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SO„10… GUT and quark-lepton mass matrices
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The phenomenological model that all quark and lepton mass matrices have the same zero texture, namely
their ~1,1!, ~1,3!, and~3,1! components are zeros, is discussed in the context of SO~10! grand unified theories
~GUTs!. The mass matrices of type I for quarks are consistent with the experimental data in the quark sector.
For the lepton sector, consistent fitting to the data of neutrino oscillation experiments forces us to use the mass
matrix for the charged leptons which is slightly deviated from type I. Given quark masses and charged lepton
masses, the model includes 19 free parameters, whereas the SO~10! GUTs give 16 constrained equations.
Changing the remaining three parameters freely, we can fit all the entries of the CKM quark mixing matrix and
the MNS lepton mixing matrix, and three neutrino masses consistently with the present experimental data.

PACS number~s!: 12.15.Ff, 12.10.2g, 14.60.Pq, 14.65.2q
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I. INTRODUCTION

The downward and upward discrepancy in the atm
spheric neutrino deficit in SuperKamiokande@1# together
with other neutrino oscillation experiments such as so
neutrino @2#, reactor @3#, and accelerator@4# experiments
drives us to the definite conclusion that neutrinos have m
These experiments enable us to get a glimpse of high en
physics beyond the standard model. In these situations
strategy is as follows. First, we search for the most suita
phenomenological quark and lepton mass matrices wh
satisfies miscellaneous experiments in the hadron and e
troweak interactions. Next, in order to search for its uniq
ness and for its physical implications, such mass matrices
incorporated into grand unified theories~GUTs!. Of course
phenomenological mass matrices and GUTs are closely
related and the real model building is performed going b
and forth between these two approaches. Indeed, we con
the seesaw mechanism in the neutrino mass matrix@5#,
which supports minimally SO~10! GUTs. Conversely SO~10!
GUTs prefer the mass matrices reflecting some similarity
the quark and lepton sectors. In the seminal work of phen
enological quark mass matrix models@6#, Fritzsch proposed
a symmetric or Hermitian matrix later called a six textu
zero model which has vanishing~1,1!, ~1,3!, ~3,1!, and~2,2!
components in both the mass matrices,Mu for up-type
quarks (u,c,t) andMd for down-type quarks (d,s,b). Here
n texture zero means that two types of quark mass matr
have totally n zeros in the upper half of Hermitian mas
matrices, in this case~1,1!, ~1,3!, and ~2,2! in each mass
matrix. However, this model failed to predict a large t
quark mass. Symmetric or Hermitian six and five textu
zero models were systematically discussed by Ramondet al.
@7#. They found that the HermitianMu and Md compatible
with experiments can have at most five texture zero. Bef
the work of Ramondet al. nonsymmetric or non-Hermitian
six texture zero quark mass matrices model@nearest-neighbo
interaction~NNI! model# was proposed by Branco, Lavour
and Mota@8#, and Takasugi showed that, by rebasing a
0556-2821/2000/61~5!/053001~17!/$15.00 61 0530
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rephasing of weak bases, always one ofMu andMd can have
the symmetric Fritzsch form and the other can have the N
form @9#. Demanding to deal with the quark and lepton ma
matrices on the same footing, we have proposed a four
ture zero model@10#, in which all the quark and lepton mas
matrices,Mu , Md , Me , andM n are Hermitian and have th
same textures. HereM n andMe are mass matrices of neutr
nos (ne ,nm ,nt) and charged leptons (e,m,t), respectively.
Namely their~1,1!, ~1,3!, and~3,1! components are zeros an
the others are nonzero valued. This model was also discu
by Du and Xing@11#, by Fritzsch and Xing@12#, by Kang
and Kang@13#, by Kang, Kang, Kim, and Kim@14#, and by
Chkareuli and Froggatt@15#, mainly in the quark sector. This
model is compatible with the large top quark mass, the sm
quark mixing angles, and the largenm-nt neutrino mixing
angles via the seesaw mechanism. In this article, we dis
the above four texture zero model embedding in the SO~10!
GUTs. The SO~10! GUTs impose some further constrain
on the mass matrices. Using those constraints we predic
the entries of the lepton mixing matrix and neutrino mass
which are consistent with the experimental data, in terms
three free parameters left in the model.

This article is organized as follows. In Sec. II we revie
four texture zero model. In Sec. III we present a mass ma
model motivated by SO~10! GUTs . This model is combined
with the four texture zeroAnsätze in Sec. IV. Section V is
devoted to summary.

II. FOUR TEXTURE ZERO QUARK-LEPTON MASS
MATRICES

Phenomenological quark mass matrices have been
cussed from various points of view@16#. In this section we
review our quark and lepton mass matrix model@10#. The
mass term in the Lagrangian is given by

LM52qR,i
u Mui jqL, j

u 2qR,i
d Mdi jqL, j

d 2 l R,iMei jl L, j

2nR,i8 MDi j nL, j2
1

2
~nL,i !

cMLi j nL, j2
1

2
~nR,i8 !cMRi jnR, j8

1H.c., ~1!
©2000 The American Physical Society01-1
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with

qL,R
u 5S u

c

t
D

L,R

, qL,R
d 5S d

s

b
D

L,R

, l L,R5S e

m

t
D

L,R

,

nL5S ne

nm

nt

D
L

, nR85S ne8

nm8

nt8
D

R

, ~2!

whereMu , Md , Me , MD , ML , andMR are the mass ma
trices for up quarks, down quarks, charged leptons, D
neutrinos, left-handed Majorana neutrinos, and right-han
Majorana neutrinos, respectively. The mass matrix of li
Majorana neutrinosM n is given by

M n5ML2MD
T MR

21MD , ~3!

which is constructed via the seesaw mechanism@5# from the
block-diagonalization of neutrino mass matrix,

S ML MD
T

MD MR
D . ~4!

We set anAnsätz that the mass matricesMu , Md , Me ,
and M n are Hermitian and have the same textur
Our model is different from the Fritzsch model in the sen
that ~2,2! components are not zeros and that our model d
with the quark and lepton mass matrices on the same foo
The mass matricesMD , ML , andMR are, furthermore, as
sumed to have the same zero texture asM n . This ansatz
restricts the texture forms@10# and we choose our following
texture because it is most closely related with the NNI fo
@8#:

NNI:S 0 * 0

* 0 *

0 * *
D , Our Texture :S 0 * 0

* * *

0 * *
D . ~5!

