2 b0 by

L55
1

2
b05

1

2k
lnF2k22k

k12k

k11k

2k21kG . ~16!

The metric of this solution is

ds25S H0

k D 2

sinh2~2kb0uyu1c0!@2dt21e2H0td i j dxidxj #

1b0
2dy2. ~17!

We arrive at the static limit by takingH0→0 and c0→`
while keeping the ratio (H0/2k)ec0→1 fixed, and the metric
~17! becomes~10!. For H0Þ0, H0 is not a physical quantity
and can be set tok which corresponds to the shift of th
initial value of t. Then by the coordinate transformatio
dy5dỹ/sinh(kb0uỹu1c̃0), the metric becomes@11#

ds25
2dt21e2ktd i j dxidxj1b0

2dỹ2

sinh2~kb0u ỹu1 c̃0!
. ~18!

The metric~17! describes the inflation of the spatial d
mensions with the length of extra dimension fixed. At
giveny, we can perform a four-dimensional coordinate tra
formation to make the four-dimensional metric be in t
form ds(4)

2 52dt21e2H(y)td i j dxidxj . Then we get the
Hubble parameter

H~y!5k csch~2kb0uyu1c0!. ~19!

Especially, at each boundary, we have

H~0!5Ak1
22k2, HS 1

2D5Ak2
22k2, ~20!

respectively. We see that inflation occurs when the bulk
the brane cosmological constants deviate from the rela
~9!, which can be easily seen from the boundary equa
06400
-

-

d
n
n

~8!. The condition~16! means that to keep the length of th
extra dimension fixed while the spatial dimensions infla
we must fine-tune the bulk and the brane cosmological c
stants; in other words, we must put two branes a distanceL5
apart for givenk1 , k2, andk.

For the more general case that the distance between
branes is larger or smaller thanL5, the solution can be ob
tained with the nonseparable function

n~t,y!5a~t,y!5
1

t f ~y!1g0
, b~t,y!5kb0ta~t,y!,

~21!

whereb0 and g0 are constants. The metric for this gener
case can be found to be

ds25
2dt21d i j dxidxj1~kb0t!2dy2

@kt sinh~kb0uyu1c0!1g0#2
, ~22!

whereb0 andc0 are given by

c05cosh21S k1

k D ,

kb052Fcosh21S 2k2

k D2cosh21S k1

k D G . ~23!

Wheng050, this metric becomes Eq.~18! by the coordinate
transformation (1/t) dt52k dt̃. Wheng0.0 (g0,0), the
distance between two branes is smaller~larger! thanL5 and
the above metric describes the situation that two branes c
close and finally meet~move away from each other! while
the spatial dimensions are inflating. The boundary condit

is not affected by the presence ofg0, andH(0) andH( 1
2 ) are

the same Eq.~20!, as seen in Eq.~8!.
For the special casek152k2.k, L5 becomes 0 and the

above solutions cannot cover. Instead, we can find a solu
with a different ansatzn(t,y)5a(t,y)5b(t,y). The metric
is given by

ds25
2dt21d i j dxidxj1dy2

@2~k1
22k2!1/2t1ky1c0#2

, ~24!

wherec0 is a constant. This metric describes inflation in bo
the spatial dimensions and the extra dimension.

Let us consider the connection between the inflation
solutions and the RS static solution. The static limit that b
k1 and 2k2 approachk in the inflationary solutions corre
sponds to the RS solution. Suppose that the five-dimensi
universe underwent inflation in the early epoch and fina
settles down to the static RS model. Then the relation~9!
does not hold exactly but approximately now. This situati
is most likely described by the static limit of the inflationa
solutions. Then, the current observations on the Hubble c

stant restrict the visible brane Hubble parameterH( 1
2 ):
3-3
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HS 1

2D5Ak2
22k2&10260MP, ~25!

