PHYSICAL REVIEW D, VOLUME 61, 064003

Inflation and gauge hierarchy in Randall-Sundrum compactification
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We obtain the general inflationary solutions for the slab of five-dimensional AdS spacetime where the fifth
dimension is an orbifol&'/Z, and two 3-branes reside at its boundaries, of which the Randall-Sundrum model
corresponds to the static limit. The investigation of the general solutions and their static limit reveals that the
RS model recasts both the cosmological constant problem and the gauge hierarchy problem into the balancing
problem of the bulk and the brane cosmological constants.

PACS numbgs): 04.50:+h, 11.25.Mj, 98.80.Cq

The huge gap between the electroweak stéjgand the tionary solutions were obtained for flat bulk geomdity],
Planck scaleMp, Mp/My~ 10, has been a long standing and for AdS bulk geometry11,12, where the condition is
puzzle in unifying the standard model and gravity. Recentlyimposed among parameters such that the extra dimension
the extra dimensional models addressing it have drawn muc#ioes not inflate. Here we obtain the general inflationary so-
attention[1,2]. Introducing the extra dimensions has a longlutions for the AdS bulk geometry and focus on the connec-
history from Kaluza-Klein theory to string theory. What is tion to the gauge hierarchy problem.
new is that Ordinary matter is confined to our four- We ConSider the ﬁve'dimenSional Spacetime with coordi-
dimensional brane while gravity propagates in the wholenates ¢,x',y) where r andx', i=1,2,3, denote the usual
spacetime. One motivation for such models is the heterotifour-dimensional spacetime arydis coordinate of the fifth
M theory, whose field theory limit is the 11-dimensional su-dimension, which is an orbifol&'/Z, where theZ, action
pergravity compactified onS;/Z, with supersymmetric identifiesy and —y. We choose the range gfto be from
Yang-Mills fields residing on two boundari¢3]. —1/2 to 1/2. We consider two 3-branes extending in the

The large extra dimension modEl] brings the funda- usual four-dimensional spacetime residing at two orbifold
mental gravitational scale around the weak scale to solve thiéxed pointsy=0 andy=1/2, so that they form the bound-
gauge hierarchy problem and reduce the strength of the fouaries of five-dimensional spacetime. This five-dimensional
dimensional gravity by having large extra dimensions, whilemodel is described by the action
avoiding conflict with experiments by confining the standard
model fields to a 3-brane in the extra dimensions. This model 5
translates the gauge hierarchy to the hierarchy between the S:f dBx \/—_g[M—R—A }
fundamental scale and the size of the extra dimensions. M 2 b

More recently, Randall and SundrufRS) proposed a
five-dimensional model with nonfactorizable geometry sup- 4y, [T
ported by negative bulk cosmological constant and oppo- +i:1,2 LMmd XN=grLL— Al @
sitely signed boundary 3-brane cosmological constants. In
this model, the gauge hierarchy problem can be explained by
the exponential warp factor even for the small extra dimenwhereM is the fundamental gravitational scale of the model,
sion. The model is quite interesting and has drawn much\, and A; are the bulk and the brane cosmological con-
attention because it might be realizable in supergravity andtants, and; are the Lagrangians for the fields confined in
superstring compactificatiorf8—6]. However, its geometry = the branes. Since we are interested in the cosmological solu-
is based on the very specific relation between the bulk anglon, we assume that the three-dimensional spatial section is
the brane cosmological constants. Then the question arises Bmogeneous and isotropic. Further we consider it to be flat

to how precisely this relation should hold to preserve thefor simplicity. The most general metric satisfying this can be
necessary geometry. In this paper, we try to answer thigyritten as

guestion by finding cosmological inflationary solutions with

general sets of the bulk and the brane cosmological constants

and comparing them with the static solution given by RS. ds?=—n?(r,y)d7?+ az(r,y)ﬁijdxidxi+b2(7-,y)dy2.
The cosmological aspect of the extra dimensional models has 2
been discussed by many authrs-9]. Especially the infla-

For the above action and metric, we obtain the following
*Email address: hbkim@newton.skku.ac.kr Einstein equations corresponding 00), (ii), (55), (05
"Email address: hdkim@muon.kaist.ac.kr components, respectively:
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Sinceb” does not appear in the equations, no boundary con-
dition is imposed orb’.