The nonvanishing~2,2! component distinguishes our form
from NNI’s. Thus the quark and lepton mass matrices
described as follows:
05300
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Mu5S 0 Au 0

Au Bu Cu

0 Cu Du

D ,

Md5PdS 0 Ad 0

Ad Bd Cd

0 Cd Dd

D Pd
†

5S 0 Adeia12 0

Ade2 ia12 Bd Cdeia23

0 Cde2 ia23 Dd

D , ~6!

Me5PeS 0 Ae 0

Ae Be Ce

0 Ce De

D Pe
†

5S 0 Aee
ib12 0

Aee
2 ib12 Be Cee

ib23

0 Cee
2 ib23 De

D ,

M n5S 0 An 0

An Bn Cn

0 Cn Dn

D ,

where Pd[diag(eia1,eia2,eia3), a i j [a i2a j , and Pe
[diag(eib1,eib2,eib3), b i j [b i2b j .

Let us discuss the relations between the following te
ture’s components of mass matrixM:

M5S 0 A 0

A B C

0 C D
D ~7!

and its eigenmassmi . They satisfy

B1D5m11m21m3 ,

BD2C22A25m1m21m2m31m3m1 ,

DA252m1m2m3 . ~8!

Therefore, the mass matrix is classified into two types
choosingB andD as follows:

@ type I# B5m2 , D5m31m1 ,

@ type II# B5m1 , D5m31m2 . ~9!

In the previous paper@10# we showed that type I is
compatible with the experimental data both for the qua
and lepton mass matrices. So, we concentrate on the ty
case.
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In the type I case (B5m2 , D5m31m1), the otherA andC take the following value from Eq.~8!:

A5A~2m1!m2m3

m31m1
, C5A~2m1!m3~m32m21m1!

m31m1
. ~10!

Transformingm1 into 2m1 by rephasing, the mass matrixM becomes

M5S 0 Am1m2m3

m32m1

0

Am1m2m3

m32m1

m2 Am1m3~m32m22m1!

m32m1

0 Am1m3~m32m22m1!

m32m1

m32m1

D
.S 0 Am1m2 0

Am1m2 m2 Am1m3

0 Am1m3 m32m1

D ~ for m3@m2@m1!. ~11!

The orthogonal matrixO which diagonalizesM in Eq. ~11! as

OTS 0 Am1m2 0

Am1m2 m2 Am1m3

0 Am1m3 m32m1

D O5S 2m1 0 0

0 m2 0

0 0 m3

D ~12!

is given by

O5S A m2m3
2

~m21m1!~m3
22m1

2!
A m1m3~m32m22m1!

~m21m1!~m32m2!~m32m1!
A m1

2m2

~m32m2!~m3
22m1

2!

2A m1m3

~m21m1!~m31m1!
A m2~m32m22m1!

~m21m1!~m32m2!
A m1m3

~m32m2!~m31m1!

A m1
2~m32m22m1!

~m21m1!~m3
22m2

2!
2A m1m2m3

~m32m2!~m21m1!~m32m1!
A~m3!2~m32m22m1!

~m3
22m2

2!~m32m2!

D
.S 1 Am1

m2
Am1m2

2

m3
3

2Am1

m2

1 Am1

m3

A m1
2

m2m3
2Am1

m3

1

D ~ for m3@m2@m1!. ~13!

The mass matrices for quarks and charged leptons,Md , Mu , andMe , are considered to be of this type I and are given b
053001-3
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Md.PdS 0 Amdms 0

Amdms ms Amdmb

0 Amdmb mb2md

D Pd
† ,

Mu.S 0 Amumc 0

Amumc mc Amumt

0 Amumt mt2mu

D ,

Me.PeS 0 Amemm 0

Amemm mm Amemt

0 Amemt mt2me

D Pe
† . ~14!

ThoseMd , Mu , and Me are, respectively, diagonalized b
matricesPdOd , Ou , andPeOe . Here the orthogonal matri
cesOd , Ou , andOe which diagonalizePd

†MdPd , Mu , and
Pe

†MePe are obtained from Eq. ~13! by replacing
m1 , m2 , m3 by md , ms , mb , by mu , mc , mt , and by
me , mm , mt , respectively. In this case, the Cabibb
Kobayashi-Maskawa~CKM! quark mixing matrixV can be
written as

V5Pq
21Pd

21Ou
TPdOdPq

.S uV11u uV12u uV13ue2 if

2uV12u uV22u uV23u

uV12V23u2uV13ueif 2uV23u uV33u
D ,

~15!

where thePd
21 factor is included to putV in the form with

diagonal elements real to a good approximation. Furth
more, thePq

21 and Pq5diag(eif1,eif2,eif3) with f12f2

5arg(Pd
21Ou

TPdOd)12 and f12f35arg(Pd
21Ou

TPdOd)23

come from the choice of phase convention as Eq.~15!. The
explicit forms of the components ofV are obtained@10# as

uV12u.UAmd

ms
2Amu

mc
e2 ia12U,

uV23u.UAmd

mb
2Amu

mt
e2 ia23U,

uV13u.UAmd
2ms

mb
3

2Amu

mc
SAmd

mb
2Amu

mt
e2 ia23D e2 ia12U ,

cosf.
uV12u21mu /mc2md /ms

2uV12uAmu /mc

. ~16!

The lepton mixing matrixU ~hereafter we call it the
Maki-Nakagawa-Sakata~MNS! mixing matrix @17#! is given
by
05300
r-

U5Pe
†Oe

TPeOn5S U11 U12 U13

U21 U22 U23

U31 U32 U33

D , ~17!

where thePe
† factor is included to putU in the form with

diagonal elements real to a good approximation. Here theOn

is the orthogonal matrix which diagonalizes the light Maj
rana neutrino mass matricesM n given by Eq.~3!.

