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Remarks on form factor bounds
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Improved model independent upper bounds on the weak transition form factors are derived using inclusive
sum rules. A comparison of the new bounds with the old ones is made for the form fhg}cmsd hy in B
—D* decays.

PACS numbegps): 11.55.Hx

A set of model independent bounds has been derived tthe matrix elemen{H|J|B). After inserting a complete set
provide a restriction on the shape of weak transition formof states and contracting with a four-vector pajjay, we
factors[1-3]. They have been extensively used to boundobtain
weak decay form factors and the decay spectrum of heavy 5
hadrons[2-5].> Here we provide a more stringent upper T(e)= 1 S 2m°Sp +»)|<X|a'J|B>|
bound without any further assumptions. This upper bound ()= 2Mg X (2m (Px*4 Ex—Ey—¢
differs from the one derived previously at ordelmg/ or

2
as/Mg. Though this is only a small improvement, it is n 1 S (2m)%6%(Py—4) (Bla-J|X)|
worth doing because it can give a tighter bound from above 2M X e+Ex+Ey—2Mpg’
if one includes higher order corrections. @)

The bounds are derived from sum rules that relate the
inclusive decay rate, calculated using the operator produaihere T(e)=a;T""a,, e=Mg—Ey—v-q, and the sum
expansionOPB) [8,9] and perturbative QCD, to the sum of over X includes the usuafd®p/2Ey for each particle in the
exclusive decay rates. To be complete, we will derive bothstateX. We choose to work in the rest frame of tBeneson,
the upper and lower bounds, though the lower bound is thg = M.y, with the z axis pointing in the direction ofl. We
same as the previous one. hold g fixed while analytically continuing - q to the com-

Without loss of generality, we take for example the decaypjex plane E,,= \/m is theH meson energy. There are
of a B meson into arH meson, with the underlying quark two cuts in the complex plane, 6<e<Mg—E,, corre-
procesd— f, wheref could be either a heavy or light quark. sponding to the decay procelss-f, and —o<e< —2E,,
Eirst, consider the time ordered product of Fwo weak tranSi'corresponding to twd quarks and a‘_quark in the final
tion currents taken between B mesons in MOMENtUM  siate The second cut will not be important for our discus-

sSpace: sion.
i The integral overe of the time ordered product(e),
THr = j d%x e—iq‘x<B(V)|T(JMT(X)JV(O))|B(V)> t?mes a weight functiorc”_\NA(_e)_ can be_computed_ perturba-
2Mpg tively in QCD [2,3]. For simplicity, we pick the weight func-

” Y v Y tion Wy (€)= 6(A — €), which corresponds to summing over
= =g Tt VAV Tt i€ P0,v6Ts +0"q T, all hadAr(or?ic résona&ces up to the F()axc:itation eneﬁgyf/;ith
+(gAvP+vHgh)Ts, (1) equal weight. Relating the integral with the hard cutoff to the
exclusive states requires local duality at the scaleThere-
whereJ* is ab— f weak transition current. The time ordered fore, A must be chosen large enough so that the structure
product can be expressed as a sum over hadronic or partorfienctions can be calculated perturbatively.
intermediate states. The sum over hadronic states includes Taking the zeroth moment &f(€), we get

1
MO=2—7Tidee 0(A—e€) T(e)

X|a-J|B)|? , I
=M+E O(Ex—En—A)(2m)38°%(q+py

)|<X|a'J|B>|2
AMgE, &,

2Mg

where the primed summation means a sum over all the kinematically allowed states exdé¢phésen. So,
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see, however6,7] for model independent parametrizations of the form factors.
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X|a-J|B)|? a-J|BY|?
KZ%@%;%L" )2% O(Ex—Ex— Ax2w)5%q+va—meglL- (3

On the other hand, the first moment Dfe) gives

1
Mlzﬁfcdeeﬂ(A—E)T(ﬁ)
X|a-J|B)|?
= 2 O(A—Ex+Ep)(Ex—Ep) (2m)38%(px+ >%
X#H B
(- JlB) P
AMgEy

X|a-J|B)|?
(B S A Exct En)(2m 5 Byt ) gt 4|M 'E>' :
X#H B=X

<(Emax— EH>Z 0(A—Ex+Ep)(2m)%8%(px+4)
@)

whereE . andE, denote the highest energy state kinemati-Since 1/€,—Ey) ~1/Aqcp, the lower bounds will be good

cally allowed and the first excited state that is more massivéo one less order in fi than the upper bound.