Equationg3)—(6) and the boundary conditior{g) consti-
tute the starting point of the cosmology of the five-
dimensional model considered in this paper. It is difficult to
solve the whole bulk equations with generic sources, but at
the brane boundaries, tH&5) and (05) equations give the
Friedman-like equation

B

The implications of this equation are quite interestjidig 9],
but we will not pursue them here.

In this paper, we consider the cosmological constant
dominated cases, and neglect the matter and radiation energy
densities of the branes. Then the above equations allow a
static solution, the so-called RS solutif®], when the bulk
cosmological constant is negativa (<0) and related to the
brane cosmological constants by

2 A, 1

+ i+ Z,
18v6”" 3em6”"

A A?
b+ i

8
6M3  36M°© ®

k=k;=—Kjy, 9

where k=(—A,/6M3Y? and kj=A;/6M3. We take the
brane with positive cosmological constant to bgat0. The
metric of the static solution is given by

ds?=e 2Bl dx#dx”+ bady?, (10)

where the overdot and the prime represent the derivatives

with respect tor andy, respectively. The equations with bulk whereb, is a constant which determines the length of the
and boundary sources are equivalent to the equations witextra dimension. In this model, the four-dimensional Planck
bulk sources and proper boundary conditions. To give a norscale is given by

singular geometryn, a, andb must be continuous along the

extra dimension. But Eq$3) and(4) imply thatn’ anda’
are discontinuous at=0,* 3 so thatn” anda” have delta

function singularities there. Applying fgfdy and
1v_ 14

fif 2 dy to Egs.(3) and (4), we obtain the boundary
2

conditions
n'|o b(r0) L an
nl,. YER pP17—5P1),
a'l” b(r0)
al, 3M3 17T P1)s
1
n' |12 b TaE A2 30
N =4+ _ — ,
Nl L, Y 27 2p2—9P2
1
a’|+12 b T,E " : -
—| =+ ——(Ay+py).
a o 3M3 27T P2

3

M
M§,=T[1—e‘kb0], (12)

and forzkby=1 it is k rather thar b, that determines it. RS
[2] argued that, due to the warp facter " which has
different values at the hidden brang={0) and at the visible
brane {=3), any mass parameten, on the visible brane
corresponds to a physical masgs=mgye( %P and the
moderate valueskby,~37 can produce the huge ratio
Mp/My~10' Thus the gauge hierarchy problem is con-

verted to the problem related to geometry, fixing the size of
the extra dimension. Then it is an important question as to

how precise the relatioi9) must be in order for the RS

solution to work since the exact relation is assuraggtiori
to get Eq.(10).

Now we try to answer this question by solving the Ein-

stein equations with the bulk and the brane cosmological
constants, but without the fine-tuned conditi® Boundary
condition (7) suggestsn=a, and we first try a separable
function n=a=g(7)f(y). Then the(05) equation yieldsb

=h(y). After separate coordinate transformationg @ndy,

we come to an ansatz

n:f(y)! a:g(T)f(y)! b:b01 (12)
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wherebg is a constant. Now subtracting tki¢) equation by  (8). The condition(16) means that to keep the length of the
the (00) equation, we obtaing/g)=0. So we defined/g)  extra dim(_ansion fixed while the spatial dimensions_ inflate,
=H,=const. Then thé55) equation gives we must fine-tune the bulk and the brane cosmological con-
stants; in other words, we must put two branes a distagce
apart for givenky, k,, andk.