III. MASS MATRICES IN THE CONTEXT OF SO „10… GUTS

Even if we succeeded in constructing the quark mass
trices Mu and Md consistent with experiments, we have i
finitely many mass matrices equivalent to theMu and Md

which are defined as

Mu85F†MuGu , Md85F†MdGd , ~18!

with arbitrary unitary matricesF, Gu , andGd in the standard
SUL(2)3UY(1) model, and withGu5Gd in the SUL(2)
3SUR(2)3UY(1) model. The fact that quark and lepto
mass matrices have the same form strongly suggests tha
quarks and leptons belong to the same multiplets. So in
section we try to incorporate our mass matrix in the cont
of SO~10! GUTs. We consider two SO~10! symmetry break-
ing patterns:

~ i! SO~10!→SU~4!3SUL~2!3SUR~2!→SUc~3!

3SUL~2!3SUR~2!3U~1!→Gs ,

~ ii ! SO~10!→SU~5!→Gs , ~19!

whereGs5SUc(3)3SUL(2)3U(1).

A. The case of SO„10… breaking down
to SU„4…3SUL„2…3SUR„2…

Here we consider the charge-conjugation-conserv
~CCC! version@18–20# of the SO~10! model in which left-
right discrete~not manifest! symmetry is imposed.

In the SO~10! model @21–23#, the left- ~right-! handed
fermionscL(R) i in a given i th generation are assigned to
single irreducible16. Since16316510S1120A1126S , the
fermion masses are generated when the Higgs fields of10,
and 120, and 126 dimensional SO~10! representation~de-
noted byf10, f120, andf126, respectively! develop nonva-
nishing expectation values. Their decomposition un
SU(4)3SUL(2)3SUR(2) are given by
1-4
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105~6,1,1!1~1,2,2!,

1205~15,2,2!1~6,3,1!1~6,1,3)1~1,2,2!1~10,1,1!

1~10,1,1!, ~20!

1265~10,1,3!1~10,3,1!1~15,2,2!1~6,1,1!.

On the other hand, the fermion field of 16-dimensin
SO~10! representation is decomposed as

165~4,2,1!1~ 4̄,1,2!. ~21!

With respect toSU(4)3SUL(2)3SUR(2), the left- and
right-handed quarks and leptons of a giveni th generation are
assigned as

S ur uy ub ne

dr dy db e D
L(R)

[FL(R)1 , ~22!

and FL(R)2 and FL(R)3 are likewise defined for the 2nd an
3rd generations. Note that their transformation properties
FLi5(4,2,1) and FRi5(4,1,2) and that (FLi1FRi) yields
the 16 of SO~10!. Since (4,2,1)3(4̄,1,2)5(15,2,2)
1(1,2,2), the Dirac masses for quarks and leptons are g
erated when neutral components in a~1,2,2! multiplet in
f10, ~1,2,2! and ~15,2,2! in f120, and ~15,2,2! in f126 of
SU(4)3SUL(2)3SUR(2),SO(10) develop nonvanishing
expectation values. On the other hand, the (10,3,1) and
(10,1,3) in f126 are responsible for the left- and th
right-handed Majorana neutrino masses through the Hig
lepton-lepton interactions (10,3,1)(4,2,1)(4,2,1) and

FIG. 1. The case whereMu , Md , andMe are all of purely type
I is analyzed. The experimental constraint onuU23u (0.28<uU23u2

<0.72) gives the allowed region~four thick lines! in the cosa12-r
plane. Here ther is treated as a free parameter.
05300
l

re

n-

s-

(10,1,3)(4̄,1,2)(4̄,1,2), respectively. Here the (10,3,1) is
the SUL(2) Higgs triplet @denoted byf(10,3,1)# and the
(10,1,3) is theSUR(2) Higgs triplet@f(10,1,3)#.

In the CCC version of the SO~10! model , the mass ma
trices Mu , Md , Me , MD , ML , and MR , for up quarks,
down quarks, charged leptons, Dirac neutrinos, left-han
Majorana neutrinos, and right-handed Majorana neutrin
respectively, are given, in the lowest tree level, by

FIG. 2. The slight deviation from type I (jÞ0) makes physical
parameters change drastically . The dotted lines~solid lines! show
the j dependence for cosa23>0 (cosa23<0) in each diagram. All
lines terminate at the points from whereucosa23u>1 or ucosb23u
>1 as will be seen from Fig. 9 and Fig. 11.~a! The diagram of the
elements in the neutrino mass matrixM n versus j. Except for
uCn(r 82g/s8)u the dotted lines are overlapped with the correspo
ing solid lines.~b! The diagram of the neutrino mass eigenvalu
versusj. ~c! The MNS mixing matrices versusj.
1-5
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Mu5S(10)^f1
1 &1A(120)S ^f1

3 &1
1

3
^f1

38& D
1S(126)

1

3
^f1

5 &,

Md5S(10)^f2
1 &1A(120)S 2^f2

3 &1
1

3
^f2

38& D
2S(126)

1

3
^f2

5 &,

rM e5S(10)^f2
1 &1A(120)~2^f2

3 &2^f2
38&!

1S(126)^f2
5 &, ~23!

r 8MD5S(10)^f1
1 &1A(120)~^f1

3 &2^f1
38&!

2S(126)^f1
5 &,

sML5S(126)^f~10,3,1!&,

s8MR5S(126)^f~10,1,3!&,

where^f6
1 & are the vacuum expectation values of the Hig

fields of f10, ^f6
3 & and ^f6

38& of f120, and ^f6
5 &,

^f(10,3,1)& and ^f(10,1,3)& of f126. See Ref.@20# for
details and the notations. The matricesS(10) and S(126) are
real symmetric matrices andA(120) is a pure imaginary ma
trix. These matrices are the coupling-constant matri

FIG. 3. The experimental constraint onuU23u (0.28<uU23u2

<0.72) gives the allowed region~dotted area! in the cosa12-j
plane.
05300
s

s

which appear in the Yukawa coupling of fermion fields wi
Higgs field, which is given by

2LY5Si j
(10)~cLi !

cf10cL j1Ai j
(120)~cLi !

cf120cL j

1Si j
(126)~cLi !

cf126cL j1~L↔R!1H.c. ~24!