thanH meson, respectively. Here the validity of the second As emphasized if3], the old upper bound is essentially

inequality relies on the assumption that multiparticle finalmodel independent while the lower bound relies on the as-

states with energy less thdfy contribute negligibly. This sumption about the final state spectrum. The new upper

assumption is true in largdl,, and is also confirmed by bound provided here is also model independent. These

current experimental data. However, the first inequality isbounds are valid for both heavy mesons and bary@fsr

valid without any further assumption. baryons, a spin suiMy/(2j+1)]Zss needs to be in-
From Eq.(3) and the first inequality in Eq4), one can cluded in front of the bounded factpr.

get an upper bound on the matrix element Greatinterest has been paid to the semileptonic exclusive

[(H|a-J[B)|?/4MgE} : decay rate oB—D*|v from which |V, can be extracted

(H|a-J|B)[2 1 . [10]. As an example, we now focus on the case thas the

—g_.J de O(A—¢) T(e)( 1— —) D* meson and give, in particular, the upper bounds on the
4MgEL 2miJc Emax— En form factorsh, andhy . The hadronic matrix element for

) the semileptonic decay ofBimeson into a vector mesd*

Dropping e/(Ena—Ex) on the right hand side gives the May be parametrized as

previously derived upper bourjd—3]. SinceE,,,— Ey is of * (0 w_ An

ordermg and the first momentM,, is of order 1, and {D*(v',2)|V"~ A*IB(p))

positive definite, this extra term makes the new upper bound VMp«Mp

smaller than the old one at ordend . Perturbative correc- ,

tions will also modify the new bgﬁd at ordet/mg . = —ha(0)(0+ De* +hy,(@)v +hp(0)v'“]v- e

Similarly, a lower bound can be formed by combining Eg. i vap %

(3) and the second inequality in E() to be +ihy(w) e *Felv v, ®
|(H|a- J|B>|2 € wherev’ is the velocity of the final state meson, and the
W o d 0(A—e€) T(e)(l— E_E ) variablew=v-v' is a measure of the recoil. One may relate

B~H 1~ EH 2 2 2
©) o to the momentum transfeg by w=(MB~_I— M p«
—q%)/(2MgMp+). Therefore, with a proper choice of the
Therefore, we find the bounds currentJ* and the four vectoa”, one may readily single out
the form factors,hAl and hy,, and establish corresponding
ij de 6(A—e) T(e)( 1— ) bounds, as was done in Ref&-4]. Nonperturbative correc-
27 Jc E,.—Eq tions to the structure functions can be found in Rétd.—
) ) 13], whereas complet®(«;) corrections are given in Refs.
_(H(v")[a-J[B(v))| [3,4]
N AMgE To obtain the bounding curves within the kinematic

range, Kw=1.25, we will expand inas, Agcp/Mg and
€ ) @ w—1. For both the upper and lower bounds, we will keep
En/’

d O0(A—€e)T
c(A—e) (6)( perturbative corrections up to ordery(w—1), but drop

277

Emax_
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FIG. 1. The upper bound onu(+1)’[h, (®)|?/(4w). The thick FIG. 2. The upper bound onvf—1)|hy(w)|?/(4w). The thick
solid (dashedl curve is the new(old) upper bound toO(1/m3)  solid (dotted curve is the newold) upper bound taO(1/m3) in-
including perturbative corrections. The thin solitashedl curve is  cluding perturbative corrections. The thin solidashed curve is
the upper bound t@(1/mg) without perturbative corrections. The the upper bound t@(1/m3) without perturbative corrections. The
dotted line is the lower bound t6(1/mg) including perturbative ~ dotted line is the lower bound t6(1/mg) including perturbative

corrections. corrections.

. _ In both diagrams, the thick soli(dashed curve is the
terms of orderas(w—1)%, ag, and asAqcp/Mg. We will  new (old) upper bound including perturbative corrections.
calculate to order 15 for the upper bounds, but only to The thin solid (dashedl curve is the upper bound without
order 1My for the lower bounds. perturbative corrections. At large recoil, the new bound im-

Both the old and new upper bounds along with the lowerproves the upper limit by more than 4% in Fig. 1 and by
bound onh, are showf in Fig. 1. In this and the next about3% in Fig. 2.
example, the corresponding first excited state more massive | NS Work provides tighter upper bounds on weak decay
thanD* that contributes to the sum rule is tiB=1" state, form factors. .The new upper bounds are compared with the
i.e., theD, meson, and, ., is taken to bevig in the limit of ~ ©ld ones on, in particular, the— D* form factors,h,, and
no energy transfer to the leptonic sector. The upper antty. Their difference is due to themé nonperturbative cor-
lower bounds for 2—1)|hy(w)|?/(4w) are shown in Fig. rections andag corrections that are suppressed big/.

2. The difference of higher order i, corrections between the
old and new bounds will be more significant.
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