For the more general case that the distance between two
branes is larger or smaller than, the solution can be ob-
and the(00) and (ii) equations just give a redundant equa-tained with the nonseparable function
tion. For A,<0, the solution to this equation consistent with
the orbifold symmetry is

1\ 2
(—) =Hg+ k32, (13)
bo

1
n(T,y):a(T:Y):Tf(—: b(T:Y):kboTa(Tyy):

Ho y)+do
f= Tsinr(—kbo|y|+c0). (14 (21)

whereb, and g, are constants. The metric for this general

The boundary conditioli7) imposes case can be found to be

1
klszOtHCO), —k2=kCOt?'<—§kbo+Co . (15) g __d7'2+ 5ijdXide+(kb07')2dy2

L= _ , (22)
[k sinh(kbg|y| + o) +go]?

Therefore, the solution is allowed whén, k,, andk sat-
isfy k<k;<—k, and they are related to the length of the

extra dimensiorLs= b, by whereby andc, are given by
L —lb _ 1 _kz_k kl+k 16 h71 kl
572072k " ki—Kk —ko K|’ (16) Com OS]
The metric of this solution is
4 ke [k
kbo=2| cosh! e —cosh? it (23

Ho)\? .
%) sint?(—kbo|y|+co)[ —d7?+e?H075,;dX dX!]

Wheng,=0, this metric becomes E{L8) by the coordinate
+b2dy>. (17) °

transformation (1) d== —k d7. Wheng,>0 (g,<0), the
distance between two branes is smallargep thanL s and

We arrive at the static limit by takingi,—0 andco—oc the above metric describes the situation that two branes come

while keeping the ratioHl o/2k)e“—1 fixed, and the metric : .
(17) becomeg10). ForHo#0, Hy is not a physical quantity close and finally meetmove away from each othewnhile

and can be set t& which corresponds to the shift of the _the spatial dimensions are inflating. The boundarylcondltlon
initial value of . Then by the coordinate transformation iS Not affected by the presencegy, andH(0) andH(z) are

AT e ~ . the same Eq(20), as seen in Eq8).

dy=dy/sinh +¢p), the metric becomelsl 1 k
y=dy/sinhibgly|+co ! ekLl] For the special casle;= —k2>k, L becomes 0 and the
—d2+e%75 dxidx + b2dV2 above solutions cannot cover. Instead, we can find a solution
42— : o 0 y _ (18)  with a different ansatn(r,y) =a(r,y) =b(7,y). The metric
sink?(kboly|+Co) is given by

The metric(17) describes the inflation of the spatial di- 5 4y )
mensions with the length of extra dimension fixed. At a 42— —dr'+ §dxdxX +dy (24)
giveny, we can perform a four-dimensional coordinate trans- [— (k2= Kk?) Y27+ ky+co]?’

formation to make the four-dimensional metric be in the

— 2 2 i j
form ds,=—dt?+e?¥'s,;dx'dx. Then we get the wherec, is a constant. This metric describes inflation in both
Hubble parameter the spatial dimensions and the extra dimension.
_ B Let us consider the connection between the inflationary
H(y) =kesch —kbo|y| + co). (19 solutions and the RS static solution. The static limit that both
Especially, at each boundary, we have k, and —k, approachk_in the inflationary solqtions_ corre-
sponds to the RS solution. Suppose that the five-dimensional
1 universe underwent inflation in the early epoch and finally
H(0)= Vki—Kk>, H(E) = k53— K>, (200 settles down to the static RS model. Then the relat@n
does not hold exactly but approximately now. This situation
respectively. We see that inflation occurs when the bulk ands most likely described by the static limit of the inflationary
the brane cosmological constants deviate from the relatiofolutions. Then, the current observations on the Hubble con-
(9), which can be easily seen from the boundary equatiorstant restrict the visible brane Hubble paramekf3):
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1 constants to the same accuracy as we did for the bulk and
H E) =\k;—k?=<10 M5, (25  visible brane cosmological constants. The RS solution for the
gauge hierarchy problem demangebgs~ 37, and this num-