The cL(R) i are the 16 irreducible representations of the le
and right- handed fermion fields in a giveni th generation.
The property thatS(10) andS(126) are symmetric andA(120) is

FIG. 4. The allowed region in the cosa12-j plane from the
experimental constraintsDm12

2 /Dm23
2 <(131024)/(3.531023)

52.931022.

FIG. 5. The allowed region in the cosa12-j plane from the
experimental constraints 0.28<uU23u2<0.72 andDm12

2 /Dm23
2 <2.9

31022.
1-6
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FIG. 6. The r is treated as a
free parameter. Figure~a! shows
the allowed region in the
cosa12-r -j space from the experi-
mental constraints 0.28<uU23u2

<0.72 and Dm12
2 /Dm23

2 <2.9
31022. Figures~b!, ~c!, and ~d!
show the projected allowed re
gions in the cosa-j, j-r , and
cosa-r planes, respectively.
eir
n

-

nd
th
o
u
o

no
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-

n

o

re

are
antisymmetric results from the decomposition16316510S
1120A1126S , whereas the property thatS(10) andS(126) are
real andA(120) is purely imaginary is a consequence of th
being Hermitian, which in turn comes from the requireme
of the invariance ofLY under the discrete symmetrycL↔cR

c

@20#. In Eq. ~23!, the factorsr .(2;3), r 8, s, and s8,
all roughly of order unity, are the renormalization
group-equation factors@24,19# which arise from the
differences in the renormalization of the lepton a
quark masses due to the color quantum numbers of
quarks and so on. The overall factor comes from the lo
correction of gauge boson in the renormalization group eq
tion. Exactly we should consider the evolution equation
Yukawa coupling and in this case mass matrices get re
malized in a somewhat different form. Therefore, this form
an approximation. We will also discuss this point in the la
section.

We now make the following assumptions.
~i! The contribution from120 is assumed to be small com

pared with the contributions from10 and126, and hence it is
neglected inMu andMD . On the other hand, it is retained i
Md and Me , for the main termS(10)^f2

1 & is smaller by the
factor a5^f2

1 &/^f1
1 &, which is of order of (mb /mt) @see

Eq. ~27!#. This is an assumption for simplicity in order t
incorporate Eq.~6!.

~ii ! All the vacuum expectation values of Higgs fields a
05300
t

e
p
a-
f
r-

t

assumed to be real so that all the fermion mass matrices
Hermitian.

With these assumptions, Eq.~24! becomes

Mu5S1eS8,

Md5aS1S81A85aMu1A82~ae21!S8,

rM e5aS23S81dA85aMu1dA82~ae13!S8,
~25!

r 8MD5S23eS8,

sML5bS8,

s8MR5gS8,

where the matricesS, S8, andA8 and the real parametersa,
b, g, andd are defined by
1-7
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FIG. 7. The allowed region in
the cosa-r -j space from the ex-
perimental constraints 0.28
<uU23u2<0.72, the small mixing
angle solution of the solar neu
trino experiments@sin22u125(2 –
10)31023], and the up-to-date
value of mass difference
Dm12

2 / Dm23
2 5@(4 – 10)31026#/

@(1.5 – 6)3 1023# 5 (0.67 – 6.7)
31023.
he

.

hen

e-

-

S5S(10)^f1
1 &, S85S(126)S 2

1

3
^f2

5 & D ,

A85A(120)S 2^f2
3 &1

1

3
^f2

38& D ,

a5^f2
1 &/^f1

1 &, b5^f~10,3,1!&Y S 2
1

3
^f2

5 & D ,

~26!

g5^f~10,1,3!&Y S 2
1

3
^f2

5 & D ,

d5~^f2
3 &1^f2

38&!Y S ^f2
3 &2

1

3
^f2

38& D .

Note that solving diagonal elements of Eq.~25! for a, one
finds

a5
3 TrMd1r Tr Me

3 TrMu1r 8Tr MD

.
mb

mt
, ~27!
05300
which is about 0.02. As mentioned already, this is why t
A(120) andS(126) terms are kept inMd andMe . Equation~25!
is our SO~10!-motivated model for fermion mass matrices

B. The case of SO„10… breaking down to SU„5…

In this case, the fermion masses are also generated w
the Higgs fields of10, and120, and126dimensional SO~10!
representation~denoted byf10, f120, and f126, respec-
tively! develop nonvanishing expectation values. Their d
composition underSU(5) are given by

105515̄,

1205515̄110110145145, ~28!

1265115̄110115145150.

The Yukawa couplings inLY give the following fermion
masses when the neutral components in a5 and 5̄ Higgs
multiplet in f10, 5, 5̄, 45, and45 in f120, and1, 5̄, 15, and
45 in f126 of SU(5),SO(10) develop nonvanishing expec
tation values@25,23#:
1-8
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FIG. 8. The allowed region in
the cosa12-r -j space from the ex-
perimental constraints 0.28
<uU23u2<0.72, the large mixing
angle solution of the solar
neutrino experiments sin22u12

5(0.5–1!, and the up-to-date
value of mass difference
Dm12

2 /Dm23
2 5 @(8 – 30)3 1026#/

@(1.5– 6)31023#5(0.13– 2.0)
31023.
ra
de
Si j
(10)~cLi !

cf10cL j→Si j
(10)$^f10~5!&~uR,iuL, j1nR,i8 nL, j !

1^f10~ 5̄!&~dR,idL, j1eR,ieL, j !%,

Ai j
(120)~cLi !

cf120cL j→Ai j
(120)$^f120~ 5̄!&~dR,idL, j1eR,ieL, j !

1^f120~45!&~dR,idL, j23eR,ieL, j !

1^f120~5!&nR,i8 nL, j

1^f120~45!&uR,iuL, j%, ~29!

Si j
(126)~cLi !

cf126cL j→Si j
(126)$^f126~5!&~uR,iuL, j23nR,inL, j !

1^f126~45!&~dR,idL, j23eR,ieL, j !