where k5O(M )5O(MP) is assumed. Therefore, the bu
and the visible brane cosmological constants must ca
each other up to very high precision. This is a fiv
dimensional version of the well-known cosmological co
stant problem@12# and the RS condition~9! is nothing but
the condition for the vanishing four-dimensional effecti
cosmological constant at both branes. We do not attemp
solve this notorious problem in this paper. Instead, we c
centrate on the gauge hierarchy problem within this cont

The key point of the RS solution to the gauge hierarc
problem is the size of the extra dimension appearing in
exponential warp factor. If the RS condition~9! exactly
holds, it is not determined in this framework and remains
a flat direction in the moduli space. For the bulk and t
brane cosmological constants that do not satisfy the RS
dition, there is a critical valueL5, for which the extra dimen-
sion size remains constant. Our general solution shows
this is an unstable stationary configuration. A slight deviat
will make the extra dimension size shrink or grow. This is
generic consequence of gravity theory, and there is a wa
overcome it by including extra dynamics beyond simp
gravity for the modulusb. This is a five-dimensional versio
of the modulus stabilization problem. Toward the solution
this problem, an attempt using the bulk scalar field was m
recently in@13# and an earlier attempt within the compac
fied heterotic M theory without the bulk cosmological co
stant was done in@14# using the membrane instanton effec
and the racetrack mechanism. We will not discuss it beca
it is beyond the scope of this paper.

With this in mind, let us look at the RS solution for th
gauge hierarchy problem. In the static limitk1 ,2k2→k of
the inflationary solutions with fixed extra dimension size,
can see from Eq.~16! that the extra dimension size does n
have a unique value but varies depending on howk1 and
2k2 approachk. This is just what is said by the modulu
stabilization problem. Near the static limit, the length of t
extra dimension is expressed in terms of the Hubble par
eters of two branes by

kLRS5
1

2
kbRS. ln

H~ 1
2 !

H~0!
. ~26!

SinceH( 1
2 ) is very small, to keep12 kbRS of order 1, we also

have to adjust the bulk and the hidden brane cosmolog
B

m
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constants to the same accuracy as we did for the bulk
visible brane cosmological constants. The RS solution for
gauge hierarchy problem demands1

2 kbRS;37, and this num-
ber seems quite moderate at first sight. However, in fac
requires further fine-tuning of the hidden brane Hubble
rameter than the visible one:

H~0!5Ak1
22k2.10216HS 1

2D&10276MP. ~27!

Thus, to solve the gauge hierarchy problem in the contex
the RS model, the balance between the bulk and the hid
brane cosmological constants should take place with 116

times more accuracy than that between the bulk and the
ible cosmological constants. At any rate, the RS model ag
converts the gauge hierarchy to the fine-tuning of the b
and the brane cosmological constants. It will be interesting
look at the problem in terms of four-dimensional effecti
theory and see whether there is a nice stabilization mec
nism by which the above argument can be avoided us
additional interactions of theb modulus other than the grav
ity.

In summary, we found the general inflationary solutio
for the slab of five-dimensional AdS spacetime with tw
boundary 3-branes and viewed the RS model as the s
limit of those solutions. Then both the cosmological const
problem and the gauge hierarchy problem are recast into
fine-tuning problem of the bulk and the brane cosmologi
constants. The cosmological constant problem appears a
fine-tuning between the bulk and the visible brane cosm
logical constants, and the gauge hierarchy problem as
more severe fine-tuning between the bulk and the hid
brane cosmological constants. The inclusion of matter at
brane boundaries might alter the above conclusion, but
expect that it does by not much. The real solution of tho
problems surely requires ingredients addition to the fi
dimensional model considered in this paper, but the impli
tions of this simple model are so interesting that it deser
further study. The magic bullet for the cosmological const
problem and the gauge hierarchy problem may be found
the correlation mechanism of the bulk and brane cosmolo
cal constants, which reminds us of the recent developmen
string theory, holography. We also leave the modulus sta
lization problem which is connected to the problem a
dressed in this paper for future work.
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