wherek=O(M)=0O(Mp) is assumed. Therefore, the bulk ber seems quite moderate at first sight. However, in fact, it

and the visible brane cosmological constants must canc&fduires further fine-tuning of the hidden brane Hubble pa-
each other up to very high precision. This is a five- rameter than the visible one:
dimensional version of the well-known cosmological con- 1
stant problen{12] and the RS conditiori9) is nothing but H(0)= kf—kzzlo_leH(E) <10 "*Mp. (27
the condition for the vanishing four-dimensional effective
cosmological constant at both branes. We do not attempt t®hus, to solve the gauge hierarchy problem in the context of
solve this notorious problem in this paper. Instead, we conthe RS model, the balance between the bulk and the hidden
centrate on the gauge hierarchy problem within this contextbrane cosmological constants should take place witlf 10
The key point of the RS solution to the gauge hierarchytimes more accuracy than that between the bulk and the vis-
problem is the size of the extra dimension appearing in thédle cosmological constants. At any rate, the RS model again
exponential warp factor. If the RS conditiof®) exactly —converts the gauge hierarchy to the fine-tuning of the bulk
holds, it is not determined in this framework and remains aghd the brane cosmological constants. It will be interesting to
a flat direction in the moduli space. For the bulk and thelook at the problem in terms of four-dimensional effective
brane cosmological constants that do not satisfy the RS coribeory and see whether there is a nice stabilization mecha-
dition, there is a critical valuks, for which the extra dimen- Nism by which the above argument can be avoided using
sion size remains constant. Our general solution shows th&dditional interactions of th modulus other than the grav-
this is an unstable stationary configuration. A slight deviation'ty-
will make the extra dimension size shrink or grow. Thisisa [N summary, we found the general inflationary solutions
generic consequence of gravity theory, and there is a way tpr the slab of five-dimensional AdS spacetime with two
overcome it by including extra dynamics beyond Simp|eboundary 3-branes and viewed the RS model as the static
gravity for the modulus. This is a five-dimensional version limit of those solutions. Then both the cosmological constant
of the modulus stabilization problem. Toward the solution ofProblem and the gauge hierarchy problem are recast into the
this problem, an attempt using the bulk scalar field was madéne-tuning problem of the bulk and the brane cosmological
recently in[13] and an earlier attempt within the compacti- constants. The cosmological constant problem appears as the
fied heterotic M theory without the bulk cosmological con- fine-tuning between the bulk and the visible brane cosmo-
stant was done ifi14] using the membrane instanton effects l0gical constants, and the gauge hierarchy problem as the

and the racetrack mechanism. We will not discuss it becaus@ore severe fine-tuning between the bulk and the hidden
it is beyond the scope of this paper. brane cosmological constants. The inclusion of matter at the

With this in mind, let us look at the RS solution for the brane boundaries might alter the above conclusion, but we
gauge hierarchy problem. In the static linkif, —k,—k of ~ expect that it does by not much. The real solution of those
the inflationary solutions with fixed extra dimension size, weProblems surely requires ingredients addition to the five-
can see from Eq(16) that the extra dimension size does not dimensional model considered in this paper, but the implica-
have a unique value but varies depending on hgvand tions of this simple model are so interesting that it deserves
—k, approachk. This is just what is said by the modulus further study. The magic bullet for the cosmological constant
stabilization problem. Near the static limit, the length of theProblem and the gauge hierarchy problem may be found in
extra dimension is expressed in terms of the Hubble paranthe correlation mechanism of the bulk and brane cosmologi-

eters of two branes by cal constants, which reminds us of the recent development in
string theory, holography. We also leave the modulus stabi-
1 H() lization problem which is connected to the problem ad-
kLRszzkbRszln A0 (26)  dressed in this paper for future work.
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