1^f126~1!&nR,i8c nR, j8

1^f126~15!&nL,i
c nL, j%,

Therefore, the mass matricesMu , Md , Me , MD , ML , and
MR , for up quarks, down quarks, charged leptons, Di
neutrinos, left-handed Majorana neutrinos, and right-han
Majorana neutrinos, respectively, are given by
05300
c
d

Mu5S(10)^f10~5!&1A(120)
Šf120~45!&1S(126)^f126~5!&,

Md5S(10)^f10~ 5̄!&1A(120)
„^f120~ 5̄!&1^f120~45!&…

1S(126)^f126~45!&,

rM e5S(10)^f10~ 5̄!&1A(120)
„^f120~ 5̄!&23^f120~45!&…

23S(126)^f126~45!&, ~30!

r 8MD5S(10)^f10~5!&1A(120)^f120~5!&23S(126)^f126~5!&,

sML5S(126)^f126~15!&,

s8MR5S(126)^f126~1!&,

These mass matrices reduce to the same form as Eq.~25! by
assuming again that the contributions from the120 Higgs
representation inMu andMD are negligible and by defining
the matricesS, S8, andA8 and the real parametersa, b, g,
andd, instead of Eq.~26!, as
1-9
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FIG. 9. The allowed region in
the cosa23-r -j space from the
same constraints as in Fig. 6.
S5S(10)^f10~5!&, S85S(126)^f126~45!&,

A85A(120)
„^f120~ 5̄!&1^f120~45!&…,

a5^f10~ 5̄!&/^f10~5!&, b5^f126~15!&/^f126~45!&,
~31!

g5^f126~1!&/^f126~45!&,

d5„^f120~ 5̄!&23^f120~45!&…/„^f120~ 5̄!&1^f120~45!&…,

Thus, Eq.~25! is our SO~10!-motivated model for fermion
mass matrices for both the SO~10! breaking patterns~i! and
~ii ! in Eq. ~19!.

IV. FOUR TEXTURE ZERO MODEL IN SO „10…

The SO~10! model Eq.~25! is now combined with the
four texture zeroAnsätze for Mu , Md , and Me which are
given by Eq.~6!.

First it follows from Eq.~25! that S, S8, andA8 are rep-
resented in terms of the symmetric~antisymmetric! parts,
Msym (Mantisym), of Mu , Md , andMe :
05300
~12ae!S5~Mu!sym2e~Md!sym,

S85
1

4
$~Md!sym2r ~Me!sym%, ~32!

A85~Md!antisym.

We also find the constraints

~12ae!r ~Me!sym54a~Mu!sym2~31ae!~Md!sym,

d~Md!antisym5r ~Me!antisym. ~33!

Using the four texture zeroAnsätze for Mu , Md , and Me
given by Eq.~6!, the respective elements of Eq.~33! become

~12ae!rAe cosb1254aAu2~31ae!Ad cosa12,

~12ae!rBe54aBu2~31ae!Bd ,

~12ae!rCe cosb2354aCu2~31ae!Cd cosa23,

~12ae!rD e54aDu2~31ae!Dd , ~34!

dAd sina125rAe sinb12,

dCd sina235rCe sinb23.
1-10



SO~10! GUT AND QUARK-LEPTON MASS MATRICES PHYSICAL REVIEW D61 053001
FIG. 10. The allowed region in
the cosb12-r -j space from the
same constraints as in Fig. 6.
a
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In Eq. ~34! there are six equations and eight unknown p
rameters, namelya, e, d, a12, a23, b12, b23, and r pro-
vided thatAu , Bu , . . . ,De are given. In the following, we
treat cosa12 and r as free parameters so that all the oth
parameters are functions of them. Here we treatr as a free
parameter too, although we knowr .(2 –3!. Let us present
the following useful expressions which are derived fro
Eq. ~34!:

cosb125S BeDd2DeBd

BuDd2DuBd
D S Au

Ae
D

2S BeDu2DeBu

BuDd2DuBd
D S Ad

Ae
D cosa12,

cosb235S BeDd2DeBd

BuDd2DuBd
D S Cu

Ce
D

2S BeDu2DeBu

BuDd2DuBd
D S Cd

Ce
D cosa23,
05300
-

r

sinb23

sina23
5S AeCd

AdCe
D sinb12

sina12
,

a5

r S BeDd2DeBd

BuDd2DuBd
D

r S BeDu2DeBu

BuDd2DuBd
D11

, e5

r S BeDu2DeBu

BuDd2DuBd
D23

r S BeDd2DeBd

BuDd2DuBd
D ,

d5r S Ae

Ad
D sinb12

sina12
. ~35!

Now we discuss the Maki-Nakagawa-Sakata~MNS! lep-
ton mixing matrix and neutrino masses. The light Majora
neutrino mass matrixM n is given by Eq.~3!, where the
Dirac neutrino, left- and right-handed Majorana neutri
mass matricesMD , ML , andMR are expressed in terms o
the entries of the quarks and charged lepton mass mat
due to the SO~10! constraints and their expressions a
given, from Eqs.~25! and ~32!, by
1-11
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FIG. 11. The allowed region in
the cosb23-r -j space from the
same constraints as in Fig. 6.
of
d

r 8MD5S23eS85S 0 AD 0

AD BD CD

0 CD DD

D ,

sML5bS85bS 0 AS8 0

AS8 BS8 CS8

0 CS8 DS8

D , ~36!

s8MR5gS85gS 0 AS8 0

AS8 BS8 CS8

0 CS8 DS8

D ,

where the elementsAD , BD , CD , CD , AS8 , BS8 , CS8 , and
CS8 are obtained as

AD5Au2e~Ad cosa122rAe cosb12!,

BD5Bu2e~Bd2rBe!,

CD5Cu2e~Cd cosa232rCe cosb23!, ~37!

DD5Du2e~Dd2rD e!,
05300
and

AS85
1

4
~Ad cosa122rAe cosb12!,

BS85
1

4
~Bd2rBe!,

CS85
1

4
~Cd cosa232rCe cosb23!, ~38!

DS85
1

4
~Dd2rD e!.

In the following analysis, we assume that the contribution
ML to M n in Eq. ~3! is much smaller than that of the secon
term so that we have M n5ML2MD

T MR
21MD.

2MD
T MR

21MD . Then, all the componentsAn , Bn , Cn , and
1-12



ll

lso

t

be

SO~10! GUT AND QUARK-LEPTON MASS MATRICES PHYSICAL REVIEW D61 053001
Dn in Eq. ~6! are determined, from Eqs.~36!, ~37!, and~38!,
as functions of cosa12 and r except for the common overa
factor s8/(r 82g) as

M n5S 0 An 0

An Bn Cn

0 Cn Dn

D
52s8/~r 82g!S 0 AD 0

AD BD CD

0 CD DD

D
3S 0 AS8 0

AS8 BS8 CS8

0 CS8 DS8

D 21S 0 AD 0

AD BD CD

0 CD DD

D , ~39!

FIG. 12. The dependence of log10um1 /m2u ~a! and log10um2 /m3u
~b! on j for cosa1250.2 and r 53. The dotted line~solid line!
shows thej dependence for cosa23>0 (cosa23<0) in each dia-
gram. Both lines terminate at the points from whereucosa23u>1 or
ucosb23u>1 as are seen from Fig. 9 and Fig. 11. The singular
haviors of~a! and ~b! come from those ofm1 andm2 ~see Fig. 2!.
05300
An52
s8

r 82g
S AD

2

AS8
D ,

Bn52
s8

r 82g
H ADBD

AS8

1CDS CD

DS8

2
ADCS8

AS8DS8
D

1ADS BD

AS8

2
CDCS8

AS8DS8

2
AD~2CS8

21BS8DS8!

AS8
2DS8

D J ,

Cn52
s8

r 82g
H ADCD

AS8

1DDS CD

DS8

2
ADCS8

AS8DS8
D J ,

Dn52
s8

r 82g
S DD

2

DS8
D . ~40!

Therefore, the neutrino mass ratiosm1 /m2 and m2 /m3

and hence MNS lepton mixing matrix elements are a
determined as functions of cosa12 and r. The common
overall factor s8/(r 82g) is determined by theDm2 data
from neutrino oscillation experiments. The ligh
Majorana neutrino masses are obtained by diagonalizingM n

as

On
TS 0 An 0

An Bn Cn

0 Cn Dn

D On5S m1 0 0

0 m2 0

0 0 m3

D . ~41!

For the case in whichBn ,Cn ,Dn@An is satisfied, the neu-
trino masses are approximately expressed in terms ofAn ,
Bn , Cn , andDn as

-

1-13
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m1.2
DnAn

2

BnDn2Cn
2

,

m2.
1

2
$Bn1Dn2A~Bn1Dn!224~BnDn2Cn

2!%1

Dn
21Cn

22
1

2
Dn$Bn1Dn2A~Bn1Dn!224~BnDn2Cn

2!%

~BnDn2Cn
2!A~Bn1Dn!224~BnDn2Cn

2!
An

2 ,

~42!

m3.
1

2
$Bn1Dn1A~Bn1Dn!224~BnDn2Cn

2!%2

Dn
21Cn

22
1

2
Dn$Bn1Dn1A~Bn1Dn!224~BnDn2Cn

2!%

~BnDn2Cn
2!A~Bn1Dn!224~BnDn2Cn

2!
An

2 .
th

f-

xin

ou
te

u-

ed

n
g

di-

rs

,
-
m-

ctor

ive

-

this
ve
The orthogonal matricesOn which diagonalizeM n are ex-
pressed in terms of the diagonalized massesm1 , m2, andm3
and the matrix componentsAn , Bn , Cn , andDn as @14#

On5S An

m1
~On!21

An

m2
~On!22

An

m3
~On!23

~On!21 ~On!22 ~On!23

Cn

m12Dn
~On!21

Cn

m22Dn
~On!22

Cn

m32Dn
~On!23

D ,

~43!

with

~On!21
2 5

1

S An

m1
D 2

111S Cn

m12Dn
D 2 ,

~On!22
2 5

1

S An

m2
D 2

111S Cn

m22Dn
D 2 , ~44!

~On!23
2 5

1

S An

m3
D 2

111S Cn

m32Dn
D 2 .

It should be remarked that the light neutrino mass matrixM n

itself is out of type I via the seesaw mechanism and that
MNS lepton mixing matrix is obtained from Eqs.~43! and
~17!. Since Oe is almost diagonal, the magnitudes of of
diagonal elements are predominated by Eq.~44!. Thus the
seesaw mechanism changes the form of the lepton mi
matrix from that of the CKM matrix given by Eq.~16!.

Now, by changing the values of the free parameters in
model, we proceed to find the solutions which are consis
with the recent following findings that~i! the atmospheric
neutrino oscillation experiment indicates thenm-nt large
mixing (0.28&uU23u2&0.72 @26#! with Dm23

2 5m3
22m2

2

5(1.5;6)31023.3.531023 eV2, and ~ii ! the solar neu-
trino experiments imply the MSW small mixing angle sol
tion @27# with Dm12

2 5m2
22m1

25(4 – 10)31026 eV2 and
05300
e

g

r
nt

sin22u125(2 –10)31023, or the large mixing angle solution
@27# with Dm12

2 5m2
22m1

2.(8 –30)31026 eV2 and
sin22u125(0.5–1!. In the following analysis, we transform
Ae , Be , Ce , andDe in Eq. ~6! into 2Ae , 2Be , 2Ce , and
2De , respectively by rephasing of the right-handed charg
lepton fields.

First assuming that the mass matricesMu , Md , andMe
are all of type I, we calculate numerically the MNS lepto
mixing matrix U using the central values for the runnin
quarks and charged leptons masses atm5mZ @28#:

mu~mZ!52.3320.45
10.42 MeV,

mc~mZ!5677261
156 MeV, mt~mZ!5181613 GeV,

md~mZ!54.6920.66
10.60 MeV,

ms~mZ!593.4213.0
111.8 MeV, mb~mZ!53.0060.11 GeV,

~45!

me~mZ!50.487 MeV, mm~mZ!5103 MeV,

mt~mZ!51.75 GeV.

Since the recent atmospheric neutrino oscillation data in
cates large value of~2,3! element of U, (0.28&uU23u2
&0.72@26#!, we obtain the allowed region of the paramete
space, cosa12 vs r space which reproduces a largeuU23u. The
result is given in Fig. 1. In this allowed parameter regionr
.3 is automatically satisfied without any fine tuning. How
ever, we have a serious problem that in this allowed para
eter space we cannot accommodate the overall fa
s8/(r 82g) simultaneously to the dataDm12

2 5m2
22m1

2

&1024 eV2 ~here we have adopted a rather conservat
value; we accept more restrictive ones later! from solar neu-
trino oscillation experiments and the dataDm23

2 5m3
22m2

2

.3.531023 eV2 from atmospheric neutrino oscillation ex
periments. Taking deviations from the central values@28# for
quarks and charged leptons masses does not resolve
problem. This difficulty is resolved by abandoning the abo
assumption that the mass matricesMu , Md , andMe are all
of type I. Let us assume thatMe deviates from type I al-
1-14
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thoughMu andMd are of type I. Then, we can accommodate the overall factors8/(r 82g) simultaneously to bothDm2 data
from solar and atmospheric neutrino oscillation experiments.

Next we discuss this new scenario and show that there are solutions consistent with the data. First we repre
deviation from type I asBe5mm(11j). In this case, the entries of the mass matrixMe for charged leptons in Eq.~6! are
given, in the unit of eV, as

Ae5A memmmt

mt2jmm2me
.7.13106,

Be5~11j!mm.1.023108~11j!,

Ce5A~me1jmm!„mt2~11j!mm2me…S mt2jmm

mt2jmm2me
D .A8.13101411.731017j,

De52me2jmm1mt.7.13109, ~46!

and the expressions fore, a and the elements of the matricesS andS8 are given by

e.2
„2r ~11j!mm13ms…mt2mc~3mb2rmt!

r „~11j!mbmm2msmt…
,

a.2
r „~11j!mbmm2~11j!mdmm2msmt…

mbmc1~2rmm2r jmm2ms!mt2mc~md2rmt!
,

S12.„~rmm1ms!@cosa12Amdms~23mbmc2r ~11j!mmmt!1cosa12Amdms~3msmt1rmcmt!

2r ~2mbmm1msmt!Amcmu#…/„4rms~mbmm2msmt!…,

S22.2
~2rmm2ms!„2r ~11j!mm13ms…mt

4r ~mbmm2msmt!
,

S23.„2cosa23Ambmd~2rmm2ms!mt@23mbmc2r ~11j!mmmt13msmt1rmcmt#

2r ~2rmm2ms!mt@~11j!mbmm2msmt#Amtmu…/†r
2mt@mbmcmm1ms~jmmmt2mcmt!#

2r „3mb
2mcmm14ms

2mtmt2mbms@~41j!mmmt13mcmt#…‡,

S33.2
~2rmm2ms!mt~3mb2rmt!

4r ~mbmm2msmt!
,

S128 .
„cosa12Amdms~rmm1ms!mt2r ~mbmm2msmt!Amcmu…

4msmt
,

S228 .
1

4
~rmm1ms!,

S238 .2S cosa23Ambmd1
r ~mbmm2msmt!mu

~2rmm2ms!Amtmu
D Y S 211

~mbmm2msmt!„@2r ~11j!mm13ms#mt2mc~3mb2rmt!…

~2rmm2ms!mt„~11j!mbmm2msmt…
D ,

S338 .
1

4
~mb2md1rmt!. ~47!
053001-15
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The pointr .3 is rather singular in the following sense. A
is seen from Eq.~35!, e becomes small atr .3, hence we
cannot neglectj in this region. That is,e is sensitive to small
j. For instance, substituting Eq.~47! into Eqs.~25! we obtain
MD andMR and thereforeM n through Eq.~39!. The behav-
iors of the elements in the neutrino mass matrixM n are
depicted in Fig. 2. The largenm-nt neutrino mixing appears
under the condition thatBn.Dn which is realized atj
.0.02. By changingj freely with fixedr (53), we can well
reproduce the experimental data as shown in Figs. 3–5
which the constraints fromuU23u, Dm12

2 /Dm23
2 , and the

both are satisfied, respectively. It is seen from Fig. 5 that
deviatingBe a little bit from type I (j;0.01), we can well
reproduce the experimental data for the solar neutrino os
lation and atmospheric neutrino deficit. If we relax the co
dition r 53 and changer freely as well as cosa12 and j
around the values of the above solutions, we have the la
allowed region as is shown in Fig. 6. In the above allow
regions shown in Figs. 1–5, we have used only the con
vative condition forDm12

2 from the solar neutrino experi
ments, that is, we have not used the constraints of the mi
angle from the solar neutrino oscillation experiments. Wh
we take them into account in addition to the constraints fr
Dm12

2 , we obtain more restrictive allowed region than that
Fig. 6. Under the condition of the small mixing angle so
tion for solar neutrino experiments, the larger region
ucosa12u in Fig. 6 is eliminated and we have the allowe
region as is shown in Fig. 7. On the other hand, under
condition of the large mixing angle solution, the smaller
gion of ucosa12u is eliminated and the allowed region
given in Fig. 8. It should be noted that as seen in Fi
6–8 our model not only satisfies the experimental obse
tions in the lepton sector but also provides the restriction
the CP violation phase, cosa12, from the neutrino oscilla-
tion experiments. Of course, we can also restrict the o
CP violation phases, cosa23, cosb12 and cosb23, which are
respectively depicted in Figs. 9–11. Also it follows from E
~39! that the neutrino mass ratiosum1 /m2u and um2 /m3u be-
come sensitive functions ofj, as are shown in Fig. 12 takin
typical values ofr and cosa12. The common overall facto
s8/(r 82g) in Eq. ~39! is determined to be of order 10213 by
theDm2 data from the solar and atmospheric neutrino os
lation experiments.

Finally we discuss the entries of the Cabibbo-Kobayas
Maskawa~CKM! quark mixing matrix which are given by
Eqs. ~16! with ~35!. In our model, all the elements of th
CKM mixing matrix are also functions of two free param
er

ed

05300
in

y

il-
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er
d
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g
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f

f

e
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.
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eters cosa12 and j. The parameters determined so far fro
the lepton sector do not give rise to any inconsistency w
the data in quark sector.

V. SUMMARY

In this paper we have presented and discussed a mod
texture four zero quark-lepton mass matrices in the con
of SO~10!. The consistent fitting of the free parameters to t
data for neutrino oscillation experiments has forced us to
the charged lepton mass matrix which slightly deviates fr
purely type I form ~j;0.01!. Using this deviated type o
mass matrix for the charged leptons and the mass matr
for quarks of type I, we have been able to reproduce f
entries in the CKM quark mixing matrix and to predict s
entries in the MNS lepton mixing matrix and three Majora
neutrino masses which are consistent with the experime
data. The model has also given the restrictions on theCP
violating phases which came from the neutrino oscillati
experiments. Remarkably enough the parameterr fixed from
data fitting is coincident with the valuer .(2 –3! obtained
from the renormalization equation@24#. So it is attractive to
expect that the above deviation (j;0.01) from type I form
can be obtained by taking the evolution equation of Yuka
coupling fully. ~In this paper we have considered the lo
correction of gauge boson in the evolution equation.! Though
the detail calculations will be developed in the forthcomi
paper, we will roughly outline our idea. That is,~charged
lepton! mass matrix is exactly of type I at some scale. Ho
ever, they change their form due to the evolutionary equa
of the Yukawa couplingYa until the corresponding Higgs
field acquires the vacuum expectation value@28#

dYa

dt
5

1

16p2
~Tf2Gf1H f !, ~48!

whereTf , Gf , H f are the vertex corrections due to th
fermion, the gauge boson and the Higgs boson, respectiv
After that, each mass furthermore changes its value acc
ing to the mass renormalization equation. The evolut
equation of Yukawa coupling is very sensitive to the Hig
potentials and the initial conditions. One such sensitivity h
been found in the behavior ofj. The details will be given in
a forthcoming paper.

ACKNOWLEDGMENTS

We are greatly indebted to Y. Koide for many usef
comments on the whole subject discussed in this article.
.

@1# T. Kajita, Talk at Neutrino ’98~Takayama, Japan, 1998!; Y.
Fukudaet al., Phys. Rev. Lett.81, 1562~1998!.

@2# Y. Takeuchi, Observation of solar neutrinos in Sup
Kamiokande present and future~Talk in Future of Neutrino
Physics at KEK, Japan, 1999!.

@3# M. Apollonio et al., Phys. Lett. B420, 397 ~1998!.
@4# K. Winter, Nucl. Phys. B~Proc. Suppl.! 38, 221 ~1995!.
@5# T. Yanagida, inProceedings of the Workshop on the Unifi
-

Theory and Baryon Number in the Universe, edited by O.
Sawada and A. Sugamoto~KEK, Tsukuba, 1979!, p. 95; M.
Gell-Mann, P. Ramond, and R. Slansky, inSupergravity, ed-
ited by D. Freedman and P. van Nieuwenhuizen~North-
Holland, Amsterdam, 1979!, p. 315; R. N. Mohapatra and G
Senjanovic, Phys. Rev. Lett.44, 912 ~1980!.

@6# H. Fritzsch, Nucl. Phys.B155, 189 ~1979!.
@7# P. Ramond, R. G. Roberts, and G. G. Ross, Nucl. Phys.B406,
1-16



,

p

,

.

d

s.

s,

i,

tt.

D

SO~10! GUT AND QUARK-LEPTON MASS MATRICES PHYSICAL REVIEW D61 053001
19 ~1993!.
@8# G. C. Branco, L. Lavoura, and F. Mota, Phys. Rev. D39, 3443

~1989!.
@9# E. Takasugi, Prog. Theor. Phys.98, 177 ~1997!.

@10# H. Nishiura, K. Matsuda, and T. Fukuyama, Phys. Rev. D60,
013006~1999!.

@11# D. Du and Z. Z. Xing, Phys. Rev. D48, 2349~1993!.
@12# H. Fritzsch and Z. Z. Xing, Phys. Lett. B353, 114 ~1995!.
@13# K. Kang and S. K. Kang, Phys. Rev. D56, 1511~1997!.
@14# K. Kang, S. K. Kang, C. S. Kim, and S. M. Kim

hep-ph/9808419.
@15# J. L. Chkareuli and C. D. Froggatt, Phys. Lett. B450, 158

~1999!.
@16# See, for example,Proceedings of the International Worksho

on Masses and Mixings of Quarks and Leptons, Shizuoka, Ja-
pan, 1997, edited by Y. Koide~World Scientific, Singapore
1998!.

@17# Z. Maki, M. Nakagawa, and S. Sakata, Prog. Theor. Phys.28,
247 ~1962!.

@18# A. Bottino, C. W. Kim, H. Nishiura, and W. K. Sze, Phys
05300
Rev. D34, 862 ~1986!.
@19# R. Johnson, S. Ranfone, and J. Schechter, Phys. Rev. D35,

282 ~1987!.
@20# A. Bottino, C. W. Kim, and H. Nishiura, Phys. Rev. D30,

1046~1984!. In this paper, the contribution of 126 is neglecte
in Mu .

@21# M. S. Chanowitz, J. E. Ellis, and M. K. Gaillard, Nucl. Phy
B128, 506 ~1977!.

@22# J. A. Harvey, D. B. Reiss, and P. Ramond, Nucl. Phys.B199,
223 ~1982!.

@23# J. D. Vergados, Phys. Rep.133, 1 ~1986!.
@24# A. J. Buras, J. Ellis, M. K. Gaillard, and D. V. Nanopoulo

Nucl. Phys.B135, 66 ~1978!.
@25# R. Barbieri, D. V. Nanopoulos, G. Morchio, and F. Strocch

Phys. Lett.90B, 91 ~1982!.
@26# T. Fukuyama, K. Matsuda, and H. Nishiura, Mod. Phys. Le

A 13, 2279~1998!.
@27# J. N. Bahcall, P. I. Krastev, and A. Yu. Smirnov, Phys. Rev.

58, 096016~1998!.
@28# H. Fusaoka and Y. Koide, Phys. Rev. D57, 3986~1998!.
1-17


